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1. OVERVIEW

Let f: G — V be a function from a topological group to a vector space,
which is “nice.” We'll want f to be invariant on the right by some compact
subgroup K C G, and on the left by some discrete subgroup of G. In this
course, G = SL, or SO(2,n). The theory works more generally for any
symplectic or orthogonal varieties. (In those cases, one gets arithmetic
manifolds instead of Shimura varieties, but the theta lifting theory still
works.)

1.1. Thetalifting. We'll begin with the theta lifting theory. From a representation-
theoretic perspective, this gives a correspondence between the represen-
tation theory of SL, and of SO(2, n).

e Howe’s classical theta lifting theory gives a map

0 —integr
{cusp forms of SL,} I integral fautomorphic forms on SO(2, n)}.

This works more generally whenever one has a “Howe pair.”
e Borcherds’ singular theta lifting gives a map

{singular modular forms

regularized 0-integral
on SL, } {

singular automorphic forms
on SO(2,n)

€xp {automorphic forms }

on SO(2,n)

In fact, the target has known singularities. One can then exponen-
tiate to get automorphic forms on SO(2, n).

Under the Langlands decomposition, the representation theory of or-
thogonal groups should decompose into a cuspidal part and a residue
part. Howe’s theory gives the cuspidal part, and Borcherd’s gives the residue
part.

1.2. Applications in Number Theory: Kudla’s Program. Let H be the
upper half plane. Let I' C SL,(Z) be a congruence subgroup such that
X =T\H* an elliptic modular curve. Recall that Heegner points on X are
the image of quadratic imaginary points of H.

Theorem 1.2.1 (Gross-Kohnen-Zagier). The generating series of the height
of Heegner points is a modular form of weight 3/2.

More generally, let D = G/K where G = SO(2, n) (when n = 1, we re-
cover the previous case). Let X =I"\D. In favorable circumstances, this is
a Shimura variety.

Theorem 1.2.2 (Borcherds, generalizing GKZ). The generating series of
Heegner divisors is a (vector-valued) modular form of weight ”T” with co-
efficients in the Picard group of X.
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Heegner divisors are “special cycles” on Shimura varieties of orthogo-
nal type. This relates to Kudla’s program, which predicts that the gener-
ating series of special cycles of arithmetic manifolds is a Siegel modular
form. Roughly speaking, in this setting special cycles are special linear
combinations of sub-Shimura varieties of the same type.

e This is known if G = SO(V) or U(n) by Kudla-Millson. However,
their method does not give the level of the modular form. In Borcherds’
case, it is known that the modular forms are of full level.

o In his thesis, Wei Zhang obtained modularity for SO(2, n), with co-
efficients in CH*(X).

1.3. Applications to algebraic geometry.

1.3.1. Picard groups of moduli problems.

Definition 1.3.1. A primitively quasi-polarized K3 surface is a pair (S, L)
where S is a K3 surface and L is a quasi-polarization, i.e. a lind bundle
with L? > 0 and L- C > 0 for any curve C, and c,(L) is primitive (not a
multiple of some other class). We say that g := L?z +1is the genusof (S, L).

Let Z, be the moduli space of primitively quasi-polarized K3 surfaces
of genus g,

He=1{(S,L)| L*=2g —2}.

Think of pairs (S, L) of genus g as being analogous to curves of genus g,
so . is analogous to .#,. (If L is effective, then the general element of
|L|is a genus g curve.)

Theorem 1.3.2. We have

g1 2 2
rankPic(%g):w—%—&—Z K —#{ k| K €Z,05k<g-1;.
24 4 6 Ldag—4 4g—4

where
0 2g (&5)-1 31e-1,
Ug = 2g-2 and ﬁg: g_ _
{(zi—s) 2tg (£2)+ () stg-1

and (%) is the Jacobi symbol.

This is an analogue of Mumford’s “Picard groups of Moduli Problems”

results in the setting of ¢, rather than ./#,.
4
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1.3.2. Enumerative geometry. There is a correspondence between

intersection numbers| __ reduced Gromov-Witten
of special cycles — Qinvariants on hyper-Kéhlers | *

This comes through an interpretation of the left hand side as coefficients
of a modular form.

1.4. Kodaira dimension of Shimura varieties. Let X be a projective va-
riety and Ky its canonical bundle.

Definition 1.4.1. We define the Kodaira dimension of X to be

n>0

x(X) := dim Proj (@ H'(X, nKX)) .

We say that X is of general type if k(X) =dim X.
The Kodaira dimension is a birational invariant.

Theorem 1.4.2 (Gritsenko-Hulek-Sankaran). LetG =SO(V)and D =G/K.

(1) X:=T'\D isofgeneral type if there exists a character y of finite order
and a non-zero cusp form f with weight less than dim X vanishing
along the branch divisor of t: D — X.

(2) Ky is of general type when g > 62.

The proof of the second assertion is our goal. We will deduce it from
the first part by using Borcherds’ theory to construct automorphic forms.
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2. MoDULAR ForMS
We give a very short review of modular forms.
2.1. Classical modular forms. LetI” C SL(2,7Z)be a congruence subgroup.

Definition 2.1.1. A holomorphic function f:H — C is called a weakly
holomorphic modular form of weight k for I" if:

FAT)=(cT+d) f(t)forall A= (‘; Z) erl.

Itis called a holomorphic modular formif f(7)is holomorphic at all cusps
of I'.

Example2.1.2. IfI" =S1,(Z), then the cusps of I" are Q U {oo}.

Example 2.1.3. We give some examples of modular forms.
(1) Eisenstein series: for g = e?™",
1 1

Eur(q) = _ -
(4= 57550 NI

This is a holomorphic modular form of weight 2k for SL,(Z), when
k > 2. The intuition is that if we want to make a function that
behaves well under the action, then we should just average. You
can compute that this is equal to

4k
1—— nZk—lqnd.

By o

(2) The discriminant:
Alg)=q] Ja-q"%.

We define .#(I') to be the space of holomorphic modular forms of
weight k for ', and .#*(I') = @, (D). If T = SL,(Z), then M*(T') is gen-
erated by E, and Eg.

If " < SL,(Z), then we need the “Poincaré series” as well.

Definition 2.1.4. We define the Poincaré series

Koy e(my(t)/b)
Pu(®)= ZN (ct+d)*
yelo\I'

where e(-)=exp(27i-), [ =T/£I,and T, = (£ ((1) ll))>

Theorem 2.1.5. Pk (7)€ _#*(I'). Moreover, ./ *(I') is spanned by P* (7).
®dd TONY: [is this true?]
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2.2. Vector-valued modular forms.

Definition 2.2.1. We define the metaplectic group

Mp,(Z) = {(A,¢(r)) |A= (Z Z) eSLy(Z), ¢ ::I:\/cr+d}.

There is an obvious 2 : 1 covering map Mp,(Z) — SL,(Z). So by the
familiar fact about SL,(Z), Mp,(Z) is generated by

(1) (6 D))

(The subgroup generated by these elements obviously surjects onto SL,(7Z),
but must have a kernel since Mp,(Z) — SL,(Z) cannot have a section.)

Definition 2.2.2. Let (p, V) be a finite-dimensional representation of I' C
Mp,(Z) (we will usually be interested in I' = Mp,(Z)) such that p factors
through a finite quotient.

For any k € %Z, a weakly vector-valued modular form f(7) of weight k
is a holomorphic function f: H — V such that

fAT)= (1) p(g)f(1)) g=(A¢(r))€eT.

Example 2.2.3. Let M be an even lattice. Let M* = MV/M, the discrim-
inant group of M. Then |M*| = det(M), by which we mean the determi-
nant of the “intersection matrix.” Assume that M has signature (b*,b™).

Definition 2.2.4 (Weil representation). We define the Weil representation
P on the group ring C[M*] by

pM(T)er = e(('}” Y))er

ﬁb*—lﬁ
NS D e(=2(r.8))es.
oeM*

pM(S)ey =

Basic properties.

(1) pum factors through a finite index subgroup of SL,(7Z).

(2) Pm = Pwm ®pM2 ifM:M1 @Mg.

(3) If M is unimodular then p, is trivial (because M*=0and b~ —b*
will be divisible by 8).

Exercise 2.2.5. Using this, prove Milgram’s formula

3 et /2= inrle  ZE

reM* 8

where sign(M)= b~ — b*. [Hint: compare the action of (ST)? and §2.]
7
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We define .#(p) to be the space of vector-valued modular forms of
weight k and type p (of full level). Then the generating series of spe-
ical cycles of codimension 1 is an element in M -+ (py,), where M is the
even lattice of signature (b=, bt and b~ =2. We cazn define the associated
Shimura variety in this case, because it’s of type (2, b).

2.3. Poincaré series. For k € %Z and f: H— C[M*], we define the Peter-
son slash operator |;. given by

(fl (@)D= (v) > pu(g) " f(AT)

where g = (A, ¢(7)).

For all B € M*, n € Z — (3, B) we define the (C[M*]-valued) Poincaré
series )

Pup(D)=5— D, esnvi(g)eMilpw).
8€l'o0\Mp,(Z)

where I', = (T). It is a fact that P, g € #(pn) and in fact the collection
of Poincaré series span .Z(pum)-

Why is this interesting? To P, (7) one can associate a “Noether-Lefschetz
divisor” NL,, s € Kg. This induces an isomorphism of M (o) with Pic(K)
modulo the Hodge line bundle.

2.4. Properties of modular forms.
Proposition 2.4.1. Suppose f(t) =, c,q" is a cusp form (i.e. ¢o =0) of
weight k for somel’. Then

|cal = O(n*/2).
Proof. Let g(t)=|f(7)|-|Im(7)|*/2. Itis easy to check that this is invariant
under I'. So it extends to a continuous function on the compact Riemann

surface I'\H*, and is therefore bounded. That implies | f(7)| < C(Im 7)~%/2
for some C, hence

2h
eal=5 f Flx o+ iy)e T g
2 0

< Cy—k/zenﬂy/h.
Taking y =1/n, we get the result. U
Remark 2.4.2. You can use this to prove any K3 surface has an infinite
family of elliptic curves! More precisely, if% — B is a family of K3 sur-

faces, then #{%, is elliptic} = oo if dim B > 1. The idea is that the gener-
ating series > (NL-divisor)g” is modular.

Proposition 2.4.3. %.(I') admits a Hermitian form.
8
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Proof. We define the Petersson inner product of f, g € #(I') to be

(f.8)= J J f(z2)g(2)y*'dxdy
D

where D is a fundamental domain for I'. It is easily checked that this
defines a positive-definite Hermitian form on .%(I'). 0

2.5. Dimension of spaces of modular forms.

2.6. Hecke operators. There is an importantly family of operators { 7, } ;.1
on spaces of modular forms, called the Hecke operators. Let I = SL,(Z) for
simplicity. The Hecke operators come from considering the double coset

1 0
o[t )

-1

1

Letl'), = 10 r 0 . Then there is a bijection
0 m 0 m

I\ ((1) ’?1) [T\

Now I';,, has finite index in I', so we may write
nr L0 I'= UF/J" for some f3;
0 m - : i i
1

Recall the Petersson slash operator
fle(y):=(dety)?(ct +d)* f(y7).
Definition 2.6.1. For f € #(I'), we define the mth Hecke operator T,, on
M by
Tu(f)=Y_ fle(B) € (D).

It easy to check that T,, preserves .%(I"). We denote by Tr(7,,) the cor-
responding action.

Theorem 2.6.2 (Eichler-Selberg trace formula). We have

1 & 1
TH(T)=— Z Pu(t, m)H(4m — t2) — 5 Z min(d, ')
=—00

dd’'=m

where H(n) is a weighted class number for positive definite binary qua-
dratic forms of discriminant —n (hence H(0) = —1/12 and H(n) = 0 if

n<0), and P(t,m)= pk%gk_lforp satisfying|p|=m andRepp =1t /2.
9



Math 245C 2015

Example 2.6.3. Since T, is the identity operator, dim.%; = Tr(7;). By the
Eichler-Selberg trace formula, that

dimyk:—;lpk(o,l)—%Pk(l,l)—F%Pk(Z,l)—%
1 1. osin(m(k-1)/3) 1
= 2+12(k 1) 3sin(77/3) 4sm(7‘t(k 1)/2).

10
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3. BORCHERDS’ SINGULAR THETA LIFT

3.1. Overview. Let M be an even lattice of signature (2,n) and M* =
|[MV/M|. (The theory works for more general signature, but the results
are not as nice.) Let (+,-) denote the interserction form on M.

Definition 3.1.1. We define D), to be the Grassmannian of positive defi-
nite 2-planes in M @ R.

The goal is to give a correspondence

. 0-lif . .
{singular modular forms} - fautomorphic functions on Dy, }.

The great thing about this correspondence is that it gives some very ex-
plicit formulas: you can write down an infinite product expression for
the automorphic forms in terms of the Fourier coefficients of the singu-
lar modular forms,

Zc”q" — l_[ (1—exp(A, v))).

n reMV

Here n = @ This makes the zeros of these automorphic forms easy to
recognize.

Example 3.1.2. If M has signature (2,1) then an automorphic form on
Dy isn(q)=q"**]],(1- g™). This is a 0-lift from the theta series 0(q) =
1/2+Y q"™.

If M has signature (2,3), the automorphic forms are Siegel modular
forms of genus 2.

) ) l_paqcrb C(av—bZ
e (=
m,n a+b+c>0

1

where C; is the coefficients of 5
2 (-1)mq"

=14+2g+4q*>+8q%+....

There are three steps.

(1) Construct Siegel theta functions, and “regularized” theta-integrals.

(2) Analyze singularities of 8-lifts and compute their Fourier coeffi-
cients.

(3) Proof of the infinite product formula.

3.2. Siegel theta functions.

Definition 3.2.1. Let (p, V) be a representation of Mp,(Z). We say that a
real-analytic function f: H — V is a (non-holomorphic) modular func-
tion of weight (m,, m,) if

FIAT)=(cT+d)Y™ (cT+d)™p(A)f(7).
11
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3.2.1. Fourier transform. Let (V,(-,-)) be a real quadratic space of signa-
ture (b*,b™).
If f: V—Ris afunction, we define

Ffy):= f(y):=f fx)e((x,y))dx.
14

F(e ™) =e ™" qéod TONY: [for mixed signature? constant factors?]
This implies that

F(e(tx2/24+7x%/2))= (T/i)_b+/2(i?)_b_/2e(—xi/27 —x2/27).

3.2.2. Poisson summation formula. If V = M ® R where M is a lattice,

then
VIMIDY f)= " fl6).

AEM oeMV
Definition 3.2.2. For y € M*, we define the Siegel theta function
Ore(T, V)= D e(TA2/2+T22,/2)
AEM+y
where T € H, v € Dy,.

Notation: A, = A, is the orthogonal projection to v,and A_ = A, is the
orthogonal projection to v+'.

Definition3.2.3. Let {e,] be the standard basis of C[M*]. Define
Ou(T,v)= Z Ory(T, V) ey
reEM*
Theorem 3.2.4. We have
Ou(AT,v)=(cT+d)(cT+d)"*pu(g)Oum(T,v)
where g = (A, v ct+d) € Mp,(Z). Therefore, ©,; is a modular function of
weight(1,n/2).

Proof. We just have to check this for A=T and A=S. For A= T, you can
easily check this by hand.
Let’s check the case A =S. Then the left hand side is

D el (—Thv)=D e Y e(-2%/21—2%/27)

reM* reM*  AeM+v

while the right hand side is

—n/Z(‘/_)n
(—(5,7))0
N EZM*Q%EZMQ e

12
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Comparing, it suffices to show that

VIM 0y (=1/7,0) = =T T Y e(~(7,8)Bussal, v).

oeM*
We're just going to check the case y = 0.
Write f(A)=—7"1(y/T/i)"e(—A%/27 — A% /2T). Then by definition

VIMO(=1/7,0) = =T ( i)' IMF Y f(2)

AreM

=7/ Y fl6)

oeMY

=T (i) Y D f+d)

oeM* A\ eM

= —T?n/z(\/;)n Z Onis-

oeM*

O

3.3. Borcherds’ theta lift. We will use Borcherds’ theta functions to de-
fine the theta lift, which is a map

{fe Mo, (1— %)} — {Gf : singular aut. forms on Dm}

defined as follows. Given f € .#,_,/,(SL,), we define

dxdy
y

<I>f(v)=f f(7)-Oum(7,v)
D

where D is a fundamental domain for SL, \H.

Remark 3.3.1. Conjugation on C[M*] is e, = e_,. The product of vectors
is given by (eq, e_g) = 04p.

The final goal is to show that the generating series of special cycles is
an elementin ./, (1+ %), which by Serre duality related to the left hand
side because weight two cusp forms are the canonical bundle.

Informal discussion. Our problem is that the integral diverges if one of
the two integrand forms is not cuspidal. Using the definition of ®y(7, v),
the expansion of ® looks approximately like a sum of things of the form

J exp(2mikx +2mn|kly — Ly)dxdy
lx|<1/2,y=C

If 2r|k| — L < 0, then the integral converges. But if this quantity is non-

negative, then it diverges.
13
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If k # 0, then we can handle this by (integrating over x first, and then y)
definingit to be 0. If k =0 and L > 0, then everything is fine, as discussed.
The problem is if k =0, L = 0. Here we use the Harvey-Moore method to
define it as follows.

Definition3.3.2. Let F, ={t €H: |7t|>1,|x|<1/2,y < w}. Suppose

lim f F(t)y™*
w—00 £

w

dxdy

exists for Reps > 0, (in terms of earlier notation, F = f@) and can be
continued to a meromorphic function G(s) for all s € C. Then

O r(v) ::J F(1)
SLy(Z)\H

is the constant term of G(s) at s =0.

dxdy

So we have to study the singularities of ®;.

Definition 3.3.3. A function f has a singularity of type g if f — g can be
redefined on a set of codimension > 1 so that f — g is a real analytic near
that point.

Theorem 3.3.4. Near a point vy € Dy, ®¢(v) has a singularity of type

D —ca?/2)log(22).

AeMvaOi

Here f(7) = ZreM* ¢, (n)q", Ay is the projection of A to v and A_ is the
projection of A to v+.

The singular locus is the locus where A, =0, which is a locally finite set
of codimension 2 sub Grassmannian of D,, of the form A4, i.e.

Sing(®)= U At

AEMVI'WUOl
where A+ = {(w,A1)=0| w € Dy;}. (Codimension is in the real sense.)

Proof. We have

— dxd
(I)f(V):f f @(T,U)f(f)—y
y>0J|x|<1/2,x2+y?>1 y
14
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Then substitute 0,5 = ZAGM% qg**2|q|*+ (where as usual g = e(1))
above, and the Fourier expansion f(7) = ZYGM* cy(n)q". So we get (af-
ter some work)

9 2 dXd
EDIPIID q"" /Zlql’”—y Y

YEM* AeM+y y=1,|x<1/2

First we carry out the x-integral. It's 0 unless n = A2/2, so we get

f a0+ Y 02 f exp(—27y %) dy.
y=1 Y y=1

AEMVY ,AA0

We can throw away the first term, because it doesn’t depend on v. So we
are interested in

Z c(A?/2) exp(—2myA%)dy.

AEMY,2£0 y>1

The assertion then follows from the following result.

Lemma 3.3.5. The function

f(r):J ey dy =[r|FI(s, %) s>0
1

has a singularity atr =0 of type|r|=>T(s), and type(—1)*1r=2slog(r?)/(—s)
ifs <0.

Apply this with r = A, (we are in the second case). The difficult with
working more general stuff is that you get polynomial singularity instead
of log singularity.

U

3.4. Exponentiation. If M is an even lattice of signature (b*,b~), then
the definition of ©;; remains valid: for 7 € H and v € Gr(M), the set of
b*-dimensional positive-definite subspaces of M ® R, we define

Ou(T,v)= Y exp(t(A,)}/2+7(22,)/2)

reM
if M*= MV /M = {0}. This is modular of weight (Z 2=y S0

272
Om(AT, v)=(cT+d)""*(cT+ d)’-"?0y(T,v)
(maybe with a character too.)
If f € Mp+—b-)2(pm), the set of modular forms of weight w;—lf and type
pu (the Weil representation), we can define

dxdy
ybelz

®f =f f(T)Bum(T,v)
SLa(Z)\H
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This is an “automorphic function” on D), minues some hyperplanes.

Remark 3.4.1. When b* = 2, we define Heegner divisors as follows. For
neQ, B € M*, we define

Agp= ] @Y

A=f (mod M)
(A A)/2=n

where AL = {v € Dy, | (v,A) = 0}. This has (real) codimension 2, and in
general the codimension is b*.
Fact: if one takes f(7)= P, (the Poincaré series defined earlier),

(I)n'ﬁ = (I)p"ﬁ

is real-analytic on Dy — ¢, 5. Since these span the space of modular
forms, their singularities determine the singularities of everything.

The main result on singularities of ®;, which we discussed last time, is
the following: if f =3, .3 ., 2/, ¢,(n)q"e, has a singularity of type
D en 6r(r?/2)1og(2A?) for some A if

Actually, @ is of type — > _ ¢, (y?/ 2)(2mA2)1-b"/2 times some constant.

Remark 3.4.2. If b* = 1, then ®; is a polynomial (actually, a polyomial
on each “Weyl chamber,” and there is a “wall-crossing formula” to get
between these.

Ideas. (for b* = 2) ®; = —log(¥,) + (analytic stuff) where ¥, is a mero-
morphic automorphic function on Dy,. This implies that ¥, has an infi-
nite product expression. The singularities of ®;, which are the Heegner
divisors, are the zeros/poles of W .

Why do we fail to get a theorem when b* > 22 Using this machinery
you always get @, whose singularities have codimension b*, which can’t
come from a single function.

Theorem 3.4.3. Let M be a lattice of signature (2, m). Let f € M\—pm/2(Pm)
have Fourier expansion

f0)=D. cln)g"e,.

YyeEM* n
Assume that c,(n) € Z when n < 0. Then there exists a meromorphic auto-
morphic function Wy on Dy, satisfying:
(1) The zeros or poles of U lie on AL for A € M,A? <0, and has order

Zx>0,xkeMV eX/l(xzxz/z)'

) log¥; = —q% - C"T(O)(log(yy) + const) (where y, is the “imaginary

part”ofv=x+1iy)
3) Tr=e((p, V)] rem (1—e((y, v))r /2.
(r,v0)>0

16
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This last part describes the zeros/poles and their multiplicities.
The idea is that
Q= @ + (Integral part)
where K C M is a sublattice of signature (1, m — 1). Think of K as coming
from a parabolic subgroup. Why is this true? ©,, can be expressed in
terms of Ok (they are on different spaces, but their Fourier coefficients
are related) and i)VK is some kind of pullback of ®.

Example3.4.4. If z2 =0, then K =(MnNz')/z so any A € M can be written
asA=Ar+z+2z.
3.5. Coefficients. Recall thatgiven f=3 . ZneZ—é c,(n)q"e, € Mr_n(pwn)

(pm the Weil representation), we defined @ as the constant term of

— dxd
f f(@)- O ==L
SLo(Z)\H Y

at s = 0. This is a meromorphic function in s, so it has a Laurent expan-
sion at 0. It is called a regularized integral.

@ is real analytic on Dy, — sub-Grassmannians. The goal is to show
that

®; =—4log(V;)+ (analytic functions).

Borcherds showed this by giving a very detailed computation of the Fourier
coefficients of @ as integrals. We'll give as simplified version of his re-
sult/computation.

Theorem 3.5.1. Let
e z be a primitive norm 0 vector, i.e. z2=0andz’ € MV, i.e. (z,2')=

. . .. {0 1
1. (So the intersection matrix is (1 0) ).

z. be the projection of z onto v, v+.

w* be the orthogonal complement of z.. in v and v+.
K =(M"Ynzt)/z, alattice of signature(1, m —1).
U=...

Then ®¢(v) is the constant term of the following integral

! V2 2 / mn? .
/ ¢K+ Z Z e((n)k"u’)) e(n(a,z ))J CU()LZ/Z) eXP(—z 2 _27Tyli}+)y 3/2 dy
2|Z+| |Z+| n>0 \ekV ceM* 750 yz+

0'|L:)L

What does this mean? ¢ is the theta lift of f to K. This is piecewise-
linear, since for signature (1, ?) you get locally polynomial plus some wall-
crossing formula. So this part is analytic, which is fine.

The integral is some coefficient which can be expressed in terms of I

functions and Bessel functions.
17
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Assume that M, K are unimodular. Then the nasty eqquation simpli-
fies. In this case, f(7)=2_, C(k)g*, and we get that it equals

2

T |Z S enaw) | coh2/2)exp(— s —2my 22 )y~ dy.

2
vV 2|Z+ n>0 AekVv y>0 2yZ+

Sketch. Write Oy, in terms of Ok. This requires another theorem, which
is itself quite involved.

Theorem 3.5.2.

_ A, z2)T + nf?
O = DD (A, /24722 _J2—n(2, (z+—z_))/2zi—w
\/ |Z+| AeM/z neZ 4lyz+
Proof. Theideais to write an element of M as a sum ofelementsin K, z, z’
and apply standard lattice theorems. 0

Then, insert this formula into the definition of ®;, and you get that
\/§|z+|¢f(v) is the constant term of

1 —lcT+d|?
4iyz?

xdy

G+ ) Ok(t,ud,—cp) f(T)

SLy \H vy (¢,d)#(0,0)

Let’s ignore the first term because it’s nice. It’s the integral that we want
to study. We divide the sum into multiples (nc, nd) over (c, d) primitive:

- dl? d
f > S (%) G5, npd, ~newf (1)
SLo(Z\H (c.d) e

coprime n>0

Why is that useful anyway? The idea is to integrate first over x, then y.
Now the point is that f(7) has a modular transformation property, f(7)=
(ct+d) = f(AT) so we can rewrite the above as

—7mn?

ZIm(AT)zi)'

J Y. > OklAT, nu,0)f(AT)Im(AT) V2 exp(—
SLo(Z)\H n>0 AeSLy(Z)/Z

(Here the Z action on SL,(Z) is by translation). Now the point is to inter-
change the integral over SL,(Z)\H and summation over SL,(Z)/Z, so we
get

— nn? \dxdy
Ox(7)f(T)exp (— ) .,
JZ\H 2yzi ) vy

Now you just plug in the Fourier coefficients of f(7) = >_c(k)q*, and
write the integral as f y f .- The point was that the fundamental domain

has been changed to something nice. U
18
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Lemma 3.5.3. The integral

exp [ — o’ =21y A2 . | c(A2/2)y #/* dy
0 zyzz wt

+

at s =0 is equal to:

0(12/2)|Z—7;| exp(=27mn|Aw+|/|z+]) if Aw+ #0,

and

c()LZ/Z)( ) V21(1/2) if A+ = 0.

2|z |2
3.6. Borcherds infinite products. For v € Dy, let X, ), be an orthogo-
nal basis for v. Since M has signature (2, m), the a priori real Grassman-
nian D), has a complex structure, and we may set Zy; = Xy, + i Yy,.

Another perspective on the complex structure is that Dy, = {v e P((M ®
C)|(v,v)=0,(v,v) > 0}. The complex structure on D), comes from that
of P(M ® C).

D), parametrizes Hodge structures of type (1, m, 1).

Let K, z, z’ be as before: K =(MNz')/z,i.e. K := M— hyperbolic. The
relations are z2=0,(z,z’)=1.

Parametrize (A, k,0):=A+kz'+{z € M where A€ k.

Definition 3.6.1. (Weyl vector) Let f € /-»(pu), ¢«(f) be the lift to
functions on Dg. This is a piecewise-linear function, linear on the Weyl
chambers.

Let W be a Weyl chamber of ¢k (f), i.e. ¢x(f)islinear on W. There is
a unique vector p(W) with the property that

(Wl k(Dlwli ) 8v2(p(W), W).

(Wi
Weyl chambers are defined by this linearity.
For different Weyl chambers, you get a different vector p(W).
Recall that in the theory of automorphic forms, one usually considers
I\Dy; forI' C Aut(M ® Q).

Theorem 3.6.2. Let f € ./,_=(pwm). Then there exist a meromorphic func-
tion Yy on Dy satisfying the following properties:
(1) Y is automorphic of weight c(0)/2 for Aut(M).
(2) log|yh(Zy)| = — 248 — P log| Yyy|+2 +log(v/2m),
(3) For each Weyl chamber of @ x(f), Yu has an infinite product ex-
pression. When M is unimodular,

Ypu=e(pW),zw) ] Q—(e(hzu)®"
AeK,l(g, W)>0
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if f=>.c(n)g".

Remark 3.6.3. The original theta lift was not defined on all of D), (it was
defined away from complex codimension 1 Heegner divisors), but i), is.

Proof Sketch. We assume the simpler case where M, K are unimodular,
which implies that there exists a norm 0 vector, which is not necessarily
true for some even latttices, so we can choose z? = (z/)> = 0. We will
perform the following steps.

(1) @um(f)isthe constant term of the following integral at s =0:
2

A? mn
\/_¢K(f)+ ZZe( )s J (el

>0 +

—2my22)y " dy.

(2) Similarly use I functions: the integral equals

—s—1/2
87I(YM,p(W))+ZZ( 2) (O (s+ Lo Yoo C( 2/ exp(—271|(A, Yar))).

n>0 A#0€K,n>0

Using a Taylor series expansion, this is

4 ) —c(2%/2)log(1 - e(A, Xa) +il(2, Yar)]):

A#0eK

Div(yy) = Z)\Z/zgo c(A%/2)762, where 72, is the Heegner divisor UKGMIZ/ZZ;LZ/Z 0L,

Remark 3.6.4. This is an infinite union of hyperplanes, but actually we
should have been talking about Pic(D,,;/ Aut(M)) to make it algebraic (D),
is not), and so the infinite things occupy only finitely many orbits here,
so we're good.

Using this theorem gives a map .#,_,,2(pm) to Heegner divisors on
DM, by
F ) c222) 52,
22/2
If M has no norm 0 vector (which never happens if rank M > 5), then
this strategy doesn’t work. Borcherds uses a trick to handle this case.

Remark 3.6.5. This > 5 result implies that if Pic(S) has p(S) > 5, then S
is an elliptic fibration, S a K3 surface. Basically, if the Picard lattice has a
norm zero vector, then it must be an elliptic curve.

Lemma 3.6.6. ¢ (f) can be written as a linear combination of functions,
each the restriction to Dy of a function of the form ¢ e, (F)—singularities

where M is unimodular.
20
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Here F isrelated to f, and is also obtained by a theta lift. The idea here
is that we're just adding a unimodular lattice to get int he situation we
want.

Concretely, ¢ u(f) = @ poazt|Dy — Pronzlpuy- O
Next time, we can prove: if € M*, eg € C[M*] then

D> epq" Hp €Pic(Dy/ Aut(M) ® CIM]([4]].
nop

21
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4. GENERALIZED GKZ THEOREM

4.1. Heegner divisors. Let M be a lattice of signature (2, m). We identify
Dy =E2{wePM®C)|{(w,w)=0,(w, w) > 0}.

[It parametrizes the Hodge Structures on M of type (1,m,1).] To a 2-
plane, you form the X, + i Yy, from last time.

Iy ={g € Aut(M)| g acts trivially on M* = MV /M}.

Then %, :=T/\Dy is an irreducible, quasiprojective variety of dimen-
sion m, with at worst quotient singularities. This means in particular that
Pic(Zm)®Q=Cl(ZM)®Q, i.e. Zy is a Q-factorial variety.

Definition4.1.1. Given a pair n € Q<% and y € M*, we define

@/n,y = rM\Hn,y = Z VL /rM

(v,v)/2=n,v=y (mod M)
where v+t ={w e D,, | (v, w)=0}.
In general, %, , is not irreducible. It is called a Heegner divisor on X).

Example 4.1.2. (Degenerate case). We take %, as a Q-Cartier divisor to
be 0(1)/T'y;. (Equivalently, it'’s the Hodge line bundle on %),). This is the
“constant term” of a modular form. If y # 0, then n > 0 by convention.

Theorem 4.1.3 (GKZ). The generating series

®(q)= Z Z V-nrerq"

rEM* ne>°

is an element of Picg(X'm) ®q AMr4my2(0 ;) Where My m/2(0)) is the space
of vector-valued modular forms of weight 1+ m /2 and type p},.

4.2. Serre duality on modular curves. The idea of the proof is an appli-
cation of Serre duality.
Let ./ (p) be the space of global sections of the vector bundle

Er, =T\Mp,(R)x V/K

where (p, V)is arepresentation of Mp,(R) and K is the pre-image of SO(2)
in Mp,(R), so Mp,(R)/K =H.
In other words, .#(p) is H° of some vector bundle on a modular curve,
and Serre duality relates it to some H'! group.
Suppose I has only one cusp at oo (for us, I' = SL,(2Z)).
Set:
e g to be the uniformizing parameter of I at oo,
* Pow(I', p)=Cl[qlI®V,
e Laur(l', p)=C[[glllg~"] ® V22
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e Sing(I', p) =Laur(l’, p)/q-Pow(T, p), the space of singularities and
constant terms of terms of Laurent series at 0o.

There is a natural pairing
(—=,—): Pow(T’, p") x Sing(T’, p) —» C

where (f, @) = Res,—o(f ¢ q~'dq) (using the pairing of p and pV). This is
the residue of f¢ at oo, also the constant term of f¢ about g =0.
Recall that we have a map a: .#(p) — Pow(T’, p).

Theorem 4.2.1. LetObs,(I', p) = Sing(I’, p)/a(Mod(T’, p)). Then Obs,_(T’, p)
is finite-dimensional and dual to #(T', pV) under the pairing (—,—). In
other words,

a(Mody(T, p)) = a(Ax(T, p*))".

Proof. First, let us assume that p is 1-dimensional and acts trivially. Then
I" acts freely on H. In this case, £, = E , is the line bundle with H(%;) =
Mi(T).

Let Z.usp be the union of the cusps of X, which we think of as a line
bundle or element of Pic(X).

Then wx =%, %" _, since holomorphic 1-forms correspond to cusp

cusp’

forms of weight 2. By Serre duality,
Hﬂ(.,%k):Hl(o)X@Z,j): Hl(zg_k ®.,§./ﬂ* )

cusp

The pairing here is just the pairing we defined previously.

Now, H!(£) on a Riemann surface is precisely the obstruction of find-
ing a meromorphic section of £ with given singularities at some fixed
point, and holomorphic elsewhere. Applying thisto £ = %, ® .,‘Zc*usp,
we find that

HY (%« ® £* )=0bs, (T, k)=Sing(T, p)/a(Mod,_(T, p)).

cusp

That was the case of the trivial representation. In general, we can choose
a finite index subgroup I'” C I" such that p is trivial on I'” and [ acts freely
on H. To get back, the quotient is a finite group so you can quotient nicely.

0

Now, in order to prove that &(q) € 1 m 2(p ) ® Pic(Zm)g, it suffices
to show that Cf)'(q) is perpendicular to the elements of in the obstruction
space Obs_;_,,/2(pm) = Obs;_,,2(pm)Y. You can check this explicitly; it is
just multiplication of power series.

Proof of GKZ Theorem. There isamap &: Mod(I',, 1-7, pa) — Heegner(X')
sending g"e, — %, . if n <0, and crushing all holomorphic (g > 0) terms.
23
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Given f = Zyzn cn(r)q"e, € Mod(T'y;, 1 — %, p), Borcherds’ Infinite
Product Theorem gives a singular lifting: there exists Uy on 2, such that
Div(¥ )= Zn<0 cn(7)%,,,. This gives a relation in Pic(Zy).

Using the pairing (—, —) we have for any f € Mod(I'y, 1 — 7, p):

(f,®) =constant term of (f-®). = Z cn(r)e,q” Z Y nrq" ey
7N

y,n
= Z Cn(‘)’)@n,r
v,n

which is 0 as we just saw. Therefore, @ is orthogonal to Mod(T', 1 — = PM)
so it lies in Pic(Xn) ® A1z (py)-
As we saw, the key input was the explicit expression for Div(Wy). 0

24
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5. THE THETA CORRESPONDENCE

The goal is to prove the Kudla-Millson theorem. Recall that the Kudla
program predicts that the generating series of special cycles on arith-
metic manifolds is an automorphic form.

Let G be a reductive Lie group, K a maximal compact subgroup, and
D = G/K, a symmetric space. Let ' C G be a discrete subgroup, and
Xr=T\D.

In the case G = SO(V) for some quadratic space V, Kudla-Millson prove
that the generating series of special cycles is a Siegel modular form. Note
that this applies for arbitrary signature, and in that sense is stronger than
Borcherds’ theorem.

Example5.0.2. (Appliction to enumerative geometry)

Suppose V has signature (2, m) (i.e. we are in the Shimura case). The
result can be applied to reduced Gromov-Witten invariants on Kj sur-
faces (if m = 19). The reason is that the Hodge structure is (1,19, 1), so D
is the period domain.

If V has sign (p,q) with p > 2, e.g. (p,q) = (4,28) then it can be ap-
plied to Noether-Lefschetz theory on elliptic surfaces. Here the Hodge
structure o fan elliptic surface is (2, 28, 2).

5.1. Heisenberg algebra and Weil representation. Let V be a quadratic
space over F (we have in mind F = Q,Q,,A) or some totally real exten-
sion) of dimension m. Let W be a symplectic space over F of dimension
2n.

The goal is to construct a unitary representation on O(V)x Sp(W) (here

Sp(W) is the double cover of Sp(W). This is called the Weil representation.

Local Weil representation. Here we take F =, or R (though the discus-
sion applies to any local field or finite field of characteristic not equal to
2.) Let W be a symplectic space over F of dimension 2n.

Definition 5.1.1. The Heisenberg group associated to W is
HW)=Wea&F

with multiplication using the symplectic form on W:

1
(wy, )Wy, )= (w1 +w,, t +  + E(wly ws)).

Then Sp(W) acts on H(W) by g-(w, t) = (wg, t), with the action on the
center Z(H(W)) = F being trivial.
Remark 5.1.2. H(W)is a central extension of W by F:

0—-F—-HW)->W-—-0
25
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corresponding to the cocycle (w,, w,) — %(wl, w,). b TONY: [what if
you get rid of the 1/27]

Here is the most important result in the representation theory of the
Heisenberg group.

Theorem 5.1.3 (Stone, von Neumann). Lety: Z(H(W)) = F — C be an
additive character. Then there exists a unique irreducible representation
(py,S) of H(W) with central character), i.e.

Py((0,2))=1(¢)-1ds.
Example5.1.4. If dim W =2 (so Sp(W) = SL,), then we have

1
HW)= 0 |a,b,ceF
0

S~ Q
S pleY

Under this isomorphism, a and b are coordinates for a choice of isotropic
subspaces of W. Indeed, identifying W = F & F with the pairing matrix

0 1
(_1 0),we have

1 a %ab
((a,b),t)— [0 1 b
00 1

ddd TONY: [this doesn't seem to be correct] For an additive character
y: F — C*, we can realize the representation (py,S) with S = L?(F) and
Py actingon f €S by

1 a c
01 bl -fx)=y(—bx+c)f(x—a).
0 0 1

Schriodinger model. In general, (py,S) can be realized as follows. Write
W = X @ Y where X, Y are maximal isotropic subspaces of W. Let S =
< (X) be the space of C-valued Schwartz functions. This means more
concretely

C-valued locally constant compactly supported functions F=Q,

y(X):{

Schwartz functions F=R

For ¢ € .¥(X), the action is defined by

pw(x+y,r)so(x’)=¢(r+<x’,y>+§<x, P+,

Projective representation on Sp(W). For all g € Sp(W), we can form a

new representation pi(h) = py(g - h), which also has central character
26
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). By the theorem of Stone and von Neumann, there exists A(g) € Aut(S)
such that A(g)'p(h)A(g)=p(g-h)forall he H(W).

This defines a projective representation w,,: Sp(W) — GL(S)/C* send-
ing g — A(g), because A(g) is only defined up to scalars.

This isn't quite what we wanted - we wanted a linear representation.
We basically accomplish this by lifting to the universal cover:

—

Sp(W), GL[S)
Sp(W) —— GL(S)/C*

—_—

Here Sp(W)w is a central extension:

1—C*—Sp(W),, — Sp(W)— 1

We emphasize that Sp(W), depends on a choice of 1/, but they are all
canonically isomorphic.

Then we can lift w to a linear representation wy,w of Sp(W),.

Fact: take Sp(W) to be the double cover of Sp(W), corresponding to
1= s — Sp(W) — Sp(W) — 1.
Then §§;(W) = §ﬁ(W) X, C*. Now restrict wy, w to §f)(W). Then w, w is
given by

(‘3 tf?_l) ()= |detAlp(‘Av)

VBU
(0 7)em=vCe0)

0 -1 ~
(—I 0 )QP(U)—VSO(U)
where ¢ is the Fourier transform.
Now we define a representation O(V) x Sp(W). We have a map
O(V) x Sp(W) —Sp(W ® V).

In this case, S = (V") where 2n =dim W. -
Pull back the Weil representation to O(V) x Sp(W) and call it 63%/‘,, SO

&y, (8 Dp(x))= (g™ x)for g €O(V).

and&%'w(l, 8')(¢(x)) acts as the pullback of wy, wev of §ﬁ(W® V) via the

inclusion map Sp(W ® V).
27
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On Sp(W), the restriction of Gi,w to u, acts as z™ -1d for z € u,, where
m = dim V. In particular, if m is even then it factors through Sp(W). In
summary;, ‘Bﬁ,w factors through O(V) x Sp(W) if m is even. So let

Sp(W) m odd,

Mp(W):= {Sp(W) m even.

Anyway, we've constructed a representation 61‘2’,‘/ on O(V) x Mp(W).

Now that we have a representation, we can define theta functions.

00(8.8)= D, &Y (8 8N)E)

EeV(F)

where ¢ € (V") and F is a number field.

The Kudla-Millson theorem syas that there exists a very special ¢ =:

exms (V") ® .o/ (Zm), such that 0, ., is the generating series of special
cycles. That gives modularity, since 8 is evidently invariant. What we
have to do is compute the Fourier coefficients of this theta function.
5.2. Thetacorrespondence. Anyway, using the representation w := col'j)'f v
on O(V) x Mp(W), we define a theta correspondence between automor-
phic representations. The idea is to lift a modular form on Mp(W) to an
automorphic form on the product.

Notation: A is the ring of adeles of Q, G is reductive group over Q,
and G(A) its adelic points. For us, G = O(V) or Mp(W), so for instance
G(Q,)=SO(V®qQ),).

Recall that w was a representation on the sapce & (V").

Definition 5.2.1. On O(V) x Mp(W),

04(8.8)= D, (g gNP)E)

gev"(@Q)

This is invariant under O(V) and Mp(W) (the latter by Poisson summa-
tion).

Notation: L?(G(Q)\G(A)) is the space of square-integrable functions
on G(Q)\G(A). [Assume for now that G has no center.] Then by Lang-
lands, LX(G(Q)\G(A)) = L7, & L2 .. There is a further decomposition
of the discrete part into L%usp ® L2 .- The cuspidal part is “filled out”
by the cuspidal automorphic forms, and the residue part is filled out by
Eisenstein series.

These correspond to automorphic forms onI'\G(R)/K(R). If Ky € G(A )
andI'= KNG(Q), then I"\G(R)/K(R) - K(R).
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Now for the theta correspondence. Let .¢/¢sp(G) = {irreducible representations in Liusp}.
These are called cuspidal automorphic representations. We define a map

@://VZ Jchusp(Mp( w))— kdcusp(o( V)).

For (7, H) € .&cusp(Mp(W)), we denote 0(7) € .¢/cusp(O(V)) the representa-
tion

o(r)=1{0/(g) :=J 0,(8,8")f(g)dg'VfeH}.
Mp(Q\Mp(A)
Notice the similarity to Borcherds’ theta lifting. Here, convergence is ok
because we are working with cusp forms, and Mp(Q)\ Mp(A) has finite
volume.
Remark: 6(7) is not necessarily cuspidal.
Similarly, there is ©}) : .&eusp(O(V)) = . Housp(Mp(W)).

Example5.2.2. ¢(v)=]], e~"»¥) gives the classical theta functions.

Remark 5.2.3. (1) When does 6/ exist and 8(7) # 02 [Moeglon, Wee

Teck Gan, Takeda] It only depends on the pole of the L-function
of T.

(2) If6(7)# 0and itis cuspidal (which also depends on the L-function),
then 6(7) is irreducible.

(3) If 6(7) is cuspidal, then O}/ 0O}, (7) =1 (up to a character).

4) If T € .eusp(Mp(W)), for any V we have O},(7). Then we have
the following Ralli Tower property. Suppose for some V;, ©/5(7)
is cuspidal. Then choosing subquadratic space V' C V;, we have

o)

1o

@K}(T) =0,and ©,, (7). In other words, the first occurence
of non-zero theta lifting is cuspidal.

Note that this is again similar to Borcherds’ proof, lifting from sublat-
tices.

Next time, we'll show thatif 6, (g, g) is a theta function, for all ¢ Schwartz,
there exists a special Schwartz form, ¢ € (V")® C*(X) then 0,4(g, g8’) is
a theta form, and the Fourier expansion is a generating series for special
cycles.
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6. GEOMETRY AND COHOMOLOGY ON ARITHMETIC MANIFOLDS

Let G be a Lie group and K a maximal compact subgroup of G. Then
D =G/K is a symmetric space. Let I C G is a discrete subgroup.
(1) Connection between H*(I'\D,C) and relative Lie algebra coho-
mology. (Matsushima formula)
(2) (g, K)-cohomology.

Because D is contractible, H*(I'; C) = H*(I'\D; C) as '\ D is contractible.

6.1. (g, K)-modules. Let g = Lie(G). Given a representation (7, V) of G,
we associate a representation of g as follows.

Definition 6.1.1. An element v € V is smooth if for X € g,
exp(tX)-v—v
X-v:=lim L
1—0 t
exists.

Remark 6.1.2. This is only interesting when dim V = oo; when dim V < co
then all vectors are smooth.

Definition 6.1.3. v €V is K-finiteif dim K - v is finite.

The idea is that if we view (7, V) as a representation of K, we have V =
P V; as a K-representation (because K is compact). Decomposing into
irreducible classes, we have V = @ V*". Then K-finite is equivalent to
m; being finite for all i.

Definition 6.1.4. A (g, K)-module is a C-vector space V together with a
representation of g on V and a continuous action of K on V such that

(1) everyvectorin V is K-finite,

2) %ltzo(exp tY)-v)=Y v,forve VandY € Lie(K).

3) k-(X-v)=Ad(k)X:(k-v)forallveV,keK,X g.

Facts: for all unitary representation (7, V) of G, one can associate a
(g, K)-module by taking

Vf°° := {k — finite smooth vectors on V} C V.

Theorem: if (7, V) = (7, V') is an isomorphism of unitary representations,
V),

Example6.1.5. The Weil representation (w, ¥ (X)). Its (g, K) = (sp, 6(713) is
on S?O = {po(x)p} where p is a polynomial on X and ¢(x) = exp(—(x, x))
[note that this is G-invariant]. dd& TONY: [There was some confusion
why not to allow other Gaussians - not totally satisfied. Perhaps involves
the discrete guy I
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6.2. Relative Lie algebra cohomology. Given a (g, K)-module, let (7, V)
we can define the cohomology H*(g, K; V) to be the cohomology of the
complex Hom,y(/\"p, V) where g = £+ p is the Cartan decomposition. The
differentials: if f: /\kp — V, then d f(x1 A... Axg) = X (—DFx; f(35).
add TONY: [check this]

We say that (7, V) is cohomological if H*(g, K; V) # 0.

Example6.2.1. If G=0(p, q), then Lie(G) = { (3 2) + (t(;)( )0())}'

Example 6.2.2. If G = K is compact, then H*(G,C) = H*(&, C*(G)). This
is de Rham’s Theorem. Why is it true?

{k — forms on G} = Hom(/\k g, C®(G)). For w, and X € g viewed as a
left-invariant vector field, we get w(Xj, ..., Xi) € C®(G).

Recall that: if (7, V) is a representation of a reductive Lie group G, we
can associate a (g, K)-module

Wf") ={ smooth, K-finite vectors in V}.

We introduced this in order to connect the cohomology of arithmetic
groups with Lie algebra cohomology.

Suppose (p, V*®)isa (g, K)-module. Then H*(g, K; V*®):= H*(Hom(/\" P V*®))
where g =@ P is the Cartan decomposition.

Example 6.2.3. When G is compact, we g == P. Then
H*(g,C*(G)) = Hy(G,C).

This is essentially because there is a bijection

k
{k —forms on G} — {Hom(/\ g, C*(G))}

sending w — w(Xj, ..., X) C C*(G) where the X; are left-invariant vector
fields.

6.3. L?-cohomology. Let Y =T\D and D = G/K, T a torsion-free arith-
metic subgroup of D. We produce now a non-smooth analogue of de
Rham cohomology which will be better suited for noncompact spaces.

Definition 6.3.1. Let Q°(Y) be the de Rham complex on Y. Define the L?-
complexonY

Q(iz)(Y) = {C—valued smooth square-integrable i-forms, whose d is still L?}.
This forms a complex under exterior derivative, and we define

H,\(Y,C):= H*(Qg'z)(y), d).
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The point of this is that it allows us to imitate Hodge theory for com-
pact manifolds. By Hodge theory,

H,(Y,C)=2(Y)= {L?> —harmonic forms on Y}

if HE“Z)(Y, C) is finite-dimensional (it often is not).

Remark 6.3.2. This isomorphism actually factors through FI:( Y, C), called
the “reduced L?-cohomology,” which is always isomorphic to #*(Y).

In general, the map #(Y) — H,(Y,C) is neither surjective nor injec-
tive.

H;,(Y,C) is not preserved by homeomorphisms, unlike de Rham co-
homology. So it’s really not a topological invariant.

When Y is complete (every geodesic is global), ﬁ;)(Y, Cc)= HE;)(Y, C)if
the latter is finite-dimensional. Fortunately, all arithmetic manifolds are
complete because there is a group action.

By work of Zueker and Borel: for G =SO(2,n) and Y =T'\D,

HE"Z)(Y, C)= H*(Y,C)when i < n.
Corollary 6.3.3. H(Y,C) has a pure Hodge structure when i < n.

In general, for noncompact manifolds (even “nice” ones like hypersur-
faces) you can only expect a mixed Hodge structure.

6.4. Matsushima formula.

Theorem 6.4.1 (Borel, Casselman). If the spaces are finite-dimensional,
then
H'(g, K; 1%, (T\G)) = Hy, (1, C)

disc

This implies that
H, (Y,C)= €D m-H*(g, K, 7).

7 irred.
There is a map
H*(g, K; LY, (T\G) — H*(Y, C).

disc

Remark 6.4.2. We have Hy, (I',C)= H*(g, K, L2 (T\G)

For example, if G = SO(2, n) the Vogan-Zvekerman says Hi(g, K; )= 0
if i <n/2 and i is odd. Thus we get this vanishing for H/, (', C).

Application: H'(Y,Q) =0 if Y is a connected Shimura variety of (real)
dimension at least 3, hence Y has trivial Albanese.

(2) Consider {special cycles of codimension i} ¢ H?(Y,C). For i small

enough, this decomposes as
P m.H (g, K; n>)
v
32



Math 245C 2015

where 7w comes from the theta correspondence (recent result of Li, Mill-
son, Reregeron, Moeglin). So checking classes coming from special cycles
is equivalent to checking representations coming from the theta corre-
spondence!
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7. KUDLA-MILLSON SPECIAL THETA LIFTING

Observation:
H'(Y,C)=H"(g, K;SV"))
where G = SO(p,q) =SO(V), K =S(O(p) x O(q), and S(V") are Schwartz
functions on V" (in particular, lying in L?), and .¥#(V") is the Fock space.
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8. MODULARITY OF GENERATING SERIES OF SPECIAL CYCLES

8.1. Construction of special cycles. Let V be a quadratic space over QQ of
signature (p,q), G = SO(V)?, and g = Lie(G(R)). The Cartan decomposi-
tion is g =p + ¢, where

~J(0 X ~
(2 ¥)xenn 2

This has a natural basis X,, wherel1<a<nandp+1<u<m=p+gq.
As usual, we set D = G(R)/K(R) where K(R) = SO(p) x SO(g) is a maxi-
mal compact subgroup of G(R). Then D can be identified with the Grass-
mannian of g-planes in V ® R, by the usual presentation of the Grass-
mannian as a quotient of a Stiefel manifold. Then for z € D, we have

TZ*(D) =pt= {wa,u = XZ'H}

Definition 8.1.1. Let k be a positive integer. For v € V®*, we define U =
U(v) to be the Q-subspace of V spanned by the components of v. Let

D,={zeD|z 1 U}

identifying D as the Grassmannian of g-planes in V®R.

Note that if r =rank U, then D, = SO(p — r, q) has codimension rq. In
particular, generically rank U = k so C(U) :=I'y\D, is a codimension kq
cycle. Here I' is a congruence subgroup of G, and I'y is the stabilizer of U
in I', which admits a natural inclusion into Y =T\ D.

For any 8 a k x k symmetric matrix over (Q, we set

_ k l(v,v):ﬁ as matrices
Qﬁ - {l) €V | ’ dim U(v)=rank 8 }

&b TONY: [is the second condition redundant?]
Definition 8.1.2. Let 8 be as above. Define the codimension ¢q - rank()-
cycle Z(8) = Zuer\nﬂ C(U(v))in Y=T\D.

add TONY: [why finite?]
However, at this point Y is not a Shimura variety, so we want to put
some extra cycle on it. #dé TONY: [don't understand this “philosophy"]

Definition 8.1.3. The Euler form e, € 29(D) is defined as follows: e, =0 if
q is odd, and otherwise

1)1
«=\"17] 0 ZS sgn(0 ) 1)o(2) Ao (3)0(4) - - - A Wo(g-1)o(q)
g&E q

where g =20, Q;; =) wqi Awqj, and wg; € p* = T*D as before.
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Remark 8.1.4. When g =2, e, is the Chern class of the Hodge line bundle
on Y. When g =2, D parametrizes Hodge structures of type (1, p, 1), and
the Hodge bundle is the line bundle L — D whose fiber over z € D is the
H?Y of the corresponding Hodge structure.

Let t =rank(f). We define
[zp] == [Z(B)IA eb’;‘t € H*(Y,C).
Here the class [z()] € H"9(Y,C) is defined by the usual Poincaré duality:

n.—>J n forneHI7'(Y,C)
z(f)

where we have used that e, is I'-invariant, because it comes from the
Hodge bundle and I" doesn’t affect the Hodge structure.

Remark 8.1.5. Arelated fact used often in analysis is that we can just take
n a closed pq — tq form rapidly decreasing. This is equivalent because
every closed, rapidly decreasing form differs from a compactly supported
form by something exact.

For n) a rapidly decreasing pg — kq form, we write

— k—
<Zﬁ’77>—f nie, .
z(B)

Theorem 8.1.6 (Kudla-Millson). The generating series

k
P(T,n)zz Z ([zp],m) exp(2mitr(f 7))
=0 BEMuxn(Q)
B symmetric, rank n
is a Siegel modular form of weight m /2 for some congruence subgroup in
Sp(W). Here we view © as an element of the Siegel upper half-plane 76,
so Bt is a product of matrices.

When ¢ is odd, the only non-zero term comes from 8 with rank k be-
cause there is no e, hence P(7,n) is in face a cusp form. When ¢ is even,
P(7,n) is Eisenstein series (this case is more interesting because g =2 is
the Shimura case. Recall from Borcherds’ setting that this case gave the
Hodge line bundle.)

Example8.1.7. For p =2, Y =T'\Dis a connected Shimura variety (parametriz-
ing Hodge structures of K3 surfaces). This recovers Borcherds’ GKZ The-

orem.
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For p =1, Y is a hyperbolic manifold and the special cycles are “to-
tally geodesic submanifolds,” so this tells us that the generating series of
totally geodesic submanifolds is a Siegel modular form.

Idea of Proof. P(7,n)is the Fourier expansion of the theta series defined
previously.

8.2. Theta functions and theta forms. Recall that we have a Weil repre-
sentation w on G x G/, where G = SO(V) (signature p,q)and G’ = Mp(W)
(the symplectic group of W if p +¢ is even, and a double cover if it'’s odd).

Definition 8.2.1. View w as a representation on G(A) x G’(A) (via work of
Weil). G x G’ acts on S(V"*(A)), the space of Schwartz functions. Given
@ €S(V"(A)), we define

0,(8,8)= D, w(g g) )
EV(Q)

Note that w = w, depends on a choice of additive character, which we
suppress.

Example 8.2.2. If ¢ = e~">¥) then one gets something looking like the
classical theta functions.

To remind you of the representation w(g, g’), the above is

D w(gNe)g ).
xeVnQ
The idea is that if we choose a Schwartz function ¢ which is K x K’-
invariant, where K is the maximal compact of G(R) and K’ is a maximal
compact of G’(R), then 6, descends to a function on G(Q)\G(A)/K, and
if you then quotient by some level you get I'\ D.
More generally, we can choose some “Schwartz form”, i.e. an element
of #(V"(A))® (D). Similarly, we define the theta function

0,(8,8)= Y (g gNe)x).
xeV™(Q)

For fixed g’, this is a differential form on I'\D. Then you view this as a
function on G’, and show that you get a modular form.
Let us take K-invariant Schwartz functions/forms:

S(V'(R)X <& [S(V™(R))® C(D)]¢®

by evaluation at a base point of D. Then for ¢ = ¢ ® ¢, where ¢ €
[S(V"(R))IX, 8,(g, g’) descends to a function on D.
Similarly,

[S(V"(R)@Q/(D)] ™ = [S(V"(R) @ A'p*]*
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where Lie(G) = Lie(K)® p. For ¢ = ¢ ® p, where ¢ € [S(V'(R)) ®
/\l(p*)]K , 0,(g, g') descends to a differential i-form on D.

We want g’ also to descend to some function on G’/ K’. More precisely,
the hope is that 6,(g, g’) descends to a (holomorphic) section of some
line bundle on G’(R)/K’. This is basically the Siegei upper half space b,,,.
That is exactly the notion of Siegel modular form! So if we can prove this,
then we will have that 0,(g, g’) is a Siegel modular form as a function of
g
The point is then that a clever choice of ¢ will turns 6,(g, g’) into the
generating series for special cycles.

Differentials. From w, we get a Lie(G) x Lie(G’) action on the Fock space
S (VMA)) c S(V'(A)) #d# TONY: [gah] which was the subspace of
functions of the form {p(x,,...,x,)po(x)} where p is any polynomial and
@ is exp(—tr(x, x)).

Definition 8.2.3. Let C* = [\'p® \' (M) ® < (V*(R)) ® Cy,,]X*K’, where
Lie(G’) = Lie(K’) @ [ (Cartan decomposition), and [ = [* @ [~ via the com-
plex structure. Here y,, is the character g’ — (det g’)"/2.

So the above is smooth i-forms on D and antiholomorphic /-forms on
D’'=G’/K’. It forms a double complex with d and 8. Here d comes from
the exterior derivative Q°(D) — Q**1(D), so d: C* — Ci*1/, On the other
hand, @ comes from the differential operator Q*(D’) — Q*+1(D").

Using the theta correspondence, we can construct a correspondence
between differential forms on D and holomorphic forms on D’. With j =
0, we get holomorphic functions. So this is a correspondence between
two Shimura varieties.

Let S(V"(A)) be the space of adelic Schwartz-Bruhat functions. For ¢ €
S(V"(A)), we write ¢ = ¢ ® o Where Yo, € S(V(R)) and ¢ € S(V"(Af)).

By abuse of notation, we consider ¢, € C?/ (a Schwartz function ten-
sored with forms). We say that it is holomorphic if  p, = 0 in the d-
cohomology of the double complex, i.e. this is dy for iy € Ci=1i+1, We
say that @ is closed if d 9, = 0.

Definition 8.2.4. For a rapidly decreasing closed pg — i form n on Y, we
define

9¢(n)=f n/\e(p(grg/)
Y

where ¢ = ¢ ® @ and Yo, € CH0.
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The goal is to show that for some g,

0,(n)=P(n,7).

Proposition 8.2.5 (Kudla-Millson). If ¢, € C'0 is closed and holomor-
phic, then 0,(n) is a holomorphic section of £, =G’ xC,,, /K'.

Note that 0,(n) is a section of .%,, because ¢, € [(/\i P®S(VHR))®
Cym]®K because k’- po, = (detk’)"/? .

To show that 6,(n) is actually holomorphic, we need to check that 59¢ (n)=
0. By definition, and using that @ is only on the metaplectic half,

00,(n)= 5J nAB,(g, 8"
Y
_( o(NAb,(g,8))
Y
[

= | nAd(0,(g,g")

9 ~

= | nnb5,(8.8)

<

= | NABay(g, g")

Y
= f nnd(0,(g,8")

Jy

= | dinn0y(g,g")

Y

- J
=0
because n A 0,(g, g’) is rapidly decreasing. We need the following:

(1) find s € C"90 which is holomorphic and closed.
(2) Prove 6,(7)=P(71,n).

If (1) is true then 6,(n) is a holomorphic Siegel modular form of weight
m by the previous theorem.

You basically choose the finite part ¢ € S(V"(Af))! arbitrarily. If you
don'’t get something invariant on ¥ = I'\D but on ¥ = T'\D where T is a
finite index subgroup, then you can take invariants to get something on
Y.
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Construction of (1). (This is called the Kudla-Millson special Schwartz
form) I will construct

q
v € [S(V'(R) @ QD)) = (' (V" (R))® /\(p")]~.

Note that this is not C"4° because there is no character, but we will prove
that it our @y does lie there.

(1) Define a Howe operator

. o+q
A: S (VR)® \p* = S (VR)® /\ p*
defined by
1 p+q p 1 8
A_E 1_[ |:(Zxd_§a_xa ®Aau
p=p+1 L \e=1

where (x,...,Xx,44) are the coordinates on V(R), A, is the left
multiplication by w,,, which was dual to X,.
(2) pq=Alpo), where g, is the standard Gaussian

Yo = exp(—2mi tr(x, x)).
Then ¢, € [ (V(R))®Q4(D)]¢. Then finally
Prm=PqAPg ... Ay €L (VR)@Q(D)°.

Remark 8.2.6. (V"(R)) = {p(v1,...,vs)po}. There’s an intertwining op-
erator with P(C™") = P(z,,) taking ¢, +— 1. Then

p
1 0 1
L - ['=—zy
(Zxa Zﬂﬁxa) omi Y

a=1
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