The Scale Property for Π^2_1 ?

John R. Steel

July 18, 2005 0 We shall call a set T an ω_1-tree if and only if T ⊆ ⋃ α<ω_1

ω^α,

and whenever p ∈ T , then p ↾ β ∈ T for all β < dom(p). (This diverges a bit from standard usage.) The set of ω_1-branches of T is

[T ] = {f : ω_1 → ω | ∀α < ω_1(f ↾ α ∈ T ).

[T ] is just a typical closed set in the topology on ω^{ω1} whose basic neighborhoods are the sets of the form N_p = {f : ω_1 → ω | p ⊆ f}, where p : α → ω for some countable α. Associated to T is a closed game G(T ) on ω of length ω_1: at round α in G(T ), player I plays m_α, then player II plays n_α. Letting f(α) = ⟨m_α, n_α⟩ for all α < ω_1, we say that player II wins the run of G(T ) determined by f iff f ∈ [T ]. (We code sequences from ω by prime powers, so that ⟨n_0, ..., n_k⟩ = ∏ i≤k p^{ni +1}_i , and the decoding is given by (n)_i = (exponent of p_i in n)-1, where p_i is the ith prime.)

Of course, not all such closed games are determined; indeed, every game of length ω can be regarded as a clopen game of length ω_1. However, the determinacy of G(T ) for definable T does follow from a large cardinal hypothesis, in virtue of the following beautiful theorem of Itay Neeman:

Theorem 0.1 (Neeman, [?]) Suppose that for any real x, there is a countable, ω_1 + 1- iterable mouse M such that x ∈ M and M |= ZFC^−+ “there is a measurable Woodin cardinal”; then G(T ) is determined whenever T is a ω_1-tree such that T is definable over (H_{ω1} , ∈) from parameters.

The definability restriction on T is equivalent to requiring that T be coded by a projective set of reals. For that reason, we shall call the conclusion of Neeman’s theorem ω_1-openprojective determinacy. Neeman’s proof works, under a natural strengthening of its large cardinal hypothesis, whenever T is coded by a Hom_∞ set of reals. In this form, Neeman’s result obtains as much determinacy from large-cardinal-like hypotheses as has been proved to date.^1

Associated to any game we have a game quantifier: Definition 0.2 Let T be an ω_1-tree; then G^I(T ) = {p ∈ ω^ω | p is a winning position for I in G(T )}, and G^{II}(T ) = {p ∈ ω^ω | p is a winning position for II in G(T )}.

Definition 0.3

G^{ω1} (open-projective) = {G^I(T ) | T is an ω_1-tree which is definable over H_{ω1} , ∈)}, and G^{ω1} (closed-projective) = {G^{II}(T ) | T is an ω_1-tree which is definable over H_{ω1} , ∈)}. Clearly, the determinacy of the games in question implies that the pointclasses G^{ω1} (open-projective) and G^{ω1} (closed-projective) are duals. The following observations relate these pointclasses to more familiar ones.

Proposition 0.4 For any A ⊆ ω^ω, the following are equivalent: (1) A is G^{ω1} (closed-projective), (2) there is a Σ^2_1 formula θ(v) such that for all x ∈ ω^ω,

x ∈ A iff^{Col(ω1,R)}⊩ θ(x̌), where Col(ω_1, R) is the partial order for adding a map from ω_1 onto R with countable conditions.

1Literally speaking, Neeman’s theorem uses a mouse existence hypothesis, rather than a large cardinal hypothesis. It is not known how to derive this mouse existence hypothesis from any true large cardinal hypothesis, because it is not known how to prove the required iterability. Presumably, if there is a measurable Woodin cardinal, then there are mice of the sort needed in Neeman’s theorem.

Proposition 0.5 If CH holds, then G^{ω1} (closed-projective) = Σ^2_1.

Corollary 0.6 If CH and ω_1-open-projective determinacy hold, then G^{ω1} (open-projective) = Π^2_1.

We shall omit the easy proofs of these results.

It is natural to ask whether ω_1-open-projective determinacy implies the pointclasses G^{ω1} (open-projective) and G^{ω1} (closed-projective) are well-behaved from the point of view of descriptive set theory. In this note we shall extend Moschovakis’ periodicity theorems to this context, and show thereby that ω_1-open-projective determinacy implies that G^{ω1} (open-projective) has the Scale Property, and that there are canonical winning strategies for the ω_1-openprojective games won by player I. By 0.6, adding CH to our hypotheses gives the Scale Property for Π^2_1, which explains the title.^2

Our arguments are quite close to those of sections 1 and 2 of [?], which prove the same results for the quantifiers associated to certain clopen games of length ω_1. Therefore, in this paper we shall only describe the simple changes to [?] which are needed for the full theorems on open games, and refer the reader to [?] for the long stretches of the proofs which agree in every detail.

1 The Scale Property

Moschovakis’ argument easily yields the prewellordering property for G^{ω1} (open-projective).

Theorem 1.1 If ω_1-open-projective determinacy holds, then the pointclass G^{ω1} (open-projective) has the prewellordering property.

Proof. (Sketch.) Let T be an ω_1 tree which is definable over (H_{ω1} , ∈), and let

A = G^I(T ).

We define a prewellordering on A by means of a game G(p, q) which compares the values for I of positions p, q ∈ A. In G(p, q) there are two players, F and S, and two boards, the p-board and the q-board. The play takes place in rounds, the first being round ω. In round α ≥ ω of G(p, q):

(a) F plays as I in round α of G(T ) on the q-board, then

(b) S plays as I in round α of G(T ) on the p-board, then

2In the author’s mind, the question mark in the title is contributed by the CH assumption, not by the determinacy assumption.

(c) F plays as II in round α of G(T ) on the p-board, then

(d) S plays as II in round α of G(T ) on the q-board.

This play produces f ⊇ p on the p-board and g ⊇ q on the q-board, with f, g ∈ ω^{ω1} . Player S wins this run of G(p, q) iff for some α < ω_1, f ↾ α ∉ T but for all β < α, g ↾ β ∈ T. In other words, S must win G(T ) as I on the p-board, and not strictly after F wins as I (if he does) on the q-board. Put

p ≤^∗ q ⇔ p, q ∈ A and S has a winning strategy in G(p, q).

Let G^∗(p, q) be the same as G(p, q), except that a run (f, g) such that neither player has won as I (i.e. such that f ∈ [T ] and g ∈ [T ]) is a win for S, rather than F .

Claim 1. If p ∈ A, then for any q,

p ≤^∗ q ⇔ II has a winning strategy in G^∗(p, q).

Proof. Suppose not. Let τ be winning for I in G(T ), let Γ be winning for S in G^∗(p, q), the easier of the two games for him, and let Σ be winning for F in G(p, q). There is a unique ⟨u_i | i < ω⟩ such that

(1) if i is even, then u_i is a run of G(p, q) according to Γ,

(2) if i is odd, then u_i is a run of G^∗(p, q) according to Σ,

(3) for i even, u_i and u_{i+1} have a common play on their q-boards, while u_{i+1} and u_{i+2} have a common play on their p-boards, and

(4) the p-board of u_0 is played according to τ .

As usual, u_i(α) is determined by induction on α, simultaneously for all i. For i even, let f_{i+1} be the play on the q-board of u_i, and f_{i+2} be the play on the p-board of u_{i+1}. Let f_0 be the play on the p-board of u_0. Because τ was winning for I, we have f_0 ∉ [T ]. It follows by induction that f_i ∉ [T ] for all i. Let α_i be least such that f_i ↾ α_i ∉ [T ]. Since Γ and Σ were winning for G(p, q) and G^∗(p, q) respectively, we have that α_i > α_{i+1} if i is even, and α_i ≥ α_{i+1} if i is odd. This is a contradiction, and the claim is proved. □

Claim 2. ≤^∗ is a prewellorder of A.

Proof. Claim 1 yields transitivity, reflexivity,and connectedness. For example, if p, q ∈ A and p ≰^∗ q, then F has a winning strategy in G^∗(p, q), and this strategy can be used by S to win in G(q, p).

For wellfoundedness, suppose p_{i+1} <^∗ p_i for all i, and let Σ_i be a winning strategy for F in G^∗(p_{i+1}, p_i). We can play all the Σ_i together and obtain runs u_i of G^∗(p_{i+1}, p_i) according to Σ_i such that u_i and u_{i+1} have a common play f_{i+1} on their p_{i+1}-board. Let f_0 be the play on the p_0-board in this array. Since the game is the starred version, f_i ∉ [T ] for all i. Letting α_i be least such that f_i ↾ α_1 ∉ [T ], we must have α_i > α_{i+1} for all i, because u_i was a win for F . □

Claim 3. ≤^∗ determines a G^{ω1} (open-projective)-norm on A.

Proof. If q ∈ A, then we have

p ∈ A ∧ p ≤^∗ q ⇔ S has a winning strategy in G(p, q) ⇔ S has a winning strategy in G^∗(p, q).

The first equivalence shows {p | p ≤^∗ q} is uniformly G^{ω1} (open-projective) in q, the second shows that it is uniformly G^{ω1} (closed-projective) in q. To see the equivalences hold, we use Claim 1, and note that if q ∈ A and p ∉ A, then F has a simple winning strategy in G^∗(p, q), namely, to win on both boards. □ This completes the proof of 1.1. □ In order to prove the scale property for G^{ω1} (open-projective), we need to add to the comparison games of 1.1 additional moves. As in [?], these additional moves reflect the value which the players assign to one-move variants of positions they reach during a run of the game. One needs that such positions are canonically coded by reals in order to make sense of this. For this reason, in [?] we demanded that there be a function F assigning to possible positions p ∈ T a wellorder F (p) ∈ WO such that F (p) has order type dom(p). What is new here is just the realization that one can relax this a bit, by demanding only that our game tree T incorporates the rule that player I must provide a code of dom(p) as soon as p has been reached, before II is required to make any further moves.

References

[1] Q. Feng, M. Magidor, and W.H.Woodin, Universally Baire sets, ...

[2] A.S. Kechris and Y.N. Moscovakis, Notes on the theory of scales, in Cabal Seminar 76-77 Lecture notes in Mathematics 689, Springer-Verlag 1978 1–54 (A.S. Kechris and Y.N. Moschovakis eds.).

[3] D.A. Martin, Measurable cardinals and analytic games, Fund. Math. 66 (1970), 287– 291.

[4] , D.A. Martin, forthcoming book on proofs of determinacy.

[5] D.A. Martin and R.M. Solovay, A basis theorem for Σ^1_3 sets of reals, em Annals of Mathematics 89 (1969), 138–159.

[6] D.A. Martin and J.R. Steel, A Proof of Projective Determinacy, Journal of the American Mathematical Society bf 2 (1989), 71–125.

[7] D.A. Martin and J.R. Steel, The tree of a Moschovakis scale is homogeneous, to appear (and available at http://www.math.berkeley.edu/ steel).

[8] Y.N. Moschovakis, Ordinal games and playful models, Cabal Seminar 77-79 , Lecture notes in Mathematics 839, Springer-Verlag 1981 169–202 (A.S. Kechris,D.A. Martin, and Y.N. Moschovakis eds.).

[9] J.R. Steel, unpublished lecture notes, UCLA 1994.

[10] J.R. Steel and R. Van Wesep, Two consequences of determinacy consistent with choice, Trans. of AMS 272 (1982) 67–85.

[11] W.H. Woodin, unpublished lecture notes, Berkeley 1993-94.

[12] W.H. Woodin, Supercompact cardinals, sets of reals, and weakly homogeneous trees,Proc. Nat. Acad. Sci. USA 85, 6587–6591.