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Null form estimates for second order hyperbolic operators
with rough coefficients

Daniel Tataru

ABSTRACT. It has been known for some time that in the L?Lg bilinear dis-
persive estimates for the wave equation the worst interaction occurs between
spatially concentrated waves which travel in the same direction. Such inter-
actions, however, are essentially canceled for a special class of bilinear expres-
sions, called null forms. In this article we prove certain null form estimates for
second order hyperbolic equations with rough coefficients. This extends some
earlier LP results of Wolff and Tao for the constant coefficient case, and also
some L2 null form estimates for operators with rough coefficients due to Smith
and Sogge.

1. Introduction

We first describe the Strichartz estimates for the constant coefficient wave equa-
tion,
Ou=0 inR"xR.

We denote by X the space of L? solutions to the homogeneous equation,
2 2 2

[ull% = [lu(0)l[Z2 + lue(O)]I5 -

One can think of this norm as an energy functional, since it is conserved in time.
We say that the function u is localized at frequency A if the Cauchy data

(u(0),u¢(0)) has Fourier transform supported in the region {|¢| € [\, 4\]}. We
denote by X, the closed subspace of functions in X which are localized at frequency
A. Then one can express the Strichartz estimates in the form

lullprre S Aullx,  we X
We rewrite this as
(1.1) Xy CALP(LY)
and use this type of notation from here on. The exponent s is determined by scaling,

1 n n
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and the exponents 2 < p, g < oo satisfy the relation
(12) 2ol onl

D q 2
with the exception of the forbidden endpoint (p,q,n) = (2,00,3). Note that the
interesting case is when the equality holds, the rest follows by Sobolev embeddings.
Also one can recover the complete family of estimates from two endpoints!, namely

(00,2) (4, 00) n=2
(0 22020 azs

We refer the reader to the survey article Ginibre-Velo [3] and references therein,
and also to Keel-Tao [4] for the endpoint estimates. If one considers instead second
order hyperbolic operators with rough coefficients ¢%/9;9; then similar estimates
hold locally in time if the coefficients are C? (see Smith [8], Tataru [11]) or more
generally if V2g € L'L> (see Tataru [12]).

To see that the range of exponents (p,q) in (1.2) is sharp it suffices to look
at Knapp’s counterexample. This is a highly focused wave which at frequency
A and time-scale 1 is like a smooth bump function in a parallelepiped of size
A1 x ()F%)"’l x 1. To understand its spatial orientation one can think of a
A~ x (A=2)7~! parallelepiped at time 0, which travels in time with speed 1 in the
“normal” direction. From here on we call such solutions more concisely A-wave
packets.

On the Fourier transform side, the initial data for A\-wave packets is concen-
trated in a dual region, namely a sector of the annulus {|¢| € [A,4\]} of size
A x (A2)"~L. This corresponds to an angle of size A"2.

Consider now bilinear estimates of the same type. Then the situation becomes
more complicated, because one needs to consider interactions between very different
frequencies. There are two cases to consider:

a) The two factors have approximately the same frequency A. Then the product
is localized at frequency at most A, therefore it is interesting to consider expressions
of the form S, (X, - X) with g < X\. Here S, is a multiplier which selects the
frequencies of size O(u).

b) The two factors have very different frequencies p < A. Then the product
is localized at frequency A, therefore it suffices to look at expressions of the form
Xn- Xy

Corresponding to these two cases we now describe the bilinear estimates. How-
ever, instead of writing the complete family, it is easier to write the relevant end-
points, from which everything else follows by interpolation and Sobolev embeddings:

Su(Xy-Xy) CL®LY,  pAsL2L™ n=2,

(1:3) Su(Xy- X)) C L®LY, piiAL'L"s  n >3,
respectively
X)X, C L®LY, piLAL?, piNIL2L>® n=2,
(14) XX, CL®LY, per0[2Li=, ATt L LA n=3,4,
Xy- X, CL®LY, poin[2Li=, paroABLILAS n>5.

1StI‘iCt1y speaking this claim is false for n = 3 where the endpoint estimate is false; however,
it is “almost” true
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Note that in these estimates it becomes important to have the correct balance of
powers of A and p. In several cases this differs from the trivial one obtained simply
by applying twice the linear estimate (1.1). This is the case with the second part
of (1.3) which was proved in [6]. It is also the case with the third part of (1.4) for
n > 4, which is still a conjecture (see also [2]).

All these bilinear estimates are sharp in the case when both factors are A-wave
packets or p-wave packets traveling in the same direction (or combinations thereof
on different time scales). On the Fourier transform side, this means that the sectors
of size A\"2 or ,u*% where the Fourier transform of the corresponding initial data
is concentrated are oriented in the same direction. However, it is best to look at
this using a space-time Fourier transform. In space-time we denote by £ the time
Fourier variable and by 7 the time Fourier variable. The symbol for O is 72 — £2,
which vanishes on the characteristic cone

K={r"-¢ =0}

The Fourier transform of a solution to the homogeneous wave equation is a distri-
bution supported on K. If one multiplies two such solutions, this translates into a
convolution in the Fourier space. Then it becomes interesting to look at sums of
covectors on K. Observe that the sum of two such covectors is “close” to K if and
only if the two covectors are “almost” colinear. This corresponds exactly to the
case of the product of two wave packets which travel in the same direction.

It was observed some time ago in Klainerman-Machedon [5], Bourgain [1] that
the range of exponents (p, q) for which bilinear estimates hold can be increased if
one avoids the above mentioned type of interaction. This can be done either by
replacing the product by a null-form, i.e. a bilinear form whose symbol vanishes
when its two arguments are colinear and on the characteristic cone, or simply
by assuming some angular separation between the Fourier transforms of the two
factors.

Some of Klainerman-Machedon’s L? null form estimates were later extended by
Smith-Sogge [9] to second order hyperbolic operators with C? coefficients. However,
obtaining LP estimates for p # 2 turns out to be a considerably more difficult
problem.

In a recent article Foschi and Klainerman [2] provide a tentative description of
all possible estimates of the type

DR DY DO~ (X, - X,) C A2 LP LY
where D, D, and D_ are multipliers with symbols |£], ||+ |£| respectively |7|—|£].
Note that D_ is the symbol which vanishes on vectors on the characteristic cone,
thereby providing some cancellation for products of waves which travel in the same
direction.

The conjectured range of p, q is?

(1.5) 2, ntl
p q

One should compare this range with the (doubled) range in (1.2), which is sharp

for estimates where no cancellation occurs.

Inequalities of this type were studied recently by Wolff [13] and then Tao [10]
in the special case when p = ¢q. They consider products of two solutions to the

<n+l1 1<p,q < o0

2To this one should add the restriction p > % in dimension n = 2
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homogeneous wave equation for which the supports of the Fourier transforms are
separated by an O(1) angle. If we denote such products by X»*X,,, then their result
can be stated as

XX, C AT T stam LI 6> 0.
Wolff’s original result is an L? estimate for p > Z—ﬁ’ and A = u, while Tao obtains
the endpoint and extends the estimate to the case A # pu. Combining this result
with dyadic and angular decompositions and with Lorentz transforms, Tao [10]
observes that this implies most of the Foschi-Klainerman conjecture in the case
p=gq

Our goal here is twofold. On one hand we want to extend the results of Wolff
and Tao to the case when p # ¢, while on the other hand we want to have the result
applicable to second order hyperbolic equations with rough coefficients. To gain in
generality in terms of the regularity of the coefficients we make some compromises
with respect to the type of estimates we prove.

On one hand, we allow a loss of an € in the power of y in the estimates. In this
regard our estimates are comparable to Wolff’s non-endpoint result. Conceivably
one could use some of Tao’s arguments in [10] to gain the endpoints, but this would
increase the complexity of the argument by orders of magnitude.

On the other hand, sharp angular separation is not easy to define in the rough
coeflicient case, nor is it easy to define the operator D_. Consequently, we limit
ourselves to bilinear null-form estimates. This is not a serious restriction since on
one hand these are the type of estimates which are needed for applications, while
on the other hand in the constant coefficient case one can combine the null form
estimates with Lorentz transforms to recover the estimates in the form stated by
Foschi-Klainerman.

Finally, we focus on LP LY estimates with p, g on the end line

(1.6) 2, ntl
p

Of course, for larger p and/or ¢ one can use Sobolev embeddings and/or interpolate
with the bilinear Strichartz estimates (1.3), (1.4). However, there are still two end-
points missing, one of which is the counterpart of Tao’s missing endpoint in [10].

We consider a second order hyperbolic operator

Dg = gij&»@j

with variable coefficients g®. All our estimates are true when VZg € L' L>°. How-
ever, instead of making such an assumption on the metric we postulate the existence
of a parametrix, constructed as a superposition of wave packets. Then we show how
the estimates follow from certain geometric properties of the wave packets. This
has two advantages. On one hand it makes the connection between the properties
of the Hamilton flow and the estimates very explicit. On the other hand the result
is more robust and can be applied for certain metrics with less regularity which
arise in the study of nonlinear hyperbolic equations (see Smith-Tataru [7]).

A null form is a bilinear quadratic form

B(u,v) = b" 9;ud;v

whose symbol b ¢;n; vanishes when £ and 7 are colinear and on the characteristic
cone

=n+1.

K ={g"¢&¢; = 0}.
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All null forms are linear combinations of two special types of null forms, namely
Bij(u,v) = 0;udjv — djudiv, Bolu,v) = ¢g" d;ud,v.

In our estimates we work with approximate solutions for the wave equation, there-
fore we should allow for inhomogeneous terms in our equations. Hence we need an
in homogeneous replacement for the X spaces. Consequently, we set X' to be the
space with norm
lullxr = [Vul|peo 2 + [ Ogull1p2.

The subspace of X! which contains functions with space-time Fourier transform
supported in {\ < [¢| < 2A} is denoted by X}. This is only a naive definition, it
will be modified later to enlarge the space and make it more stable with respect to
various operations.

The estimates we prove in this article are local in time. For the reader’s con-
venience we state them here in the same format as (1.3) and (1.4), including the
trivial L% L' bound coming from the energy estimates. Let ¢ > 0. For u < X\ we
get

S,B(X}, X)) C uA~'L®LY, NipcLs L2 n=2,
S,B(XL,X1) C pAIL®LY, ARH iR LD > 3.
while for 4 < A we have

18) B(Xi, X} c L>eLY, s TeL2L3, NipcLs L2 n=2,

n+1 n+1

B(XL,X1)C L®LY, prrnt 205 \burtan LR p >3,

(1.7)

Interpolating between these endpoints we obtain a set of sharp estimates (modulo
the € exponent) on the line (1.6). As mentioned before, there are two endpoint esti-
mates away from this line but within the range conjectured by Foschi-Klainerman
which do not follow from the above ones. One applies to the (A, \) — u case,

SuB(X), X)) CpATiLi LY n=2,
SuB(X}, X)) C uL'L7=2  n>3
and the second to the (A, u) — X case:
B(X},X}) CATpSLSLY n=2,
B(X}, X)) C Mpme LS s
2. The wave equation parametrix

This section contains our assumptions on the metric g and on the corresponding
hyperbolic equation. All the analysis we do is local in time. Hence, because of the
finite speed of propagation, we can localize the estimates spatially as well. To fix the
speed of propagation we assume that the coefficients g’/ are a small L> perturbation
of the coefficients of the d’Allembertian and that the speed of propagation is smaller
than 1. We set

Q= {1l <1l < 1)
to be the region where we want to obtain the bilinear estimates. For C' > 0 we
denote by C'Q the cube with the same center but C times larger in all directions.
By C.Q we denote the parallelepiped with the same center and the same time
length, but whose spatial size is C' times larger. In the sequel we assume that the
coefficients are defined in a larger region 9,Q. By X3 (Q) we denote the functions
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in X1(Q) whose Cauchy data vanishes on the time-like (i.e. lateral) boundary of Q.
The notation C§°(Q) has a similar meaning. On the metric g we impose a minimal
regularity assumption, namely
(P1) The metric g satisfies || Vg p1 o (9,0) < 1.
Here we assume smallness only in order to make this assumption consistent with
the remaining assumptions. In general this can be always achieved by dividing the
time interval into smaller subintervals.

REMARK 2.1. It is useful to observe that this assumption is scale invariant,
i.e. for any cube R C @ of size r the metric g(rz,rt) uniformly satisfies the same
condition in R.

However, we make a stronger assumption concerning the existence of a wave
packet type parametrix for the wave equation. The idea is quite simple, namely to
decompose the frequency A localized solutions v to Ogu = 0 into a sum of almost
orthogonal wave packets. One can think of the wave packets as the building blocks
for solutions to the wave equation.

There is more than one way of constructing wave packet parametrices for the
wave equation. In the constant coefficient case this is essentially done by decompos-
ing the initial data in both space and frequency on scales consistent with the uncer-
tainty principle which remain coherent on the unit time scale, see e.g. Wolff [13].
In the variable coefficient case, a different wave packet parametrix was constructed
in Smith [8] for operators with C1! coefficients. His approach extents with little
change to the case when 9%g € L'L> (see also Tataru [12]). Recently, a similar
parametrix was constructed in Smith-Tataru [7] for certain operators whose co-
efficients have even less regularity, arising in the study of nonlinear second order
hyperbolic equations.

We do not want to tie our present result to any single wave packet parametrix.
Instead we assume that for each frequency A\ we have a family 7, of subsets of 8,Q
which we call A-tubes. In addition, for each T" € 7 there is a family of functions
in 8, supported in T which we call normalized A-wave packets. The properties of
the wave packet parametrix for frequency A localized solutions to the homogeneous
equation Ogu = 0 are summarized as follows:

(P2) Let A > 1. Let Sy be a multiplier whose symbol is supported in {|§| €
[2,16A]}. Let x € C§°(9.Q). Then
(i) For any collection {ur}rer, of normalized A\-wave packets we have

XO arur||x1 ar|”.
xS 1% S lar?

TeTy TeT,

(ii) For each solution v € X§(6,Q) to the homogeneous problem Oyv = 0 there
is a A-wave packet superposition u which depends linearly on v of the form

u = E arur
TeTy

so that
Z \aT|2 S ||’U||§(1(Q)
TeTy

and

IxSa(u = v)lx1@) < llvllxr(@)-
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Furthermore, this is assumed to hold uniformly at all scales less than 1 (see Re-
mark 2.1).

Clearly, obtaining estimates for superpositions of wave packets must use some
geometric information on the A-tubes and A-wave packets. The complete geometry
is, however, not necessary for our arguments. Instead, we only need one geometric
condition, namely a characteristic energy estimate. This would be easier to state
in the absence of Sy in condition (P2), namely

PET )
(2.1) Iy Blur,v)lx@uses S 63T bl

TeTy
However, the multiplier S, is needed because the functions up are sharply localized
in the physical space so they cannot be simultaneously localized in frequency. To
deal with this uncertainty principle problem we allow some more freedom in the
estimate. Given a A-tube T and a point P we define

xr(P) = (1+ (P, T))~",
where N is a large number. Then the desired characteristic energy estimate is
(P3) Let x € C(Q). For any point P in Q and any collection ur of nor-

malized A-wave packets we have

(2.2) > X3 (P)lIxz BxSaur, v) |22\ spoy ST VAZ ||U||§(5(Q)‘
TeT

Furthermore, the above property is assumed to hold uniformly at all scales less than

1 (see Remark 2.1).

REMARK 2.2. The energy estimate (2.2) is true for Smith’s parametrix, and
it is relatively easy to obtain. This is discussed in the Appendix. Furthermore,
although the matter clearly becomes more delicate, it appears that it also holds in
the setup of Smith-Tataru [7].

3. The main result

Before we state the main result we address the question of defining precisely
the X i spaces; one issue we must consider comes from the uncertainty principle,
as we want to localize both in space and in frequency. Secondly, our proof uses
a wave packet decomposition in which the range of frequencies is increased by a
factor. This would not cause any problems in a direct argument, but is somewhat
annoying in a proof as this which uses induction on scales. These factors motivate
the set-up which follows.

The first step is to make precise choices for a spatial cutoff function y in @ and
the frequency cutoff multiplier Sy. Let ¢ be a smooth nonnegative function with
the following properties:

(i) ¢=11in (—o0,—1], ¢ > 0in (—1,0) and ¢ = 0 in (0, c0).

(ii) ¢(s) = es for s € [~1,0).

Define the function v supported in Q4 which equals 1 in Q3 by

x(@) = [ o - 16)

and the spatial multiplier S whose symbol

sa(€) = d(A 22 — 64)p(1 — 16A7¢?)
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is supported in {|€| € [A\/4,8)]} and equals 1 in {|¢] € [A/2,4A]}. We also introduce
the space-time multiplier T with symbol

tA(6,7) = ¢(AT(E +77) — 64).
DEFINITION 3.1. X} C X3(Q) is the space of functions which can be repre-
sented as
u = xS\v+r,
where v € X§(6,Q) and Vr € L*CY | with norm

lullxy = nf{llvllx16,0) + AV IVrll e @ry: u = XxSav+7}

In other words, functions in X)l\ are localized at frequency A and in the interior
of @ modulo O(A\™") errors. Here N is a large number. One can think of this
definition as a more robust way of dealing with the notion of margin which is used
by Wolff [13] and Tao [10].

Now we are ready to state our main result.

THEOREM 3.2. Assume the metric g satisfies the assumptions (P1-3). Let
e > 0. Suppose B is a null form with respect to the metric g whose coefficients
satisfy Vb € L'L>.

a) Let 1 < <A, Then

3.1 T,B(X}, X)) C NiuLs L2 n=2
Iz PRELDN 14 >
(3.2) T,B(X}, X)) c Awtt e tep Lty n>3.
b) 1 <u< A\ Then
3.3 B(X!, X1y c prtntep2p st n>2
A 14 )
3.4 B(XL XY c MNpcLsL? n=2
A 2 )
(3.5) B(X}, X1) C At patn L n>3.

To understand the applicability range of this result recall that® the assumptions
(P1-3) are satisfied for 92¢g € L*L>°. Hopefully, they can also be verified for the less
regular coefficients arising in the context of the work in [7] on nonlinear hyperbolic
equations.

The remainder of the paper is devoted to the proof of this result. The main
idea is the same as in the work of Wolff [13], namely to combine the wave packet
decomposition with an inductive argument on scales. One can use here either the
parametrix in Wolff [13] and Tao [10] or the one in Smith [8]. The second one
seems to be more robust for low regularity coefficients (see again [7]).

Ideally, one would like to have a direct argument which only uses only the size of
the wave packets, without taking advantage of any cancellations due to oscillations.
This idea, however, does not work even in the constant coefficient case, because
without oscillations one cannot localize the Fourier transform of wave packets away

3See Remark 2.2.
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from the origin. Thus we get a low frequency overlapping of the wave packets which
suffices in order to blow up all the estimates.

To avoid this difficulty, one tries to split the quadratic form into two parts.
One contains relatively few wave packets interactions, and can be estimated simply
based on the size of the wave packets combined with energy estimates. The second
part contains most of the wave packets interactions, but instead has the redeeming
feature that it is localized on a smaller spatial scale. After rescaling back to size
1, the estimate for the second part is identical to the original one, but at a lower
frequency. This leads to the idea of induction with respect to scales. This idea
works in this form for the proof of all estimates in the Theorem except (3.5), for
which one needs a more sophisticated variation on the same theme based on an
idea in Tao [10].

The outline of the paper is as follows. In the following section we show how to
represent frequency localized functions in X' as truncated superpositions of wave
packets; this essentially follows from a fixed point argument combined with the
variation of parameters formula. Next we explore some simple properties of the
X3 spaces, including estimates for spatial localizations at different scales. Then
we present the key bilinear decomposition lemma. This is followed in Section 7 by
the inductive argument on scales. Finally, the Appendix contains a discussion of
Smith’s parametrix and of the characteristic energy estimate in (P3). Note that the
null condition is only used in order to derive (P3) and improve the energy estimates
in the (A, ) — p case.

4. Exact solutions vs the parametrix

The wave packet parametrix provides us with approximate solutions to the
homogeneous wave equation, while the estimates we want to prove apply to exact
solutions to the inhomogeneous wave equation. To bridge this gap we need the
following representation of the exact solutions to the inhomogeneous wave equation
as superpositions of truncated wave-packet combinations:

PROPOSITION 4.1. Let A > 1. Letu € X}(6,Q). Then there is a representation

1
(4.1) XSxu = xSy (ul + / 1{t>s}us(t,x)dt> +r,
1

with

o0
XSxus = XSx Zug + 75y ul = Z al pul o s€[-1,1],
j:1 TeT

where

(1) the functions us satisfy us(s,x) =0 for s € (—1,1].

(i) The remainders r, rs are smooth and small, i.e. for any fized large N we
have

1
N9rallmemds < 37Vl 6,00

IVl (o) + IVt [l (o) + /

(iii) v’ . are normalized N\-wave packets.
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w) The coefficients a’ .. satis Y
s, T

. NG
[ 3 ( ) a5 by

j=1 \TeT

PROOF. We observe that it suffices to replace (4.1) with

(4.2) S (1 — w) = xS <U1 N / '

-1

Lyessyus(t, ;v)dt) +7r

for some w € X2(6,Q) which satisfies

lwllxz6,0) < lullxis,q)-

Indeed, if we know this then the Proposition follows using an iterative argument.
Since the speed of propagation is at most 1 we can represent v in terms of Pu
using the variation of parameters formula,

1
U= 1u_1q —|—/ 1y>sus(t, x)ds in 1.5,Q
-1
where the functions u, € X}(6,Q) solve
Ogus = 0, us(s) =0, Owus(s) = (la,oPu)(s) se€]0,1],
Ogu_1 =0, u_1(=1) = xu(=1), Gu_1(-1) = x0u(-1).
Here x € C§°(4,Q) is a smooth cutoff which equals 1 in 3.5,Q. Then

1
sl xs + / st D)ds]x1 < lullxo(6,)-
-1

Since x € C§°(Q) we can easily bound the error due to the truncation of initial
data for us,
1

VxS0 — u_y — / Lo ity (£, 2)8) | e ion S AN il x16,0-
—1

To conclude the proof it remains to find an appropriate representation for the func-
tions us. This follows from the following lemma with f = 0 and g = (14,0Pu1)(s)
for s € (—1, 1], respectively f = yu(—1) and g = xdyu(—1) for s = —1.

LEMMA 4.2. Let s € [—1,1] and us be the solution to

Ogus = 0, us(s) = f € H, 0Owus(s) =gc L?
with f,g supported in 4,Q. Then there are functions vs, ws, 75 so that
XSx(us — ws) = xSavs + 75, Vs = ng, vl = Z QZ,TUg,T
J TeTx

where

(i) the function wy is in X}(6,Q), satisfies ws(s) = 0, dws(s) =0 and
(4.3) lwsllxr6.0) < [Ifllar + llgllz2-

(i) The remainder rq is smooth and small, i.e. for any fized large N we have

V7l ony S ANl + llglee)-

(iii) T are normalized A-wave packets.
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w) The coefficients a’ .. satis Y
s, T

1
5 ( 5 |az,T|2> ds < il + gl

i \TeT

To prove the Lemma we apply (P2) to the function us;. We redenote the function

u in (P2) by vs and set
Ws = )Z(US - 'Us)'
Then by (P2) it follows that (4.3), (iii) and (iv) are satisfied. The remainder r is
given by
rs = xSx(1 — X)ws.

But y and (1 — %) have disjoint supports so (ii) holds as well.

The problem is, the condition w,(s) = d;w,(s) = 0 is not satisfied. Instead, we
only get the bound

[ws ()l + 18sws (s)[ L2 < [lwllxr < | f )l + gl 22

However, if we have this then we can repeat the same argument with (f, g) replaced
by (ws(s), Oyws(s)) and iteratively arrive at the case when ws(s) = Qyws(s) =0. O

5. Cubes and spaces

We begin with some simple observations about the X} space. Since both Sy
and multiplication by x map X! into itself, it follows that X /{ C X}. Next, note
that without any restriction in generality we can assume that the function v in
Definition 3.1 is supported inside 4,0Q). Indeed, if we replace v by xv then w is
modified by xSx(1 — x)v. Since the supports of y and 1 — x are separated, this is
an O(A™") term which can be included in the smooth remainder 7.

The function v is not necessarily localized at frequency A, but, once we have
v supported inside 4,0, this can almost be achieved by replacing v by S\v, where
Sy is another multiplier localized at frequency A and whose symbol is 1 within
the support of the symbol of S. This is not completely correct since we lose the
support information on v. However, the part of Syv which is outside 5,Q is of size
O(A~N) and can be harmlessly cut off. Hence we can replace v by Syv + O(A~N).
This gives us better leverage on v, for instance by using estimates of the following
type:

530l e (z2) S ATHI V[l Lo (£2)-
We summarize the above discussion as follows:

LEMMA 5.1. Any function u € X3 can be represented as u = xS\v + r where
v € X3(6:Q) and

[ollxs + Aol e + AV V7| oo vy S lullxy -

We next observe that X is invariant with respect to multiplication by smooth
functions.

LEMMA 5.2. Let ¢ be a smooth function. Then

[pullxy S llullxy-
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PRrROOF. Asu is supported in ), without any restriction in generality we assume
that ¢ is supported in 4,0Q. Start with u = xS\v + r where

lollxr + AN Vr[| e < 2l xp-

Then we want a similar decomposition for ¢u, pu = xS\v+7. The term ¢r is easily
placed in 7, so it remains to look at ¢x.Syv. Naively we would like to conjugate ¢
by S\ modulo small errors which we can put into 7. The difficulty is that S is not
invertible, but this can be overcome by a careful truncation argument. We choose
a spherically symmetric cutoff function a(¢) which equals 1 in {sy > 2A7!N} and
0in {sy < A7!N}. Given the definition of sy, it follows that a must vary from 0

to 1 on the ﬁ scale, i.e.
L
Pal < A :
| fa| = <1n/\>

We use the formal series for the product ¢Sy up to the order 10N to write

6Sh = Y —(a0Es)(D)O26) + Rz, D)

Z|0“
|a]<10N

By the standard pseudodifferential calculus, the symbol of the remainder R satisfies

A

—18]
a af —10N
0208r(,)] < conh ™ (125

and decays rapidly beyond frequency A. This implies that the contribution of R to
¢u is negligible and can be placed in 7. On the other hand we write

1 o o 1 a0Zsy N
X Z Talal (adg'sx)(D) (05 ¢)v = xSx Z Talal ( SE ) (D)(0%¢) | v,
‘OAI<10N ' ‘Ot|<10N . A

and claim that we can take

S
I

> = (B2 oess ) o

ilelal S
la|<10N

For this we need to prove that

It JD)ZPvllxr S llollxr-

The case o = 0 is trivial and the multiplication by 9%¢ is harmless, the difficulty
may come from the multiplier with symbol

a@?s)\

Sx

ad%sy
m(§) = 7; , la| > 1.

But from the definition of b and a) we get

0gm(€)] < es (mX)m ((IDAA)Q)M.

Hence this is in effect a nice multiplier so the desired estimate
[m(D)ullx1 < [luflx1.

follows easily. O
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Given a cube R C @ and 0 <y < 1 we define a smaller parallelepiped R’ C R
as follows. If the lateral boundary of R does not intersect the lateral boundary of
Q then we set R = (1 — ), R. Otherwise, we define R to be the parallelepiped
obtained by extending (1 — 7). R up to the common lateral boundary of R and Q.

Given § > 0 we cover the unit cube @ with a regular array Q° of sub-cubes of

size § so that
Q= r= | R;.
ReQ? ReQ?
Correspondingly we choose a smooth partition of unity in @,

lg= Y ¢r  supp ¢r CR,
ReQs

with ¢r € C°(R), supported in R7, and with uniform bounds on the § scale,
4

(5.1) 0°6r| < cad™®,  RE€ Qs.

Note that the functions ¢ are compactly supported in R unless the boundary of
R intersects the boundary of Q. However, we must allow ¢ to be nonzero in a
compact subset of the common boundary of R and Q.

Let Qf; be the set of & cubes in Qs which intersect the ¢ time slice. By J5 we
denote a set of equidistant times in [—1, 1] with separation .

Given R € Q° we denote by X}(R) the space of functions which is obtained by
rescaling R to scale 1, using Definition 3.1 with A replaced by §A, and then scaling
back with the scaling factor which leaves the X! norm unchanged. Then the norm
on X}(R) is

[ullx1(r) = inf{[lv]|x16. ) + NNV || s u = XRSAv+ T}
where y g is the rescaled counterpart of x.

LEMMA 5.3. Let § > \™'7¢ and t € [-1,1]. For R € Q% we consider smooth
functions ¢r € C°(R) supported in Ry, with uniform bounds on the R scale as in
8

(5.1). Then for u € X; we have

(5.2) Y lIdrulirm S lullks-
ReQj}

PROOF. For R € Q% we choose a cutoff function 5 € C§°(6,R) which is 1 in
4, R. We represent u = xS\v + r with v, as in Lemma 5.1. Then we write

qBRu = bRXRS/\'UR +rgR.
where

vp = YRY, TR =0RT + ¢rXSA(1 —VR)V, bp= J’RXLR~

We first note that the the functions b are uniformly smooth on the § scale. This
is trivial if R is not near the boundary of @, when qBR is supported away from the
lateral boundary of R. Otherwise, we need to take a closer look at what happens
near the common lateral boundary of R and Q. There (;BR needs not be zero and
XI_%I is singular; however, we can take advantage of the fact that x decays rapidly
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near the boundary of (). More precisely, near a common face of () and R, say
z; = 1, due to the definition of x and xr, we get factors of the form

e*(fbﬁfl)’l6[5’2(961'*1%)2*1]’17
which are smooth on the ¢ scale in a ¢ neighborhood {1 — 4§ < z; < 1} of the
common boundary.

By Lemma 5.2 applied in the rescaled setting of the cubes in Qf, it remains to
prove that

S reay (l0als, my + 3V AVIVrR|2 on ) S

0516, @) + A2 MVlIF ez + AVIVENS L on -
The bound for vy follows easily from energy estimates combined with the finite
speed of propagation. The first term in g can be estimated by

IV @R e eny S 8V THIVEN oo ey,
which gives a better bound than needed, namely
S IV oy € 52V .
ReQ}

The second term in 7 is negligible since the kernel of Sy decays rapidly beyond the
A~! scale while the supports of ¢r and (1 — 1g) are separated by § > A=1Te. [

6. The bilinear decomposition

The main step in the inductive argument is the following bilinear decomposition
lemma.

LEMMA 6.1. a) Let 1 < p, p= 7€ <6 < 1. Letu € X&L be a superposition of
normalized p-wave packets,

U= XS,u E arur,
TeT,

and v € X5(Q). Then there are functions ur € X\(R) for R € Qs so that the
following properties are satisfied:
(i) (square summability)

(6.1) S urlym £ Y larl
ReQs TeT,
(ii) (remainder estimate)
_ n—1
(6.2) IB(w,v) = > drBlug,v)|7: S5 Vum (Y lar)|oll%:-
ReQ; TeT,
b) Assume that 1 < X\, r <1, \™1t¢ < § < 1. Letuy, € X§(L) for L € Q,.. Let
v € X1 be a superposition of normalized p-wave packets,
v=xSx Y bsvs,
S€eT,

Then there are functions vg € Xi(R) for R € Qs so that the following properties
are satisfied:
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(i) (square summability)

(6.3) > lorlZy gy < > Jbsl

ReQs SeT,

(i) (remainder estimate)

(6.4)
1Y~ ér(Blur,v)= Y ¢rBlur,vr)72 S 6NN (Y flurlfa ) (D 1bsl?)-
LeQ, ReQs LeQ, SeT,

Note that part (a) is a special case of part (b). We state and prove it separately,
however, since the ideas involved are more transparent in this case.

PROOF. a) We associate each pu-tube T to § cubes which roughly carry most
of the interaction of up with v. More precisely, we say that T ~ R if

_ 1. _
Ix7 ' B(xSuur, v)ll2(q\sr) < §||XTlB(XSuUT>U)||L2(Q)-

We choose cutoff functions ¢p € C*°(R), supported in R7 which equal 1 in the
8
support of ¢r. Define
uR = Op Z arXxSuur.
T~R
It is clear that each tube T' € 7, is associated to at most finitely many cubes. Then

we use (P2)(i) and Lemma 5.3 separately for each § cube R to obtain the condition
(i). It remains to prove (6.2). Denote

E(u,v) = B(u,v) — Z ¢orB(ug,v) = Z oRr Z arB(xSuur,v).

ReEQ;s ReQs TXR
For P € Q and T' € 7, we say that P ~ T if P € R for some d-cube R € Qs so
that T'~ R. Then
PAT
|B(u,0)(P)] < ) |ar||B(xSuur, v)(P)|.
TeT,
Using the condition P ¢ T we further get

Buor) < 3 X PlarlBas,ur.o)(P)

iz, I BOSuur, vl

x7(P)

Ix7' B(XSuur,v)|| 22(\B(P4s))-

Applying the Cauchy-Schwartz inequality with respect to T in the previous estimate
we obtain

2 713 P)I?
Buoe)p < | 3wy BoSir,n)(P)
TET, X7 B(XS/LUT7U)||L2(Q)

Z X7 (P)lIxz ' BXSuur, v)l| 72\ (3(p.as))
TeT,
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According to the characteristic energy estimates (2.2), the second factor is bounded
by 6Nt [[v]|%: so we have

1 2 -1 2
|E(u,v)(P)|2 S 57N‘u"% Z G‘T‘XT B(XS#UT’U)(PM

= Il
TeT, ”XTlB(XS/tUT7 v) ”%/Z(Q)

Integrating this inequality we obtain

_ n—1
1B, 0) 72 S0 Np™= (Y ad)|v3a-
TET,

and conclude the proof.
b) As before, for S € 7, and R € Q; we say that S ~ R if

- 1 _

> lIxs b Blun, xSavs) 172 \sm) < 1 > lIxs onBlur, xSavs)|72(g)-

LeQ, LeQ,
For R € Qs set

VR = @R Z asXSx\vs.
S~R

Again each A-tube S is associated to at most finitely many ¢ cubes, which by (P2)(i)
and Lemma 5.3 implies the square summability relation (i). It remains to estimate
the error term

E(uv) = Y ¢r(B(ug,v)— Y ¢rBur,vr))
LeQ, ReQs
SHR

Y 6 > ¢r Y bsB(ur,xSivs).

LeQ, ReQs SeTH

For each point P € @ there are finitely many indices L (depending only on the
dimension) for which ¢, (P) # 0. Then

PyS
|E(u,v)(P)] < > |bsll Y ¢rB(ur,xSxvs)(P)]
SeT) LeQ,
PyS )
S D bsICY ] |erB(uL, xSavs)(P)))2.
SeTy LeQ,

From here on the argument proceeds exactly as in case (a). The modified char-
acteristic energy estimates in (2.2) are now applied separately for each function
ur,.

O

7. The inductive argument

7.1. Proof of (3.1), (3.2): We denote by M (A, 1) the best constant in (3.1)
or (3.2) with e = 0 with respect to all scales less or equal than 1 and with respect
to all null forms B whose coefficients are in a bounded set,

167 | Lo + [VB7 || 1o < 1.
Note carefully that A and p stand for the frequencies after rescaling into an unit

cube, and not before. Then we seek a recursive relation for M (A, p). For this
proof it is sufficient to have the function M well defined up to a fixed multiplicative
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constant. This is unlike in the similar argument in [10] for the endpoint estimate.
We claim that

(7.1) M(\p) € C@EN + MGAO) g <5<,

We postpone for now the proof of (7.1) and instead show that it implies (3.1), (3.2)
via an iterative argument.

As a starting point for the iteration we can take 100 = g < A. In this case
(3.1), (3.2) follow trivially from the energy estimates therefore M(),100) < 1. We
successively apply (7.1) for an exponentially increasing sequence {0y }x=1,m of values
for 4,

sp=AC~,  J[o=n".
k=1

m

This gives A ~ p~mC~%. On the other hand for M (), 1) we get the iterated
bound

M\ p) < ZC’C(S,C_N ~mA™N ~mpm ™.
k=1

We optimize with respect to m and set m ~ Nz (log ,u)%. This gives

M p) S ePNPorm? e,

It remains to prove (7.1). It suffices to do it for (3.2), as the case of (3.1) is similar
to the 3-d case for (3.2). We need to prove that for u,v € X} we have

2 n=3 .
IT,B o)l | wer S AT (N 4 MON o) ullxy lollxg, 23,

We use the representation in Lemma 4.1 for v and then for v. The bound for the
remainder term r is trivial. The size of ug is integrable in s, therefore it suffices
to prove the Lemma with u replaced by xSx1lg>syus. Furthermore, us(s) = 0
therefore B(xSx1{¢>s1Us;v) = >3 B(XSaus,v). Hence we may as well replace
u by xSyus. The bounds for the remainder terms ry are again trivial. Hence it
suffices to consider the the case when both v and v are normalized \-wave packet
superpositions,

u = xSy Z arur, v = xS\ Z bsug

TeT, S€eT)
and show that
(7.2)
n—3 1
ITuBOs )|y S AFTREE Y 4 MEOX 5 (Y ad)H (TR 023,

Now we use the decomposition in Lemma 6.1, first for u and then for v at the
same scale §. We obtain functions ug,vg € X3 (R) for R € Qs, which satisfy (6.1),
respectively (6.3). Combining (6.2) with (6.4) we get the L? estimate

(7.3) I1Bu,v) = > 3" 6rérBlur,vr)ll: 6 VNT (O ad)E(Y ] b3)%.
LeQs REQs

In order to prove (7.2) it suffices to show that
||TH ZLGQ& ZREQ(S ¢L¢RB(UL’ UR)] ”Lleti S

(7.4)
M (5N, Sp)ATT st (3 a3) 5 (S b3) 3.
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ITu[B(w,v) = e, Cne, brorBlur.va)ll , »s <

1, n—1

(7.5)

ONNTH I (S ) E (S b3)2.

The plan is on one hand to prove (7.4) using (3.2) at a lower scale, and on the other
hand, to obtain (7.5) either directly from (6.4) (for n < 3) or by interpolating it
with energy estimates (for n > 4).

Since the cubes R and L have the same size, it follows that in the above
summations each cube R interacts with a small number of cubes L, which de-
pends only on the dimension n. Furthermore, we can write ¢r¢rB(ur,vg) =
¢L¢RB(Q~SRQ~SLUL,UR) and it is easy to see that if uy, € X'(L) then brdLuL €
X /{ (R). Hence without any restriction in generality we can set R = L and re-
place ¢rdr by ¢r. Taking (6.1) and (6.3) into account, it follows that (7.4) is a
consequence of the Cauchy-Schwartz inequality and the simpler bound

2 n—3

(7.6) N TudrBlur, vl |, wey S M(OX SWATT st lur xRl x -

If we rescale R to size 1 then the rescaled functions ugr(§~1¢,0 7 1z), vr(6~1t, 6 12)
are localized at frequency 6\ and S, is replaced by Ss,. Also ¢g is replaced by
a function ¢ which is smooth on the unit scale. Hence, without any restriction in
generality, we can include ¢ in the coefficients of B. We apply (3.2) corresponding
to frequencies §\, du and then rescale back to scale §. One can easily verify that
(3.2) with € = 0 is dimensionally correct, i.e. the constant in the estimate does not
depend on the scale. Hence we get (7.6) and conclude the proof of (7.4).

We now prove (7.5). If n = 3 this is a trivial consequence of (7.2). If n > 4
then (7.5) follows by interpolating (7.2) with an L! bound coming from an energy
estimate, namely
(7.7

T, [B(w,v) = > 3" ¢rérBlur,vr)ller 672> dd)2 (D 03)z.

LeQs REQs
Note that the trivial bound in this case is
|B(u,v)||pr < [|B(u,v)|[zecrs S [Julxr[Jvllx1.

and in order to improve it we need to use the null condition. We use the triangle
inequality in the left hand side. Arguing as before we can take L = R and use the
Cauchy-Schwartz inequality in order to take advantage of the square summability
for the size of ur and vy with respect to R. Then we are left with two estimates
to prove, namely

T B(u,0)llr S pA Hullxivllxz,  1TudrBur,vr)llr S pA™ lurllx: vkl x;-
The first follows directly and the second after rescaling from

| TudB(w,v)llLr < pA ™ lullxy o]l -

Here ¢ is a smooth function in @), which we insert into B. To prove this we consider
the two possible forms of a null form B. If B(u,v) = % Qq;(u,v) then we write

B(u,v) = 9o(0%udjv) — 3;(b%udov) — (8pb™ )udjv — (9;6% yudov
+ 5t+1b0ju8jv - 5t_1b0ju8jv.
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The last two terms arise since u, v might not be 0 at the initial or the final time.
For the first two terms we use

1T,V (0uVo)|pr S plluVolle S pA ™ lullxz o]l x1,
while for the next two we have
1T, (VB)u(Vo)lrr S [(VB)u(Vo)llrr S ATHIVO| i poe [Jullxy vl xr.
Finally, the last two terms can also be bounded by
|1 T.6% udjvdess e < (0% udo)(=1)|lpr S A7 lullxz [Jollx

If B(u,v) = bYQ;;(u,v) with i, # 0 then the problem is simpler as we no longer
get the last two terms. Finally, if B = b°Q, then we write

B(u,v) = 0"(ub’g”?0;v) — ub®g?0,0'v — (0'6°g" )udjv — ub® g% 9;v6;11
+ ubogojajvét_l .

All terms are treated as before except for the second one, for which we have the
better estimate

16%ug™” &' & v|| L1 < Nlull Lo 210797 0| Lir2 S )\_1||u||X§HU||X§-

7.2. Proof of (3.4). The argument is similar to the previous one in the case
n = 2,3, but simpler, because the multiplier 7}, is no longer present.

7.3. Proof of (3.3). Observe that we can get an estimate similar to (3.3) by
interpolating the trivial L L' estimate with either (3.4) or (3.5). The problem
with this reasoning is that we get the wrong balance of powers of A and p. To
remedy this, we need to find a substitute for the arguments above which only uses
the scale reduction argument for the lower frequency factor u i.e. the estimate (6.2)
in Lemma 6.1.

As before we denote by M (A, ) the best constant in (3.3) with e = 0 with
respect to all scales less than 1. We claim that M (A, 1) satisfies the same recursive
relation as before, namely (7.1). Since from energy estimates we trivially have
M(A,100) < 1, the desired conclusion M (A, p) < p€ follows as in the previous case.

We now prove (7.1). Precisely, for u € X; and v € X} with p < X\ we need to
show that

1B, ), aer S (6N + M(OX,0) 0 [[ul xa [[v] x3

||L2L
Using the representation in Lemma 4.1 for u we reduce the problem to the case
when u is a superposition of wave packets,

U= XSM Z GTUT7
TET,
where we need to prove that

(7.8)  B,v)| , wes S 07N+ MO0 (Y Jar?)? o)k
TET,

e

We use part (a) of Lemma 6.1 to construct the functions ur € X (R) for
R € Q;. If we apply (3.3) to B(ug,v) in R then we get

n—1 ~
l6rB(ur, )|, w1 S M(OA, 0p)u™ 0 lurllximllorvl x1 (r)-

lper
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Here we have replaced v by (,Z;R’U. Since &R = 1 within the support of ¢ this does
not change anything. Now we sum this up with respect to R. For ||UR||X;(R) we

have square summability, but for ||[¢rv||x1 we have to contend ourselves with the
square summability on time slices given by (5.2). This yields

| Z <Z5B’,B(UB’JU)||2L2 ntl S M(SA, Sp)p Z ||URHX1(R))HU||X1
ReQ} ReQj

Finally, we sum this with respect to t € Js and use (6.1). This gives

n—1 1
(79) 'Y drBlun o)l e < MEN ST (Y Jarf?) o]y,
ReQ; TeT,

On the other hand, we do a parallel computation for the energy estimates. Start
with

16rB(ur, vzt S I6rB(ur, v)llL~rr S llurllx: |érv]x:.

and use the same summation procedure as above to get

1
1> ¢rBlur, )2 S (Y lar*)? o) x;-

ReQ; TeT,

Using also the energy estimate for B(u,v) we obtain

1B(u,v) = Y ¢rBlur,o)|r2s S (D lar?)*|vllx:.

ReQs TeT,

This we interpolate with (6.2) to get

1B, v) = > drBlur,v)l| , wer 5 V0 (Y far(?)? |o]%;-
REQ; TeT,

Adding (7.9) to this yields (7.8), and the proof is concluded.

7.4. Proof of (3.5). Observe first that the previous arguments fail* to provide
a proof for (3.5). The difficulty is as follows. We want to estimate an L' norm in
time, therefore it seems that we need to decompose both v and v to gain the
summability with respect to the J-cubes. However, when we use the decomposition
argument for the frequency A factor we get a too large power of A\. Hence it would
appear that we should use the decomposition argument only for the frequency u
factor. This gives initially a better balance of powers of A and p than needed, but
worsens as the scales decrease because we only get square summability in time.

The solution to this dilemma is to first use the decomposition argument only
for the frequency u factor for as long as possible, which turns out to be up to the
spatial scale §. It is at this point only where we start decomposing both factors
at the same rate. The advantage of doing this is that the already decomposed
frequency p factor satisfies a better energy type estimate, which suffices in order to
close the argument.

4Except for the case n = 3, when the proof is similar to the proof of (3.2).
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7.4.1. The first iterative procedure. The intermediate step in the argument can
be stated as follows:

PROPOSITION 7.1. Let A2 < < \. If {ur}reo, € X} and v € X then
A
(7.10)

1 n—3
| Z ¢RB(UR,U)HL1L;¢§ SAzpTEn e Z ||UR||§(5(R) [vllx; n=3.
REQy REQ

We postpone the proof of the Proposition and instead show that the estimate
(3.5) reduces to (7.10). For this we use the decomposition of the frequency p factor
only, using the estimate (6.2). Given r satisfying max{u=', uA71} < r < 1 we
denote by C(r) the best constant in the estimate

1
3
1 _n-3
IS 6rBlur o)l wey < Or At ( ) ||uR||%<i(R>> oy
ReQ, ReQ,

Then we can argue exactly as in the proof of (3.3) and get a recursive relation for
C(r), namely

(7.11) C(r) < C(5*N(§)%r*% +O®6r)), 8> (ur)i

The good factor (%)% appears because we only decompose the frequency pu function,
so we get only a power of y from Lemma 6.1. The bad factor r—2 comes from the
fact that we are estimating an L! norm in time but only have square summability
in time on the r scale. To prove that C(1) < p€ we iterate (7.11), but for this to
work we need a good stopping point. We have to consider two cases.

a) Suppose p < VA. Then we can stop the iterations at r = 100p~". Indeed,

in this case we can use the trivial estimate
IVurlz~ < lurlxy.

If J is an equidistant set of times with step p~! then

-

1 2
1> érBlur, o) | ney Sut (D010 orB(u,vr)|? o

1
REQ, teJ ReQ!

(NI

1 _n n—1
Spip” 2 | YO Vsl ) |6r V0l L2
teJ ReQl

1
2
1, n=1
5u2+n+1< E ||uR_2X‘1L(R)> Sl;/-p E ||¢RV’U||2L°<’L2

ReQ, ReQt.

[N

Nl

1 n—3
< p' e ( Z |UR||§<;(R)> [vllx:-

ReQ,
This implies that
C1oop™ ) < p Az <1
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b) If > A2 then we stop the iterations instead at r = £, where we use (7.10).

7.4.2. The second iterative procedure. To prove Proposition 7.1 we seek a re-
cursive relation for the best constant M (A, p) in (7.10) with € = 0. We claim
that )

MO\ p) < CEN + M@ o), 6= ()7

The conclusion M (A, u) < pc follows by iterating this up to the point where pu =
100A2, in which case the bound M (A, 1) < 1 was verified directly in the previous
paragraph.

Given ug € X;(R) for R € Qu and v € X3 we want to prove that

I ¢rBlug,v )11 < (67N + M(6), 0p) (Z HURHXl(R)) [0l x;-

ReQ. ReQ,

We use the representation in Lemma 4.1 for both ug and v to reduce the problem
to the case when ugr,v are wave packet superpositions,

ur =XrSy », arrurT, V=X Y bsus
TeT,(R) SeTy

In this case the estimate to prove is

N

1Y orBlur,v)ll, vy S (dd7V+MENG) | > D]

ReQ, ReQs T€T,(R)

(7.12) (Z |a32>

SeTy

Next we use Lemma 6.1 twice. First we apply (a rescaling of) part (a) to the pair
(ug,v) relative to the cube R of size & to produce the functions uy on the new
scale 0%, and then we apply part (b) to the pair ur, v to obtain the functions vp
on the § scale. From (6.2) we get the L? estimate

_ n—-1 b _n—-1 1
lpr(B(ug,v)— > ¢rB(ug,v))|r S N p's () ( > lara)? ol

LeQ (R) TeT,.(R)
)\

where the factor (%)_%1 comes from scaling. Without any restriction in generality
we redenote ¢ro, ;= ¢, which is a nice cutoff function even if we think of L as an
element of Q s (instead of Q s (R)). After summation with respect to R this gives

1> orBlur,v)= Y ¢rBup,v)|2 STVNT (Y. Y lans)¥[lv]lx;
R€Q§ LeQs, (R) REQ% TeT.(R)
A

On the other hand, from (6.4) we get

Y ¢u(Blur,v) = Y épBlur,vp))lliz S

LEQs, PegQ;
A

n—1 1 l
T ( Z HULH%Q(L) )2 ( Z las|?)z.

LeQsy, SeTy
A




NULL FORM DISPERSIVE ESTIMATES 23

Adding up the last two relations yields

I>° orBlur,v) =Y Y ¢répBlur,vp))|r2 S

R€Q§ LeQs, PeQs
A
_ n—1 1 1
ST Y lara)E() ] lasl?)z
ReQ;TeTu(R) SeTx

For n > 4 we interpolate this with an L' estimate, namely

I > érBlur,v) = > Y érépBlur,vp)| S

REQE LER(;“ PeERs
X ~
M1 1 1
()2 ( S0 larrl)(Y ] lasl)z.
REQ% T€eT,(R) SeTy

Although easy to prove®, this is really the key improvement which makes the argu-
ment work. The crucial (%)% factor arises because the X norms of ug (and ur)
are square summable in time on the £ scale (instead of just uniformly bounded).

This is why we had to localize v first on the § scale. After interpolation we get

(7.13) I Y. ¢rBlur,v)— > Y ¢ropBlur,vp)l ns1 S

REQ% LeRL# PeRs
N 1 1
o~ )\2 2(n+1) E E ‘aRT| 2 E |CLS| 2
REQy TET,(R) SeTh

To complete the LIL7"1 estimate for > rer, PrB(ur,v) it remains to use (7.10)
at a lower scale in order to get a bound for ZLeR Y per; PropB(ur,vp). The

size of the functions in this expression is summable%mth respect to d-cubes. Hence
we can rescale d-cubes to size 1, use (7.10) with (A, 1) replaced with (A, dp), scale
back and sum up with respect to 6 cubes. Since (7.10) is dimensionally correct, all
powers of § cancel so in the end we get

(7.14) >y > ¢ropBlur,vp)ll | ni1 S

n—1
LER(;“ PeERs
By

1 _n-3 1 1
M(EA SN2z (3 furlZea )2 (D Turllip)?

REQs, PeQ;s
A

Adding (7.13) and (7.14) we get (7.12), which concludes the proof.

Appendix A. A parametrix for the wave equation.

Here we outline Smith’s [8] construction of a wave packet parametrix.

5ie. using the energy estimates for all factors involved
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The A-tubes. We begin with the constant coefficient case. Then the A-tubes
are parallelepipeds of size A~1 x ()F%)"’l x 1 which are produced as follows. Given
a unit covector e in R™ we partition the space into a grid of parallelepipeds which
have size A~ 2 in the directions which are normal to e, and thickness A™!. Then the
AM-tubes are obtained by moving these A™! x ()\_%)”_1 parallelepipeds with speed
+1 in the normal direction. The allowable conormal directions are spaced about
A2 apart.

In the variable coefficient case considered by Smith [8] in the case of C? co-
efficients one starts with a similar partition of the initial data space R™, but now
the A~1 x ()\_%)”_1 parallelepipeds are transported along the Hamilton flow with
initial conormal direction e. Thus the A-tubes become curved parallelepipeds of
size A™1 x (A72)"~! x 1. It is important here that the Hamilton flow remains non-
degenerate on the unit time scale, i.e. that flat initial surfaces do not fold when
evolved according to the eikonal equation. If the coefficients are in C? then this is
true, and it remains true as well if 92¢g € L'L*>°.

The A-wave packets. In the constant coefficient case a A-wave packet asso-
ciated to a tube T' € T}, is a bump function which is smooth on the scale of T'. One
can think of it as a A~2 wide piece cut from a traveling wave. This is the smallest
scale on which such solutions can remain localized on the unit time scale.

In the variable coefficient case, Smith’s construction was to parallel transport
the initial bump in a A=* x (A=2)"~! x 1 along its “central” null bicharacteristic.
The size and orientation of the bump are adjusted as it moves in time, according
to the linearization of the flow around the “central” null bicharacteristic.

The parametrix. The parametrix for the wave equation is constructed as
follows:

(i) Localize the frequency A initial data in frequency with respect to angular
regions of size (A2)"1 x A,

(ii) Each such piece is further localized spatially with respect to dual regions.

(iii) Transport the doubly localized initial data pieces along the (straight)
Hamilton flow as described above. These are the A-wave packets.

(iv) Show that the A-wave packets are approximate solutions to the wave equa-
tion.

(v) Show that superpositions of A\-wave packets are approximate solutions to the
wave equation. This requires orthogonality estimates for A-wave packets associated
to different A-tubes.

In the variable coefficient case, this program was carried out in Smith [8] for
operators with C! coefficients. His approach extents with little change to the
case when 92g € L1 (see also Tataru [12]). Recently, a similar parametrix was
constructed in Smith-Tataru [7] for certain operators whose coefficients have even
less regularity, arising in the study of nonlinear second order hyperbolic equations.

Appendix B. Characteristic energy estimates

In the following discussion we place ourselves in the case when g% are a small
C? perturbation of the coefficients of the d’Allembertian. However, the geometric
properties involved in the argument remain valid as well in the case when 0%g €
LYLee.
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The model estimate (2.1). We begin with a proof of the simpler estimate
(2.1) in the special case when § = O(1). Thus we want to show that

PeT

(B.1) | Z B(ur,v)|2@\ar,y S A Holxiq)-
TeTy

For |h| < 1 we construct the characteristic cones K}, starting at P, = (zp,tp + h),
with equation

Ky = {t = ¢(h,r)}.

These can be obtained by solving the Hamilton flow starting at Pj, and are non-
degenerate on the time-scale 1. In effect one can compute their regularity by looking
at the linearization of the Hamilton flow, as in Tataru [12] and show that away from
P, ¢is a C? function. At each point on K}, we introduce a so-called null frame [, 1, e,.
This is a basis in the tangent space which is the pseudo-riemmanian replacement
of an orthonormal basis. More precisely [ is the conormal vector (which is also
tangent to K, because K}, is characteristic), [ and e, span the tangent space to Kj
and

<leg>=0, <le,>=0, <ege,>=0q, <Il1>=
<li>=-2, <l1>=0.
For the present argument the regularity of the null frame is irrelevant.

The geometric properties of the A-tubes and A\-wave packets which are needed
are summarized in the following

LEMMA B.1. Let T be a A-tube containing P and ur a corresponding A-wave
packet. Then

(i) TN B(P, 3)¢ is contained between K_y-1 and Ky-1.

(it) Within T N B(P, )¢ we have

V(ur)| < (0 ea) (ur)| S AT

(i1i) The intersections T N B(P, 2)”, where T is a A-tube containing P, are
locally finite (independent of \).

The property (ii) allows us to compute pointwise

n+

|Blur,v)| S AT [lo] + AT (Jlv] + |eqv]).

To see this it suffices to express the null form B in the null frame and observe that
the expression luplv cannot occur. This is clear for the analogue of B;;, while, on
the other hand, By has the form

Bo(u,v) =< equ, eqv > — < lu,lv > — < lv,lu > .
Using this pointwise bound, the properties (i)(iii) allow us to write

PecT

1> Blur, o)l /)\ 02 + A 10 + [eav]?.
TeTy

where
1 C
2)e.

D={p(\""2) <t <o\ 2)} N B(P,
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For the term involving [v we have already gained A\~' so we can neglect D and
simply use the energy estimates in the unit cube. For the rest we use the foliation
of D into cones to write

)\1
/ 102 + [equ]? = / (/ 10f? + [eqo[?)dh
-1 JK,,

Hence to get (B.1) it suffices to prove that

2 2
/ ] + leav* < vl xy(q)-
Ky

But here both derivatives of v are tangential to K}, so this is a characteristic energy
estimate for v.

The estimate (2.2). For the reader’s convenience we restate (2.2) here:
Z &7 (P)| o7 B(xSaur, 0)|[12(p(psye) S 6 VA ol
TeT,

Since up is supported in 7T it follows that

o=

Hence we get the trivial estimate

— ntl
lo7" B(xSxur, v)|[r2 S AT [[ollx:-

Since the number of A\ tubes is a power of X\ it follows that without any restriction
in generality we can assume that § > A™¢ and that we can also restrict the sum to
those tubes T for which d(T, P) < A~1T¢. All these tubes must intersect the line
h — (zp,tp + h) at some hy < A7,

We split the sum over T" with respect to the position oh hr in increments of
AL If by & jA! then ¢ (P) =~ (1 + |5]). Hence

> X3 (P)lxg BOSaur, v)|32(5(p.5)) &
TeT,

D@D YD g BOSaur, 0) e a(psye)-

[F1<Ae ij—leT

This converges rapidly in j, therefore it suffices to do the estimate for j = 0, i.e.
for the tubes which contain P. Hence we still need to show that
PeT

(B.2) Z Ix7! B(xSxur,v )||L2(B(P6) S 0° N/\7||UHX1
TeT,

The replacement of Lemma B.1 is now
LEMMA B.2. Let T be a A-tube containing P and ur a corresponding A-wave
packet. Then

i) TN B(P,0)¢ is contained between K_sxy-1 and Ksy)-1.
(6)) (8X)
(i) Within T N B(P,J)¢ we have

IV (ur)] SAT, | ea)(ur)| S 67N T .

(i1i) The number of tubes S containing P which are at distance less than A\~ 2

from T N B(P,1)¢ is about O(6"1).
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The main difference is that we are getting all these powers of J, but these are
nonessential in our argument. We can use the property (ii) to obtain similar bounds
for xSy ur:

VxShur S AT X2, [l ea) (xSaur)| S x50 AT

The second part is true because Sy is a mollifier on the A~! scale, while the changes
in the tangent plane to the cones K}, (i.e. the span of [, e,) are only significant on
the larger 'A% scale. On K, N B(P, )¢ we get

_ nt1 h . _ _ _{.n=1 h _
XFIVxShur] S AT (1 27N e (vSvur)] S 67N (14 )Y,

Using these bounds the proof of (B.2) can be completed as the proof of (B.1). Note
that part (iii) of Lemma B.2 shows that the overlapping between the functions
xSxur yields only an additional factor which is a power of §.
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