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Synopsis

We will discusghe modeltheoreticaspectof the partialorderof the
Turing degreesof therecursvely enumerableets denotedR. We will
give anoverview of whatis known, andindicatethe proofsof the
following theorems.

Harrington and Shelah. Thefirst ordertheoryof R is notdecidable.

Harrington and Slaman; Slamanand Woodin. Thefirst ordertheory
of R is recursvely isomorphicto thefirst ordertheoryof arithmetic.

Nies, Shore,and Slaman. Supposéhat A is anarithmeticrelationon R
andA is invariantunderdouble-jumpequivalence.Then A is
definablein R. Further highis definablein R.




Inter pretationswithin R

In arithmetic,Godelnumbergepresentirst finite sequenceandthen
Turing machinesWe will useelementof R to representirst order
structuresin particularcountablepartialorders.

Definition 1 A codingin R of a partialorder P is givenby afinite
sequencef recursvely enumerablelegreesp andtwo formulasg1(X, y)
andgo(X1, X2, y) with thefollowing properties.

1. Define
(@ G=1{9:RE¢i(9,p)};
(b) for g1 andgy in G, g1 = g if andonly if R = ¢2(g1. G2, p);
(c) andlet (G, =) bethepartialorderinducedby > onthe
>-equialenceclasses.

2. (G, ») isisomorphicto P.

Undecidability

Theorem 2 LetT bethesetof sentencetrue in every partially ordered
set.

1. T isundecidable

2. T isequalto thesetof sentencefrue in every Ag partially ordered
set.




Slamanand Woodin Coding

Definition 3 A SlamanandWbodin codingof a partialorderP isa
sequencef recursvely enumerableegreesp, q,r andl with the
following properties.

1. Define
(a)
g is aminimal elementof

G=10:RE
{w:r >wandw + p > q}

(b) for g1 andgz in G, g1 > gz if andonlyif R =91 + 1 > go;

(c) andlet (G, =) bethepartialorderinducedby > onthe
>-equialenceclasses.

2. (G, ») isisomorphicto P.

Existenceof Partial Order Codings

Theorem 4 (Slamanand Woodin) Let(w, >) bea Ag partial ordering

of w. Ther arerecursivelyenumeablesetsP, Q, R andL anda

uniformlyrecursivelyenumeable sequencef sets(G; : i € w) sud that

thefollowing propertieshold.

1. Thedegreesof P, Q, R andL are a SlamanandWbodin Codingof

(w, >).

2. Furtherthe maptakingthe equivalenceclassof thedegreeof G; to
thatofi in P is anisomorphisnbetweerthe codedpartial order and

thepartial orderinginducedby P.




The Proof

Of coursethereis a priority constructiorbehindthe existencestatement
for P, Q, R, L andthesequencéG; : i € w). Withoutgoinginto too
muchdetail, we candescribehebasiclogical form to makeG minimal
belov R joining P above Q.

e First,we enumeratd™ andensurghatI’(G + P) = Q.

e Then,we considerthefollowing requirement.
If W= ®(R)and¥ (W + P) = Q, thenthereisa A such
thatA(W) = G.
If W = ®(R) andfor eachn it is notpossibleto makeW (n, W + P)
differentfrom Q(n), thenwe mustenumerate\ andensurethatfor
eachn, A(n, W) = G(n).

Q I
m
P
W \
y(mW+P)
G | —
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* safeto enumerate
5(n, W) here

By preservinghesecomputationsye canpresere
theability to enumeratea into G within the
constrainthat A (W) = A.




Why a priority construction?

e Therequirements$o besatisfiedareBooleancombinationf
MY-statements.

e Theobjectsto beconstructecgrerecursve enumerations.

Consequentlymeetingthe densesetswhich ensurehattherequirements
satisfiedmustgo aheadwvithout knowing which disjunctin the statement
of therequirementill betruein thelimit.

In thefollowing, we will usevariousinput setsto modulatethewayin
which we meetthesedensesets.

Undecidability

Therepresentatioof Ag partially orderedsetsprovidesaninterpretation
of thetheoryof all partially orderedsetswithin thatof R.

@ istruein all partially orderedsetsif andonly if for every
partially orderedset P codedin R, ¢ holdsin P.

Thelatterconditionis expressedn R by quantifyingover codesand
rewriting ¢ to beinterpretedwithin the partial ordersthey define.

Theorem 5 (Harrington and Shelah) Thefirst order theoryof R is not
recursive
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Partial orders asmodelsof arithmetic

Indicatesl +2 =3

O1 02 03 e On On+1

integersarerepresentetdy minimal elementof theorder
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An Observation on Building Codesfor Models

In the priority constructiorto producea the codedmodelof arithmetic,
the stratgieswhich directly effect theintegersof thecodedmodelare
simpleelaboration®n thefinite injury method.

Any nonrecursie recursvely enumerablesetcanbe usedto drive sucha
construction.Thatis to saythatfor ary recursvely enumerabley, thereis
acodedmodelof arithmetic?t suchthatall of theintegersof 9t are
recursveiny.
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RecognizingStandard Models

We canusepartially orderedsetsto represenmodelsof arithmetic,but
how canwe defineacollectionof codesfor standardnodelsof
arithmetic?

Fix T to befinitely axiomitizedtheorysothatarny modelof T is anend
extensionof a standardnodelof arithmetic.
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Comparing Modelsof T

Definition 6 Supposehati; and9i, aremodelsof T. A comparison
betweennitial segmentsof 911 andM1, is abijectionbetweerthetwo
initial sgmentswhich preseresthe operationf the structuresvhen
viewedasrelations.

o If M is standarcandMz = T, thenarny two comparisongrom i
to Mo arecompatible.

o If M1 is standarcandM, = T, thentheuniverseof M, is the
domainof acomparisorfrom 211 to MN».
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ComparisonsBetweenModels—In the Codes

Recall,x is low if andonly if x’ = 0. Thereis adirectwayto compare
codedmodels?t; and9t, all of whoseintegersarelow.

Lemma7 Supposehatxs, ..., X, andy are low recursivelyenumeable
degrees.Thenthere is a standad model?t codedby low parametersand

with integersrepresentedy gi, g2, . .. sud thatthefollowing conditions
hold.

1. For eadhi lessthanor equalton, X; >T1 gi.
2. Foreadi and j lessthanor equalton, if X; #71 Xj, thenx; #71 gi.

3. For eah k greaterthann, y #T g«
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Making the Comparison

Supposéhatr is low andthatt; and9t, aremodelswhoseintegers
(antichains)reall belov r.
e Foreachn € w, we canfind amodelt suchthat

— fori betweerl andn, theith integerof 91 picksout (by being
below) theith integerof M1 and

— fori betweem + 1 and2n, theith integerof 9t picksouttheith
integerof M.

¢ In thecodeswe have a systemof compatiblemapscomparinghe
finite initial sggmentsof M1 andMN».

e Roughlyspeakingin the codeswe have a comparisorbetween
initial sggmentsof M1 andof Mo whichincludestheir standargarts.
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A Definable Classof Standard Models

Definition 8 Saythatamodelt1, codedby p, g,r andl asabove,is
certifiableif andonly if for every othermodelt, with integersrecursve
in r, theabove comparisorbetweertt; andi, includesall of 915 in its
domainandis anisomorphisnbetweertt; andtherestrictionof 2tz to
its range.

e Everystandardii; with low parameterss certifiable.

e Sinceevery nontrivial parameteboundgheintegersof astandard
modeldN, if <11 is certifiable,thenty is isomorphicto astandard
modeln.

e Thus,thesetof certifiablemodelsis definablein the codesjs not
empty andconsistof isomorphiccopiesof the standardnodelof
arithmetic.
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True Arithmetic

Theorem 9 (Harrington and Slaman; Slamanand Woodin) Thefirst
order theoryof R is recursivelyisomorphicto thefirst order theoryof
arithmetic.

We canreducethetheoryof arithmeticto thatof R asfollows.

@ is truein arithmeticif andonly if for every certifiablemodel
M codedin R, ¢ holdsin 91.
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Defining Jump Classes

Supposédhatx is arecursvely enumerablelegree.

e Theisomorphisntypeof [0, x] is adefinableinvariantof x. In the
codesijt containsrepresentationsf structuresvhich aredefinable
from Xx.

e We shouldobtaina syntacticinvariantA (x) from x by proving two
technicallemmas.

— Every structured)t with apresentationn A(x) is codedby
parametersecursvein X.

— Every structuret codedby parametersecursvein x hasa
presentatiomn A(X).

Then,we shouldusethe codingof arithmeticto concludethatfor a given
A, thesetof x for which A = A(X) is definablein R.
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Prompt Simplicity

Problem: Dueto subtletiesof timing, our constructiorof codesof
structuresannotbeimplementedelonr anarbitraryrecursvely
enumerablelegree.An arbitraryrecursvely enumerablesetmaynever
changeattherighttime.

Solution: Thereis aclassof recursvely enumerabl@egreesthe prompt
degreesfor which this problemdoesnot occur Promptsetsaregeneric
with respecto the stageduringwhich they change Further by a
theoremof Ambos-SpiesJockuschShoreandSoare the setof prompt
degreess definablein R.

21

Double Jump Invariance

We will referto atechnicalnotion, EffectivelyCodedSetof Integers but
notgive thefull definitionfor it. An ECSIconsistsf a codefor an
enhanceanodelof arithmeticanda subsetA of its integers.

Definition 10 Let ECSKx) bethesetof A suchthat A is effectively
codedby parametersvhich arerecursvein x.
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Theorem 11 (Nies, Shore,and Slaman) Thefollowing conditionsare
equivalent.

1. Ais ZI(X).

2. For everypromptlysimpledegree p, A € ECSIX + p).

The promptly simpledegreesareusedasgenericparameterso construct
genericcodestheir effect canbeintegratedaway.

For degreesx” = y” if andonly if for their representaties
23(X) = 23(Y). Consequentlythe doublejump classesreinvariant
within R.
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Definability of the Double Jump

Within R, we candefinetherelationwhich associatedhe codep for N
andtheintegere to the setof degreesx suchthatW; hasdegreex”.

e Fromp, we candefinethe collectionof codesfor indicesof sets
whichare £9(We).

e Fromx, we candefinethe collectionof codedfor indicesof sets
whicharein ECSKx + p) for every promptlysimpledegreep.

e Usingthealgebraof comparisormapsbetweersuchmodels,we can
asserthatthesesetsof indicesarethesame.

Of coursethesetwo setsof indicesarethe sameif andonly if W, has
degreex”. It followsthatthe classof x’s suchthatW, hasdegreex” is
definablein R.
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Defining High

Recallx is highif andonly if X" = 0.

Theorem 12 (Nies,Shore,and Slaman) x € R is highif andonly if
RE (Vy)@Fz<x0)[Z'=Y"].

Theleft-to-right directionusesthe RobinsonJumplnterpolation
Theoremgheright-to-left directionusesa theoremof StobandSoare.
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Foodfor Thought

Is thefollowing relationdefinable?
p codesarithmeticwith thenumbere andx is thedegreeof We

Claimingto refutea conjectureof SlamanmandWoodin,Cooperhas
assertedhatit is notdefinable.
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