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Synopsis

We will discussthemodeltheoreticaspectsof thepartialorderof the

Turing degreesof therecursively enumerablesets,denoted
�

. Wewill

give anoverview of whatis known, andindicatetheproofsof the

following theorems.

Harrington and Shelah. Thefirst ordertheoryof
�

is notdecidable.

Harrington and Slaman; Slamanand Woodin. Thefirst ordertheory

of
�

is recursively isomorphicto thefirst ordertheoryof arithmetic.

Nies,Shore,and Slaman. Supposethat A is anarithmeticrelationon
�

andA is invariantunderdouble-jumpequivalence.ThenA is

definablein
�

. Further, high is definablein
�

.

2



Inter pretationswithin �
In arithmetic,Gödelnumbersrepresentfirst finite sequencesandthen
Turing machines.We will useelementsof

�
to representfirst order

structures,in particularcountablepartialorders.

Definition 1 A codingin
�

of a partialorderP is givenby a finite
sequenceof recursively enumerabledegrees� andtwo formulas� 1 � x ���	�
and � 2 � x1 � x2 �
��� with thefollowing properties.

1. Define

(a) ��
�� g :
��� 
�� 1 � g ������� ;

(b) for g1 andg2 in � , g1 � g2 if andonly if
��� 
�� 2 � g1 � g2 ����� ;

(c) andlet � ������� bethepartialorderinducedby � on the

� -equivalenceclasses.

2. � ������� is isomorphicto P.
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Undecidability

Theorem 2 Let T bethesetof sentencestrue in everypartially ordered

set.

1. T is undecidable.

2. T is equalto thesetof sentencestrue in every � 0
2 partially ordered

set.
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Slamanand Woodin Coding

Definition 3 A SlamanandWoodincodingof a partialorderP is a

sequenceof recursively enumerabledegreesp � q � r andl with the
following properties.

1. Define

(a)

��
 g :
��� 
 g is a minimalelementof

�! : r "# and  %$ p " q �
(b) for g1 andg2 in � , g1 � g2 if andonly if

��� 
 g1 $ l " g2;

(c) andlet � ������� bethepartialorderinducedby � on the

� -equivalenceclasses.

2. � ������� is isomorphicto P.
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Existenceof Partial Order Codings

Theorem 4 (Slamanand Woodin) Let �'& ��()� bea � 0
2 partial ordering

of & . There are recursivelyenumerablesetsP � Q � R andL anda

uniformlyrecursivelyenumerablesequenceof sets� Gi : i * & � such that

thefollowingpropertieshold.

1. Thedegreesof P � Q � R andL are a SlamanandWoodinCodingof

�+& �,(-� .
2. Further themaptakingtheequivalenceclassof thedegreeof Gi to

thatof i in P is an isomorphismbetweenthecodedpartial order and

thepartial orderinginducedby P.
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The Proof

Of course,thereis a priority constructionbehindtheexistencestatement

for P � Q � R � L andthesequence� Gi : i * & � . Without goinginto too

muchdetail,we candescribethebasiclogical form to makeG minimal

below R joining P above Q.

. First,we enumerate/ andensurethat / � G $ P �0
 Q.

. Then,we considerthefollowing requirement.

If W 
21 � R� and 3 � W $ P �4
 Q, thenthereis a � such

that � � W�0
 G.

If W 
�1 � R� andfor eachn it is notpossibleto make 3 � n � W $ P �
differentfrom Q � n� , thenwemustenumerate� andensurethatfor

eachn, � � n � W�4
 G � n� .
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G

W

P

Q

5 � m � G $ P �

6 � m � W $ P �

n

m

safeto enumerate7 � n � W� here

theability to enumeraten into G within the
constraintthat � � W�0
 A.

By preservingthesecomputations,wecanpreserve
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Why a priority construction?

. Therequirementsto besatisfiedareBooleancombinationsof8 0
2-statements.

. Theobjectsto beconstructedarerecursiveenumerations.

Consequently, meetingthedensesetswhichensurethattherequirementis

satisfiedmustgo aheadwithout knowing whichdisjunctin thestatement

of therequirementwill betruein thelimit.

In thefollowing,wewill usevariousinput setsto modulatetheway in

which wemeetthesedensesets.
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Undecidability

Therepresentationof � 0
2 partiallyorderedsetsprovidesaninterpretation

of thetheoryof all partiallyorderedsetswithin thatof
�

.

� is truein all partiallyorderedsetsif andonly if for every

partiallyorderedsetP codedin
�

, � holdsin P.

Thelatterconditionis expressedin
�

by quantifyingovercodesand

rewriting � to beinterpretedwithin thepartialordersthey define.

Theorem 5 (Harrington and Shelah) Thefirst order theoryof
�

is not

recursive.
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Partial orders asmodelsof arithmetic

g1 9:9:9g2 g3 gn; 1gn

Indicates1 2 3

integersarerepresentedby minimalelementsof theorder
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An Observation on Building Codesfor Models

In thepriority constructionto producea thecodedmodelof arithmetic,

thestrategieswhich directlyeffect theintegersof thecodedmodelare

simpleelaborationson thefinite injury method.

Any nonrecursive recursively enumerablesetcanbeusedto drivesucha

construction.Thatis to saythatfor any recursively enumerabley, thereis

a codedmodelof arithmetic < suchthatall of theintegersof < are

recursive in y.
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RecognizingStandard Models

We canusepartially orderedsetsto representmodelsof arithmetic,but

how canwedefineacollectionof codesfor standardmodelsof

arithmetic?

Fix T to befinitely axiomitizedtheorysothatany modelof T is anend

extensionof astandardmodelof arithmetic.
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Comparing Models of T

Definition 6 Supposethat < 1 and < 2 aremodelsof T . A comparison

betweeninitial segmentsof < 1 and < 2 is abijectionbetweenthetwo

initial segmentswhichpreservestheoperationsof thestructureswhen

viewedasrelations.

. If < 1 is standardand < 2
� 
 T , thenany two comparisonsfrom < 1

to < 2 arecompatible.

. If < 1 is standardand < 2
� 
 T , thentheuniverseof < 1 is the

domainof acomparisonfrom < 1 to < 2.
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ComparisonsBetweenModels – In the Codes

Recall,x is low if andonly if x =>
 0= . Thereis a directwayto compare

codedmodels< 1 and < 2 all of whoseintegersarelow.

Lemma 7 Supposethat x1 ��?
?@?
� xn andy are low recursivelyenumerable

degrees.Thenthere is a standard model< codedby low parametersand

with integersrepresentedby g1 � g2 ��?
?@? such that thefollowing conditions

hold.

1. For each i lessthanor equalto n, xi " T gi .

2. For each i and j lessthanor equalto n, if x j A" T xi , thenx j A" T gi .

3. For each k greaterthann, y A" T gk
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x1 x2 x3

g1 g2 g3

?
?
?

?
?
?

xn y

gn gnB 1 ?
?
?
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Making the Comparison

Supposethatr is low andthat < 1 and < 2 aremodelswhoseintegers

(antichains)areall below r .

. For eachn * & , we canfind a model < suchthat

– for i between1 andn, the i th integerof < picksout (by being

below) the i th integerof < 1 and

– for i betweenn $ 1 and2n, the i th integerof < picksout the i th

integerof < 2.

. In thecodes,wehave asystemof compatiblemapscomparingthe

finite initial segmentsof < 1 and < 2.

. Roughlyspeaking:In thecodes,we havea comparisonbetween

initial segmentsof < 1 andof < 2 which includestheirstandardparts.
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A DefinableClassof Standard Models

Definition 8 Saythata model < 1, codedby p � q � r andl asabove, is

certifiableif andonly if for every othermodel < 2 with integersrecursive

in r , theabove comparisonbetween< 1 and < 2 includesall of < 1 in its

domainandis anisomorphismbetween< 1 andtherestrictionof < 2 to

its range.

. Every standard< 1 with low parametersis certifiable.

. Sinceeverynontrivial parameterboundstheintegersof astandard

model < , if < 1 is certifiable,then < 1 is isomorphicto astandard

model < .

. Thus,thesetof certifiablemodelsis definablein thecodes,is not

empty, andconsistsof isomorphiccopiesof thestandardmodelof

arithmetic.
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True Arithmetic

Theorem 9 (Harrington and Slaman; Slamanand Woodin) Thefirst

order theoryof
�

is recursivelyisomorphicto thefirst order theoryof

arithmetic.

We canreducethetheoryof arithmeticto thatof
�

asfollows.

� is truein arithmeticif andonly if for everycertifiablemodel

< codedin
�

, � holdsin < .
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Defining Jump Classes

Supposethatx is a recursively enumerabledegree.

. Theisomorphismtypeof [0 � x] is adefinableinvariantof x. In the

codes,it containsrepresentationsof structureswhicharedefinable

from x.

. We shouldobtainasyntacticinvariant � � x � from x by proving two

technicallemmas.

– Everystructure< with apresentationin � � x � is codedby

parametersrecursive in x.

– Everystructure< codedby parametersrecursive in x hasa

presentationin � � x � .
Then,weshouldusethecodingof arithmeticto concludethatfor a given

� , thesetof x for which �C
D� � x � is definablein
�

.
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Prompt Simplicity

Problem: Dueto subtletiesof timing, our constructionof codesof

structurescannotbeimplementedbelow anarbitraryrecursively

enumerabledegree.An arbitraryrecursively enumerablesetmaynever

changeat theright time.

Solution: Thereis a classof recursively enumerabledegrees,theprompt

degrees,for which this problemdoesnotoccur. Promptsetsaregeneric

with respectto thestagesduringwhich they change.Further, by a

theoremof Ambos-Spies,Jockusch,Shore,andSoare,thesetof prompt

degreesis definablein
�

.
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DoubleJump Invariance

We will referto a technicalnotion,EffectivelyCodedSetof Integers, but

notgive thefull definitionfor it. An ECSIconsistsof a codefor an

enhancedmodelof arithmeticandasubsetA of its integers.

Definition 10 Let ECSI� x � bethesetof A suchthat A is effectively

codedby parameterswhicharerecursive in x.
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Theorem 11(Nies,Shore,and Slaman) Thefollowing conditionsare

equivalent.

1. A is E 0
3 � X � .

2. For everypromptlysimpledegree p, A * ECSI� x $ p� .

Thepromptlysimpledegreesareusedasgenericparametersto construct

genericcodes;their effectcanbeintegratedaway.

For degreesx =F= 
 y =F= if andonly if for their representatives

E 0
3 � X �G
�E 0

3 � Y � . Consequently, thedoublejump classesareinvariant

within
�

.

23

Definability of the Double Jump

Within
�

, we candefinetherelationwhich associatedthecode� for H
andtheintegere to thesetof degreesx suchthatW=F=e hasdegreex =F= .
. From � , we candefinethecollectionof codesfor indicesof sets

whichare E 0
3 � We� .

. Fromx, we candefinethecollectionof codesfor indicesof sets

whicharein ECSI� x $ p� for everypromptlysimpledegreep.

. Usingthealgebraof comparisonmapsbetweensuchmodels,we can

assertthatthesesetsof indicesarethesame.

Of course,thesetwo setsof indicesarethesameif andonly if W =F=e has

degreex =F= . It follows thattheclassof x’ssuchthatW=F=e hasdegreex =F= is
definablein

�
.
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Defining High

Recallx is high if andonly if x =I
 0=F= .

Theorem 12(Nies,Shore,and Slaman) x * � is high if andonly if��� 
 �'J y� �'K z L x � [z=F=:
 y =F= ].

Theleft-to-right directionusestheRobinsonJumpInterpolation

Theorem;theright-to-left directionusesa theoremof StobandSoare.
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Foodfor Thought

Is thefollowing relationdefinable?

� codesarithmeticwith thenumbere andx is thedegreeof We

Claimingto refutea conjectureof SlamanandWoodin,Cooperhas

assertedthatit is notdefinable.
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