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DISCLAIMER

This document consists of (unofficial) lecture notes I took from a course offered by
Zhiwei Yun at Stanford in the winter quarter of 2015, entitled “The Langlands Correspon-
dence for Global Function Fields.” I found this class quite challenging to follow, and my
misunderstandings will doubtless be reflected in these notes. These misunderstandings
are obviously my (and not the lecturer’s) fault.
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1. INTRODUCTION

1.1. Setup. The goal of the course is to understand V. Lafforgue’s work on the Langlands
correspondence for GL,, over global function field. First let’s try to state a rough version
of the result. To do so, we need to introduce some notation.

Throughout, F will denote the function field of a (smooth, projective, and geometri-
cally connected) curve X/(k =F,). Fix a split, connected, reductive group G/k. In this
course the main example is G = GL,,, but it is important to note htat Lafforgue’s work
applies to general G.

We denote by | X| the set of closed points of X. For any x € X denote by 0, the com-
pleted local ring of X at x. After choosing a uniformizer @, for Ox ., we can identify this
with ky[[@«]], where k. is the residue field at x. We let F, = Frac(0,), which is (non-
canonically) isomorphic to k.((@)). It is useful to think of Spec 0y as a formal disk
about x.

We recall the ring of adeles associated to F:

/
Ap= l_[ (Fy, O0x) = {(ax)xex| | ax € Oy for almost all x}.
x€lX]|
Note that Ar is a k-algebra, so we can consider the locally compact topological group
G(Ap).

Definition 1.1.1. We define

o= “cuspidal, smooth, automorphic”
G = representations of G(Ar)

} /isomorphism.
Choosing some prime ¢ # p =ch k, we set
G = continuous homomorphisms .
G~ { p: Gal(F/F)—~G(Qr) } /conjugacy.
Here G to be the Langlands dual of G, defined over Z. It is determined by the combina-
torial data involved in the classification of reductive groups.

The Langlands correspondence says roughly that There is a map .o/ — 9z which is
finite-to-one. In particular, to an automorphic representation of G we should be able to
associated a Galois representation valued in the Langlands dual group of G.

We will spend the rest of the section explaining the precise meaning of the ingredients.

1.2. The Langlands dual group. Split, connected reductive groups over k are classified

combinatorially by the datum of a four-tuple (B A, P",A") where B, P* are lattices and

A C BA" C P are root systems. The classification associates to G the character group

P = X*(T)with its roots A, and the co-character group P* = X,(T) with its coroots A".
Then G is the group determined by the involution

(BA, P, A") — (P, A", BA).

Example1.2.1. Some examples of Langlands dual groups:
o IfG=GL,, then G=GL,.
o If G=SL,,G =PGL,.
e If G =Sp,,, then G =S02,41.
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A general property is that simply connected groups go to adjoint groups (and vice versa,
of course). In all examples except the last one, the Dynkin diagram is unchanged.

1.3. Automorphic representations. The Langlands philosophy says roughly that there

should be a map .o/ — %g. That is, to an “automorphic representation” one should be

able to attach a “Galois representation.” Moreover, this map should be finite-to-one.
What Lafforgue proves is a little more precise. Fix a “level” K € G(A) of the form

K:l_[Kx
X

where K, C G(0;) is a congruence subgroup for each x, and Ky = G(&) for almost all
x. That is, K is specified by a finite number of “congruence conditions.” We choose a
(finite) “bad subset” S C |X| containing all x € |X| such that K € G(0).

We consider, as a first approximation, the space of all functions

C(G(F)\G(AF)/K):=Fun(G(F)\G(AF)/K,Qy).

Remark 1.3.1. Note that since K is compact open, G(F)\G(AFr)/K is discrete, so the no-
tion of coninuity is trivial.

Remark 1.3.2. As far as the representation theory is concerned, the theory is the same as
long as one uses an algebraically closed field of characteristic 0 as the target field.

This space of all functions is “too big” for at least two reasons, so we have to moditfy it.

The first and more trivial reason is that it has many “components.” One can see this
even for G = GL; = G,,. Then one is considering F*\A* /K, which by the obvious quo-
tient map admits a surjection to F*\A*/ ]_[ orx.

F\A*/K
FX% \AX / H ﬁxx
The space F*\A*/[ ] 0 is isomorphic to F*\ @xa x|(F/0)), which is the class group
d
F*\ Div(X) = CI(X). This has a “degree map” CI(X) —5 Z.

FX\AY/K
AT 02— P\, (X 0) —— CI(X) 2~ 7,

The fiber over each degree d € Z represents a different “component.” So this is a trivial
source of infinitely many components in our original space.

For GL,, the same issue arises via the determinant map G — GL;. In fact, this issue
will arise whenever G is not semisimple (i.e. whenever G has a torus in its center, or
equivalently whenever G admits a non-trivial map to G,).

Here is how we can correct this problem. If G = GL,,, the inclusion of the center Z(G)
is a map G,;, — GL,. Choose a € A* such that dega = 1. Then consider instead the

4
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double coset space

GL,(F)\GL,(A)/Ka”
where we abuse notation by identifying a € GL;(A) with the diagonal element of GL,,(A).
Under degodet, a € GL,(A) maps to 7, so degodet maps the double coset space to Z/n,
a finite set.

In dealing with general G, one replaces a with the choice of a lattice in Z%(G) (the
connected component of the center Z(G)). To elaborate, the degree map takes Z°(A) to
X.(Z9). Since the latter is just a free abelian group of finite rank, one can choose a section
of this map and call its image =, and consider the double coset

G(F)\G(A)/K -E.

This has finitely many “components” in the sense we have been discussing.

1.4. Cuspidal representations. The function space C(G(F)\G(A)/K - E) is still infinite-
dimensional, and we prefer to work with finite-dimensional representations, so we in-
troduce another refinement. The idea is to study “cusp forms,” which form a subset

Ceusp(G(F\G(A)/K -E) € C(G(F)\G(A)/K - E).

Crucially, it turns out that this space is finite-dimensional. In fact, something much
stronger is true: there is a finite subset

ks C GIF\G(A)/K -

such that any f € Ceusp(G(F)\G(A)/K - K - E) vanishes outside X =. In other words, the
support of functions in this space is uniformly bounded. We will see later why this is so.
The space Ceyusp(G(F)\G(A)/K - E) admits an action of the Hecke algebra

Hyz= Cc(K-E\G(A)/K-E)

compactly (=finitely) supported

by convolution. The multiplication within the Hecke algebra is also via convolution.
Note that G(A) acts on C.(G(F)\G(A)) by right translation; the Hecke action is a “lin-
earized version” of this action.

Definition 1.4.1. We define
A6,k C 96
to be the subset of isomorphism classes of simple Hx =-subalgebras of Ccusp(G(F)\G(A)/K-
=).
1.5. Lafforgue’s work. We can now explain Lafforgue’s results. Lafforgue constructs a
commutative algebra
% C Endg, (Ceusp(G(F)\G(A)/K - Z))

with the following properties:

(1) The action of % on Cusp commutes with the action of the Hecke algebra ¢ :=

K =)
(2) 2B is an artinian @-algebra, and there is a canonical map Spec 8 — 9. Thus

2B is designed to “access” Galois representations.
5
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(3) Thereis a compatibility with the “Satake parameters,” which we will explain later.
This implies that there is a “generalized eigenspace decomposition”

Ccusp = @ Ccusp(v)
v: B—Qy
such that each summand is preserved by the action of the Hecke algebra. Note that v
can be interpreted as a closed point of Spec 9. Then the map Spec 8 — ¥ associates
to v € Spec % a representation p,: Gal(F/F) — @(@) such that any .##-submodule of
Cecusp(v) is sent to p, € ¥z. This is the desired map

JZfG,KE - ‘5@.

Since we have defined .¢/; k= to consist of isomorphism classes of simple #-modules,
it is possible a priori that an isomorphism class appears in multiple eigenspaces, say
associated to v; and v, such that p,, Z py,.

In fact, this does happen, but not for GL,,. So in general, one doesn’t get a map -
just a correspondence. The reason underlying this ambiguity is that there can be two
homomorphisms p1, p2: T — G such that for each y €T the elements p,(y) and p(y) are
conjugate, but p; and p» are not “globally” conjugate. Since the Hecke algebra is “local,”
it can’t detect this sort of phenomena.

1.6. Whatis known. The case G = GL, was settled completely by L. Lafforgue (2002). In
this case the statements simplify somewhat: there is a canonical bijection between

. . irreducible, cont. reps.
= o omorhic ) ico g, — { . WUF/FrGL(Q0) } Jiso.
ramified at fin. many places

In particular, the left hand side is independent of ¢, so the right hand side must be as
well. This shows that ¥, ¢ < 4, if{ #¢'.

In fact, every p € 9, ¢ “comes from geometry” in the sense that there is a variety Y/F
such that p appears in H. (¥, Q).

The other direction, “Galois to automorphic,” is still unclear for general G, and beyond
the methods we will discuss. Indeed, V. Lafforgue’s decomposition

Ccusp= @ Ccusp(v)
V:B[—>@

depends on ¢ already, while we expect that there should be a decomposition that is in-
dependent of £. So there is much more work to be done!
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2. Cusp ForMS AND CUSPIDAL REPRESENTATIONS

We keep the notation from before: G/k is a split reductive group and F = k(X) is a
global function field.
We conider the quotient
[G]:=G(F)\G(A).
This admits an action of G(A) by right translation. Then
C([G]) := Fun([G], Q).

has an induced action of G(A). The study of automorphic forms concerns the decompo-
sition of C([G]) into irreducible representations for G(A).

As we mentioned last time, this space is “too big” to get a reasonable answer. For in-
stance, it is certainly not a direct sum of its irreducible representations - it is more like a
“direct integral.” Therefore, one can only hope to parametrize the irreducible subrepre-
sentations by continuous parameters, and that introduces functional-analytic issues. In
this section, however, we will focus on a special class of subrepresentations for which we
can ignore these issues.

2.1. Parabolic subgroups. If G = GL,, the “basic parabolic subgroups” are those which
are “block-upper-triangular”:

GL,, * *
0 0

In general, a subgroup Q < GL,, defined over F is parabolic if it can be conjugated to a
basic one.

A more invariant definition is that if we view GL;, = Autg(V), where dimr V = n, then
a parabolic subgroup is the stabilizer of a (not necessarily maximal) flag

Ve v=vioviovio..2Vvi=o.
We let
P(V*)={geAut(V)|gV' =V}

be the associated parabolic, so V* — P(V*)is a bijection between flags in V and parabolic
subgroups in Aut(V).

For any parabolic subgroup, there is an exact sequence

1—>Np—>P—>Lp—)1

where Np is the called the unipotent radical of P and Lp is called the Levi quotient. If
P=P(V*), then
Np={geAut(V)|(g-NVi c Vit
and
Lp=] JAut(vi/vi+h).
1

7
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In concrete terms, if P is a basic parabolic then Np is the subgroup which is the identity
along the “block diagonal” and Lp are the “block diagonal” matrices. From this one sees
that the exact sequence is split.

1 % GL,, 0 0
Np={]0 1 Lp= 0 GL,, | O
0 0 0 0

2.2. Cusp forms. Let f € C([G]). In analogy to the classical theory of modular forms,
we want to define the notion of “constant term” of f, so that cusp forms are those with
vanishing constant term. If P < G is parabolic (and defined over F), we consider the
diagram

= P(F)\P(A)

/\

[G]=G(F)\G(A) [Lp]=Lp(F)\Lp(A)

Then for any f € [G], we can pull it back (i.e. restrict) to [P], and then “integrate along
fibers” to obtain an element of [Lp].

Definition2.2.1. We define the “Constant Term” map
CTy : CX([G]) — C([Lp))

explicitly as

| ¢ HJ f(nt)dn
i Np(F)\Np(A)

in Lp(A)

There are some issues involved in making precise what we mean here. First, we are
implicitly choosing a splitting of the exact sequence in order to view ¢ € Lp(A) as an
element of [G].

Second, we should explain the measure dn. It is induced from a Haar measure on
Np(A). Concretely, if Ky € N(A)is compact open, then the double coset space N(F)\N(A)/ Ky
is finite. If, for instance, G = GL, so N £ A!, the “level 1” choice Ky = H Oy leads to

N(F\N(A)/Ky=F\A/ | ] 6.
x€|X|
We know that this is finite from the theory of algebraic curves (it describes the obstruc-
tion to approximating Laurent tails using global rational functions; by Riemann-Roch,
we know that only Laurent tails of bounded degree can contribute, and there are finitely
many of those since we are over a finite field). In general, N(F)\N(A)/Ky will be a suc-
cessive extension of copies of this by G,. For h: N(F)\N(A)/Ky — Q, we can define

f hdn= Z h(x)-#Stabg,(x).
[N]

x€[N]/Kn
8
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The normalization here makes the result independent of the choice of K. Since any
locally constant function f: Np(F)\Np(A) — Q; will be invariant by some compact open
subgroup Ky (depending on f), so we can always make this definition.

Exercise 2.2.2. Use the translation from classical modular forms to automorphic forms
on GL, to compare the classical notion of cuspidality with the general one we just de-
fined.

Definition 2.2.3. We say that f € C*®([G]) is cuspidal if for all parabolic subgroups P € G
defined over F,
CTS(f)=0.

Remark 2.2.4. In fact, it suffices to check this for maximal parabolics because there is a
“transitivity of constant term.” Also, it suffices to check one parabolic within each G(F)-
conjugacy class.

Exercise 2.2.5. Prove these statements.

Example2.2.6. For G = GLj, this means that we only need to check C TIS; (f) where

P GL,, *
" 0 GLy—m

Exercise 2.2.7. Check that the subspace Ccusp([G]) € C*([G]) is invariant under G(A).

Definition2.2.8. A cuspidal automorphic representation of G(A)is a subquotient of Ceysp([G]).
This is correct only if Z(G) doesn’t have a split torus over F. Since we assumed that G

was split, that is equivalent to G being semisimple. This doesn’t apply to GL,,, so we have

to do something extra: choose a € A* with dega # 0, and define similarly Ccusp([G]/a?).

Its subquotients are then the cuspidal automorphic representations.

Remark 2.2.9. Brian Conrad points out that this is the same as considering the subquo-
tients with a fixed finite order central character.

2.3. The main result. Let K be alevel (i.e. a compact open subgroup of G(A)). For GL,,,
we consider
Ccusp([G]/KaZ) = Ccusp([G]/aZ)K-
Notice that this space admits an action of the Hecke algebra s#x = C.(a“K\G(A)/a”K)
(the compactly supported bi-invariant functions).
The main goal of this section is to prove the following theorems.

Theorem 2.3.1. Ccusp([Gl/a” - K) is finite-dimensional, and all of its elements have uni-
formly finite support.

By this we mean that the size of the support can be bounded independently of the
function. Using this, we can prove the semi-simplicity of the cuspidal space with level
a’-K.

Theorem 2.3.2. Ccusp([G]/a”-K) decomposes into a direct sum of irreducible #¢x -modules.
9
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Proof of Theorem|2.3.2 assuming Theorem|[2.3.1] 1t suffices to construct a positive defi-
nite #k-invariant Hermitian form on Ceusp([G]/a” - K). (Then by the usual argument,
the orthogonal complement of a subspace is invariant under the Hecke algebra and one
wins by induction.) Choosing an isomorphism Q; = C, an obvious form is

<flrf2>:f fife
[G]/aZ-K

By Theorem [2.3.1} we know that fj, f> have finite support so the integral is well-defined,
and it is obviously positive definite.
It remains to check the compatibility with the Hecke action.

Exercise 2.3.3. Check that if h € 5, then we have
(R f1, f2) = (f1, W** f2)

where h*(x)= h(x~1).

The proof of Theorem [2.3.1|{requires more preparation.
2.4. Weil’s Uniformization Theorem. We specialize G =GL,, and K = erl x| GL,(0y).
Theorem 2.4.1 (Weil). There is a canonical isomorphism of groupoids

GL,(F)\GL,(A)/ l_[ GL,(0,) 2 Bun,(k):= {UeCtorbundleso

rankn over X J°
x€|X]|

Remark 2.4.2. At this point Bun, (k) is purely notation, but we will eventually see that
there exists a moduli stack Bun,, of rank n vector bundles on X, whose k-points are
precisely Bun, (k) as we defined above.

Recall that a groupoid can be thought of as a set, with a group attached to each ele-
ment. On the left, the set is the double coset space and the group is the stabilizer, and on
the right the group is the automorphism group.

Definition 2.4.3. For & — X a vector bundle of rank 7, a full level structure of & at x is an
isomorphism
x: Elspec o, = 0" (as O-modules)
and a generic trivialization of & is an isomoprhism
T ngpechFn-

Weil’s theorem can be proved by finding an appropriate interpretation of GL,(A) as
parametrizing the data of rank n vector bundles on X plus some extra structure, and
comparing the quotient map on one side with the forgetful map on the other.

Our candidate for comparison with GL,(A) is the set of vector bundles & of rank n
over X endowed with full level structure a, at all x € |X| and a generic trivialization 7:

&—X=vec. bundle. rank n
Yi={(E—-X {a, }erXI, T): {ax}={fulllevel structure
T= generic trivialization
10
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By forgetting the trivializations, maps to the groupoid of all vector bundles, as a torsor
for

GL,(F) x ]_[ GL,(0).
x€|X|

Therefore, we seek a GL,,(F) x ]_[xe‘ X| GL,(0y)-equivariant map from X to GL,(A).

¥ ! GL,(A)

| |

Bun,(k) - > GL,(F)\ GLH(A)/nx GL,(0Oy).

Given (&, ax,7) we can consider &|r, (thought of as the restriction to the punctured for-
mal neighborhood of x). Then we have two trivalizations of &|g, : one coming from the
generic trivialization 7, and the other coming from the local trivialization . The tran-
sition map then defines an element g, € GL,(F)y, defined by the composition

a;l T®Idpx

n X
F ’g|5pech —

X Fn

o
Exercise2.4.4. Check that for almost all x, g, lies in GL,(0y).

This defines a map ¥ — GL,(A), and moreover GL,(0,) acts by pre-composing with
the inverse and GL,,(F) acts by post-composing, so the map is equivariant and descends
to amap

Bun,,(k) — GLy (F)\GL,(A)/ | [ GLa(62).

It remains to see that this is a bijection. Let’s try to define an inverse, which is a vari-
ant of the operation of recovering the vector bundle from its transition functions. Let’s
think about how these “transition” functions arose. We started with the data of a ratio-
nal trivialization of & and local trivializations around each point x. When the transition
function in the punctured disk Spec F; is actually an element of GL,(0), that says that
the rational trivialization of &|spec r €xtends to x. So given a collection (g )xejx| € GLn(A),
& should be a “modification” of the trivial bundle 0} at the points x where g ¢ GL;,(0x).

Example 2.4.5. Let’s first consider the case of line bundles to see how things work out.
The generic trivialization T corresponds to a rational section of Ox. At the points where
g+ ¢ 0, we may assume that g, is a power @ * of the local uniformizer @, € 0. This
says that the rational section has order —n, at x, so the line bundle determining these
transition functions is (— Z NyxX).

This suggests the general procedure. First suppose that g, has entries in 0, for all x.
Let Ay = gx - 0!, which will be a sublattice of 0]* (and equal to it for all but finitely many
x). Defining Q, := ﬁx”/Ax, we set

& =ker (ﬁx” —>@Qx) .

xeX
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Now in general, pick m to be the least integer such that Ay = g - 0 C @, " O}, define
Qx =@, *O/A, and then set

& =ker (@”(Z MxXx)— EBQx)

xeX

Exercise2.4.6. Check that this indeed gives a well-defined inverse.

Variants. We can add level structure into this correspondence. Let K = [ | K € GL,(0)
where all but finitely many K are precisely GL,,(0x).

Example 2.4.7. We could take K, := ker(GL,(0,) — GL,(0x /wff")). We denote such a
K =]]Kx by K = Kp, where D = ) _d,x is an effective divisor. Then the analogue of
Weil’s theorem is:

GLn(F)\ GLn(A)/KD ~ {(V, (Z) | Vrank n Ve‘s.| bgrﬁlqlle over X} )

a: D=0p
This generalizes to arbitrary split group.

Theorem 2.4.8 (Uniformization). For a general algebraic group G split over k, we have a
canonical bijection

G(F)\G(A)/l_[ G(0,) = {principal G -bundles over X}.

Remark 2.4.9. We have not assumed that G is reductive here, and indeed we will shortly
apply it to non-reductive groups.

Example2.4.10. For G =Sp,,,, a G-torsor over X is the same as the data of a vector bundle
V over X of rank n and a symplectic form w: V®g, V — 0Ox (a perfecting alternating
form).

In the most general case, G may be defined only over F, and not over k. However, it is
possible to choose an integral model ¥/X (“spreading out”), so that ¢4(0x) makes sense.
Then one has a correspondence

G(F)\G(A)/ ]_[ 4(0,) — {9-torsor over X}.

The problem is that this is not surjective in general. Indeed, only G-torsors that are trivial
at the generic point lie in the image of this map. But unlike vector bundles, G-torsors are
not Zariski-locally trivial, and hence may not be trivial at the generic point.

Remark 2.4.11. It's not really obvious why this issue doesn’t arise in the case where G is a
split, connected reductive group defined over k. A proof of this non-trivial fact, supplied
via private communication by Brian Conrad, is reproduced below.

Let Z be the (split)) maximal central torus of G, G’ the semisimple derived group, and

—_—

G’ - G’ its (split!) simply connected central cover, so we have a central isogeny
1>pu—G xZ—G—1. (2.4.1)

If T is a split maximal k-torus in G/, then u lies inside T’ := T x Z, so we can make a
central pushout of along u — T’ to get a central extension

1-T'-E->G—1 (2.4.2)
12
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where 77 is a split k-torus and E is split with simply connected derived group. So far this
has nothing to do with finite fields. By centrality of (2.4.2), we have an exact sequence of
pointed sets

1— HY(X,EF)—» H'(X,G)—» H* X, T)— 1

whose final term is Br(X)® X.(T). But as X is a smooth projective curve over a finite field,
Br(X) vanishes class field theory for F #é& TONY: [| know how to prove this, but not
by class field theory?!] so every G-torsor on X is a pushout of an E-torsor. Hence, it
suffices to show H(F, E)=1.

But E’ is simply connected by design, and the quotient E/E’ is a torus that is split,
so HY(F E/E’) = 1 and hence H'(F, E’) — H'(F, E) is surjective. Thus, it is enough to
prove the vanishing of H!(F,—) on connected semisimple F-groups that are *simply con-
nected* (even handling the split case is enough for us, e.g. SL;, Sp,,,, Es, G2, etc.). This
vanishing is a deep theorem of Harder (maybe he only handled the split case, but it is
true in general; I have never read the proof by Harder, which is written in German, but
my vague recollection is that it somehow uses automorphic methods).

2.5. Cusp forms on GL;. Let’s try to understand where cusp forms fit into this picture
for G = GL,. Let Bun,(k) be the groupoid of rank n vector bundles over X. By Weil’s
Theorem 2.4.1} we may interpret cusp forms as certain functions

f: Bun, (k) — Q.

Let P, be the maximal parabolic consisting of upper-block-triangular matrices with
block sizes (m, n — m) (see Example[2.2.6). Then, using Weil’s theorem, we have a corre-
spondence

Pon(F\Pn(A)/ 1, Pn(0)
Bun, (k) Ln(F)\Ln(A)/nx Ln(0x)
By the extension of Weil's theorem for split G/k (Theorem[2.4.8), we have

Pon(F\Pi(8)/ [ [ Pn(@) = {(V/ € V) |, Vi e b wamien 1
X

and L,(F)\L,(A)/L,(0y) can be identified with Bun,,(k)xBun,_,,(k). On elements, the
correspondence is

(V'cV)
1% (v, vjv’)
Then the “constant term” map

CTR": C(Buny(k)) — C(Buny (k) x Bun,_pm(k))
13
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is defined on elements by

IS VAKENEY ———L—jﬂw (2.5.1)

#Hom(V”, V'
[V]eExt (V" V")

Note that Hom(V”, V') is a finite-dimensional k-vector space, so it has a finite size. By
definition, f is cuspidal if CTISnL" (f)=0forallm=1,2,...,n.

Exercise2.5.1. Check that the formula above is compatible with our general definition of
the constant term map.

Recall that we wanted to show that any cusp form f has uniformly finite support. How
might we show this? Suppose that any extension of V” by V”’ splits. Then the sum in
formula (2.5.1) involves only one term, so if f is cuspidal then f must vanish on V@& V”.
Therefore, we are interested in studying how often this occurs.

2.6. Semistability of vector bundles. So when does it happen that any extension of V"
by V7 splits? This is tautologically equivalent to Ext!(V”, V/) = 0, which occurs if and only
if Hom(V’, V" ® wx) = 0 by a form of Serre duality.

Exercise 2.6.1. Think to the case of line bundles: intuitively, a high-degree bundle can’t
map to a low-degree bundle (Indeed, Hom(%;, %) = .,%1\’ ® L»).

Vector bundles are a bit more subtle; so we require a digression on semi-stability.
Definition2.6.2. Let V be a vector bundle. We define the slope of V to be
degV
V)= .
wv) rank V
Definition 2.6.3. V is semistableif u(V’) c u(V) for all sub-bundles V' C V.

Remark 2.6.4. Recall that a sub-bundle is an inclusion V’/ — V such that the quotient
is also a vector bundle (i.e. the inclusion map has constant rank). This is tronger than
requiring V' — V to be an injective map of sheaves.

Example2.6.5. On X =P, we have

b
uo@eom)="""

and hence 0(a)® 0(b) is not semistable if a > “TH’. Therefore, 0(a)® O(b) is semistable
if and only if a = b. We easily see that in general, 0(a,)®...® 0(a,) is semistable if and
onlyifa,=a,=...=a,.

Any vector bundle V has a canonical filtration, called the Harder-Narasimhan filtra-
tion,
0CSWHC...CV,=V
having the property that V;/V;_; is semistable with slope u;, and

Ur>u2>...> Um-1-
14
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Indeed, to construct this we may choose 1| to be the sub-bundle with the large slope.
We then choose V5 to be the pre-image under the natural quotient of the sub-bundle of
V /W with largest slope, etc.

Therefore, for any vector bundle we have a “slope invariant”

V= (Umax(V) := 1 > 2 > ... > Umin(V))

assigning to any vector bundles the tuple of slopes determined by its Harder-Narasimhan
filtration.

Lemma 2.6.6. If tmin(V’) > tmax(V”), then Hom(V’, V") =0.

Since Ext!(V’, V") =2 Hom(V’, V" ® wx) by Serre duality, this is a useful criterion for
determining when Ext!(V’, V) is trivial.

Proof. Note that the slope of any semi-stable bundle can only increase under a quotient,
by the addivity of rank and degree in the exact sequence

0>V -V-V"'-o0.

Therefore, a semi-stable vector bundle cannot map to one of lower slope. The result
follows by applying this observation repeatedly with respect to Harder-Naransimhan fil-
trations for V/ and V”.

g

Let g be the genus of X, and suppose that in the slope sequence of the Harder-Narasimhan
filtration of a vector bundle V on X there is a gap with size > 2g — 2, i.e. there exists i
such that

Mi—Uit1>28 —2.
That means there exists V/ C V such that V/V’ = V” and pmin(V’) = Ui > max(V")+2g —
2, SO
Hom(V', V" ® wx)=0 = Ext'(V”,V')=0.
Therefore, V is the unique extension of V”/ by V’. Thus, f has to vanishon V' V”= V. In

conclusion, any cusp form must vanish on a vector bundle with a “big gap” (i.e. >2g—2)
in its slope sequence.

2.7. Uniformly finite support of cusp forms. Let BunZ(k) be the set of vector bundles of

d,gaps<2g—2 -
rank 7 and degree d on X. In here, we have the subset Bunj, ¥*”*~“¢™* consisting of vector

bundles of rank n, degree d, and having all gaps <2g — 2 in their slope sequences.

Lemma 2.7.1. Bun28%"=*¢"% js g finite set.

Sketch of Proof. The HN-polygon of a vector bundle is the lower convex hull of the (rank,
degree) points of the elements of the filtration. (So the slope invariants are the slopes
between successive vertices.) We claim that there are only finitely many possible HN
polygons for a vector with given degree and rank, and bounded gaps. This is easy to
show: for instance, the maximum slope is bounded above, because the minimum slope
can be bounded in terms of the maximum slope and the rank. Anyway, we will assume
this point and go on.

15



Math 249b 2015

Next, for a given HN polygon, we claim that there are finitely many vector bundles
with a given HN polygon. The key is to establish “boundedness” of semistable bundles
of given rank and degree (and then use the fact that each graded piece V;/Vi;; of the
associated graded of the Harder-Narasimhan filtration is semistable, by definition). This
fact comes from the construction of a coarse moduli space classifying bundles of given
rank and degree: one constructs a line bundle ¢ with very negative degree and large
rank, and proves that any semistable bundle is a quotient of £~ for some uniform N >
0.

The upshot is that there is a coarse moduli space of semistable vector bundles with a
given HN polygon which is finite type over k, and since k is a finite field that implies that
it has only finitely many k-points. (|

The conclusion is that any cusp form f € Bun,(k)is supportedon] [ ,, Bunf,l'gapsszg 72(k).

This is still possibly infinite, but we already encountered this issue in the first lecture,
when we discussed how one needs to modify the representation space in the presence
of non-trivial central tori. Choose a € A* which has image 1 under the degree map

GLA(F\GLa(4)/ [ [GLu(60) “5 2.

Then we get a map
GLu(FN\GL(A)/ | [GLa(6x)a” — Z/nzZ

and the left hand side is equivalent to Bun,(k) modulo a certain equivalence relation,
which has the following meaning. We can interpret Div(a) as a divisor on X, correspond-
ing to a line bundle £ = 0x(Div(a)) € Pic'(X). Then the equivalence relation is V ~ V” if
VEVRZL.

By the preceding discussion, if a cusp form f is invariant under this equivalence re-
lation (which is the right notion of cusp form for GL,), then it is supported on the set

]_[ dez BunZ'gapsszg _Z(k) modulo the equivalence relation, which is finite.

16
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3. THE HECKE ALGEBRA

Recall that the (global) Hecke algebra is defined to be sk := C.(K\G(A)/K). We now
consider its action (by convolution) on C(G(F)\G(A)/K).
If K=]T, Ky, then #x =@, x| #k, where #x, = Cc(K:\G(F)/Kx).

Remark 3.0.2. This tensor product is the coproduct in the category of algebras, which
more concretely mean that almost all factors should be the identity (the identity function
of the identity double coset).

By assumption, K, = G(0%) for almost all x, and we denote /& = (g,

3.1. Thelocal Hecke algebra. Now we study the ring #;. We have a bijection
G(O\G(F)/G(0Ox) — G(EI\(G(Fy)/G(Ox) X G(Fy)/G(0k))

sending [g] — (1,[g]). We give an alternative interpretation of the objects here. For
G =GL,, we have GL,(F;) acting transitively on

Lat, :={A C F' | A= free O;-module of rank n}.

The stabilizers are all conjugate to GL,(0), as a “base point” is the standard lattice A =
o!'. Thus, we may identify Lat, as the homogeneous space GL;(F;)/ GL,(0y). Let’s use
this to interpret the double coset space as

GL,(F;)\Lat, x Lat,

which one can think of as parametrizing “all relative positions of two lattices.”

An easy consequence of the structure theorem for modules over a DVR says that if
A, A’ are two lattices of rank n over a DVR 0, with uniformizer @, then there exists an
Oy-basis (e, ...,e,) of A such that A’ = (@@1ey,...@%e,). Thus, from a pair of lattices
we obtain an unordered set of n integers, and this completely classifies the “relative po-
sition” of A and A’.

In conclusion, we have identified

G(F;)\Lat, x Laty «— Z"/S,,.

Thus we can interpret the local Hecke algebra 5%, = C(G(0,)\G(F;)/G(0;)) as the set of
functions f: Lat, x Lat, — Z which are invariant under G(F;) and supported on finitely
many G(F,)-orbits (this is the translation of the compactly supported condition).

Exercise3.1.1. Check that in these terms, the multiplicative structure is given by
(A fAN)= D AN (A, A).
A’€eLat,

Note that this is well-defined because fi, f» are compactly supported.
Lemma 3.1.2. H,(Z) is commutative.

Proof. The key ingredient is “Gelfand’s trick,” which is similar in a way to Weyl’s unitary

trick in that it works by introducing auxiliary structure (in Weyl’s case, the data of a her-

mitian form). We equip E! with a symmetric bilinear form (:,-) such that olis self-dual.
17
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Remark 3.1.3. What does this mean? If A C F! is a lattice, we define the dual lattice to be
N ={yeF!:(y,A)C O}.
For instance, we can take the form to be the “standard” one.
Then there is an involution o : Lat, x Lat, — Lat, x Lat, sending (A, A’) — ((A’)", A).
Exercise3.1.4. Check that (fi* f2)oo =(f200)*(f100).

On the other hand, you can check by hand that o does not change the relative position
of lattices. Therefore, the action of o on % is trivial - but putting this into the identity
from Exercise(3.1.4/shows that f; and f; commute. O

3.2. Geometic interpretation of the Hecke action. What is a “geometric” interpretation
of the Hecke action? We say that two vector bundles V and V’ “differ only at x” if V|x_, =
V’|x—x. In this case, their “diffference” is measured by a pair of lattices (A, A’) as follows.
Choose a trivialization Vlspec £, = V’|spec £, = F' (since V and V’ are isomorphic away
from x). The restriction of V and V’ to Spec 0 gives a pair of lattices (A, A’) that can be
identified as lying in a common F/* by the preceding trivializations. We then define, for
fe i,
fV, V)= fAN).

Now we can describe the Hecke action. For ¢ € C(Bun,(k)) = C(G(F)\G(A)/ ]_[x G(0y))
and f € 7, we set

(frp)V)= Yo AW Ve,
V,V’ differing only at x

3.3. A presentation for the Hecke algebra. For i =0,1,...,n we denote by O; C Lat,, x
Lat,, the subset
O, ={MN)|wAcN < A}
~—~—

colength i

Remark 3.3.1. Here we are considering pairs where A/A’ is a k = Oy /@ -vector space of
dimension i, so the length is the same as the dimension over k. Later, we will consider
pairs where the quotient is not a k-vector space (i.e. @ does not act trivially), where it
only makes sense to consider the length.

Exercise3.3.2. Show that O; is the GL,(IFx)-orbit of (0], ( 0, ® 0x”‘i).

By the exercise, A; := 1¢, € 5. The element A9 = lgiag(Lat,) is the unit of J¢;. Also,
O, = {(A, @A)} so A, is invertible, with inverse 1p_, where O_, = {(@wA, A)}. So we have
an inclusion Z[ey,..., e,f] — ¢, sending e; — A;.

Theorem 3.3.3. This map is a ring isomorphism.

Proof. Define a subalgebra
T C A
as follows. We have a subset
(Lat, x Lat,)"* ={(A,A))| A D> A’} c (Lat, x Lat,)

and . is defined as the functions supported on (Lat, x Lat,)".
18
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Exercise 3.3.4. Check that " is a subring.

We will show that
Zley,...,en] — HF
sending e; — A; is actually an isomorphism. From this the result follows easily, as any
pair of lattices can be brought to an element of (Lat,, x Lat, )™ by multiplying the second
lattice by a sufficiently high power of @, which corresponds to inverting A,,. To elaborate,
note that Ak = 1{(@* A, A)}. Thus if f is any lattice function, then

F2k A=) FA NN =@ M)} = f(A, &*N)
A//

and since f has compact support, for large enough k we can guarantee that @*A’ C A
for all of the finitely many pairs (A, A’) on which f doesn’t vanish.

We put a grading on . = P ;5 HF 4 where A 4 are the functions supported on
the set

(Lat, x Lat,) "% ={(A,A)|A D> A’}
length d

Now Zley, ..., en] also has a grading with dege; = i, compatible with the grading on ¢f.
So we only need to show that

Qa:7le,...,enlq Eﬁ;’d.

The left hand side is a free Z-module of finite rank. In fact, the rank is equal to p<,(d),
the number of partitions of d with all parts < n.

On the right hand side, we are considering functions on the set of pairs (A, A’) such that
A D4 N, up to the action of GLy(Fy). This is precisely the data of the quotient A/A’, aa
torsion 0, module of length d generated by at most n elements, so by the classification
theorem for finitely generated modules over a DVR we have

n
NN 2P o /ol D di=d
i=1 i

where some of the d; may be 0. It is easily checked that GL,(Fy)-orbits on (Lat, x Lat,, )"
are in bijection with partitions of d with at most n parts, via the map sending (A, A’) to
the indecomposable factors of A/A’. The number of orbits is the same as p<,(d), by
the usual trick of associating the “conjugate” partition (obtained by flipping the diagram
representation) which sends partitions with at most n parts bijectively to partitions with
parts of size at most n.

Since we are considering a map of Z-modules of the same finite rank, we only need to
show that ¢ is surjective. Start with a “Jordan type”

Do /oo suchthatd=(d1>dp>...>d, >0), Y di=d.
i
Then we get a basis element 1, € AT 4 which is the function supported on this or-
bit. We will be done if we can find a monomial efl ...eﬁ" whose image under ¢, is
la+ Y. ;-4 ®a1a for some partial order <, so that the matrix of the map looks “upper-
triangular” with ones along the diagonal.
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Here we choose the partial order where the smaller partitions are “more generic,” e.g.
d =(d,0,...,0) is biggest and d = (1,1,...,1) is smallest. More precisely, we say that
(dy,...,dn)=<(d3,...,d’}) (with tuples in decreasing order) if

dlfdi
dl—l—dzsd;—l-d;

<

di+...+d,<d\+..+d)

Another way of saying this is that looking at the affine variety N, of d x d nilpotent
matrices over ky, the orbits are classified by Jordan types and each partition gives an
orbit Og4; we say that d < d’ if 0, C 0.

Example 3.3.5. For example, every orbit is in the closure of

01 0 .. 0
0 0 1 O

P I |
0O ... ... 0 0O

which corresponds to (d,0,...,0), so this is the largest element of the poset. The zero
matrix corresponds to the partition (1,...,1) and lies is in the closure of every orbit, hence
is the smallest element of the poset.

Example 3.3.6. If d =(6,4,1) then we take the “conjugate partition” (1,1,2,2,2,3) and
paleselel)=galer)*palel’ pales).
Evaluating this function at (A, A’) gives
#IA D3 A1 D% Ay D2 A3 D2 Ay D As D Ag =N

where the successive quotients have lengths specified by the partition, and the quotients
factor through the residue field (i.e. @ acts trivially on successive quotients).

Exercise 3.3.7. Show that if A/A’ has Jordan type d, then there is a unique such chain.
[Hint: A; must correspond to ker, A; to kerw?, etc.]

Exercise 3.3.8. Show that if such a chain exists, then the Jordan type of A/A’is < d.

These two claims establish what we wanted.
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4. THE SATAKE ISOMORPHISM

4.1. The classical Satake isomorphism. Let G/k be a split reductive group and 5  its
local Hecke algebra at a closed point x € X. For G = GL,,, we proved a presentation

%G,x gZ[elrn-) e:]

as graded rings, where dege; = i. This is not quite phrased in a way conducive to general-
ization. Itis better to view Z[ey, ..., e] = Z[xfc, ..., X¥]5n sending e; to the ith elementary

symmetric polynomial in x,...,x,. That is the presentation that is easier to generalize.

Theorem 4.1.1 (Satake). Let F; be a local field. Then 5, = Z[Xo(T)]W where T < G is
a (split) maximal torus, X.(T) = Hom(Gy,, T) is the cocharacter group of T, and W is the
Weyl group of G.

Example4.1.2. For G = GL,, one can take T to be the diagonal entries and then the co-
character lattice consists of maps to each diagonal entry. The Weyl group is Ng(T)/T =
Su, acting by permutation.

Satake actually constructed an inverse map - see the exercises. Showing surjectivity is
similar to what we did: impose a partial order, etc.
Let H/C be a reductive group. We can consider the category

Rep(H) = {finite dimensional algebraic representations of H}.

Here “algebraic representation” just means that it is given by an algebraic morphism H —
GL,. By Weyl’s unitary trick, this category is semisimple (since every representation is
determined by its restriction to a maximal compact).

We can form the Grothendieck group

R(H) := Ko(Rep(H)),

which by the above remarks is the free abelian group generated by isomorphism classes
of irreducible representations. This has a natural ring structure, induced by the tensor
product.

4.2. The Langlands dual group. Choose a maximal torus Ty < H. Then we have a
map R(H)— R(Ty) induced by restriction, the latter being the free Z-module with basis
X*(Ty)where X*(Ty) = Hom( Ty, G,,) is the character lattice. Therefore, R(Ty) can also be
interpreted as the group ring of the character lattice. So we have a ring homomorphism
R(H)— R(Tu) = Z[X*(Tn)].

But since the character of any representation is invariant under conjugation, the image
lies in Z[X*(Ty)]"W.

Theorem 4.2.1 (Classical). This map induces an isomorphism

R(H) = Z[X*(Ti)]".

Comparing this with the Satake isomorphism motivates the Langlands dual group. We
want to construct a reductive group G/C with maximal torus T such that

X(T)=X.(T)
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and W(G, T)= W(G, T)=: W. Then we would have a map
R(G) S ZIX (TN 2 Z[X(T)Y = H .

Putting the two isomorphisms together, we obtain . , = R(G).

Now let’s relate this back to automorphic forms. We have a (self-adjoint) action of the
local Hecke algebra Hg,x on Ceusp(G(F)\G(A)/K) where K = ]_[x K, with K, = G(0y).
Therefore, the space Ceusp(G(F)\G(A)/K) decomposes into a direct sum of eigenspaces
under 4 x. The eigenspaces are indexed by eigenvalues, which are ring homomor-
phisms y: #5. — Q.

Causp(GIENG(A)/K)E D Cousp().
v %”G,x—»@

Now, the eigenvalues may be viewed as elements of MaxSpec(4; » ®z Q¢) (since the
Hecke algebra is of finite type over Z). By the Satake isomorphism, this is the same as
MaxSpec(R(G)® Q). So we get a decomposition

Ceusp(G(F)\G(A)/K) b Ceusp(V)-
veMaxSpec(R(G)®Qy)

Now we assume that G is defined over@ (we put it over C before, but that doesn’t mat-
ter). There is a map G — Spec(R(G) ® Q) as follows: the image of g € G is the maximal
ideal taking a representation [V] — Ti(g | V).

Exercise4.2.2. Check that this is a ring homomorphism.
Since this is evidently conjugation-invariant, it descends to a map
G//G — Spec(R(G)g;)
where G// G= Spec(ﬁ(é)é), the action being conjugation.
Theorem 4.2.3 (Chevalley). This map is an isomorphism, i.e.
0(G)° = R(G)g:-

The map is actually easier to describe on the level of rings, as it takes a representation
[V] to its character yy.

Corollary 4.2.4. The eigenvalues of 7¢; . are in bijection with Q¢ -points of G//G, which
are (by definition) in bijection with G(Qy)*$/ conj.

Example 4.2.5. 1If G = GL,,, then the semisimple elements are precisely the diagonaliz-
able elements, and diagonalizable elements up to permutation are just classified by the
eigenvalues.
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4.3. Anoverview of Lafforgue’swork. In the case G = GL,, the dual group is G = GL,, /Q.
Then we showed that
Ccusp(GLn(F)\ GLn(A)/K ' aZ)

is a finite-dimensional space, which has an action of the Hecke algebra /% . In particular,
for each “good” x € |X| (i.e. Ky = GL,(0)), we have an action of /% . via its inclusion
into k.

V. Lafforgue’s breakthrough is based on constructing a commutative ring 9 acting on
Ccusp (for fixed level K), which induces a decomposition

Ceusp(GLA(F)\GL,(A)/K - a”)= @ Ceusp(V)-
veMaxSpec(B)
V. Lafforgue then constructs a map from MaxSpec(2) to ¥ (recall that this is the set
of maps Gal(F/F) — G(Qy) up to conjugacy), which is that predicted by the Langlands
correspondence.

Part of this correspondence specifies a “compatibility with the Hecke action” in the
following sense. Suppose v € MaxSpec(9) maps back to vy € MaxSpec#;,x and p, €
Y- Then p,(Frob,)*s € G*$ /conj. On the other hand, we also have a map MaxSpec(#5, )
MaxSpec(R(G)G = G*%/conj, and the compatibility says that the diagram commutes:

v —— v, € MaxSpec(#5G,x)

|

pv —> py(Froby ) e (A?SS/conj

Remark 4.3.1. Note that the commutativity of ¢; ., which acts both through 9 and %,
is necessary for these actions to be compatible.

Let’s restrict our attention to the case G = GL,, to see more explicitly what this says.
Denote 5 = #GL,,x- Then associated to the v eigenspace is ahomomorphism v, : 7% —
Qy, and we saw that &, = Q[ey, ey, ..., e], so vy is specified by the data of {a; .} such
that e; — a; , € Qy.

Also associated to v is a representation p, € %g,. Then element Frob, maps to
p(Froby) = o, = o$*c¥. The semi-simple part is well-defined up to conjugacy, i.e. the
data of the characteristic polynomial of o$*, and the compatibility with the Satake pa-
rameters says that this characteristic polynomial is precisely

T"—a1 T" '+ as, T" 2 +...+(=1)"ap.
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5. MoDULI OF VECTOR BUNDLES

5.1. Construction of Bunz . Fixn >1,d €Z. We have amoduli functor Sch/ k — Groupoids
sending

S rank n vec. bun. over X xS
with fiberwise degree d

Theorem 5.1.1. This functor is represented by an algebraic stack Bunz , Which is locally of
finite type.

Proof. This is Laumon-Moret-Bailly, Theorem 4.6.2.1. It is relatively easy to show that it
is a stack - that is just a question about gluing vector bundles. The algebraicity is the hard
part: you need to construct a morphism from a scheme of finite type. The idea is to use
the construction of Quot schemes. If you twist a vector bundle by a high enough power
of an ample bundle, then it will be generated by global sections, hence can be presented
as a quotient of V. One needs to have a uniformity result saying, and then one can
classify this as quotients 0N — ¥(n). O

Remark 5.1.2. The automorphism groups of ¥ € Bunz are not finite over k in general.
For instance, they trivially contain G,,. Even after modding out by this action, they may
not be finite (for instance, the automorphisms of the trivial bundle are all of GL,). So
BunZ is not a Deligne-Mumford stack.

Example 5.1.3. BunZ is only locally of finite type (not necessarily globally quasicom-
pact). If X =P1,

Bun? /iso={0(d)®...® 0(d,)| Y _di=d} —Z"/S,.

So even if k is a finite point, there are infinitely many points on BunZ, hence it is not of
finite type.

One can put a partial order on the points via the Zariski topology on BunZ(k). As an
example, we consider the case d =0 and n = 2. Since every vector bundle on P! is a sum
of line bundles, we have

Bun’(k)={0% 0(1)+ 0(-1),0(2)® 0(-2),...0(n)® 0(—n),.. .}.

The trivial bundle is not only generic, it is open. Down the sequence, the points get
“more and more closed.” What do the automorphism groups look like? We have Aut(0?) =
GL,, while Aut(0'(1)® 0(—1)) is upper triangular since there are no morphisms from &(1)
to 0(—1), but the morphisms in the other direction form an &(2), so the automorphism
group has dimension 5 in total. It is easy to see that the automorphism groups get larger
and larger.

Bunz is not of finite type, as for instance it has an infinite stratification by Harder-
Naransimhan polynomials. In general,

d_ P
Bun) = U Bunj
2 €HN polygon
P . d . . . .
and Bun; is a locally closed substack of Bun{, of finite type over k. Under specialization

n-~s, P lies above &, (the HN polygon goes up under specialization).
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Exercise 5.1.4. Check this for P!. Each of the bundles has a different HN polygon, which
looks like a sequencing of triangles of increasing height.

The point is that given a polygon, we get a fixed lower bound on the slope of a filtra-
tion, which gives a uniform bound in terms of some Quot scheme.

Theorem 5.1.5. Bun‘,;l is smooth over k.

Proof. One calculates that the obstruction to infinitesimally deforming ¥ lies in H2(X, End(7)),
which vanishes because it’s the second cohomology group on a curve.

One needs to make some local calculations to convince oneself that this space really
does control the deformations of the curve. In these calculations, one sees that the tan-
gent complex at ¥ is given by RI'(X, End(?¥))[1]. This has cohomology in two degrees: in
degree —1, itis H(X,End(7)) = End(¥) = Lie(Aut(?)), and in degree 0 it is H!(X, End(?))
which is the tangent space at . (|

For general G, Bung is an algebraic stack locally of finite type, smooth over k. If & €
Bung, we can consider H*(X,Ad(&)) where Ad(&) = & X g/G is the vector bundle over X
of rank dim g associated to the principal G-bundle &. The obstructions to infinitesimal
deformations will be an H? group, which again vanishes for dimension reasons as X is
a curve, verifying smoothness. As before, one can calculate that the relevant H! is the
tangent space, and the H? is the Lie algebra of the automorphism group.

5.2. Local Hecke correspondences. Let Bun, = ]_[ dez. Bunz. Fix x € X(k). The basic
construction is a correspondence

A
PN
Bun,, Bun,
where
AD =V >; V)| V(—x) <V c V1.

Note that the condition says that V, V' are the same away from x and m, acts trivially
on the quotient ¥/¥”. Now, p~1(¥) classifies sub-bundles of ¥ such that ¥/ is an
i-dimensional quotient of ¥ ® ky, so the fibers are Gr(i, n). That shows that L%x(l) is also
an algebraic stack.

This can be generalized in several ways. For instance, one can allow “deeper” mod-
ifications at a point, by dropping the requirement ¥’ > ¥(—x). This condition can
be rephrased as saying that @, acting trivially on the quotient, so to generalize it, fix
d=(d,>d»>...>d,>0)and consider

d _ / wy actson ¥/ V'
‘%’Ox - {(at/ > ) | with Jordan type -<1}

with the same partial order on Jordan types that we defined earlier. This means that
VIV 2P o /oo,

1
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and d - d’ if
d, <d;
di+d;<d|+d,

D<o
di+..+d, <d|+..+d)

Example5.2.1. A single Jordan block corresponds to d =(d,0,...,0) is the most generic

(biggest in the partial order). In this case, %XZ ={(V >4 ¥’)}, with no extra conditions on
the action of @.

Even more generally, we do not need to restrict ourselves to considering sub-bundles.
Letd =(d, > d, > ... > d,) where we do not require that d,, > 0. For some N > 0,
d+ N >0 and we define

4 _ / ¥' C ¥ (Nx)vec. bun. on X x4 S
% o {(7/”1/ ) | WV(NX)/'V/haSIOIdantype <d+N{(-*

You can prove that this is an algebraic stack by studying the fibers over Bun,. Identifying
Yy = 0}, the fiber over 7 is

p~i(v)= {A’ c (@ Noy)"| 0!/ Jordan type <Q+N} =:Gr<g.
More precisely, we also pick M > 0 and consider
{A’ | (wiwﬁx)” CAN Cuawn (w;Nﬁx)”} =: Gr%m.

This is a projective scheme over ky, and it is “independent of M, N” in the sense that the
closed embedding

(M,N) (M',N’)
Gr d Gr “d

existing if (M, N) < (M’, N’) is a bijection on field-valued points. That implies that there
is a well-defined reduced structure obtained by picking any large enough M, N.

Example 5.2.2. If n =1, d = (0), then there is only one underlying point A’ = 0,. If
M = N =1, then we seek to classify

fw 0 cN co'o|w o, D' N}

Identifying 0 = ky[[@,]], N' /@ Oy is a line in the quotient k[[@]]/@2. Thus it can be
viewed as a point of P!. The fact that this line is invariant under multiplication by @
implies that it must be equal to the span of @ .

However, the scheme is non-reduced in this case (it turns out to be the first-order
neighborhood of the point). To see this, note that we can describe the line as the span of
a—+ bw, for some (a, b) #0,0. The condition that this line is stable under multiplication
by @y implies that @ y(a + bwy) = aw, € Span(a + bw ), i.e. the matrix

(cH—b ) .
al 18 singular.

That cuts out a? = 0, so the subscheme in question is Proj k[a,b]/a? = 0, which is a
double point.
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If d < d’, then we have an obvious embedding Gr<4 — Gr_,. Denoting |d| =Y d;,

we can form a
Gr§ = lim Grg
|d|=d
and
Gré(ky)=Lat! ={A' c E" |[0": N']=d}

Here the index is defined in the only reasonable way: A’ is not necessarily a sublattice of
O}, but they are both sublattices of some common lattices, and one transfers the notion
of index via this common lattice. This is a component of the affine Grassmannian for
GL,,. The full affine Grassmannian for GL,, is

Gr, = U Gri,
del
which is an inductive limit of reduced projective schemes over k.

There is a more intrinsic construction of the affine Grassmannian, which can also be
stated in greater generality. Let G a group scheme over ky. We can consider the functor

§—G(0os((1))/G(os([t])
from affine schemes over k, to sets. After sheafifying this in the faithfully flat topology,

one obtains a functor Gr. Modulo nilpotents, this agrees with the previous definition.
However, in practice one never works with this formulation.

5.3. Global Hecke correspondences. We just defined a “local” Hecke correspondence

PN

Bun,, Bun,,

where %:d consists of pairs (V, V') where V differs from V” at x, with relative position
<d.
We then defined .,
. =<
|d|=d
which is a “global” (on Bun,) analogue of the Grassmannian Grz(kx). In particular, the
fiber over the trivial bundle 0" is precisely Grz(kx).

Globalizing. Next we want to set up a global (on X) version of this problem. This should

yield a correspondence =% — X whose fiber over x is precisely %x‘@.

So let’s set up the following moduli problem. Define a functor ;#=2 to be, roughly
speaking, the groupoid of pairs of bundles which are modifications of each other along
a section of S x X — S (we had previous considered modifications at a single point of x).
More formally, #=4(S) is the groupoid

AU ={(E:S— X, ¥, V)| (x)}

where
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e £:S— Xisamap such thatI's: S— X x S (the graph of £) is a divisor, and
e ¥, are vector bundles over X xS with an isomorphism 7: ¥|xxs-r: = ¥’|xxs-r:
and satisfying the conditions: ' '
(1) V(=diTz) V' ¥V (=dnls),
@ A*V(=(di+d)T)c N>V < N>V (~(dn-1+dp)s)
(3) etc.
Here we think of 7 as inducing a rational map ¥’ --- ¥, which induces a rational

map on the exterior powers (so that the conditions actually make sense).

Remark 5.3.1. In this moduli problem ¥” is a sub-bundle of ¥(—d,I'¢) - think of ¥ as
part of the data, and ¥” as a choice of sub-bundle (so the data of the inclusion is given).

The condition is precisely the globalization of the condition that (A, A") = (7%, ¥]) lie

in Gr;g, i.e. the elementary divisors of @ on A/A’ are (%, ..., @),
So we can again form a direct limit ¢ := lii)n| dl=e 24, which is concretely described
as B
AU ={E VI T Vxxsr: =V |xxs-r:,deg ¥ —deg V' = e}.
Another variant. We can modify the bundle at several sections rather than one. That’s
the correspondence obtained by stringing together two of these Hecke correspondences:

S /2%\ S
o N

Here 2.¢ parametrizes

181, 82,1, 2, 15 | (M)xxs—rz, = (V2)lxxs—rz, = (V3)xxs-12, }-

This maps to the two Hecke correspondences from before, by forgetting the first or third
bundles. If you forget the middle bundle, then you get a map to the tuples parametrizing
vector bundles modified along fwo sections.
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6. MODULI OF SHTUKAS

6.1. The definition of Shtuka.

Definition 6.1.1. Define the following moduli problem Shtuka: Sch/k — Grpd. To a
scheme S/k we associate the tuples

(E0, €0, a: Vo= V1 =" B)

where:

£0,E0 are maps S — X,

¥, ¥1 are vector bundles over X x S,

¥y =(idx x Frobg/x)* 5.

¥1/a(7) is supported scheme-theoretically along I'z;, and is locally free of rank 1
as an Os-module (since I';; = §), and similarly for 71 /B8(* %).

Intuitively, @ o ~! defines a “rational isomorphism” between ¥, and * ¥, with zeros
and poles alongI's; and I'z ..

This is similar to the Hecke correspondences that we defined in the last section. Con-
sider, in the notation that we used before, the moduli stack

2o OO0 < 4(20, 85, Y5 o Vi = 18) | ()}

where the technical conditions amount to saying that 11/j supported onIs,, and 1/ 15
is supported on I'z,. More precisely, Vi/ restricts to a degree 1 line bundle on I'z, This
maps to X? by forgetting the bundle data, and to Bun,, x Bun, x Bun, by forgetting the
bundle inclusions and &;.

2 5p(0,..,0,-1),(1,0,.,0) o X2

|

Bun, x Bun, x Bun,
The base space Bun,, x Bun, x Bun, in turn admits a map from Bun, x Bun,, via
(%, %1) — (Y0, V1, Frobgun,, /k(70))-
Proposition 6.1.2. We have the pullback diagram

Shtuka o 2 5£(0,..,0,-1),(1,0,...0)

| |

Bun, x Bun, —— Bun, X Bun, X Bun,, .

Proof. The only content here is that Frobgun, /x(70) = (Idx x Frobg,«)*. % This is actually
tautological, after one establishes a non-trivial definition of Frobenius for stacks. We can
define 7: Z'(S) — Z'(S) induced by the (relative) Frobs,,. We then have to check that this

coincides with the the usual definition when &' is the stack represented by a scheme. [
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One could more generally try to define

Shtuka% 2 ypd.d’

| |

Bun, x Bun, —— Bun, X Bun, x Bun,, .

However, we claim that Shtuka%< is empty unless |d +d'| =: > d; +d’ = 0. Indeed,
|d| +|d’| is the difference of the degrees of ¥ and 7, but that is 0 because the relative
Frobenius doesn’t change the degree.

6.2. Aspecial case. In this case we undertake an extensive study of a special case of the
construction where d =d’ =(0,...,0), i.e.

Now the isomorphism is honest over all of X x S, so £ is extraneous. To focus on the data
that we're interested in, define

Shtukag(S) = {7 vector bundle on X x S, a: v = ¥1.

Shtukag(k)= {7 on Xz plus descent datum for Gal(k/k)}.
This is just the same as a vector bundle on X.

Remark 6.2.1. This equivalence here is slightly non-trivial, and depends on k being a
finite field. Indeed, we know that ¥ will be defined over some finite extension k’/k, say
of degree n. Then we are given a: ¥ = *%. However, the cocycle condition that we need
is that a”: ¥ 27" ¥ =¥ is not any automorphism but the identity automorphism.

Over a finite field one can arrange this by exponentiating «a, since GL,(k) is finite. In
more general circumstances, the equivalence simply need not hold.

6.3. Crystals. We first study a simpler problem that looks like a “shtuka over a point.”
Suppose S/k = is an affine scheme.

Definition 6.3.1. A unit root F-crystal over S is a pair (M, ¢), where M is a vector bundle
over Sand ¢: M = Frobz/k M = 05 ®(¢,Frob) M.

As Shtukag(S) parametrizes vector bundles over X x S and an isomorphism with the
Frobenius twist over S, we can think of unit root F-crystals as the fiber of such a datum
over a closed point x € |X].

Remark 6.3.2. The pair (M, ) was traditionally denoted (M, F), which explains the ter-
minology.

The F-unit root crystals form a k-linear tensor category, as there is an obvious notion

of sum and tensor product.
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Remark 6.3.3. Since the category consists of Os-modules, one might think that it should
even be an Os-linear tensor category. However, multiplication by f € 0s only induces a
commutative diagram

M N
o N
k *
Frob S/k M Frob, . 7 Frobs Ik N

when f9 = f, which is equivalent to f € k.

In particular, the “obvious” map M = Os ®g; M by m — 1® m is not (s, Frob)-linear,
as fm—1® fm = f9®m. However, the map ¢ : M — Os®g, M is Os-linear by definition.
Theorem 6.3.4 (Katz). There is an equivalence of categories

unit root } - étaleF ;-local systems
F-crystals over S (finite rank)

Remark 6.3.5. The “éspace étale” of an étale F;-local system can be viewed as an “F-
vector bundle” over S (that is, the fibers are IF; vector spaces), with the local system being
its sheaf of sections.

Proof. We construct a natural map
unit root étale F,-local systems
{F —crystals} - { overg' (finite rank) } .
Let (M, ¢) be a unit root F-crystal and let E be the total space of M. We can view E as an
additive group scheme over S. The relative Frobenius Frobg/s gives a map E — Frobg B

Frobg/s
E " Frob}, E —— 1\3
S S

Frobg; i

On the other hand, ¢ gives another map E — Froby /k E- We set G(M, ¢) to be the equal-
izer of the diagram
E 3 Frobg, E
ie.
~Frob
G(M, ¢):=ker(M FIOMS, Brob® M)c M.
Example6.3.6. If S=Spec A and M = A", then ¢ is specified by an n x n matrix (a;;). So
¢ —Frobg/s sends

(X1, %) = (D anixi = x{, D azixi —x3,...).
Over k the kernel has size g, and G(M, ¢) is a finite étale group scheme over k.

In general, one sees by a local calculation that G(M, ¢) is finite over S with order g,
where n =rank M: it is of the form

Os[x1,... ,xn]/(xi7 —linear terms,xg7 —linear terms, ...).
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The Jacobian criterion shows that G(M, ¢) is étale over S.
Here’s a more geometric reformulation of the étaleness. We can realize G(M, ¢) from
the following pullback diagram

G(M, ¢) E
l l(ldxp)
E E xg Frobz/k E

(Id,Frobg/s)

Then one checks that the graph of ¢ is transverse to the graph of Frobg,s. Of course,
this is essentially the same calculation as we performed above, but this geometric view-
point of intersecting graphs with correspondences is a useful theme that we’ll encounter
repeatedly.

We claim that the quasi-inverse functor is G — G®p, 0s. This is an étale vector bundle,
so by descent of vector bundles it is even a Zariski vector bundle. The natural inclusion
G(M, ¢)— M induces a map G(M, p)®, Os — M. One has to check that

(G(M, ) ®r, 0s,1d®Frobg/r) — (M, ¢)

is an isomorphism (it is then easy to check that it’s a left adjoint). For this, we can pass to
geometric points and therefore assume that S = Spec k. As we saw above, if rank M = n
then G(M, ¢) has order q" over k, hence corresponds to an n-dimensional F4-vector
space. Therefore, G(M, ¢) ®r, Os is an n-dimensional vector space over k, so it suffices
to show that it injects into M.

Pick a basis (x1,...,x,) for G(M, @) over k. It suffices to show that it remains indepen-
dent over k. If not, then we may choose a linear relation

Zaix,-zo aiGE

and assume without loss of generality that a; = 1. Applying ¢ ! oFrobg/s to this relation,
we obtain that

X1 +Z (,0_1(611'))6,' =0.
We can then subtract these to obtain a smaller independence relation, contradicting the
minimality unless ¢(a;) = a; for each i. But then that contradicts the choice of x1,...,x,

as independent over k.
For the other inverse, we have

G~ (G ®r, Os,1d®Frobg/k)=(M, )~ G(M,9) > G
but this inclusion must be an equality because G(M, ¢) and G both have order g" over

k. U

6.4. A global version. We now apply the theory just discussed to study the Shtukag. The
result is essentially that Shtukag = Bun, with the latter interpreted as a stack as

Bun= | ] [Speck/Aut(F)).
F eVec(X)/iso
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Theorem 6.4.1. Let X/k =, be a projective scheme and S/k any scheme. Then there is
an equivalence of categories

{7, 0)1, Fs0asis s = Mapss, || [Spec k/au()).
FeCoh(X)/iso
Sketch of Proof. When X = Spec k, the left hand side becomes the category of unit root
F-crystals over S, and the right hand side becomes Map(S,]_[n [pt/ GL,(k)]). By defini-
tion, the latter is equivalent to giving an étale k-local system on S.

We want to somehow reduce to this case. Now, coherent sheaves on X are the same
as finitely generated graded R-modules, where R is the homogeneous coordinate ring
of X, modulo negligible modules. Similarly, coherent sheaves on X x; S which are flat
over S are equivalent to finitely generated graded R ® 0s-modules which are flat over S,
modulo negligible modules. By the previous theorem, this latter is equivalent to “graded
R-modules in étale local systems over S.” (In other words, each graded piece comprises
a local system over S - this is the key of the projectivity hypothesis!) But one can check
that this is precisely the right hand side of the theorem. g

If X be a projective curve, then the theorem says that

Shtukay(S) = {(F, @) | 7=Vector Pungeoliank n/Xxes) = Map(S, Bun, (k).

Here Bun, = ]_[g,[Spec k/Aut(F)] as & varies over the isomorphism classes of vector
bundles on X (the automorphisms being considered as the constant group scheme over
k), so in particular

Shtukag(k) = Bun,,(k)
is the groupoid of rank n vector bundles on X.

6.5. Cohomology of Shtukas. Now we can discuss the cohomology of Shtukas. For in-
stance,
H{(Shtukay 3 Q¢) = C(Bun, (k) = G(F)\G(A)/ K; Q¢)
This gives a re-interpretation of classical automorphic forms as a cohomology group of
the moduli stack of Shtukas.
The idea of Lafforgue is to study operators on the cohomology coming from more
complicated Shtukas.
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7. CLASSIFICATION OF GENERIC FIBERS

7.1. Drinfeld’s equivalence. For example, consider the diagram from before:

X2

Shtuka(_1'0"“’0)'(0"“’0’1) %k(—l.0,...,0),(0,...,0,1)

|

Bun, x Bun, — Bun,, X Bun,, X Bun,

Then Shtuka(%) ={—>1 8 —1"E=6& ®E,Frobs/k E}. If we pull this data back to the
generic point of X, then the vector bundles become vector spaces over F, and we get
&® F~ & ®F. So the data becomes that of M = & ® F, an n-dimensional F ® k-vector
space together with p: M =M ®F Frobs i k. This almost looks like the datum of a unit root
F-crystal, except the ground field is much bigger (it is a global function field rather than
a finite field). So we should try to emulate what we did with the crystals.

Definition 7.1.1. This motivates the definition of the category

Mod(F ® k,1® Frob) = {(V» o)l = ﬁn@?i‘zigkivi% Space} .

This is evidently an F-linear abelian category.
Theorem 7.1.2 (Drinfeld). Mod(F ® k, 1 ® Frob) is semisimple, and there is a bijection

{simple objects in Mod(F ® k1® Frob)} /iso— h_)m Div(E; Q).
E/F finite separable

Remark 7.1.3. Div(E) is the free abelian group on all the valuations on E, i.e. the divisor
group of the projective curve corresponding to E, and Div(E;Q) := Div(E) ® Q. Then
principal divisors Div’(E; Q) is the subgroup of degree 0 divisors tensored with Q. By the
short exact sequence

0—E*®Q—Div'(E)@Q— CI(E)®Q — 0

and the fact that the class group of E is finite, we see that Div’(E)® Q= E*. The theorem
is true more generally replacing Div’(E; Q) with EX ®Q, but the geometric interpretation
will be the useful one for our applications.

Here we regard E — E’ as being induced by Y’ EN Y, and the transition maps being
f*: DiV’(E; Q) — Div’(E’; Q). We are not regarding the fields as lying in a fixed separable
closure; if we did, then we would have to consider the fields up to Galois action, and the
limit would be viewed as

lim E* ®;, Q = (F*)* ®,Q/ Gal(F*/F).
E/F

The full theorem actually predicts something more precise. Let (V, ¢) be a simple ob-

ject in Mod(F ®k1® Frob). Then End(V, ¢) is a division algebra over F with center E,
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so E/F is separable (Koethe’s theorem), and E acts on (V, ). If (V,¢) «— a € DivO(E)@
under the theorem, then we can write

a= Z vy(a)-y, vy(a)eQ

YEIE|

where Z vy(a)[k(y) : k] = 0 by definition of being degree 0. The full theorem predicts
that if N is the LCM of the denominators of {vy(a)[k(y): k]} (with the convention that
the denominator of 0 is 1) then dimg End(V, ¢) = N? and dimg V = N.

Proof. Let (V, ¢) be a simple object over F ® k. We want to associate to (V, ¢) a value in
(F$)*®Q/ Gal(F*/F). The only natural such choice is something which would be roughly
speaking an “eigenvalue” of ¢ on V. Since ¢ is given by a finite amount of data, the pair
(V, p)is actually defined over a finite extension k, /k of degree n. So (V, ) =(V,, p)®x, k.

Since ¢ is a o-linear automorphism of V,/F® k,, ¢™ is an F ® k,-linear automor-
phism of V},. Then it makes sense to talk about the eigenvalues of ¢ in F~. To recover
the eigenvalues of ¢, we can take the nth roots of the eigenvalues of ¢”. This is ambigu-
ous up to nth roots of unity, but we can extract nth roots canonically in F ey Q (as this
removes torsion).

How well-defined is this? If we replace n by mn, then we consider the eigenvalues
of p™" instead of ¢, which just has the effect of raising all the eigenvalues to the mth
power, and that difference is undone when we take the mnth root.

So we've associated to (V, ¢) a subset of F ey @, which is evidently invariant under
Gal(F/F ® k,,). But since we killed roots of unity by tensoring with Q, the Galois group of
the finite cyclotomic Galois extension F ® k,/F also preserves the subset. Also, we have

(F)*®,Q0=F &,Q

because any element becomes separable after raising to a sufficiently high pth power.
So this shows that our subset is even a Gal(F*/F)-orbit.

Now why is this subset a single orbit? If it consists of at least two orbits, then Spec(¢™)
(the analytic spectrum, i.e. the eigenvalues!) contains at least two orbits. That means
that the Jordan decomposition for (V, ") ® F descends to a direct sum decomposition
for (V,,, ™). But each direct summand is ¢-stable, as the idempotent projection onto
each factor can be expressed as a polynomial in ¢, which violates simplicity.

Let A€ (F*)* ®Q/ Gal(F*/F). Let M(A) be the subcategory

M) ={(V, )| Spec(¢™)"/" = orbit of A)}.

We can check that if A % A/, then there is no simple extension between objects in M(A)
and M(A’) (for the same eigenspace splitting reasons as before), so we have a splitting of
categories

Mod(F ® k,1® Frob) = P M(1).

We now need to show that each M(A) is semisimple and has only 1 simple object (up to

isomorphism). Let E/F be a finite extension, chosen to be minimal among finite exten-

sions such that A € E* ®7 Q (so E doesn’t necessarily contain A; it only needs to contain
35



Math 249b 2015

aroot of unity multiple of A). Foreach n=1,2,...and b € E* with b = A" in E* ®7Q, let

Vo /E®ky
M(A)n,b = {(Vm 50) | ¢ = o-linear aut. of V}

p"=b-1d
Every object of M(A),,, gives an object of M(A) by tensoring with k. In fact, we claim
that

M) =limMA),,p.
b

To see this, suppose that (V, ¢)is an object of M(A). Since ¢ involves only a finite amount
of data, any object of M(A) certainly defined over some E ® k,. The only subtlety is why
we may assume that ¢ is actually semisimple (referring to the definition of M(A), ). If
we decompose ¢ = ps; + ¢, into the semisimple and unipotent parts, then since we are
in characteristic p we can raise to some large pth power to kill off the unipotent part.

Strictly speaking, one also has to check that if all homomorphisms are also obtained
in the direct limit. But any homomorphism is again specified by a finite amount of data,
which will be defined over a finite field extension, and the homomorphism groups must
stabilize as they are ultimately finite-dimensional.

So we only need to show that M(A), ; is semisimple with 1 simple object. But by the
preceding discussion, M(A), p is the category of modules over (E®k,){T)/(t" —b), where
7 -x =Frob(x)7 for x € k,, and T commutes with E. The proof will then be completed by
the following standard exercise in the theory of central simple algebras.

Exercise7.1.4. Show that (E® k,){(7)/(t" — b) is a central simple algebra over E (just find
some field extension splitting this as a matrix algebra).

O

Remark 7.1.5. For a given (V, ), the field E = End(V, ¢) can be viewed as analogous to
“complex multiplication” for (V, ¢).

7.2. The Dieudonné-Manin classification. There is a local version of Drinfeld’s theo-
rem, going by the name of the Dieudonné-Manin classification, which describes a local
version of the category Mod(F ® k,1® Frob). Let K be a local function field with residue
field k. Let L= K“". Then we define

IsoCrystal(L)={(V,0) |, y2ve. £}
Theorem 7.2.1 (Dieudonné-Manin classification). IsoCrystal(L) is a semisimple K -linear
category, whose simple objects (up to isomorphism) are in bijection with Q. If g «— (Va/», ¢),
with b > 0, then dimy, V;;, = b and End(V,,p, ) is a central simple algebra over K with
invariant —a/b € Q/Z.

This local version of the theorem informs the global version via a “local-global com-
patibility” between Drinfeld’s theorem and the Dieudonné-Manin classification. Given
(V,¢) € Mod(F ® k,1 ® Frob) which is actually defined over a finite extension E/F, for
each y € |E| we can consider

(Vo) =V, kO @ E}Zf\’ IS IsoCrystal(E;W).
36



Math 249b 2015

This will be a direct sum of simple isocrystals, each of slope v, (a)[k(y): k]. Such an ob-
ject, a direct sum of isomorphic simples, is called isoclinic. To summarize, the following
diagram commutes:

simple € Mod(F ® k,1® Frob) — (F$)* ® Q/Gal(F*/F)
localize valuation
isoclinic € IsoCrystal(L) Q

Dieudonné-Manin

This compatibility generalizes the local-global compatibility from class field theory. If
(V,p) is a simple object of Mod(F ® k,1 ® Frob) then D = End(V, ) will be a central
simple algebra over E. For any y € |X| the algebra D) := D ®g E, has local invariant
—vy(@)k(y): k] €Q/Z.

On the other hand, by Drinfeld’s equivalence (V, ¢) corresponds to an element of
Div’(E,Q). We have a map Div’(E,Q) — Div’(E,Q/Z) = Br(E) sending a € Div’(E,Q)
to the central simple algebra D, over E, which by class field theory has rank equal to
the square of the LCM of the denominators of the local invariants. This CSA is precisely
D =End(V, p).

(Vp)—End(V,¢)

Mod(F ® k,1® Frob) : (F$)* ® Q/Gal(Fs/F) Br(E)
Drinfeld
localize valuation CFT
IsoCrystal(L) Q Q/Z=Br(Ey)

Dieudonné-Manin

7.3. Generic fibers of shtukas. LetX,y € X(k)lying over closed points x, y € |X|. Assume
x #y. We are interested in

Shtukazy (k)= {(§,8',¢: § &' &7 6 =(1@Frob)'6: B}.

The bundle &’ is actually determined by the rest of the data, so this is just the data of
a rational map & -—- *& with a simple zero at x and a simple pole at y. By taking the
generic fiber, we get an object (V, ¢) of Mod(F ® k,1 ® Frob). We want to ponder the
question of what possible (V, ¢) appear as the image of this functor.

Since we just showed that the latter category is semisimple, we know that

Vo)= @ (Ge)™.

AEFS®5Q/~

What can we say about the A and m1,?
Theorem 7.3.1. If(V, ) is the generic fiber of {& — " &}, then

(V)= (F® k,1®Frob)" ® (W4, v2),
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i.e. there is only one non-trivial component, which appears with multiplicity 1. Moreover,
if E is the minimal field such that 2. € E* ®7 Q, then Div()) € Div°(E, Q) must be of the
form

1 ( 1 - 1 N)

J— — X — — y

m \[k(X): k] [k(y): k]
whereX,y are points of |E| lying over x,y € |F| respectively, and r + m[E : F] = n.
Remark 7.3.2. The minimality is needed here to give V the structure of an E-vector
space. But what is that structure anyway? Here is an intrinsic definition of (the min-

imal) E attached to a simple (V, ¢): if (V},, ) is a model of (V, ) over F ® k,, then
End(V, ¢) is a division algebra with center E.

7.4. Newton and Hodge polygons. We begin by examining the local structure, which
will involve Newton and Hodge polygons. Then for any (V, ¢) € Mod(F ® k,1® Frob) we
let E=End(V, ¢) and for a place i of E lying over u of F,welet Ly = F4f Wﬁ)((t)). We
then define

(Vi pu) = (V, ) ®pez Li-
Remark 7.4.1. What if we instead considered
(Vu/, tp;) =(V, 90)®F®k? L, €IsoCrystal(L,)?
IfEnd(V, ¢) = E then
(V,0)®pgt Lu = (V,0)®per (E®K)®pg % Lu

But (E® k)® re,k Lu breaks into a product of local fields, namely the completions of E
at places above u. So we see that

(V¢! ) =P (Va, pa).
tlu

The Newton polygon. The Dieudonné-Manin classification gives a Newton polygon
NP(V,p) for every (V, ¢) € IsoCrystal(L) as follows. Each simple summand is associ-
ated to an invariant m/n € Q by the Dieudonné-Manin classification, and the polygon
for that simple is just a segment of slope m/n. In general, the Newton polygon for a
semisimple module has a slope for each simple summand, put in increasing order.

The Hodge polygon. If A is an Op-lattice in V, then we also have a Hodge polygon
HP(A, V, ) associated to A, which measures the relative position of A and ¢(A). It basi-
cally returns the analogue of the Jordan type partition from before: if p: A — A, then

MW= P oo

d1<..<dj,

and the slopes of the HP(A, V, @) are the d;’s.
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Example7.4.2. Suppose A has rank n and ¢(A) c! A has length 1. Then the Hodge poly-
gon is the convex hull of (0,0),(n —1,0), (7, 1).

/

If p(A) D' A, then the Hodge polygon is the convex hull of (0, 1),(1,0),(n,0).

If ¢(A) = A, then we just get a straight line with slope 0.

If u #x,y, then (V, ) has amodel (V}, ¢,) over a finite extension, and (V}, ¢,) has an
01,-model, i.e. there exists a lattice A, C V}, such that ¢,: A, E7A, =A, % o k. In this
case, (Vu, ) = (Ly,1®0)" is isoclinic with slope 0. So we know the Hodge polygons
at all u: it is flat if u # x,y, which is usually the case, but it can also be one of the two
exceptional examples if u = x or u = x). This will allow us to get constraints on the
Newton polygon from the following fact.

Theorem 7.4.3 (Mazur). For any(V, @) € IsoCrystal(L), the Newton polygon lies above the
Hodge polygon with the same endpoints.

If the Hodge polygon is flat (e.g. at all u # x,y), then Mazur’s theorem constrains the
Newton polygon to be the same. Therefore, under the Dieudonné-Manin classifications
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the slope must be 0 at u, hence also for any # € E lying over u. Then local-global com-
patibility implies that the slope can be read off from the coefficient of the divisor. That
is, if (W3, p1) appears as a summand of (V, ¢) then

Div(A)= Y va(A)i
u€|E|
and (V4, ) is isoclinic with slope vy (A)[k(i) : k]. So putting this together, we see that
vi(A)=0if & does not lie over x or y, i.e. (14, ¢;) can only appear in (V, @) if it becomes
a direct sum of trivial isocrystals after localizing at u.

Definition 7.4.4. We say that a breaking point of a Newton polygon is a vertex where the
slope changes.

A result of Katz says that if the NP and HP meet at a breaking point, then the isocrystal
splits in a corresponding way. More precisely:

Theorem 7.4.5 (Katz). If NP(V,¢) meets HP(A, V, @) at a breaking point, then there exists
a canonical decomposition M = M, & M, (and hence V = V| ® %) such that each V; is
stable under ¢, and NP(W, @) is the first half of NP(V, @), and HP(M, ) is the first half
of HP(M, ¢).

Example 7.4.6. We only need a special case of this result. Suppose that the Hodge poly-
gon looks like ___/ with endpoint (n, 1).

lveolk

The Newton polygon must start off flat, and break at some (772, 0). This implies that (V, ¢)
can be decomposed as V= V@V, where NP(V{, ¢) and HP(W{, ) are both flat, and (15, )
is a simple isocrystal over L, with slope 1/m, and ({, ¢)=(L,,Frob)?~"™.

We have basically given the proof of Drinfeld’s Theorem|7.1.2} but we collect together
the arguments for the sake of clarity.

Proof of Theorem([7.3.1} For a closed point u, we denote by d(u) the degree [k(u) : k].
Suppose

V) =PV, ¢1)

is a decomposition into simple objects, with (V}, ¢;) «<— (E;, a;) under the classification
in Theorem For u € |X|, we can tensor with L, to get (V,, ¢,) € IsoCrystal(L,,),
where ¢, = @41,
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By local-global compatibility, we may understand the local modules (V},, ¢, ) in terms
of the divisor which is the pre-image of u: the slopes of NP(V,, ¢,) are

fvi(a;)-d(i)| U € E; above u}.

We know that (V, ¢) comes from a vector bundle, not just a vector space over the generic
point, which essentially means that there is an integral structure, so it makes sense to
look at the Hodge polygon. Recall that we started out with & — &’ < *&. We can view
&y C 'V, as a lattice, and the Hodge polygon measures relative position of (&, ¢, (&)
(where g is the rational map & — &).

There are two distinct cases: u ¢ {x,y} or u € {x,y}. If u # x,y then (as we saw in the
discussion above) the Hodge polygon is flat. Therefore, v;(a;) =0 for all & € |E;| above
u.

On the other hand, if # = x then the Hodge polygon ___/ starts off flat and then
moves up to (n,1) at the last step, because there is a zero with colength 1. If u =y, then
the Hodge polygon looks like \___ as there is a pole with colength 1.

So if u = x, then there exists a unique (E;,a;) and unique X € |E;| above x such that
vg(a1) # 0. If u =y, then there exists a unique (Ej,a}) and unique y € |E;| above y
such that vy(a/l) # 0. Furthermore, since the total degree has to add up to 0 for each
simple object, the points X, ¥ must be in the same direct summand, i.e. E; = E { As there
are no divisors on any other curve, the other summands must be trivial (by Drinfeld’s
classification of the simple objects, only the trivial one has all vanishing local invariants).

In conclusion, (M, ¢) must decompose as a single non-trivial simple plus several copies
of the trivial simple. To describe it completely, it suffices to describe the divisor of the
non-trivial simple (E1, a,). We know that this is vj(a1)- d(i). On the other hand, it is the
slope of the non-flat “irreducible piece” of the Newton polygon, which by the discussion
of Example[7.4.6]is 1/m for some m. However, there is a slight subtlety here in that this
is with respect to (E;)g, which relative to F; is scaled by ﬁ.

By the condition that the divisor must have degree 0, the component supported at ¥

must be —#@. So we are finding the non-trivial summand to be classified by (E, a)
. .. 1 X y .0
where a is the divisor -~ (m — Wi)) e Div'(E, Q).

Finally, by class field theory we understand a global CSA in terms of its local invariants:
the LCM of the denominators of v;(a;)d (i) for i € |E|, which in our notation above is
m, is precisely rank ;- Vi. This establishes the equality

n=r+ml[E:F].
O

Example 7.4.7. Let’s write out all the possibilities for n = 2 (the generic behavior of rank
2 shtukas). We have 2 =r 4+ m[E : F], where m > 0 (since the Newton polygon is not flat,
there must be a non-trivial summand). There is a small number of cases to consider:

(1) E=F, m=1,r =1. Then (V, p) is isomorphic to the direct sum of the trivial

module and a one-dimensional vector space over F® k. What is this non-trivial

module? Under Drinfeld’s classification, it corresponds to a = % - %y), where
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)

3)

d(x) and d(y) are the degrees of the rational pomts x and y. This is Div(f) for
some f € F, alevo(F)QNFX@)ZQ Then p: F® k — F®k sends1— f®1.
X

E=F,m=2,r=0.Thena=2 (m—m) so (V, ¢) is a simple, rank 2 module

over F® k. From the classification, we know that End(V, ¢)= D is a quaternion
algebra over F ramified exactly at x and y, and Aut(V, ¢) = D*. Thus, this case
can be thought of as an analog of super-singular elliptic curves. There are two
places whose localizations have Newton polygons _/and \_.

[E:F]=2,m=1,r=0. Then (V,p)is a 1- dlmenswnal space over E ® k. There
exists f € E* ®z Q with Div(f)=a = d(x) dy and (V,p)=(E®k,1— f®1).
This can be thought of as an analog of complex multiplication.
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8. UNIFORMIZATION OF SHTUKAS

8.1. The Uniformization Theorem. We apply the precedingresults to prove a uniformiza-
tion theorem for shtukas analogous to Weil’s Theorem|2.4.1]
Let’s return to conidering

+7 Shtuka(k) = {a: g%g’%ﬂg: /3}.

We know that if we take the generic fiber of any such a: & ‘% &’ %’ T&: B, we will obtain

(V,p)eMod(F ®k,1®Frob). Fix(V, ) apossible such generic fiber. Then we can studied
the “rigidified Shtuka” consisting of bundles with generic fiber isomorphic to (V, ¢):

1 /(i)T .
x,y Shtuka(k)v,y) = wELITSTER A
Y: (EQF Lo )=(V,p)

Now the rigidified shtuka x, J_/Shtuka(%)(u o) Teceives an action of Aut(V, o), and in fact is
an Aut(V, p)-torsor over its image in z j Shtuka(k) (in the groupoid sense). Thus we have

Shtukay (k)= | | #yShtuka(k)v,,)/Aut(V,¢)
(Vip)/=

Construction of a restricted product. We now give an “adelic description” of the moduli
space of shtukas.

Exercise8.1.1. Show that Shtuka(%)(V, ) 7 0. You can check this by hand; you just have to
construct an appropriate global shtuka from a given generic fiber.

By the exercise, we may pick a basepoint (& — &; — 7 &). Any other point (§ — &’ <
7 &) sharing the generic fiber (V, ) is obtained by modifying this basepoint at finitely
many u €|X|.

Picking a basis of &, gives a trivialization of the vector bundles on the complement of
finitely many points. This gives, for every u # x,y, a M9 C V;, such that ¢, (A%) =AY . Set

My = 1Ay C V, /FT | ()}

where the condition (*) is that

o forall u #x,y, we have p,(A,)=A,
o if u =x then ¢,(A,) C A, has colength 1, and
o if u =y then ¢,(A,) DA, has colength 1.

Then, using the lattices MY we may define the restricted direct product

lL[(J/lu,Mg)

uelX|
which consists of collections (A, € .#,,) for each u, such that almost all A,, are equal to
MO,
u
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Remark 8.1.2. We don’t need a basepoint to talk about ./, but to form the restricted di-
rect product and define the map we do need to pick a lattice in each .#,,, which requires
a global basepoint. However, the map is sort of independent of basepoint.

This is analogous to how we used the trivial bundle as a basepoint in Weil’s Theorem
but we could have used any other vector bundle together with full level structure
and generic trivialization.

This discussion basically proves:

Theorem 8.1.3. There is a canonical isomorphism

/
% yShtuka(k)v,g) 2 | J(-, MS)

Let’s digest this into a form more reminiscent of Weil’s Uniformization Theorem. First
suppose u # x,y. Then we saw that (V},,¢,) = (F;‘r,FrobV/E)” (because the Newton
polygon is flat at u). To ease the notation, denote o =1 ® Frob. We claim that

My = GL,(Fy)/ GLn(0L).

The leftwards map is g — ( g(@)”, o). That this map is well-defined is clear (the original
lattice (@)" was stable under Frobenius, so its image is as well), and the content of the
isomorphism is that every lattice in .#,, comes from this construction. So why is this the
case?

Set L= fuﬁ Then Frob, acts on GL,(L)/GL,(0L), which is the space of all lattices in
L. The lattices in .#,, are those which are fixed points under this action:

My =(GLy(L)/ GLy(0))F 0P,

There is a certainly a map to here from GL, (L% )= GL,(F,). The surjectivity amounts to
vanishing of some Galois cohomology group, which can be checked.

There is also a more concrete way to see this. By stratifying the space of lattices ac-
cording to their relative positions with respect to the standard lattice, we get a stratifica-
tion of by affine spacse over k with the standard action of Frobenius, i.e. we can realize
(GL,(L)/GL,(01)) as U%N with the standard action of Frobenius, and taking fixed points
one gets | J k", which is GL,(F,)/ GL,(0y).

In summary, if u # x,y then

upon choosing a trivialization (V,,, ¢, ) = ((fl:t\f)", o).

Now suppose that u = x. Then the Newton polygon has vertices (0,0),(n —¥¢,0),(n, 1)
and the Hodge polygon has vertices (0,0),(n — 1,0),(n,1). There is a breaking point at
(n—¢,0), which induces a decomposition V; = V;; @ V;» compatible with A = A; @ A,
where A; = AN V4 ;. Applying the preceding discussion to 1 ;, we see that

My =GLy_¢(F)/ GL;—(0x) X N5,
with the first factor parametrizing choices for A;, and

N ={A2 C Via | p(A2) C' An}.
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It remains to understand .4%. Note that there is an action of ¢ on A% just by replacing A
with ¢(A;). Therefore .44 has an action of the group ¢% = Z.

Proposition 8.1.4. A} is a torsor for pZ.

Proof. Fixing ¢: V=V, suppose M and M’ are lattices in V such that ¢ (M) has colength
1in M and ¢(M’) has colength 1 in M’. We want to show that M’ = ¢ M for some n.

Lemma 8.1.5. There exists some n such that M’ C ¢" M.

Proof. Left as exercise. U

By choosing a maximal such n and replacing M by ¢ M, we may assume that M’ ¢ M
but M’ ¢ ¢~ M. Consider the reduction

G:M/M — M/M'.
This factors through (¢(M)+ M’)/M’:

S|

M/M’ M/M’

\/

(p(M)+M")/ M’

Since ¢(M) has colength 1in M, (¢(M)+ M’)/M’ has colength at most 1 in M/M’. How-
ever, since (M) ¢ M’, the equality case cannot occur. That means that ¢ is an isomor-
phism, but on the other hand it must be nilpotent by switching the roles of M and M’ in
Lemmal[8.1.5 O

Remark 8.1.6. By Drinfeld’s theorem we know that Aut(V 2, px2) = D* (a central simple
algebra with center E3 and invariant 1/m). The action of D* on .44 factors through Z via
the valuation.

The theory for u = y is similar, except using ¢(Az) D! A,. Putting these discussions
together, we obtain:

Theorem 8.1.7 (Uniformization Theorem for Shtukas). Thereis a canonical isomorphism

x,y Shtuka(k)(v,p) = GLn(A™Y)/ GL,(0™7)
X GLy—¢(Fy)/ GLu—(0x) % (¢~ — torsor)
X GLy—¢/(E,)/ GLy—p(0)) x (gayZ — torsor)

What is the action of Aut(V, ¢)? We can view Aut(V, ¢) as the F-points of a reductive
group over F, which is a product of factors GL»(D) where D is a (not necessarily central)
division algebra over F. This is an inner form of a Levi subgroup in GL,, as it preserves
each summand. We can embed this into Aut(V,, ¢, ), which can similaly be viewed as
the F, -points of a (potentially bigger) reductive group over F,,, which also preserves each
summand. When u = x we will have Aut(V4, 9) = GL,—¢(Fy)x D} and similarly foru = y.
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8.2. More symmetries on Shtuka(k). The uniformization theorem allows us to see many
symmetries of the moduli stack of shtukas.

Hecke operators. Suppose u € X(k) and u # x,y. There is an action of the local Hecke
algebra 7, = C.(G(0,)\G(F,)/G(0,)) on C(Shtuka(k)) = C(G(F)\G(E,)/G(0,) by con-
volution (on the right, as we quotient out by automorphisms on the left). By Cartan
decomposition, all double cosets are of the form

w
G(0,) w2 G(0y)
win

for integers d1,...,d,, so we may think of an element of 7, as a function on finitely
many tuples of integers up to permuttion. How does this act on C(Shtuka(k))? Let
d = (dy,...,dy), and suppose for simplicity that all entries are > 0. Then we have a
correspondence

Shtuka, , Shtuka, ,

where C, 4 is the set of pairs of diagrams (& % &’ % *8&)and (F %) T’ % ) together

with a map between diagrams

&€ & T g
x y

la ja/ L’ra

T T F

such that coker(a) is supported at u with Jordan type d. Let’s be careful about what this
means. There is a canonical isomorphism coker(a) = coker(*a). Viewing coker(a) as
a torsion coherent sheaf on {u} x S equipped with an F-unit root crystal structure, we
know that coker(a) descends to an étale k-local system on X supported at {u}, and then
we can talk about its Jordan type over k.

Having constructed the correspondence, we get the Hecke correspondence f — ca ¢} f
where c; sends the diagram to the top row and ¢, sends it to the bottom row. We claim
that the fibers of ¢, ¢, are discrete - more precisely, we claim that cj, ¢, are finite étale
maps with discrete fibers. Indeed, the fiber of c; over a point is G(0,)@<G(0,)/G(0,)
and the fiber over C, is G(0, )@ ~4G(0,)/G(0y).

Special points. We now consider what happens when u = x or u = y. The uniformiza-
tion furnished a description of Shtukay , as (...) X A% x .4}, and the actions of gof and ga}?

commute with the Aut(V, ¢)-action. Therefore, Shtukay (k) admits an action of ¢ Z, (pf.
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Partial Frobenius. Given

&g ST
X y

view &’ as an enlargement of &. Then we can form

g
N
& g
ﬂk{ /
g//

by enlarging along ¥ and then along 7(x). Then we can forget the upper half of the dia-

gram to end up with
& g
éD//

This defines a map ®; : Shtukaz 7 — Shtukaz 3, such that the diagram commutes:

Shtukay,y, L Shtukag,y

| |

(XxX)—A——=(XxX)—A
Frob,1
Remark 8.2.1. This is called “partial Frobenius” because it only performs Frobenius on
one of the factors. The relation to Frobenius is that ®; o &, = ®, o ®; = Frobg/.
If we repeatedly apply the partial Frobenius, then we obtain a sequence of maps
Shtukag,y — Shtukar(x)y — ... — Shtuka aw(y) y) = Shtukax y

because Frob?™ fixes x. Thus, (Df(x) defines an automorphism of Shtukaz 7. In fact, we

claim that the ¢ -action is induced from @fm and the ¢, -action is induced from (I)g W),

Exercise 8.2.2. Prove this. [Hint: Proposition ]
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9. MORE ON SHTUKAS

9.1. Some geometric properties. In this section we abbreviate Shtuka = Shtuka(®-0~110---0)

for ease of notation. Our goal is to prove the following theorem.

Theorem 9.1.1. Shtuka is a Deligne-Mumford stack locally of finite type, and the map
Shtuka — X x X is smooth of relative dimension 2(n — 1).

We break the proof up into a couple of steps.

9.1.1. Locally finite type.
Proposition 9.1.2. Shtuka is a Deligne-Mumford stack locally of finite type.
Proof. For the first point, recall the diagram

Shtuka o 2 5£(0,..,0,-1),(1,0,...0)

| |

Bun, x Bun, —— Bun, X Bun, x Bun,, .

We know that Bun, is locally of finite-type, and we can identify a finite-type piece by
bounding the HN-polygon. Namely, if u is a HN-polygon then Bun,”, parametrizing
vector bundles with HN polygon bounded by y, is finite type. Using that each stratum is
defined over the ground field, hence preserved by Frobenius, we get a diagram

Shtuka™¥ —— (2%(0,..,,0,—1),(1,0,...,0))<u

| |

=< =<
Bunn“ X Bunn“ K

=< =< =<
E— Bunn” xBunn“ x Bun,,"" .

It will certainly suffice to show that Shtuka™" is a finite type DM stack. Now let’s rigidify.
Let D C X be a finite subscheme, and add level structure:

HN(8)
Bunj = {(&‘P) | g|D;0l’:;l} .

If D is “sufficiently thick” then BunB” will actually a quasiprojective scheme. (This is

analogous to how adding enough level structure to modular curves makes them into

finite moduli spaces.) We have a map BunB” — Bun~* which is in fact a GL,(0p)-torsor.
Now construct the pullback diagram

0,.,0,—1),(1,0,...,0
ShtukaB” (2%1() i NY=u

| l

(Bun,”)p x (Bun,")p — (Bun,")p x (Bun,*)p x (Bun,")p.

Remark 9.1.3. We have to be careful in the definition of %"; * to specify only those bun-
dles that are modified away from D.
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Then ShtukaB“ — Shtuka™* is finite étale, with fibers GL,(0p)-torsors. Indeed, Shtukag“ =
{& — & — 7 & | x} where we require

Elp —— o

El Ngj

“8lp —= Of

to commute (i.e. the two trivializations are compatible). So it’s enough to show that
Shtukagﬂ is a quasiprojective scheme, which we've already discussed. g

9.1.2. Smoothness.

Theorem 9.1.4. Shtuka — X x X is smooth of relative dimension 2(n — 1). Moreover, one

has a diagram
U
% \

Shtuka (P71 x X)x (P 1)Y x X)

N

Proof. Let B=Bun,. We “pretend” that this is a scheme of finite type over k (it is really a
stack locally of finite type, but the question is local anyway). We have the usual diagram

where U is a scheme.

Shtukay , —= 27, =16 o & > 6" | (1)}
X y

(h,h”)l

B Bx B

What is the fiber of h”: 2.# — B? Given &”, we first need to choose an embedding &” —
&’. As & modifies &” at one point y, this amounts to choosing a line in w‘léa;’/éa;’, ie.a

point of P*~1,

1 1
Py =160 & 8| (4}

(6" & & | ()}
y

fiber = pn-1

B=1{8"}
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Now let’s globalize this discussion by dropping our fixed choices of points x,y. To em-
phasize this, we represent variable modified points by u, v. We have a diagram

Shtuka —= 2. = {& < & <> & | (#)}

(h,h”)l

X2xBxB

X2x B
We can factorize

200 =16 & o & | (%)}
u v

=168 | (0}

fiber @ pn-1

Xx B={(v,8")}
Then the globalization of the local case is that intermediate space Y = {&’ — &” | (%)} can
y

be thought of as isomorphic to the projectivization of the universal bundle over X x B.
Similarly, there is a P*-bundle over Z whose fiber is &’ over a given point. Then 2. is
isomorphic to the projectivization of this P”-bundle on Y.
This discussion shows there is a natural diagram

e

(P11 x X)x ((P*1)Vx X)x B

(The point is that after étale pullback, the projective bundles are trivialized.) We form U
by pulling this back via the map Shtuka — 2.5#, which fights into a commutative diagram:

U w
\ ‘ X
256

Shtuka ‘
B Bx B
(1,Frobg)

Since pullbacks of surjective étale maps are surjective étale, U — Shtuka is surjective
étale. Note that since the bottom square is cartesian, as discussed earler, and the top is
cartesian by definition, the front square is also cartesian.
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We need to check that the map u: U — (P"~! x X) x (P*71)V x X) =: Z is étale. Ab-
stracting the situation a bit, we claim that in general if the map W — Z x B is étale, and
B is smooth, and we have the diagram defining U:

U w

|

Z X B

l?.ld

B— = BXxB
Id,Frob

then U — Z is étale. This is just some transversality property. Affine locally, let Z =
Spec(R) and Bg :=Z x B. The hypothesis is that W — Bp is étale. Let’s calculate mor-
phism on tangent spaces corresponding to the diagram above:

Tw/r

(?'l)l

TBr/r ; TBy/R ® TBy/R

(1,0
It is transparent that the tangent spaces are transverse.
Remark 9.1.5. Notice that we only used that B is smooth.

O

9.2. More general constructions of shtukas. Let I be a finite set. If G = GL,, we con-
sider a function

A T—-7Z"/S,

Remark 9.2.1. More generally, we should replace Z"/S,, by (X.(T))d°™, which is in bijec-
tion with Weyl group orbits on cocharacters of T. In these terms, Z" /S, is in bijection
with (Z?)dom ={(dy > d, >...>dp)}.

We will define a Hecke correspondence %AI generalizing the one from before, which
will fit into a diagram

A —— X!

|

Bun x Bun

Definition 9.2.2. Assume for simplicity that A; > 0 for all i (i.e. A; maps to the subset of
(z7)dom where all integers are non-negative). Then %‘j{ (S) is the data of
o maps (x;: S — X)ier,
¢ an inclusion of rank n vector bundles & — &’ on X x S, such that §’/& is sup-
ported on U ;I'(x;) and its restriction to I'(x;) is a flat Os-module for each i, satis-
fying:
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o forallses,

&/16%5= P (/6%
x€xi(s)

for some i

and (&’/&)x has Jordan type

<( Z di> Z di>... Z dl).

xi(s)=x xi(s)=x xi(s)=x

It is clear how to extend the definition when not all A; are non-negative: instead of de-
manding that & — &’ be an inclusion, we simply bound its kernel.

This is the generalization you would get from “following your nose,” except that it is
not necessarily obvious what constraints to put on the modification of vector bundles
when the graphs meet. When the graphs don’t meet (i.e. there is only one contributing
i in the third condition), we get the usual thing. When they do meet, then we “add” the
Jordan type restrictions for the different components

Example9.2.3. Let G =GL,, I ={1,2}, and A be defined by A; =(1 > 0) and A, = (0> —1).
Then

AL (k)= {x1,%2,6 - & | (¥}

where the rational map has a zero at x; and a pole at x,. This admits a map to X? by
forgetting everything except (x1, x2). Let’s also think about the moduli problem

FNE) = {x1,%0, 6 = F — &' | (¥)}
X1 X2

which admits an obvious map to %AI (k) by forgetting .7 .

Over the complement of the diagonal, i.e. when x; # x», for every {& —— &’} we can
canonically insert an Z such that § <, Z <, &’. (The vector bundles are identified
generically, so we can view then as lying in a common F”, and then just take their sum.)
Thus, %’/{ (k) and 3’?} (k) are isomorphic away from the diagonal.

The case x; = x» is more interesting. The fiber of ﬁ,’? (k) over x; = x, has a closed
stratum where & = &, and an open stratum where & % &’. Fixing &, the fiber is obtained
by choosing an embedding & — &, and then a sub-bundle # «— &’. Therefore, the fiber
is set-theoretically P! x P!, and in fact it is scheme-theoretically a P!-bundle over P!. The
closed stratum & = &’ allows us to choose 7 freely, so we get a PL.

If & and &’ are not isomorphic, then again .7 is uniquely determined as their sum, so
again ,9’%7 - %/{ is an ismorphism over the open stratum. However, the closed stratum
on %AI is a point whose fiber in %ZZ isaPl.

In conclusion, the fiber of 3?;{ over x; = x» is a smooth P!-bundle over P!, and the
fiber of %AI (k) over x; = x; is the quadric cone obtained by contracting a P! (which is
the exceptional divisor in its blowup). So the augmented moduli problem %37 is like a
resolution of the singularity of %AI at a point of the special locus x; = x».
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9.3. Refinements of shtukas. Let I, A be as before. Let I =1, UI,...L1I, be acomposition

fibered product
A Xpun S2 Xpun « .. Xgun S
M 22 e A

More concretely, this is {& -— &1 -— ... -— &} where the chain has modification bounded
by A1, A2, etc. This maps by p;,..., pr to Bun, x... x Bun,.

Remark 9.3.1. Later, when we study the cohomology of the moduli space of shtukas, we
will see that the maps (induced by refinement)

sl el el
/! UL i,

are “stratified small maps.”

Consider the pullback diagram

I],...,Ir 1
%A |X1—A[1 Ir ﬁ.%l

where X! — Ay 1 ={(x;)| {xj}jen,..-1xj}jer, disjoint} is the complement of the “large
diagonal.” This parametrizes pullbacks & -— &, —— &, —— ... — &, where the succes-
sive modifications occur at disjoint sets of points. Therefore, these modifications can be
considered “independently” - this is called the factorization property.

What happens if we restrict to the diagonal? Heres one way to think about the diago-
nal. Any map of index sets ¢: I - J induces A, : X/ — X7, via (x;) — (x,())ier, i.€. xj is
put into the ith coordinate if (i) =7j.

In particular, if I - {1} collapses the index set, then the corresponding map A, : X —
X' has image the “small” diagonal (x, x, ..., x).

More generally, suppose that I = U...U I, - J = JU...U J, with I; = ¢~1(J;). Then
for any A: I — (Z")4om we get @, A: ] — (Z")dom by adding the values along fibers of ¢.
This induces a cartesian diagram

P2
T
X/~ . xI

Now we define the corresponding notion of shtuka.
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I,y I,y
Shtuka,' 76!
L (PO:,Ur)L
Bun Bun, x Bun,,
(Id,Frob)

In concrete terms, we think of 3@{ eodr g parametrizing chains
{&-—8 —...— &}

such that the successive modifications are bounded by A|j,, A|,, etc.; then Shtukai1
parametrizes such chains with &, =7 &.

9.4. Partial Frobenius. We can generalize the partial Frobenius map from earlier to a
map Shtukaﬁ[1 """ I Shtukaﬁ2 """ Inh a5 follows. We have a diagram

Shtukai"""lr ——XxI

Bun x...xBun
On points, Shtukaf{ olr(§) o Shtukaﬁf’“"l r11(8) is defined by sending
(Eo——EL— ..~ E="E) = (6L~ E = .~ E, ="y —— " )

where the last has index set °I) = (“x;)jer,, and the bounds are the same. This is called
partial Frobenius because we are basically applying Frobenius only over the factor X":

Shtukafl‘"“’lr - > Shtukaﬁf ~~~~~ Ir, Iy

l Frob n L

X! X!
FrObIl

the bottom map sending (x;,...,x;) — ("x1,)2,...,x;). Composing all the partial Frobe-
nius maps gives the usual (full) Frobenius:

Frobj, o...oFrob;, = FrObShtukail .....

9.5. Local structure. We now want to discuss alocal model for Shtuka/[f""’lr, for instance

in order to understand its singularities.

Definition 9.5.1. We have a map Spec k — Bung corresponding to the trivial G-bundle.
The fiber is called the Beilinson-Drinfeld Grassmannian:

Spec k——— Bung
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Example9.5.2. If I ={1,...,m}, then

I _ ~ »n | modification at x1,...,x
Grk ={&-— &= ﬁX | bounded by 2; at x; "5

Exercise 9.5.3. Show that for any reductive group G,
dimGr; =(2p,A)
where p = %Z «co+ P 18 the usual half sum of positive roots.

Remark 9.5.4. Although we are keeping GL,, in mind as our main example, we want the
discussion to apply to general reductive groups.

What does it mean to “modify” a G-bundle when G # GL,? For general reductive
groups G, there is an equivalence of categories between principal G-bundles over X and
tensor-functors Rep(G) — Vect(X), sending a principal G-bundle & to the functor

Vo Vpi=Vxg&:=VxE/G.

To modify the trivial G-bundle, we need to give, for each V € Rep(G), a natural (ratio-
nal) map &y —— V ® Ox such that v ® pw = pyvew, etc. The points at which & is a
“modification” of G x X are those at which this rational map fails to be an isomorphism.

For the classical groups, one only needs to supply a modification for the standard
representation, as this “generates” the category Rep(G). For instance, for G = Sp,,,, to
modify the trivial G-bundle we need a map & -—- 02" such that the standard symplectic

form on 03" extends to a symplectic form /\2 & — Ox.

The Beilinson-Drinfeld Grassmannian should be viewed as a “local (on Bung) ver-

It has the following nice factorization property: for each tuple of distinct geometric
points (x1,...,X,) € X!, we have

n
ﬂ:_l(xlv .. -»xn) = l_[eri,A[
i=1

because we can independently specify the modifications at the different x;.

We have a natural inclusion Gry,, C Laty,, = {Oy-lattices in F/'}. The latter is what we
called the affine Grassmannian Gr. The subscheme Gr, ) consists of the subset of lattices
A such that the relative position of A “in” 0] is < A.

Local structure. Since all the F; “look the same” (independent of the geometric point
x) Gry,» should look like some kind of affine Grassmannian bundle over X.

For concreteness, suppose I = {i}. Then we want to make precise the statement that
Grﬁ “looks like”

X X Gry :=X x {lattices A C k((t))" withrel. pos. < A w.r.t k[[£]]"}
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where k =TF,.
Let
Jetn(X)(k) = {(x, @) | x € X(k), a: Ox,x/mN T = k[t]/EN T

This admits an obvious map to X, so consider the diagram

I
GrA

Jety(X)(k) —— X

The map Jety(X)(k) — X is an Aut(k[t]/tN*1)-torsor. Such an automorphism can be
described concretely: it is determined by the image of ¢, which can be any ag+a;t +...
such that ag is invertible.

We claim thatif N is large enough, we can trivialize the pullback fibration over Jetn(X)(k):

Gry, x Jetn(X) — Gr}
Jetn(X)(k) — X
Why? For A >0,
A
Grop={ASs 0.
But since |A| is bounded,
A
A 07 ={(mN 1 0,)" ¢ At 07} for N> 0.

But that just describes an ¢, /mY*1-submodule of (0, /mY¥*1)" bounded by A. Since the
Jet space has a built-in “trivialization” 0 /mY*+! = k[t]/tN*1, this problem is completely
independent of x. Since Jety(X) is evidently étale over X for any N, we obtain the desired
étale local factorization.

decompose étale locally if |I| > 2, as you'll get funny stuff over the diagonal. But if each
|I;] =1, then one has étale locally

Iy
Gr)! N(HGr;Li)xXI.
In fact, the globalization of these statements is true:

Proposition 9.5.5. Let I =1;U...11I,. We have étale locally,

Iln---;Ir
S,

.

Bung
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and

meaning that there exist schemes W and U and commutative diagrams

w
é:su% X
I

%11 ,,,,, Grh ,,,,, I x Bung
2 2
Bung
and
U
Il ~~~~~ Ir 11,...,Ir
ShtukaA Gr)

N

We won't give the proof. It is similar to the special case that we discussed before for
G =GL,, where I; = {1} and I, = {2}, A; =(1,0,...,0)and A, =(0,...,0,—1), in which case
one gets Gry, ZP"~! and Gr, = (P"!)" and Gri"l2 ~ (P71 x X) x (P* 1)V x X).
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10. INTERSECTION COHOMOLOGY

10.1. Intersection Cohomology sheaves. We previously defined a projective variety Grj,
over k, which was possibly singular. There is a canonically defined complex of Q; sheaves
IC, on Gr), called intersection cohomology sheaves. There is much to say about intersec-
tion cohomology sheaves, but since we don’t have much time to spend on them we will
content ourselves with a bare bones definition. To describe these sheaves, we need the
fact that the subscheme

Gr ={A rel. pos. exactly = A} C Grx,

is open and smooth. The complex of intersection cohomology sheaves has (and in fact,
is characterized by) the following properties:

ICslgr = Qeldim G19] (i.e. the constant sheaf Qy in degree —dim GrY).

The complex is self-dual under Verdier duality, i.e. D(ICy) = ICj.

The complex is indecomposable.

There is a “boundedness condition” for the inclusion ¢, : Grg — Gr, (induced by

u < A): the complex LG lies in degree < —dim Grz —lifu#A.

10.2. Example computations. We're going to use a more “practical” definition of the
intersection cohomology sheaves, illustrated via examples.

Example10.2.1. If A=(2,0,...,0) then what does IC, look like? First off,
Gry={Ac 0" | 0" /A haslength 2}.

This has two strata, one open and one closed. The open stratum Gr(/)I consists of A such
that 0" /A = k[t]/t2. The closed stratum consists of A where 0" /A = k2. Let’s call this
Gry,, = Glrg)2 where w; =(1,1,0,...,0). So we have a decomposition into two strata, both
of which are (separately) smooth.

We can calculate IC, by constructing a resolution of Gr;. We already mentioned this
last time in the GL;, case: when n =2, Grj looks like a singular quadric cone, and the res-
olution is the blowup. We resolved the singularity by a moduli space of lattices specifying
an additional intermediate lattice. If w; =(1,0,...,0) then we have a map

Gro,w ={A SN 0"} == Gr§ U{P} ! fibration/ Gro,, }
2 0
Gr)y={A— 0"} Gr;, UGr,

since over A € Grg, specifying A’ corresponds to specifying a @-stable line in the quotient
@~ 1A/A, but there is a unique such choice. On the other hand, over Gr,,, we can specify
it freely.

Theorem 10.2.2. If f: X — Y is a birational projective morphism, then

Rf.ICx=ICy (...
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This deep fact is a special case of a general Decomposition Theorem. We won'’t discuss
the proof.

We can use the theorem if we can identify the intersection cohomology resolution
upstairs. But that is smooth, because it is clearly a P"~! fibration over P”~! (in the case
n =2 which we studied before, it is P(0 ® 0(—2))), and we know that on a smooth scheme
the intersection cohomology is just the constant sheaf, in this case Q¢ [2(n — 1)].

So by the special case of the decomposition theorem, we know that

R, Q[2(n—1)]=1Cr®(?).

The (?) must be supported on the closed stratum, since R7.Q,[2(n — 1)] and IC; agree
on the open stratum by the definition of the intersection cohomology sheaf (there is “no
room” for anything else).

To detect the mystery summand, we take the stalk of R7.Q,[2(n—1)] at s € Gr,. Using
a form of proper base change (which is actually easier for £-adic sheaves) we obtain

The first summand on the right hand side is non-zero, and has degree < —dim Gr,, —1 =
—2(n —2)—1 (the fourth property of IC sheaves above), while the left hand side is sup-
ported in degree —2(n—1),—-2(n—2),...,—2,0. Thus we see that i* I C; “takes up” the part
supported in degree —2(n — 1), and the rest must be from (?).

In the special case n =2, we see that (?) is a skyscraper sheaf of dimension 1 supported
at s. Interesting! This prompts the speculation: is (?) = Q;[dim Gr,,] = IC,, on Gr,,,?
The answer is yes, by a form of equivariance that we will discuss later. So the conclusion
is that

Rm.ICar,, ,, Z1C,®1C,,

where we are really abusing notation by identifying IC,,, with its pushforward via the
natural inclusion.
In particular, we've found that I1C ;LIGIw2 = Q¢ [dim Gr,,,] as well. Therefore,

I1C=Qe[2(n-1)] |

When n =2, this is a reflection of the fact that the cone, while not smooth, is rationally
smooth.

This is a general phenomenon:

Theorem 10.2.3. The map Gr), , — Gr;4, sending

A
Ty UL B Nk

is a “partial resolution” in the sense that:

Rm,M*ICME @ IC;”V
v<A+u

where the embedding Gr, — Gry4, is induced by v < A+ u.
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Example 10.2.4. Let G =GL, and A =(1,0,...,0,—1). We view this as the highest root of
GL;, (the Langlands dual). Let’s try to compute the IC sheaf of Gr;. For n =2,

Grg-n={ACF*|(@0y cAc(@ 10y [0%*:A]=1}.
As before, we compute by “resolving” into steps
1,0,...,0,—1)=(1,0,...,0)+(0,...,0,—1).

w1 w32
Then we have
~ 1 1
X= erl,wg E— {AO — Al — 0’2 | (*)}
T Tfl

When Ag and 0? are not isomorphic, A; is uniquely determined. If Ag = 02, we can
choose A; arbitrarily. Therefore, over the open stratum where Ag 2 02, the map is an
isomorphism. Over the point Ag = 02, we have a P"~! in the fiber.
In the case n =2, X is birational to P! x P! and we see that dim X = dim X =2(n — 1).
Let 6 be the skyscraper sheaf at pt, the distinguished point of X corresponding to the
trivial bundle 0".

Proposition 10.2.5. Rm,.Qq[2(n — 1)] is a direct sum of shifts of ICx and 6.

This comes from a general theorem that the right derived functors of the pushforward
must be a direct sum of simple perverse sheaves. In this case, there is an equivariance
constraint that forces these two possibilities. To elaborate, there is an action of GL,(0)
on X and X induced by the action on the standard lattice 0", which changes Ag and A,
but not the relative positions. The strata we just described are orbits of GL,(€0). [We
regard GL,(0) = !iLnGLn(ﬁ /@), but here the action factors through GL,(0/@?).] On
then checks that I1C|x and 6 are the only equivariant sheaves. This is non-trivial (by the
way, we should be over an algebraically closed base field for it to be true) - a subtle point
is to rule out local systems, which comes from the fact that the action has connected
stabilizers. &b TONY: [?777]

So we get that

R Qu([2(n — 1)) = (QB ch[ai]) ® (@5[19,1) .

Taking the stalk over X° (the smooth open stratum), the definition of intersection coho-
mology sheaves says that I Cx|xo = Qg [2(n —1)]. Therefore, we see that only I Cx appears,
with no shift and multiplicity 1.

Next let’s try taking the stalk at pt:

i R Qe[2(n — 1)] = HHH=D(pr)

which is supported in degrees —2(n —1),—2(n —1)+2,...,-2,0.
What else can we use? Note that Rm.Qg[2(n — 1)] is self-dual under Verdier duality,

as Q¢[2(n — 1)] was self-dual and then we pushed it forward under a proper map, which
60



Math 249b 2015

preserves the self-duality. As Verdier duality negates degrees, if b; appears then so does
—b;. But the b;’s must be non-positive, by our observations concerning the cohomology
of projective space, so b; = 0. Then we also see that the multiplicity is at most 1, as that
is the case for the top cohomology of projective space.

So we have narrowed down to two possibilities. Either

R, Q[2(n—1)]=ICx® 0 or ICx.

However, recall that i ol Cx lies in degree < 0. Therefore, it cannot capture the top coho-
mology which we saw lies in degree 0, so 6 must appear!

Therefore, L;tICX has dimension 1 in degrees —2(n—1),—2(n—1)+2,...,—2. The sheaf
appearing in degree —2(n — 1) is the constant sheaf on X, shifted by 2(n — 1). The other
terms measure the singularity of X at pt. More precisely,

iv ICx = H<*"(U ~pt)

where U is some neighborhood of pt. One can view U — pt as being homotopy equiva-
lent to a real manifold of real dimension 4(n — 1) —1 (the —1 coming from shrinking the
C*-bundle to an S' bundle), so this is basically saying that the intersection cohomology
sheaf captures “half” of the local cohomology.

In the case n =2, we get that ICx = Q[2], which is the same as it would be if X were
smooth, so the singularity is not detected by cohomology with rational coefficients - thus
itis “rationally smooth.”

10.3. Semi-small maps. The fact that Rnt.ICjy, 5, is a direct sum of IC sheaves follows
from the “stratified semi-smallness” of the map 7: Gry, 3, — Gry,+2,, which is a notion
of morphism that plays well with perverse sheaves (a category of sheaves in which the IC
sheaves are naturally viewed).

Definition 10.3.1. If 7: X — Y is proper and generically finite, and X is smooth, then 7 is
semi-smallifforall d,

codimy{y € Y |dim f~l(y)>d}>2d.

Example10.3.2. Let X be a surface and 7: X — X the blowup along a finite collection of
points. Then the blown up points are the only ones whose fibers is positive-dimensional,
and they have codimension 2 in X, so 7 is semi-small.

However, if you blow up a threefold at a point, then the fiber is 2-dimensional but the
points have codimension 3 < 4, so the blowup map is not semi-small.

Exercise 10.3.3. Prove that X — Y is semi-small if and only if dim(X xy X)=dim X.

Theorem 10.3.4. Supposen: X — Y is semi-small. Then
R, Q[dim X] = @ (IC sheaves).

Remark 10.3.5. Another way of formulating the right hand side is that the IC sheaves are

precisely the simple perverse sheaves.
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The Decomposition Theorem says that the derived pushfoward is a direct sum of
shifted simple perverse sheaves (and this is already a very deep result), and this theo-
rem is saying that there are no shifts. So it is a refinement of the decomposition theorem
in this case.

This applies in our situation because the relevant maps of Beilinson-Drinfeld grass-
mannians, e.g. Gry , — Gr;4, are “stratified semi-small.”

Definition 10.3.6. Amap 7: X — Y is called stratified semi-small if  is proper and gener-
ically finite, and we can stratify X = J, X, and Y =, Yp (with each stratum irreducible)
such that forall ¢, 8 and all y € ¥,

imX, —dim Y

dim(f ™ (y)NX,) < d

Remark 10.3.7. A semi-small map is not stratified semi-small with the trivial stratifica-
tions; instead one should stratify by dimensions of the fibers.

Theorem 10.3.8. The conclusion of Theorem applies if f is stratified semi-small.
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11. GEOMETRIC SATAKE

11.1. The Geometric Satake Equivalence. For now, we work over an algebraically closed
field k. Write Gr = h_n)1 N Gr,. From A we get an intersection cohomology sheaf IC; on Gr),
extended by 0 to Gr.

We consider a category & (Gr), which is defined as the subcategory of the derived cat-
egory of complexes of sheaves on Gr whose objects are finite successive extensions of
ICy,i.e. & € Z(Gr)if there exist short exact sequences

0->F' > F—1C;, —0
0—-F>—>F'—>1C;,—0

0—F"—1ICy, —0

Note that we are not allowing shifts and twists. This is an abelian category, and it turns
out that all objects are in fact direct sums of 1C,, so it is quite concrete. Another way to
describe 22(Gr), if it helps, is that it is the abelian category of perverse sheaves generated
by the IC;.

The fusion product. There is a convolution product on sheaves in Gr. If A1, A, € X,(T)dom,
we have a map

-<Al -<Az

Grp, 0, =——{Ao— A1 — 0"}

proper, birationall

<A14+A2
Grlrkﬂz {AO I ﬁn}

This is an isomorphism over the open stratum where the relative position is exactly A; +
Az. If ICy, 2, is the intersection cohomology complex of Gr;, », then by Theorem [10.2.3

we have

ALA
R ICo 0, =1Ci @ @ 1C)" M7

U=A1+A2
We then define
ICy, *ICy, :=RmICj, 3,.
It’s not easy to see that this is actually associative, etc. without a more extensive discus-
sion of perverse sheaves, which we don’'t want to have.

There is another perspective which makes the associativity clearer. Consider the dia-
gram

Gryy 2, Gr® == {Ag— A — 0"} == GrxGr
| |
Gr= {AO}
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Let 71, %, € 2(Gr); we want to define a “convolution product” by %, %, — m(71 K
Z>). Unfortunately the isomorphism Gr®) & Gr x Gr really only occurs at “infinite level,”
where Ag and A; really do become “independent.”

There is a way of making this work “at finite level,” i.e. on finite type schemes. The idea
is to create a “twisted product” Gry, 1, — Grz, which is a fibration with fibers isomorphic
to Gry,. One can create a twisted version of the exterior tensor product on the twisted
product, 71X.%, on Gr'?, and we define

F1% T = Rﬂ'*(g;lggz)

Associativity is now automatic from that for X. The unit is &, the skyscraper sheaf at
pt =Gry.

Theorem 11.1.1 (Geometric Satake Equivalence). We have the following properties of
2 (Gr).

(1) 2(Gr) is a semisimple abelian category, and the convolution product x: 2 (Gr) X
P (Gr) — 2(Gr) makes 22 (Gr) a tensor category (a category equipped with a bi-
functor satisfyng associativity, commutativity, ...).

(2) There is a tensor-equivalence of categories & : 2 (Gr) — Rep(G), such that the fol-
lowing diagram commutes:

P 4 Rep(G)
H(Ck %“t

Vec
Remark 11.1.2. This implies that every representation of Rep(G) has a natural grading
(coming from the grading on cohomology). This may be surprising at first, but remem-

~ 2 ~ ~
ber that G is not just a reductive group; it comes with a split torus. The map G, 27cé
gives any G-representation an action of G, i.e. a Z-grading, and this is the same as the
grading coming from cohomology.

Let’s highlight the concrete meaning of this being an equivalence of tensor categories.
Let = denote the map
Gr 21,2
|
Grll +2A2
so that R, ICj, , = ICy, *IC;, (by definition). Then
FSICy, +I1C,) = V5, ® Vi,

Now,

ICy, xI1C,= P IC, oMY
,u-<)\1+kz
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where Mﬁl 2, = Homg(V,, V2, ® V3, ) regarded as a trivial representation (i.e. just to put
the multiplicities in), which corresponds to the “Clebsch-Gordon” decomposition

vaov.= B ueM .
‘u—<7nl+}»2
Example 11.1.3. Let G = GL(V), A=(2,0,...,0) =(1,0,...,0)+(1,0,...,0). Then we com-
puted in Example|10.2.1|that
0*1Cu,0,..00 = I1C2,0,.0®ICu0,...0)-
Under the geometric Satake correspondence, ICy,..0,) < Sym?V and I Cu,1,0,..,0) <&
/\2 V, so our computation in Example|10.2.1|just reflects the classical decomposition

2
Ve V=Sym?Ve /\ V.
Example 11.1.4. Let G= GL(V), A=(1,0,...,0,—-1)=(1,0,...,0)+(0,...,0,—1). Then we
computed in Example[10.2.4]that
ICqy,.,00%1Co,.0-1y=1Cay,.0-1)®I1Coyp,..0)-
Under geometric Satake, this recovers the classical decomposition
Ve V*=End (V)@1

11.2. A mixed version. Previously, we conidered the category

2@Gn={ & 1cg™

AeX,(T)dom

over k and algebraically closed field.

Now we want to work over k =, and view Gr as a direct limit of projective schemes
over k., and develop a “mixed” version of Geometric Satake. Working over a finite k adds
a whole new slew of étale sheaves, as we can twist by any non-trivial character coming
from the ground field.

Example11.2.1. After making a choice of g!/2, we can define Q;(1/2) to be the étale sheaf

on Spec k corresponding to the character Gal(k/k) — @X sending Frob — g~1/2. (The
q'/? is for normalization purposes, which will be made clearer later.)

Definition 11.2.2. Given & on Gr 5 Spec k, we define
F(n/2):=F (7 Qu(1/2)®™).
We are now prepared the analogue of the category #2(Gr).

Definition 11.2.3. We define %,ix(Gr) to be the semisimple subcategory of perverse sheaves
generated by 1C,(n/2)™*1) gver all n, A:

Pmix(Gr):=1 ) ICx(n/2)"*™
ANEZ
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Remark 11.2.4. The category Pnix(Gr) is semisimple by definition. If it helps, Pyix(Gr)
is the full subcategory of “perverse Weil sheaves on Gr” but not including non-trivial
extensions.

it is a theorem that Zix(Gr) is stable under the convolution product. In fact, there is
a convolution product on perverse Weil sheaves in general. In our case, it turns out that

IC+1C, =P I1CP™ 1,
v

The striking features is that no fwists are necessary! It’s easy to show that this is true after
semisimplification, but the fact that it’s true on the nose is difficult. This shows that

P0(Gr)={@1C2} < Puin(GY)

is also stable under x.

We have a natural (tensor)-equivalence 2(Gr) = 2 (Grg). (This is clear on objects,
and it follows for endomorphisms by semisimplicity). By Geometric Satake, both are
equivalent to Rep(G).

The link between geometric and classical Satake is via the Grothendieck group, which
we now consider. If v denotes the class of @(—1 /2) in the Grothendieck group Ko(Znix(Gr)),
then

Ko(Pmix(Gr)) = Ko(Po(Gr)) ®z Z[v, v '] = R(G)®z Z[v,v ]

geom. Satake

where R(G) is the Grothendieck group of Rep(G).

11.3. The function-sheaf correspondence. Let . # = C.(G(0)\G(F)/G(0);Z) where F =
k((@)) (this is an integral version of the local Hecke algebra). Then we have a “sheaf-to-
function” map

Ko(Pmix(Gr))
S Q7 Z[qF"?]

Let’s remind you of how this correspondence works. If X/k is a scheme and .7 is a con-
structible étale sh&if on X with QQy-coefficients (stalks are (Q;-vector spaces), then we
define fz: X(k)— Q; by

x — Tr(Froby)| ..

More generally, if Z is a complex of sheaves then

fg,:(x):Z(—l)i Tr(Froby)|i . |

i€z
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This gives a functor Shv(X) — Fun(X(k)) sending
F [z
1t
7y — summation along fibers
® — pointwise multiplication.

Moreover, as the functor is additive it factors through Ko(Shv(X)).
The function-sheaf correspondence induces a map

Ko(Zamix(Gr) — Func(Gr(k) = G(F)/G(0), Zl* ).

This is because the eigenvalues of Frobenius are all half-integral powers of g, by design.
But the objects Zix(Gr) are sums of twists of IC sheaves, which are locally constant
along each G(&)-orbit under left multiplication (as these are all smooth). Therefore, the
image of Ko(Zmix(Gr)) lies in

Fun (G(O)\G(F)/G(0), Zg*" )= # &z Z[g*'*).
This discussion has shown:
Proposition 11.3.1. The function-sheaf correspondence factors through the isomorphism
Ko(Pmix(Gr))

]

function-sheaf I Q7 Z[Uil/z]
l Vg2
S ®7 L[q* 2]

11.4. Classical and Geometric Satake. We can now state the compatibility between geo-
metric and classical Satake.

Theorem 11.4.1. The following diagram commutes.

geometric Satake

KO(Pmix(Gr)) ~ R(é)
~ | function-sheaf
b Qs Z[qil/z] classiccil Satake R(G)

Proof. The theorem is a bit of a cheat, as we have to use a different normalization for the
classical Satake isomorphism than we did before.
Let 1, denote the characteristic function of G(0)@w*G(0) € 5. Then {1,} is a Z-basis
of 5, and
1-1,= Z (universal polynomial in g)1,

V=<A+U
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where the “universal polynomials” depend only on A,u,v. In terms of our preferred
bases, the diagram is as follows

[1C3] [VA]

Cy.=(—q1/?)P N1, + (lower-order) [VA]

(The factor (—q'/2)2P-) appears because of the shift involved in defining IC; in order to
make it Verdier self-dual; note that dim Gr, = (2p, A).)

We had previously set up the (classical) Satake isomorphism to send 1, +-(lower-order)
to [V4]. However, as mentioned at the beginning of the proof, we are going to re-normalize
it to make the diagram commute, so that the end conclusion is somewhat tautological.

O

Example11.4.2. Consider G =GL,. If
w;=(1,...,1,0,...,0)
—
1 ones
then Gr,,, = Gr(i, n), and C,, = (—q'/2)in=01,,, — [\’ C"].

Example 11.4.3. There are bijections.

{ characters # — @} -~ { s.s. conj. classes in G(Qy) }

irr. rep'n. of G(F) .
{with G(0)-inv't vector /ISO

By composing these bijection, we should be able to associate a unique conjugacy class
in G(Qy) to any representation in the bottom set. What conjugacy class does the trivial-
ization representation of G(F) correspond to?

You might guess the trivial, but because of the normalization we have chosen, this
is not the case. The answer turns out to be the conjugacy class of 2p(—g'/2) € G(Qy)
viewing 2p as a cocharacter G, — G.

Exercise 11.4.4. Check this.

The representation corresponding to C; acts on the G(¢)-invariant vector by Tr(g)|y;,
which can be interepreted more geometrically as Tr(Frob)|q+;c;,)).
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12. LAFFORGUE’S EXCURSION OPERATORS

12.1. Sheaves on moduli of shtukas. Consider the map

Shtuka/ll1 oy

|

XI
where I = I; U...UI,. Recall that by Proposition [9.5.5} this map looks étale locally like
Gr[],...,[y —>XI.
2

There are a few technical issues here. Shtuka/[f'""lr is only étale-locally isomorphic

to the Beilinson-Drinfeld grassmannian; in fact, it is of infinite type. We're going to
brush these concerns under the rug and pretend we are working with honest finite type
schemes and constructible sheaves. You can just imagine that by bounding A, we can

Remark 12.1.2. Although we defined A as a map from I to X.(T)4°™, one should think
of A as indexing irreducible representations of G. Namly, if A sending i — A;, then let
V4, € Rep(G) be the irreducible representation with highest weight A;. Then the datum
of A corresponds to an irreducible representation of G/, namely XVA,;.

More generally, if W € Rep(G’) and W =@ W; (with each summand irreducible) then

we define
I, 0,0 @ I,...,Ir
Tw = fiwj .

Shtuka’-Ir 25 xT , so we can derive the proper pushforward

11,...,1,— — 13 -<ﬂ I],...,Ir
Rp 7y " =lim Rp, (gw |Shtukai1 """ ”"")
u

As Bung” is finite type (since the HN polygon is bounded), and Shtuka/lf""’lr'w is defined
by the pullback diagram

Bungu = Bung

we have that Shtukail """ I=1 is of finite type.
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Example 12.1.3. If I =0, then what is .Z?? Recall that we found Shtukam(E) = Bung(k):

Shtuka” — > Bung(k)

|

Spec k

Then Rp, 7% = H?(Bung(k)) = C.(Bung(k)). This is infinite-dimensional, which is bad.
What we would like is to cut out the cuspidal part Ceysp(Bung(k)) € Cc(Bung(k)). In the
general case, we want to analogously cut out something that corresponds to the “cuspi-
dal part” in hopes that the limit will stabilize.

Lafforgue hacks around this problem by cutting out instead a “Hecke finite part.” In
this case, they are the same. However, it is not clear in general if this is true.

W= P W)™
A€X,(T)dom

be the decomposition into irreducibles. Then we set

yvfxl ,,,,, I ::@(ygf‘%,,h)mx ::@(g‘/{l ,,,,, =gy,
2 A

This is not a perverse sheaf on Shtukaﬁ"""l'. However, if we view Shtukail’“"[’ a family

over X!, then we have precisely shifted by the dimension of the base to make this sheaf
perverse along fibers.
Ifp: Shtukail"“'l’ is the natural projection, then we define

This definition relies on the result that the category is semisimple, but it can be given
a more intrinsic definition, which however we usually won't work with.

A Miracle. We have a map
Shtuka’"
|
Shtuka’

obtained by forgetting all of the intermediate bundles. One might ask, what is the rela-
tionship between 9/111""’[’ and yll ¢ The miraculous answer is:

Theorem 12.1.5. For all W € Rep(G!), we have
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12.2. Digression on small maps. Theorem [12.1.5|is not proved by defining a map in
either direction, but by using a general fact that if 7: X — Y is a birational, proper, “small”
map and X is smooth and irreducible, then

R7(Qy)x[dim X] = ICy.
Definition 12.2.1. We say that 7: X — Y is small if
codimy{y € Y |dimn~'(y) > d}>2d + 1 forany d > 0.

This is a bit stronger than semi-small. A map of three-folds induced by contracting
a curve to a point (e.g. a blow-down) is small, but the same is not true after replacing
“three” by “two.”

The proof of the theorem proceeds by checking that Rr.Qy y[dim X] satisfies the ax-
ioms of the IC sheaves. You might worry how this could be sufficient- where would a
map come from? Well, you can write down a map over open sets where you just have a
constant sheaf, and extending over the rest using the estimates involved in the definition
of IC sheaf.

We want to get a similar result for replacing the constant sheaf by the constant sheaf
upstairs. To do this, we need a stronger condition than smallness, which is “stratified
smallness” (which just extends the inequality in stratified semi-smallness by one).

The map

Shtuka’vr
TEL
Shtuka’
isin fact stratified small. The reason that stratified semi-smallness came up was because

the morphism
Gry, 2,

|

Grk] +22

(obtained by forgetting the intermediate bundles) was stratified semi-small, and the ex-
tra parameter of the Shtuka (which is like a global version of the Grassmannian over the
entire curve) gives that extra dimension in the inequality.

Theorem 12.2.2 (Miracle Theorem). If f: X — Y is stratified small, then Rr.ICx = ICy.

In particular, we have a stratified small map

Shtuka’1r

d

XI
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Remark 12.2.3. In practice, we think of this as follows: if we let 1; € X! be the generic
point, then
Loy 1 <t phyeny
Sy = h_H)l(Rp! Sw Jr-
u

12.3. Partial Frobenius. If the sheaf %Vll}""’lr doesn’t end up depending on the decom-
position I, ..., I, then what was the point of discussing the decompositions anyway?
The answer is that we need them in order to define the partial Frobenius. If we define

Shtuka!'h12} = {g e o Tg}
X1 X2
and
Shtuka!21} = {9 Lad, gz}
X2

X1
then we get a map Shtuka""# — Shtuka?h!} corresponding to
(D8 —T8)m (8 =76 < 7))
X1 X2 X2 7(x1)

The reason that this is called partial Frobenius is because over X x X, this map is (Froby, Id).
Typically (i.e. if x; # x2) there is a unique choice of &”, so we can forget it and remember
only &. However, over the diagonal x; = x, it is ill-defined if you forget intermediate
bundle.

If we were to forget the decompsition, then we would have something like

Shtuka!"? = {g v fg}
X1,X2

but this just doesn’t make sense when x; = x». The condition in that diagonal case should
be "&(—x1) — & — T&(x1). But since there are many possibilities for the intermediate
bundle in such a case, it’s not clear how to define the partial Frobenius. So that is why it
is important to remember the decompositions.

Let I be an index set and J C I any subset. Consider F;: X! — X! sending (x;) — (x})
where

Y Frob(x;) ie]
ol i¢]
Then there’s a canonical isomorphism
Yy F]*%V{, =]

coming from the partial Frobenius on

F
Shtukaf/v . Shtukaf/v

| l

XI B XI
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Why is it an isomorphism? Note that %V{, = %V{,’I\] (by the Miracle Theorem|(12.2.2), and
we can pull back the partial Frobenius to

F
Shtukaﬁ’,l\] . Shtuka{/y J

l |

X1 b X1
which is cartesian up to a radicial map (the usual theory of the Frobenius morphism).
This gives a definition of ¢, and the Miracle Theorem implies that it is an isomorphism.
This is compatible in the following sense: if we decompose J = J; U J,, then the fol-
lowing diagram

1R
1R

1
Fy Fj 7y,

1
Frol

1 1
F 7y, Sy

=
=3

™~

*
¥

12.4. Construction of excursion operators. Now let’s “pretend” that %VIV was a con-
structible complex (i.e. complex of constructible sheaves) on X/. We know that it isn’t
really, as it’s too “infinite type,” but we will later cut out a “Hecke finite” component.
Notably, %V{, is equipped with partial Frobenius.

Theorem 12.4.1 (Drinfeld). Suppose % is a constructible sheaf on some open dense subset
Qc X', equipped with maps ¢;: Fj;; | Ei@)ne =7 E@)ne such that

(1) the p; commute,
2) l_[l.G [ i is the canonical isomorphism F;;&if =x.
Then there exists an open dense subset U C X such that K can be extended to a local system
onU'.
Moreover, if ) is the generic point of Q then the monodromy representation w1 (U', A(1))

(the basepoint beingn — X 2, X! ) acting on K factors through m,(U,0)!, i.e. the
fundamental group of the product acts through the product of the fundamental groups.

What does this mean geometrically? The first part says that the locus where the sheaf
is not a local system must look something like a disjoint union of coordinate axes. This is
easy to see. For simplicity take |I| = 2. Then the locus where K fails to be a local system is
some curve in X x X, but applying partial Frobenius gives another such curve, so it must
be the case that partial Frobenius preserves the curve, and that forces the curve to be of
the desired form. We'll postpone the rest of the proof to the next section.

Definition 12.4.2. We set
0 = ROpy,
Example12.4.3. If I =0, then

0500 = C.(G(F)\G(A)/G(0), Qy)
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is the space of automorphic forms.

For W € Rep(G!) we associate A*W € Rep(G) (e.g. this takes an external tensor prod-
uct to an internal tensor product). Suppose we have the data of G-equivariant maps
x,&:

QUSAWSQ.
Example12.4.4. If W = VX V* then we can take

X=Co-ev c=ev

Qz V®V*—>@

Example12.4.5. Shtuka“} = Shtukaw iy 18 just Shtuka’ x X, so

AW =RpQr="#"®Q, on X.

triv
One can think of A = 0 interchangeably with the trivial representation of G. (See remark

12.1.2)
Let [G] = G(F)\G(A)/ ]_[x G(ﬁx). We have compositions
Ce([G]) = 0 5 0l 55 0l

triv

Al = oy lam.

A priori O%”V{, is just a local system on some open subset Q C X/, but Drinfeld’s theorem
implies that it extends to a local system on U’ for some open U C X, and the action of
m (U, A(n)) on O%V{,I A7) factors through m,(U, 7)!. This implies that given the data of
(ri)ier € Gal(F$/F), we get an operator

(riier: "7 am — * A lam)

Definition 12.4.6. With the data given above, consider the diagram

CellG]) —= 0" —= ol — = AL by —= A a
SLWxErDier (Yi)iell
\
1
CellG]) <—— 0" ~—— O [ ~—— Ol <— O s

The big composition 77,w,x,z (y1)ie; : Cc([G]) — C ([G]) is the excursion operator associ-
ated to the data I, W, x, &,(y:)ie;-

Example12.4.7. Let I ={1,2}, W = VR V*, and (y1,72) = (Froby,1d), where Frob is a lift
of Frobenius (which depends on a choice of embedding Gal(F} / Fy) — Gal(F*/F)). Then

we can take
x =co-eval 5 =eval —

Q—— A W=VRV*Z—=

which induces the excursion operator yh 2, VRIV* co-ev,ev,(Froby 1d)"
We will see later:

Theorem 12.4.8 (Lafforgue). /11,23, VRV co-evsen(Frob,1d) coincides with the Hecke operator
hyy € CC(G(ﬁx\G(Fx)/G(ﬁx),Q[) corresponding to [V] € R(G) under the Satake corre-
spondence.
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12.5. Proof of Drinfeld’s Theorem. We want to prove the second part of the theorem
stated last time: given a local system .£ on Q2 C X", equipped with an isomorphism
F'%y,, = £y, (nn € X" the generic point) such that these isomorphisms commute and
the composition is the tautological isomorphism F;.% = ¢, then the monodromy rep-
resentation factors as

projection to each factorl/ I

m(n,n)"
We already argued that . can be viewed as local system on U™ C X" where U C X is open

and dense, as the symmetry under partial Frobenius forces the bad set to be a union of
coordinate hyperplanes.

Reduction to finite covers. Let fét(U" /pFrob) be the category consisting of finite étale
morphisms Y — U" plus the data of commuting isomorphisms ¢;: F'Y = Y over U" and
such that ]_[?:1 ; is the tautological isomorphism F}}, Y = Y, where these are defined by

Y < F'Y Y

]

ur——gn

and

Y <L R Y ——Y

5

ur ——u”
Frobyn

This forms a Galois category. Given a geometric generic point 17, € X", we get a fiber
functor
wy;, - fé(U" /pFrob) — {finite sets}
and we define
m1(U" /partial Frob, n,,) := Aut(ws ).
We can reduce to the case of torsion sheaves by considering E = %an Og/@’, which
shows how to determine the local system at finite level:

m(U") — GLx(0F)

.

GLn(ﬁg/wgl

/

ﬂ,l(U)n ....... ?> GLn(ﬁE)
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Therefore, a reformulation of Drinfeld’s theorem is then
m(U" /pFrob,n,,) = mi (U, n)".
This is the statement that we prove.

Proof. Recall “Frobenius descent” from Theorem If X is a projective variety over
k =TF4 and S/k is a scheme, then we can consider the category of coherent sheaves .7
on X X S equipped with an isomorphism

(Idx x Frobs)*Z# = Z.

This category is equivalent Maps(S, Coh(X)), with Coh(X) a groupoid with finite auto-
morphisms, viewed as a discrete stack over K:

]_[ [Spec k/Aut(F)]
FeCoh(X)
Example 12.5.1. When X = Spec k, the left hand side becomes vector bundles V — X
equipped with an isomorphism Frobg V= V (i.e. unitroot F-crystals), and the right hand
side becomes étale k = IF;-local systems over S, which recovers Katz’ Theore In-
deed, to give a map from a connected S to

Coh(Spec k)= ]_[[Spec k/GL,(k)]
n>0
is, by definition, the same as picking an n and a GL,,-torsor over k, which is just the data
of an n-dimensional étale k =IF,-local system over S.

Let X be a complete curve. Then

fét(X X S/pFrOb) g { finite étale 0Xx5-algebras o } .

equipped with partial Frobenius

The right hand side is the full subcategory of étale objects in Coh(X), hence equivalent
to Map(S, fét(X) € Coh(X)). But this in turn is the same as

Map(S, finite discrete (i.e. continuous action) 7;(X, X)-sets).

When S is connected, with base point s, we can further identify the latter with 7, (S,s) x
71(X, X)-sets. To see this, note that an object of the category of finite discrete (i.e. contin-
uous action) 71(X, X)-sets is a set © equipped with a (continuous) 77;(X, x)-action. Then
to give a map from a connected S (with basepoint), you have to pick a single such object,
and give a map

7T1(S,§) ﬁAutﬂl(X'y)(Z).

That’s the same as a finite discrete (i.e. continuous) 771(S,s) x 71(X,5)-set.
By applying this with § = X"~1, X"=2 .. we see that

m1(X" /pFrob) = 71(X/pFrob)”.

In the general case, we have to handle U x S (where we are thinking of S as U"~1). We
omit the argument.
O
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12.6. The Weil group. Let X be a smooth projective curve over k =F,. Then we have an
exact sequence .
1 - m(Xp) —» mi(X) — Gal(k/k) — 1.

Definition 12.6.1. We define the Weil group W(X) of X to be the pullback of Frob% —
Gal(k/k):

1 —— m(Xp) — W(X) Frob% 1

R

1 —— m(Xg) — mi(X) — Gal(k/k) —=1

If K = k(X), then we define W(K) similarly as a subgroup of Gal(K*/K) = Gal(K /KPer)
whos image in Gal(k/k) is an integer power of Frobenius.

More generally, suppose Kj, K», ..., K, are function fields over k such that k is alge-
braically closed in each K;. Then set K = Frac(K; ® K, ®k ... ®k K;,), and define

W(Ky,...,K,)=1{g eAutE(E) | g|errf is an integral power of Froprerf}.

This admit a homomorphism to Z". What's the kernel? It consists of those automor-
phisms acting by the identity on Kip °! and also k, i.e. the “geometric Galois group”
Aut(K/kKPe) = Gal(K* /k K).
We have a map
W(K)—— W(Ky,...,K,)

| |

7 — 7
diagonal

as every element of W(K) acts by an integral power of Frob on all of K IP ° However, after
profinite completion we get a surjection onto the subgroup lying over A(Z). This follows
from essentially the same argument as in Drinfeld’s theorem.

Exercise 12.6.2. Prove this.
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13. COMPATIBILTY WITH HECKE OPERATORS

13.1. Aspecial excursion operator. We have now defined excursion operators /7, w,x,z,(y;
parametrized by the data of

e anindexset I,

e arepresentation W € Rep(G/),

e maps triv = Wia = triv,

o y;eTl':=Gal(Fs/F)foreachiel.
In this section we will focus on proving a theorem, promised earlier, relating Hecke op-
erators to the excursion operator for the specific data

o 1=11,2},

e W=VRXV*

e the maps x, £ are

triv =25 V@ V* 5 triv
——

=End(V)

® (r1,72) =(Frob,,1) where v € X(k) (the rationality is just for the sake of simplic-
ity) and Frob, is a lift of Frob, € Gal(k3/k,).

Frob, € T', :=Gal(F;/F,)

L

Frob, € Gal(k;/ky)

Hecke operators. Let [G] = G(F)\G(Afr)/ l_[ . G(Ox). Recall that the integral version of the
(local) Hecke algebra %, = Fun.(G(0,)\G(F,)/G(0,),Z) acts on C.([G]) by convolution
on the right, and we denote the action map by T.

There is an element hy,, € 5, ®;, Z[g*'/?], determined by the property that its image
in R(G ® Z[g*"/2]) under the Satake correspondence is [V]:

hV,v € %v ®z Z[qil/z]

] Satake l

[Vle R(G)®zZ[g*/?).

This involves a choice of g!/2, but since that is built into the ring Z[g*!/2], we can regard
hv., as lying canonically in Fun.(G(0,)\G(F,)/G(0,), Z[q*'/?]).

Definition 13.1.1. The element T(hy,) € End(C.([G])) is the Hecke operator at v associ-
ated with V.

Theorem 13.1.2. We have an equality of operators

5”{1,2},V&V*,coev,ev,(m)y,l) = T(hVU) € End(ccusp([G])~

Proof. We focus on the special case G = GL, and V the standard representation, and
v € X(k). There is a technical point here, which is that we are still pretending the sheaves
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are constructible. This issue underlies the difference between working with the cusp
forms and all compactly supported functions. So we are brushing a finiteness problem
under the rug for now.

Let’s recall the construction of the excursion operator with these specific choices.

(1) Recalling that %‘;ﬁj is the constant sheaf C.([G]) ®@[ on X é#éé TONY: [we
have been sloppy about Q; vs its algebraic closure...], we obtain trivially an
isomorphism

Co([G]) =021,

triv

(2) There is a map Oﬁﬁﬁjly — oﬁ‘fgf/}*l A(v) induced by coevaluation. This factors

through (’%égv*lv, simply because Spec k 2% A(V) factors through Spec k =

X2 A(X), which maps isomorphically to its image, and restricting to the diag-
onal essentially just changes the internal tensor product to the external tensor
product.

In conclusion, we have constructed

CIG) =0, — ol |\

triv VRV*
k ] =
{x}
O S avlv

(3) We then apply partial Frobenius map F; (we would ordinarily need to exponen-
tiate this to the degree of v, but because we assumed that v was rational the ex-

ponent is 1) to the same thing, and then surject to O%”tﬁjly via the map induced

by ev.
~y y F I3 ~y
CA[GN 20|, — 0 Ay —— 0L Ay — 0, 2 C((G))
0SSl 0SSl

What’s the geometric interpretation here? The stalk 0%&2‘/40 is the compactly sup-

ported cohomology H?(ShtukaTvl, IC) where ShtukaLl parametrizes modifications of the
1 1

form {§ — & — *&}. The space ShtukaLl is smooth of dimension 2(n — 1), as it is (étale)
v 14

locally over Bun, just a product of two projective spaces. So in this case the IC sheaf is
Q¢[2(n—1)](n—1) - a constant sheaf of the right dimension, plus a Tate twist that makes
it pure of weight 0. In particular, we see that

HY(Shtukall, 1C) = HA"~Y(Shtukall)(n — 1).

&b TONY: [to check that | understand the weight thing: if we had used Rp. instead
of Rpy, then we would be twisting by 1— n instead of n—17]
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For formal reasons, O%V® v+lv also calculates the compactly supported cohomology of
a different shtuka Shtukag.

053 ., = HA" "D (Shtukal)(n — 1)
where ShtukalvT parametrizes {# %‘ T’ %) Z"}. The fact that H;‘(ShtukaTvl) = Hj(ShtukaiUT)
is highly nontrivial, a consequence of the commutativity of convolution product in 2 (Gr)

(the perverse sheaves on the affine Grassmannian).
So we choose to identify

AEE 0%{*% 0l ) — ol W*‘*lv C([G])

triv VRV* VRV* trlv
coev TN NL
0 5ot 0 bt e
222 Hygy:lv Hygy-lv T

N ,
j 1(Shtuka”)—>H2(" Y(Shtukal!)

By
where the map Fjj;: ShtukaLl — ShtukaiT is the “partial Frobenius,”

(=& —"E)—= (& —="6—"E).

To identify the outer maps 2?2, we have to really unravel the geometric Satake correspon-
dence. We'll just say the answer.

1 1
We can consider the closed substack Z1T of Sh'[ukaf}T ={F — F’ — F} parametrizing
v v

z“:{g«%g’%f%ngg}

(where the equality makes sense by identifying .# and *.% in a common bundle using
). Forgetting 7’ gives a map

7z — Bung(k) =[G],

whose fiber over Z is P(Z, /@, Z,). ##é TONY: [since we need to choose a hyper-
plane, it seems to me that this is an element of the dual projective space, unless we
are using Grothendieck’s convention] Thus, Z!T =] [, P"~!. This gives an isomorphism

C.([G) = A,—1(Z!1), where A, is the Chow ring, which then admits a cycle class map to

Ana(ZM) < B2 (Shtukall).
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The relevant map is the composition:

C(IGN =0, 0l T el 0t~ o (1G)

triv VRV* VRV* triv
M Tg gl /
~ & &
= O3fvoz>v*|v O%ﬂwzav*h/
Anaa(Z41) H"V(Shtukall) —— HZ" " (Shtukal!

{1}

A similar story holds for ShtukaTyl >ZN = ]_[[G} P(w~1&,/&,)", and we have a restriction

res

map Hj(ShtukaLl) = gAYz (n - 1).

C(IGD =0, 02 | T S0l ot~ ((6))

triv VRV* VRV* triv
M T: :L /
~ 0 aptxd 0 aptxd ~
= %VQQV*IU %V®v*|v =

An—l(ZH)

Hg(n_l)(ShtUkaiT) - Hg(n_l)(ShtukaLl) — 2 Yz (n —1).
i

The bottom row can be clarified by writing its adjoint in terms of (Borel-Moore) homol-
ogy:
M) D2 pEM o ikally B B (Shiukall) — HEM (71
0 2(n—1) v 2(n—1) v 2(n—1)
Let’s try to use this to describe the excursion operator more explicitly. Given & € [G],
tracing through the composition on homology and then the identification with H.([G])
should send [P(&,)"] to a function on [G]. What function? The one taking

7 €G] = (Fy(P(6))") - P(F 0 shoukal -

To compute the right hand side, we claim that Fj;;|p.,)v is locally an immersion, and
F(P(6)VY) is transverse to P(Z,). This is just a tangent space calculation, which we
presently sketch.

What is the tangent space to ShtukaliT at(F — F' — "7 )2 Recall the diagram

ShtukaiT %y”

| |

Bun x Bun —— Bun X Bun X Bun

which identifies the tangent space of ShtukaiT at (7 — ' — *F) with the relative tan-

gent space of the third projection map %JT 5, Bung, sending {F «— F' — F"} — F".
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The fiber is determined by first choosing Z#” of colength 1, then & containing it. This
shows that there is a filtration on the tangent space, coming from a short exact sequence

0— T(¢" 25 Bun) — 7' 2 Bun) — 7(¢! 25 Bun) —0
(F—TF )T (T =T )T
We just have to check two things. First, d Fj1;|rp(s,)v has image equal to the subspace
above. That’s obvious, because TP(&),) is the relative tangent space to (§ — &’) — & at
&, after applying partial Frobenius this becomes (§’ « *&) — *&. Second, it is easy to
check that TP(Z,) maps isomorphically to the quotient. These two combine to show the
claim.

Exercise 13.1.3. Write out the details.

Since we now have two natural representatives of the relevant classes intersecting
transversely, it is enough to count the naive intersection number. That is, how many
modifications {§ — & «— 7§} =P(&,)" intersect Z11 after applying partial Frobenius?

Under partial Frobenius we have

(E—E —"E)—(§—"6=67E)

which lies in Z11 if and only if &” =7 &.

In conclusion, (& — &’ <« * &) contributes to the intersection if and only if both &, &’ €
Bung(k) (i.e. are defined over k) and & — &’ is also defined over k (because we are
keeping track of the maps as well in all of this). Thus, we have finally computed that

(Fy(B(&,)) B(F,)) = #{& i» 7 defined over k}.

To prove the theorem, we compare this to the matrix coefficient of the relevant Hecke
operator. Since G = GL,, and V is the standard representation, hy,, is the indicator func-
tion of the double coset

Wy

G(6,) 1 G(0y).

Therefore, T(hvy,,)(12) (applying to the characteristic function of the bundle .#) sends

& to #{& < Z defined over k}. So we've manually checked that the two functions agree.
v

Actually, we have found something even better than that: not only do their values agree,
but the underlying sets being counted are the same.
0

Remark 13.1.4. There is amore general version. We have an action of 5”{1'2“@ V¥ coeviev{Frobo.1}

on the sheaf O%VIV. However, and this is a difference from the I =0 case, the Hecke op-
erator T(hy,,) doesn't act on the whole sheaf but on %4, x_,y. That is, we only get an
action away from points not involved in the modification. The general theorem is then
that the two operators agree when they are both defined.

In particular, we see that Hecke the action of T(hy,,) can be extended to an endomor-
phism of O%V{, on X/, via the excursion operator.
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Remark 13.1.5. There was one (important!) step we skipped, which was the proof of the
geometric interpretation of the coevaluation map Geometric Satake. It is perhaps most
instructive to illustrate through an example. Recall from earlier

{A;’A’ cl) ﬁ@n} -~ Opn-1

|

Gr(l,O,..A,O,—I) _ {A —_ ﬁ@rl} Q{A: ﬁ®n} = pt

Grll = Gr(1,0,...,0),0,...,0,~1)

Under Geometric Satake, the decomposition of representations V ® V* = End’(V) @ triv
corresponds to the decomposition of perverse sheaves R7.Q[2(n—1)] = IC®06. The co-
evaluation map corresponds to the inclusion triv— V ® V*, hece of 6 — Rm.Q2(n — 1).
So why does that corresopnd to the inclusion of the fundamental class? Taking talks of
this decomposition at pt gives

H*(]P;n—l) o~ H<2(n—1)([P>n—1) @ H2(n—l)(Pn—l)’
so we really see that the trivial summand corresponds to the top class of H*(P"*~1).

13.2. The Eichler-Shimura relation. For V € Rep(G), we get an action of a partial Frobe-
nius operator Fjo; on %v{/é(\)/}' If we also pick v € X(k), we get an action of an excursion
operator ‘Sﬂ{l,2},V|ZV*,coev,ev,(15?c%u,l) =: H,». The Eichler-Shimura relation is a polynomial
equation satisfied by Fio; with coefficients being of the form S v, .

If d = dim V, then it takes the explicit form

d d-1 d—2
(Fo)* = Fgy 0 Fvw+ Koy " S ey, £ £ S pay =0,

A

According to the theorem we just proved, these coefficients are really Hecke operators.
However, it is difficult to show that directly.

Example 13.2.1. In the case of modular curves (with good reduction), we have

T T
Spec Z SpecF,

Frobenius acts on X@, hence on its cohomology H*(XE’ Q= H*(%@, Q¢). In addition,
the integral model 2" admits an action of Hecke operators T, inducing an action on
H*(SK@, Q¢) and thus also on H*(XE’ Q¢). However, the Hecke operators don’t directly
act on the special fibers. Anyway, one has the relation

Frobi — 1) Frob,, +p = 0 € End(H"(X;))-

This is the classical Eichler-Shimura relation.

In the function field case, one doesn’'t have modular curves. The analogue of a mod-

ular curve should be a relative curve over X, but the problem is that no moduli stack
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of shtukas is a relative curve. For instance, consider the “nonexistent moduli stack”

Sh'[uka({l1 }0) — X, which parametrizes

(6761

The space Shtukagl1 }0) is the empty set, because the degrees of & and *& must be equal.
One rectifies this by punting the extra degree to a point “o0” sitting at infinity:

1,2 1 1
Shtukai/g‘}/* |X><{OO} s Shtuka“ — {g (7 &' (; Té)a}
rel. dim. Zl
X

In this case, the Eichler-Shimura relation should be as follows. The cohomology group
H*(Shtuka{vlé‘}/* |(,00)) @dmits an action of partial Frobenius (Fj;;)9¢87 as well as a “Hecke
operator” T(hy,,). Analogously to Example[13.2.1} the Hecke algebra really acts through

SHv, as T(hy,,) was not defined on a special fiber. The Eichler-Shimura relation is then

(FE" 7 = Fp 0 Byt + Sp2y, , =0 € End(H;(Shtuka)).
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14. APPLICTIONS TO GALOIS REPRESENTATIONS

14.1. Lafforgue’s algebra. Recall that we constructed excursion operators
L1 W 2 r1)ies € ENdC7%) = End(Ceusp [G))

which were parametrized by the data of

e anindexset I,

e arepresentation W € Rep(G/),

e maps triv = Wia = triv,

o v; eIl :=Gal(F’/F).
Definition14.1.1. Let 8 C End(Ccyusp[G]) be the subalgebra generated by these excursion
operators.

Proposition 14.1.2. The algebra % is commutative.

Proof. Recall from Example|12.4.5(that Shtuka x X = Shtukazrlifl, i.e. Shtuka is the fiber of
the moduli of one-point modification shtukas on X, but where the modification is trivial.

The excursion operator was actually realized at the level of the “larger” moduli stacks

Shtukafrlii, Shtukaf/v
X X!

Namely, we defined .. by considering the action of the fundamental group on the co-
homology of Shtuka{/‘,, and then restricting to the diagonal to get an action on the co-
homology of Shtukafrli{,,

cohomology of Shtuka’.
Suppose that we have two excursion operators, coming from two such setups

and finally taking the stalk at a point to get an action on the

Shtuka!l! Shtukal,, Shtuka!l! Shtukal,
X—x! X—Xx/

Then we can splice these together to obtain, for instance,

Shtukafrli{, — Shtuka{,v — Shtuka{a, X Shtuka{/v,

| l |

X X! XI'x x/

This says that
SLW % Eridier © ST W X E (r ey = JIU WRW x@x', 50/ (7 1,71)*

Exercise 14.1.3. Check, by writing down a large commutative diagram, that this equality
holds (it is obvious that there will be an equality for some permutation of the daa on the
right hand side, but why is this the right one?).
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This looks good for showing commutativity, but we are not done quite yet: we need
to show that we can swap the order in the decomposition of the index set LI J, WK
W,x®x',&®Z&,(ri,y;) without changing the operator S0, WRW x@x/,E8% (11,y;)» OF I
other words that

5”Iu],WmWCx@xCi@x’,(n,m = y]uI,W’mW,x’m,E’@&,(yj,ri)

o~ Dy~
More generally any map ¢: I — J induces G/ — G!. The composite diagonal map can
be factored as

RN =N
Then the general claim is
SLWxErowlier = STAWE () jes
This follows from the fact that these operators are identified by the identification %”VIVI x/ =
9% W
Applying this above to swap the order of the decomposition of the index set, we obtain
STU],WRW x@x £8x'(yi,r}) = < TUL WRW,x'®x,5'®%,(1),11)

as desired. OJ

Now, 2 acts on Ccysp and A is finite-dimensional, as Ccysp is finite-dimensional. So
we can decompose

Ccusp = @ Ccusp(o')-
o B—Qy
As 2 contains the Hecke algebra 7 = @),y 7, this decomposition is potentially finer

than decomposition into isotypic #-modules (it is indeed finer in some groups G #
GL(n)), as the Hecke algebra is local but 2 carries global data.

14.2. Lafforgue’s map. Our next goal is to study applications to Galois representations,
and specifically to define the map
Spec B — {p:I":=Gal(F*/F)— G}.
The construction of the excursion operators furnish a 9-valued function
(I, W,x,&) = frwax,c €Fun(l!, ) (14.2.1)
where f1w,yc takes
Y1 Y) = S r0)-

To warm up for the upcoming consruction, consider G x G acting on 0(G) by left and
right translation. By an algebraic version of the Peter-Weyl Theorem,

0(G) = @ VR V*

Velrrep(G)

where as a representation of G x @, the left G acts on the first factor of the tensor product,
and the right G on the second. If we restrict this action to the diagonal, then we obtain
the representation @, End(V, V).
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More generally, for an index set I we have a Peter-Weyl decomposition

0(Gh= P Ric1 V)R (Ries V7).
TV S —

(Vier W e

The group G x G! acts on G! by left and right translation, respectively, no the factors
with corresponding indices. We can restrict this to an action of G x G on G! via the
diagonal embedding
GxG22G <@l
Under this action, we have a decomposition
oG\G'/G)= P weew
Welrrep(G/)

Now we can view x € WG and & € (W*)C, and thus x ® £ € WG ® (W*)G. As x, & run over
bases of WG and (W*)G, x ® & runs over a basis of WG @ (W*)G.

Thus the data of (I, W, x, &) is equivalent to the data of an element of ﬁ(@\@’ / @),
which satisfies some structural compatibility. By (I4.2.1), we get a map

0;: 0(G\G'/G)— C(T'!, B)

In fact, this is even a ring homomorphism, where the ring structure on C(I'!, %) come
from pointwise multiplication. Moreover, it is easy to check that the image of 8; lies in
C(I\r'’/r, A).

Exercise 14.2.1. Check these claims.

Let’s think about what this double coset looks like. Label I = {0,1,...,n}. In G\G!/G
we can change the first coordinate to be the identity, which shows that

G\G'/G =G"1%G

sending (1, g1, 82,.--,8n) < (&1,--., &n), where the quotient on the right hand side is by
the action of simultaneous conjugation on all the entries.

If I is finite, then by Exercise[14.2.1]the map 6; can be viewed as a ring homomorphism
to the invariant subspace

0;: ﬁ(él)é — Fun(I'!, 8)"

where the action in both cases is by simultaneous conjugation. Composing with any
oi: B — Qgives

oolr: ﬁ(él)é — Fun(l“l,@)r.

This satisfies some compatibility relations, which fitinto the framework of pseudo-representation
which we presently discuss.
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14.3. Pseudo-representations.

Definition 14.3.1. Let H be an algebraic group over an algebraically closed, characteristic
0 field E. A pseudo-representation of I in H consists of the data of a ring homomorphism
0;: o(H)H — (T} for all non-empty, finite index sets I

satisfying
(1) For every non-empty finite set I, a ring homomorphism 6;: 0(H")H — C(I')F,
where the actions in both cases are by simultaneous conjugation on the source.
(2) Forall ¢:I— J,acommutative diagram

oY 2 c(riy

A j A l
)
O(H) )i — C(T/).
(3) Compatibility with the group (i.e. Hopf algebra) structure: if m* denotes the

multiplication map
O(H)

]

O(H x H)
then the diagram commutes
On
O(H"H ——— c(rm)t

1®...®m*L jl@...@m*

HIH—I

O(HH)H s c(rn+1)yr
More concretely, this says that for all f: H" — Q invariant under H-conjugation,
the function f’: H"*! — Qy taking
(h,.... hp, hpn) = f(ha, .., B hpg)
satisfies 0,+1(f) (71, » Y1) = On(F)r 1, s Y0¥ nt1)-

Example 14.3.2. It is easy to go from a representation to a pseudo-representation by the
following recipe: If p: I' — H is a group homomorphism, then define

01 rn)=Flptr)s.... p(ra)).
Going in the other direction is a major theorem.
Theorem 14.3.3. Let H be a reductive group and {0} be a pseudo-representation of T in
H. Then there exists a homomorphism p : T — H(E) for some finite E/Qy such that for all
Y1,--,yn €l and f € O(H")H,

On )71 rn)=FlP(r1),.... p(rn))

Moreover, if we require the Zariski closure of p(T') to be reductive (which is always possible),
then p is unique up to H-conjugacy.
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Example 14.3.4. Let y € 0(H)" correspond to the trace. Given a pseudo-representation
of I' in H, 6,(y) describes the character of a representation of I" corresponding to an
honest representation I' — H.

This is almost as good as the full data of the representation. If H = GL,, for instance,
this already determines the representation up to semisimplification!

This reflects the general property that the data involved in a pseudo-representation
actually “overspecifies” the representation - the point is not to construct the representa-
tion, but to show that it doesn’t “contradict itself.”

Example 14.3.5. If H = GL,, one can define the notion of a “pseudo-representation of I
into Mat, by similar data of

0;: 0(Mat!)' — (I

The proof of this theorem shows that there is a semigroup homomorphism p: ' — Mat, =
End(V) (with Mat, regarded as a multiplicative semigroup). This has the property that
p(1)? = p(1), and the corresponding map p’: T’ — GL(p(1)V) is an honest representation.

Remark 14.3.6. We could have relaxed the definition a little. Suppose that one is given
the data of 6;: 0(H!)" — C(I'T) (so not taking the conjugation-invariant subspace on the
target) plus the analogs of the compatibility conditions, then it will be automatic that 8;
lands in C(T'T)L.

To illustrate why, let’s just consider 6;: 0(H)? — C(I'), which takes a class function
on H to some function on I'. We want to show that its image is also a class function,
equivalently

61f(r1r2)=61f(rar1)- (14.3.1)
This follows from the commutative triangle:

O(H)H

ﬁ(HZ)H (12) ﬁ(HZ)H

The compatibility condition demands that after applying 6;, we get a commutative tri-

angle
0f

m*(0 f) ———————=m*(0f)
But that is precisely (I4.3.1).

14.4. Classical pseudo-representations. To begin the construction of representations
from pseudo-representations, let’s relate our notion of pseudo-representation to a more
classical one.

Definition 14.4.1. A classical pseudorepresentation of I" of dimension 4 is a class function

T:FH@
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satisfying
YD ] =0
OE€S4+1 o=C1C2...Cyr
N——

cycle decomp.

where if ¢c; =(1,2,...,f) then Y., =7172...7¢. The class function assumption implies that
this is well defined.

Example 14.4.2. If d =1, then the condition is 7(y172) = 7(y1)7(y2), which corresponds
to an actual 1-dimensional representation.

Example 14.4.3. If d =2, then the condition is

T(r1)t(r2)7(ys)
—1(r172)7(r3) = T(r273)v(r1) — T(r3y)w(r2)
+1(r17273)+T(r17372)=0.

This seems much more opaque, but it does in fact correspond to a genuine 2-dimensionl
representation.

We want to relate the two definitions of pseudo-representations. That may be surpris-
ing, since there seem to be so many more functions and relations involved in our defini-
tion of pseudo-representation than classical pseudo-representation. Roughly speaking,
we'll show that all the functions 8; “come from” one function, and all the axioms “come
from” one equation.

Preparations. We consider the case of H= GL(V) over a field E. We have
O(End(V)")=Sym(End(V)x1 &...® End(V)x,).
This admits a surjection

P (End(v)P2ySHV)x2 — Sym(End(V)x; @ ... ® End(V)x,).

m

Schur-Weyl duality. Now, V®" admits a left action of S,, and a right action of GL(V),
which induces corresponding actions on End(V®”"). Then Schur-Weyl duality implies
that there exists a surjection

E[Sy] > End(V®™)",

denoted o €S,,, — T;;. Let dimg V =r. The kernel is generated by the element

Aryl = ZUESrH(_l)aa Sr+1 = Sm,
0 m=<r.

It is easy to see that A, lies in the kernel, as its image lies in the endomorphisms of
r+1
(/\ V)@Vem-r-1),
——
=0
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We now describe the elements T, € End(V®™)6lr — g(Mat®™)GLr. The image of T, is
the multilinear, GL,-invariant form

Ty: Mat, x...x Mat, - E

m

defined by
(Xl,...,Xm)’—)Tr(O'O(Xl ®®Xm)|v®m)= l_[Tr(XCh/)

ceo
For instance, if the cycle ¢ =(123) is in o’s cycle decomposition, then X, = X; X, X3.

Example 14.4.4. The element A,;;, viewed as multilinear map Mat, X... x Mat, — E,

r+1
sends

Xi,eo Xm) = Y (=17 [ JrCXelv),

U'ESr_H ceo

Classical pseudo-representation to pseudo-representation. Suppose 7:I" — E is a clas-
sical pseudo-representation of dim < r. We want to build a ring homomorphism

or: 0(Mat£)GL’ — C(rHr.
For I ={1,..., n}, we have defined a surjection

D  End(ve™)Slrx™  g(Mat! )6l
m=(my,...,my)
For o € S, the image of T;;x™ is obtained by replacing the x’s by matrices appropri-
ately. For example, Tgxfxgxg (n = 3,m = 4) should go to the function (Xi, X5, X3) —
Tg'(X],XZ, XSvX4)'
This may be expressed more succintly as follows. If ¢ = m asafunction {1,2,..., m} —
{1,2,...,n} (up to the action of S;,), then T, — A’; T, where

AL Ty(X, ooy Xn) = To (K1), Xp(m))-

This implies that ﬁ(Mat’:)GLr islinearly spanned by Aj; Ty where : {1,...,m} —{1,...,n},
or in other words by the functions

Xl,...,Xn -—>Tr(Xl~1 le)

We've now produced nice generators for ﬁ(Matﬁ)GLr, but we haven't yet specified the
map
o0(Mat!) — c(r").

However, the natural choice is now clear. The domain is generated by expressions of the
form A’:ﬂ T, and we send this to function A’; To, where the definition of 7, is the same
as T except replacing the trace by the class function 7.

We record the general ingredient we used:

Theorem 14.4.5 (Procesi). The map R = E[t.: ¢ acycle] — 0(Mat®)Slr sending t. to the
function
(X17x21 .. -) = Tr(XC)
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is surjective, and the kernel I is generated by

Ara(MyoMea)= Y (17 ] [eMi,e Mrs).

O'GSr_H ceo

Aside: more about Schur-Weyl duality. Let V be a vector space of dimension d. We have
a decomposition of S, -representations

ver= P prY,
pelrrep(S,)

(so far this is always true) where V}, is 0 or irreducible as a GL(V)-representation.

There is a bijection between Irrep(S,,) and partitions of 7, in which the trivial repre-
sentation goes to 7, the standard goes to 14 (n — 1), and the sign goesto 1 +1+...4+1.
(This is possibly off by conjugation of the partition.)

Now, in the above decomposition not every irreducible representation appears. In
fact, the only A that appear are those having at most d parts: A =(4; > ... > A5 > 0).
(By padding with 0 if necessary, we can assume that there are exactly d parts.) If p is the
representation corresponding to the partition A, then Schur-Weyl duality says that V}, is
the representation of GL(V) with highest weight A.

Example 14.4.6. From this we can see that the sign representation doesn’t appear in

veld+1) Ifit did, then the multiplicity space would be /\dJrl
A+l - y®d+1

V =0, i.e. the corresponding
summand “would be” sgn® /\

14.5. GIT reformulation of pseudo-representations. Another way to formulate the data
of a pseudo-representations in terms of functions

£:171)r—=H'//H (the GIT quotient)
satisfying:

o compatibility with respect to maps I z, J in the sense that the diagram

T —' HI//H

TAW | T%

/)T — H///H

oy

commutes, and
e compatible with multiplication.

If I={1,...,n}, then we denote &; by

(Yl;---;rn)'_’ [hlr'--rhn]'

A consequence of taking the GIT quotient is that the elements h,,..., h, are not neces-
sarily well-defined up to H-conjugacy, but they will be once we impose a semisimplicity
requirement.
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Example14.5.1. If I={1,...,m}— J={1,..., n} then the compatibility with index trans-
fer says

(Tlr---;Tn)_> [hl,...,hn]

| |

(7’1,---»Tm) I [hlr---’hm]
commutes, and the compatibility with multiplication is that

Y1 Yo Y1) —= (h1,..s hny hya]

| |

(‘rl! .. -»?’nTn+l) I [hlw coy hnhn+l]
commutes. Even though the elements weren't well-defined. this is well-defined on the
GIT quotient
Example14.5.2. IfI'= F, =(s1,...,55), then
Ep:T"—>H"//H
is an assigment (s1,...,5,)— [h1,..., hy]. Taking n =1 already gives I' — H, reflecting the
highly overspecified nature of the data.
For n =1, and h € H, Richardson’s Theorem (stated below) implies:

e H-hisclosed if and only if & is semisimple,

e H-h>{l1}ifand onlyif  is unipotent.
Definition 14.5.3. For general n and hy,..., h, € H we define A(hy,...,h,)=(h1,..., hy),
the subgroup generated by hy,..., k.

o We say that (h,,..., h,) is semisimpleif A(h,,..., h,)is reductive, and
o unipotentif A(hy, ..., hy)is unipotent.

()6 )

is semisimple, as these two elements generate the whole group.

Example 14.5.4. For H=SL,,

Theorem 14.5.5 (Richardson). Let H/E be a reductive group over an algebraically closed
field. Then:
(1) (hy,...,hy)e H" is semisimple ifand only if H-(hy,..., hy,) C H" is closed.
) If (hy,...,hy) € H" we can write h; = hh} such that (h},..., ) is unipotent
and (hy,...,h") is semisimple, and H - (hY,...,h”) is the unique closed orbit in
H-(hy, hy,..., hy).
(3) There is a bijection

H"//H(E) — semisimple n-tuples in H(E).

Remark 14.5.6. The assumption of an algebraically closed field is actually only needed
for the last assertion.
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0 1 0 a!
U- T. The decomposition corresponding to (2) above is

=l 1) (o 2)
o 5)(6 )

14.6. Pseudo-representations to representations. For every n and (yy,...,7,) €I, we
have

Example 14.5.7. Let H=SLy, h; = (1 1), and hy = (a 1 ) Then (h1,hy) = B =

and

gn(?’l;---;')’n): [hlv---rhn]
where (hy, ..., h;) a semisimple n-tuple in H, well-defined up to conjugacy.
We now fix a specific n and (y1,...,7n) and (hy,..., h,) such that

(1) {(hy,...,h,)has maximal dimension among all such constructions,

(2) among the tuples achieving (1), the centralizer C(h,,..., h,)of(hy,..., h,)ismin-
imal (in dimension and then number of components). Note that because (hy,..., h;)
is reductive by the semisimplicity hypothesis, this centralizer is reductive as well.

We now define the desired representation
p:I'—H
as follows. For y €T, we set p(r) to be the unique h such that

Enn
(Tlr---)’rny’r)_) [hlﬂ"'lhnyh]

and the tuple (hy, ..., h,, h) is semisimple. We have to justify the existence and unique-
ness.

Existence. We want to show that there exists h such that (h;,..., hy, ) €& nt1(r1, -, 70, 7)
is semisimple. We can certainly pick some semisimple tuple

(B}, B B €&y, T mY).
By compatibility with index transfer applied to the diagram

(Y1y~~)7,n!y)—> [h/p)h;,l’h/]

| |

(Tlr'--r’rn)—> [hlr---)h;l]

we see that (h),..., h)) € Enlrr, ..., Tn).
We know that §
(71»---y')’n) = [h1,..., hal,
so [h1,...,hy] =[h],..., 1/] in the GIT quotient. We claim that (h, ..., k/,) is semisimple.
If not, we may arrange that (hy,..., h,)=(K’,..., h’n)” (for any two things with the same
image in the GIT quotient, the semisimple one can be moved into the semisimple part

of the other). That implies that (h,,..., h,) is a Levi subgroup of (h’l, sy h’n), but the first
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maximality condition forces this to be an equality. Therefore, (h},..., h’,) is semisimple
as well, so by conjugating we may assume that (hy,..., h,)=(h],..., k), and hence take
h="n.

Uniqueness. A priori, h is well-defined up to H-conjugacy. However, the existence ar-
gument shows that (hy,..., hj,, h)is a semisimple tuple, and that furthermore (h;,..., k)
is semisimple. Therefore, £ is really well-defined up to H-conjugacy keeping (hi,..., hy)
as the first n coordinates; i.e. up to conjugacy by C(hy,..., h;). So it suffices to show
that h commutes with C(h;,..., h,). But if this were not the case then we would have
C(hy,...,hy, h)< C(hy,..., hy), contradicting minimality in the definition of (h,,..., hy).

So this h is well-defined, giving a map p:I" — H. However, there are some further
conditions to check.
We need to show that p is actually a group homomorphism:
p(ro)=p(r)p(d).
The same argument as we made for existence shows that there exist y/, 6’ such that
(hl’ ey hny hlr h”) € §n+2(h1; ey hnyry 5)
We have a compatibility diagram

Ent2

(rl’--'»rny')/; 5) —_— [hl)“')hn’h/’h”]

| |

5;1+1

(Yl;---;?”nr?’)—> [hl»---rhn;h/]

Again by similar arguments as in existence, we see that h’ = p(y) and h” = p(0).
By multiplication compatibility, we also have a diagram

a3

n+2

Y107, 0) ——=1[h1,..., hy, p(7), p(0)]

L

(1,0 Yny6) ——[h1,..., hy, p(y)p(0)]

hence [hy,..., hy, p(y)p(0)] = [h1,..., hy, p(y0)]. Furthermore p(y)p(6) is semisimple
by the same argument used in the proof of existence: otherwise (h;,..., h,, p(yd)) would
be a Levi subgroup of ({(h,..., h,, p(r)p(6)), but the former is already maximal because
(hi,...,hp) is. Finally, Then the argument used in the proof of uniqueness shows that

p(ré)=p(r)p(o).

Remark 14.6.1. We should actually have set up the original problem in a continuous
setting, i.e. started with a “continuous pseudo-representation”

0,: 0(H"" — Cont(I'"*, E)"

where I" has some topological group structure. Then one can show that the resuting
p:T — H(E’)is continuous (where E’/E is a finite extension).
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15. CONCLUSION

15.1. Summary. We discussed how Lafforgue constructed a commutative subring 98 C
End(Ccusp([G])). This ring “contains” all Hecke operators, i.e. we have a map

Q) #:— A. (15.1.1)
x€|X|

We wanted to construct a map
Spec # — {continuous semisimple p: T — G(Q;)}/ ~

as follows. The construction of the excursion operators gives a collection of maps

0; ﬁ(él)é — Fun(l"I, %)r ﬂ) Fun(l"I)r,@

and it turns out that these fit together to define a pseudo-representation p,:I' — G. We
then showed that these pseudo-representations come from an honest representation of

I'into G, giving (I5.1.1).

Thus, we have a decomposition

Ccusp: @ Ccusp(o')
o: B

and for each o a representation p,: 7;(X) — G (the unramifiedness come from the well-
definedness of the excursion operators, independent of the choice of lift of Frobenius)
satisfying the Hecke compatibility condition that for all 7 C Ceysp(0) and all x € |X], the
Satake parameter of 7, is conjugate to ps(Froby).

This completes the proof of the main result, modulo finiteness concerns that we ig-
nored, which we now briefly address.

15.2. Some finiteness issues. A key point that we brushed under the rugis that the map

Shtuka’

|

XI

is not of finite type. However, the shtukas have a certain “recursive” structure that allows
one to analyze them “at infinity.”

Example 15.2.1. Recall that for G = GL,, we denoted by Shtukall:2 the moduli stack of

1 1
modifications of rank r = 2 vector bundles of the form {§ — § — 7 &}.
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Suppose we have a short exact sequence of such modifications (i.e. a diagram as below
with short exact columns)

A <’ A
& &’ TE

R

M——= M <~—"M
There are two cases: the modification of & can occur in ¢/, or .#’. Suppose it occurs
in #’. Then, by chasing through the diagram, it’s not hard to show that .4 = .4’ ="..4
and (¥ — ¥’ —"¥)isin Shtukailzl. Similarly, if the modification occurs in .#’, then
=Y%"="%.

This gives two substacks of Shtukallzz. Let’s think about what each of these looks like.
Obviously, the choices of .£ and .# are parametrized by Shtukall: | XPic(k). Fix £ €
Shtukali:1 and .# €Pic(k). Let Cy, , parametrize extensions of .# by Z. Then we have
amap

i:Cy py— Shtukallzz.
Fact: Fix a geometric point (x, y) € X2 with y ¢ FrobZ(x). Then Cy_4 lxy) = Al andiisa
closed embedding.

Thus, in Shtukall:2 |ix,y) there are two families of curves isomorphic to Al, and these
families are themselves parametrized by Shtukag:1 |(x,y) X Pic(k).

15.3. Cutting out the cuspidal forms. Let 77; € X? be a geometric generic point. Then
we have actions of @),y # and Gal(7);/ny) on H = li_n)le(Shtuka%, E). We can de-
fine the “Hecke-finite” space

%Hf . finite-type Og-submodule of
- stable under Hecke operators *
This admits both Hecke and Galois actions. We want there to be many finite-type Og-
submodules of 7"/ which are moreover stable under partial Frobenius, so that the con-
struction of the excursion operators goes through.
We can prove this using the Eichler-Shimura relation. Indeed, Let M be a finite type
Og-module, Hecke stable. Then Eichler-Shimura tells us that
S on= 3 o0
i,n n<N,i
and the latter is of finite type. Then we can apply Drinfeld’s theorem and argue as before.
We also want to know that this “Hecke finite” space is interesting, and in fact it agrees
with the cuspidal subspace.

Proposition 15.3.1. We have

%Hf = CC([G])Hf = Ccusp([G])-
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Proof. The containment #Hf > Ceusp([G]) is clear: cuspidal forms are Hecke finite as
they span only a finite dimensional space.

To prove the containment #Hf c Ccusp([G]), suppose f € C.([G], E) is such that 7 - f
is finite-dimensional for some x € |X|. Then we want to show that f is a cusp form.

First, let’s see if we can see intuitively why this should be true. Think to the classical
case of modular curves. Suppose you have a function f with non-zero constant term in
the Fourier expansion at oo. The Hecke operator T, will move a point in the fundamental
domain to somewhere else, and compositions of T,, will actually take it arbitrarily high.
Then the space spanned will not be finite-dimensional.

Now let’s try to make a rigorous argument. Suppose f is not cuspidal, so CTp(f) #0
for some proper parabolic P < G. Let M be the associated Levi of P, so CTp(f) € C.([M]).

There is amap # x — #u,x, generalizing the Satake transformation ¢, — C[X.(T)]W
when M = T, which we denote by h — hp. This is compatible with the constant term
map CTp in the sense that

CTp(h- f)=hpCTp(f).

Let’s see why this implies that {/ - f: h € 5} cannot span a finite-dimensional space for
G =SL,, T = Gyy,. In this case, hp is a function [T] = Pic(Spec k) = Z. If f has non-zero
constant term, then CTp(h" - f) = thTp(f) is non-zero. But choosing hg =t +t~1, for
example, we see that hy CTp(f) is supported on an arbitrarily wide interval as N — oo,
so these cannot all lie in a finite-dimensional space. ([l
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