
Math 202B Solutions
Assignment 6
D. Sarason

21. Suppose the sequence (fn)∞1 in L1(µ) converges almost everywhere to the function f in L1(µ), and that
limn→∞‖fn‖1 = ‖f‖1. Prove that limn→∞‖f − fn‖1 = 0.

Proof 1: For each n, let En = {|fn| ≤ 2|f |}, and let gn = fnχEn
. Then if f(x) 6= 0 and fn(x) → f(x) as

n →∞, then x ∈ En for n sufficiently large, so gn(x) → f(x). Also, if f(x) = 0, then gn(x) = 0 for each n.
Therefore, gn → f almost everywhere.

Also, |gn| ≤ 2|f | by construction, so by the dominated convergence theorem,
∫
|gn| dµ →

∫
|f | dµ = ‖f‖1 as

n →∞. On the other hand, by assumption,
∫
|fn| dµ →

∫
|f | dµ as n →∞. Therefore,

∫
(|fn|−|gn|) dµ → 0

as n →∞. However, |fn| − |gn| = |fn|(1− χEn
) = |fn − gn|, so we see that ‖fn − gn‖1 → 0 as n →∞.

We now have
‖f − fn‖1 ≤ ‖f − gn‖1 + ‖fn − gn‖1.

However, |f − gn| ≤ 3|f |, so by the dominated convergence theorem, ‖f − gn‖1 → 0 as n → ∞. Thus,
‖f − gn‖1 + ‖fn − gn‖1 → 0 as n →∞, so limn→∞‖f − fn‖1 = 0 also, as desired.

Proof 2: Consider the sequence of nonnegative functions gn = |f |+ |fn| − |f − fn|. Then

lim inf
n→∞

gn = lim
n→∞

(|f |+ |fn| − |f − fn|) = 2|f |,

while

lim inf
n→∞

∫
gn dµ = lim inf

n→∞

(∫
|f | dµ +

∫
|fn| dµ−

∫
|f − fn| dµ

)
=

∫
|f | dµ + lim

n→∞

∫
|fn| dµ− lim sup

n→∞

∫
|f − fn| dµ.

Therefore, Fatou’s Lemma gives

2‖f‖1 =
∫

(lim inf
n→∞

gn) dµ ≤ lim inf
n→∞

∫
gn dµ = 2‖f‖1 − lim sup

n→∞

∫
|f − fn| dµ,

which implies lim supn→∞‖f − fn‖1 ≤ 0. Since obviously lim infn→∞‖f − fn‖1 ≥ 0, this implies the desired
result.

22. Let (X,R, µ) and (Y,S, ν) be σ-finite measure spaces. Let A be a set in the hereditary σ-ring generated by
R and B a set in the hereditary σ-ring generated by S. Prove that (µ× ν)∗(A×B) = µ∗(A)ν∗(B).

Proof: If R ∈ R and A ⊆ R, then µ∗(A) ≤ µ(R), and there is an R ∈ R for which equality holds.
(See the solution to problem 5 for the proof of this last statement.) Similarly, if S ∈ S and B ⊆ S, then
ν∗(B) ≤ ν(S), and there is an S for which equality holds. And if E ∈ R × S and A × B ⊆ E, then
µ∗(A×B) ≤ µ×ν(E), and there is an E for which equality holds. (We can use R×S in the last statement,
rather than the possibly larger σ-ring of µ× ν-measurable sets, because every µ× ν-measurable set differs
from a set in R× S by a null set.)

Take R ∈ R such that A ⊆ R and µ∗(A) = µ(R), and S ∈ S such that B ⊆ S and ν∗(B) = ν(S). Let
E = R× S. Then A×B ⊆ E, and

(µ× ν)∗(A×B) ≤ µ× ν(R× S) = µ(R)ν(S) = µ∗(A)ν∗(B).

It only remains to prove the reverse inequality.

Let E ∈ R × S with A × B ⊆ E, and µ × ν(E) = (µ × ν)∗(A × B). Then the function y 7→ µ(Ey) is
S-measurable. Thus, letting F = {y ∈ Y : µ(Ey) ≥ µ∗(A)}, we have F ∈ S, and B ⊆ F since A ⊆ Ey

whenever y ∈ B. Therefore,

(µ× ν)∗(A×B) = µ× ν(E) =
∫

µ(Ey) dν(y) ≥
∫

F

µ(Ey) dν(y) ≥ µ∗(A)ν(F ) ≥ µ∗(A)ν∗(B).
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23. (a) Prove that if f is in L1(µ) then limt→∞ tΛt(f) = 0.
Proof: Let Et = {|f | > t}, so that µ(Et) = Λt(f). Then tΛt(f) =

∫
Et

t dµ ≤
∫

Et
|f | dµ. However,∫

Et
|f | dµ → 0 as t →∞ by the dominated convergence theorem, since

⋂
Et = {|f | = ∞} is a null set.

Therefore, tΛt(f) → 0 as t →∞ also.

(b) Prove that if µ is a finite measure, if f is a measurable function, and if there is a positive number ε
such that Λf (t) = O(1/t(log t)1+ε) as t →∞, then f is in L1(µ).
Proof: We have ∫

|f | dµ =
∫ ∞

0

Λf (t) dt =
∫ a

0

Λf (t) dt +
∫ ∞

a

Λf (t) dt

≤ aµ(X) +
∫ ∞

a

Λf (t) dt.

By assumption, there are positive numbers a, c such that Λf (t) ≤ c/t(log t)1+ε for t ≥ a. (Without
loss of generality assume a > 1.) Hence∫

|f | dµ ≤ aµ(X) +
∫ ∞

a

dt

t(log t)1+ε
= aµ(X) +

∫ ∞

log a

ds

s1+ε
< ∞.

24. Let f be in L1(λ). Define the function g on R by

g(x) =
∫

R

f(y)
1 + x2 + y2

dy.

Prove that g is in L1(λ), and that ‖g‖1 ≤ π‖f‖1.
Proof: It is easy to see that the function R2 → R defined by (x, y) 7→ f(y) is Lebesgue measurable. In
addition, 1

1+x2+y2 is continuous and thus Borel measurable, so their product f(y)
1+x2+y2 is Lebesgue measurable.

Thus, the fiberwise integral g is measurable, and we have

‖g‖1 ≤
∫

R

(∫
R

|f(y)|
1 + x2 + y2

dy

)
dx =

∫
R

(
|f(y)|

∫
R

1
1 + x2 + y2

dx

)
dy.

Since
∫∞
−∞

1
1+x2+y2 dx = π√

1+y2
≤ π, we get ‖g‖1 ≤ π

∫
R |f(y)| dy = π‖f‖1.
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