
Runge Kutta methods are ways of �nding numeri
al solutions to the ordinarydi�erential equation
dy

dx
= f(x, y)with initial value (x0, y0). The simplest su
h method is Euler's method where toapproximate the solution y at some value x we divide the interval [x0, x] up intointervals of equal size h (
alled the step size) and we de�ne the sequen
e (xn, yn), by

xn+1 = xn + h

yn+1 = yn + hf(xn, yn).We hope that as h → 0, the 
al
ulated approximation to f(x) will tend to the a
tualvalue of f(x).Thus in between xn and xn+1 we are approximating the solution by a straightline whose slope is f(xn, yn). The 
orresponding 
hange in y is hf(xn, yn).In the spe
ial 
ase where f(x, y) is independent of y, 
all it f(x), the solution tothe di�erential equation is y =
∫

f(x)dx. Thus Euler's method would be a numeri
alintegration of the fun
tion f(x). The value hf(xn) is the area of a re
tangle whi
hwould o

ur if we were using the "left end-point" integration. Thus Euler's methodgeneralises the left end-point rule, a very 
rude method.Runge Kutta methods use di�erent values of f(x, y) for x in the interval [xn, xn+1]to 
ome up with an approximation of yn+1. The most well known of these appearsto be RK4 also known as the Runge-Kutta method.To de�ne RK4 all we have to do is spe
ify how yn+1 is obtained from yn. Forthis purpose one de�nes (with xn+1 = xn + h)
k1 = f(xn, yn)
k2 = f(xn + h
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k4 = f(xn+1, yn + hk3)EXERCISE 1: Draw a diagram of a dire
tion �eld for x between xn and xn+1 =
xn + h to illustrate the meaning of the slopes k1, k2, k3, k4.Then yn+1 is de�ned to be

yn +
h

6
(k1 + 2k2 + 2k3 + k4)In the 
ase where f(x, y) is independent of y we see that k2 = k3 and that RK4is nothing but Simpson's rule!EXERCISE 2: Use RK4 with step size 0.1 to approximate the solution to dy

dx
=

x + y with x0 = 0, y0 = 1 for x = 0, 0.1, 0.2, 0.3. Che
k that y = 2ex
− x − 1 is thea
tual solution to the ODE and 
ompare the values with those 
al
ulated by RK4and Euler's method (values 
al
ulated in the book, page 576).1


