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D u r i n g  t h c  l a s t  f  i v e  y e a r s  t h c r e  h a s  b e c n  m u c h  p r o g r c s s  i n

u n d e r s t a n d i n g  a n d  c a l c u l a t i n g  t h e  K - g r o u p s  o f  v a r i o u s  C x - a l g c b r a s .

B u t  o n c e  t h i s  h r s  b c c n  a c c o m p l i s h c d  i n  a n 1 ' g i v c n  s i t u r t i o n ,  t h c r c

r e m a i n  m a n y  i n t e r c s t i n g  q u c s t i o n s  c o n c e r n i n g  f  i n c r  s t r u c t u r c ,  o r  w h a t

I  ca l l  non-s tab le  K- thcory .  I r {y  purpose herc  i s  to  l i s t  somc o l  thcsc

q u e s t i o n s ,  a n d  t h e n  t o  d i s c u s s  t h e  p r o g r c s s  w h i c h  h a s  b c c n  m a d c  i n

a n s w e r i n g  t h c m  f o r  n o n - c o m m u t a t i v c  t o r i  a n d  f o r  a  f c w  o t h c r

c x a m p l c s .

l .  THE QUESTIONS

Ir {os t  o f  the  ques t ions  wh ich  wc w i l l  cons ider  a rc  on ly  o f

i n t c r e s t  f o r  C * - a l g e b r a s  w i t h  i d e n t i t y  e l c m e n t ,  a n d  s o  w c  w i l l

a s s u m e  t h e  p r e s c n c c  o f  a n  i d e n t i t y  e l c m e n t  t h r o u g h o u t .  A c t u a 1 l y ,

a s  f a r  a s  t h e  K o  B r o u p  i s  c o n C e r n c d ,  w e  c a n  u s u a l l - v  w o r k  w i t h  a n y

a l g e b r a  w i t h  i d e n t i t y  e l c m c n t .  W c  r e c a l l  [ ] ,  l 9 ]  t h a t  t h c r c  a r c  t w o

e q u i v a l e n t  d c f i n i t i o n s  o f  t h e  K O ( A ) ,  o f  a n  a l g c b r a  A .  I n  t h c  m o s t

n a t u r a l  o f  t h e s c  t w o  d c f  i n i t i o n s ,  o n e  c o n s i d c r s  t h e  s c t ,  S ( A ) ,  o f
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isomorph ism c lasscs  o f  f in i te ly  genera ted  pro jec t i ve  (say  r igh t )
A-modu les .  Under  fo rmat ion  o f  d i rec t  sums o f  modu les ,  S(A)
becomes a  commuta t ive  semigroup,  w i th  the  (c lass  o f  the)  zero
modu lc  serv ing  as  idcn t i t y  e lement .  Then Ko(A)  i s  de f ined to  be
thc  enve lop ing  (o r  Gro thcnd ieck)  g roup o f  the  semigroup S(A) .  The
image o f  S(A)  in  K0(A)  p rov ides  Ko(A)  w i th  a  "pos i t i ve  cone" ,
wh ich  can be  bad ly  behaved i f  A  i s  no t  f in i te  in  some sense [3 ] .
T h e  s t u d y  a n d  c a l c u l a t i o n  o f  t h i s  p o s i t i v e  c o n e  c a n  b e  v c r y
i n t e r c s t i n g ,  b u t  w e  c o n s i d e r  i t  t o  b e  s t i l l  p a r t  o f  t h e  s t a b l e
K- theory  o f  A .  Rather  i t  i s  the  s tudy  o f  S(A)  i t se l f ,  and o f  the
passage f rom S(A)  to  Ko(A) ,  wh ich  we cons ider  to  cons t i tu te  the
non-s tab le  par t  o f  Ko- theory .  Thus  fo r  a  g iven a lgebra  A the
f u n d a m c n t a l  q u c s t i o n  o f  n o n - s t a b l e  I ( o - t h e o r y  i s :

QUESTION l .  ' lVhat is the structure of the sent igrottp S(A)?
T h i s  q u c s t i o n  i s  u s u a l l y  t o o  h a r d  t o  a n s w e r ,  a n d  s o  o n e  f i r s t

cons iders  spcc ia l  aspcc ts  o f  i t .  For  example :

QUESTION 2. Does S(A) sat isfy cancel lat ion, that is,  i f  IJ.  Y and \N

at'e finitell, generated projective A-ntodules such tl.tat U e W = V e W.
does il follott' that U = Y?

l f  cance l la t ion  ho lds ,  then thc  map f  rom S(A)  to  Ko(A)  i s
in jcc t i ve .  Thus  i f  one knows what  i s  the  pos i t i ve  cone o f  Ko(A) ,
t h c n  o n e  k n o w s  S ( A ) .  H o w e v e r  c a n c e l l a t i o n  u s u a l l y  f a i l s ,  a n d  s o
o n e  i n s t c a d  a s k s  w e a k e r  q u e s t i o n s .  R e c a l l ,  f  o r  c x a m p l e ,  t h e t
modu les  u  and v  represent  the  same e lement  o f  Ko(A)  exac t ly  i f
therc  i s  some in teger  n  such tha t  U o  A"  =  V  @ An,  whcre  A.
d c n o t e s  t h e  f r e c  A - m o d u l c  o n  n  g e n e r a t o r s .  O n c  c a n  t h e n  a s k ,  f o r

a  g i v e n  a l g c b r a ,  w h c t h c r  t h e r c  i s  a n  u p p e r  b o u n d  o n  t h e  n c e d e d

n 's .  That  i s :

QUESTION 3. Is there a posit ive integer N sucft  that whenet,er IJ and
Y represent the same elenzent o/ Ko(A),  then lJ e AN = V e AN?

T h i s  q u e s t i o n  c a n  b c  v i e w e d  a s  a s k i n g  w h e t h c r  c a n c e l l a t i o n
ho lds  as  soon as  the  modu lcs  invo lved are  "1argc  cnough" .  Hcrc

" l a r g e  e n o u g h "  m e a n s  t h a t  t h e  m o d u l e s  c o n t a i n  A N  a s  a  s u m m a n d .

For  C* -a lgebras  there  is  a  c losc ly  re la tcd  way o f  dc f in ing  the  s ize

o f  a  m o d u l e ,  n a m e l y  b y  m e a n s  o l  a  t r a c e  o n  t h c  a l g e b r a .  W e  r e c a l l
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tha t  the  second equ iva len t  de f in i t ion  [19 ]  o f  the  K0-group is  in

te rms o f  p ro jec t ions  in  mat r ix  a lgebras ,  M. (A) ,  over  A .  I f  p  i s  a

pro jec t ion  in  Mn(A) ,  then pA"  w i l l  be  a  f  in i te ly  gcnera tcd

p r o j c c t i v c  r i g h t  A - m o d u l e .  I f  r  b c  a  ( f i n i t c ,  p o s i t i v c )  t r a c e  o n  A ,

thcn  r  ex tcnds  in  an  ev idcn t  wey  to  a  t racc  on  cach N{ , . , (A) ,  and

thus  i f  p  i s  a  p ro jec t ion  in  any  M"(A)  then the  pos i t i ve  number

r (p )  i s  de f ined.  One can show eas i l y  tha t  th is  number  depends

on ly  on  the  isomorph ism c lass  o f  the  modu le  pA" .  Thus  T  de f ines  a

homomorph ism (aga in  denoted  by  r )  o f  S(A)  in to  thc  g roup o f  rea l

numbcrs ,  wh ich  then f  ac to rs  th rough K" (A) .  In  ana logy  w i th

Quest ion  3  one can ask :

QUESTION 4. For a given trace T on A, is there a number N sircf t

that,  i f  U @ W = V e W and i /  r( tul)  )  N (so a/so r( [W]) 7 N),  thert

U = V ?

I n  a  s l i g h t l y  d i f f e r e n t  d i r e c t i o n ,  o n e  c a n  a s k  a b o u t  c a n c e l l a t i o n

for  spec ia l  c lasscs  o f  modu les .  The most  commonly  d iscussed c lass

cons is ts  o f  the  s tab ly  f ree  modu les .  Spec i f i ca l l y :

QUESTION 5. Are stably free ntodules free? That is,  i f  the nodtt le

U is sucl t  that

U e A n = A m + n

for  some m and n,  does i t  ahvays fo l low t ln t

U : A * ?

I f  no t ,  then one can ask ,  as  be fore ,  whether  thcre  is  a  bound on

thc  n 's  tha t  a re  needed,  tha t  i s :

QUESTION 6. 1s there an integer l l  sucl t  that tv l tertever U ls a

stably f  ree modtt le then U @ AN is f  ree?

The nex t  ques t ion  is  bes t  phrased in  te rms o f  p ro jec t ions ,  and is

most  appropr ia te  to  ask  fo r  C* -a lgebras  where  cance l la t ion  ho lds .

Hcre  and la te r  we le t  U" (A)  denote  the  group o f  un i ta ry  e lemcnts

o f  Mr , (A) ,  and we le t  U f (A)  denote  the  connected  component  o f  the

idcn t i t y  c lement  in  U" (A) .
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QUESTION 7. If A satisfies cancellatiort, and if p and q are
(self-adioittt) proiections in M"(A) which represent tl 'te sante class itt
K.(A),  then are p and q in the sanle connected contponent of t lze set
of project ions in M"(A)? Equivalent ly,  is there a unitary u i r l  U;(A)
strch t l tat  upu* = q?

A ques t ion  about  Kn(A)  wh ich  goes  in  a  ra ther  d i f  f  e ren t

d i rec t ion  is :

QUESTION 8. l{hat is the sntallest n sucll that the projectiorts irt
M"(A) generate Ko(A)?

We remark  tha t  the  answcrs  to  Quest ions  I  and 2  are  invar ian t

under  Mor i ta  equ iva lence o f  a lgebras  [12 ] ,  whereas  most  o f  the

other  ques t ions  above invo lve ,  in  some sense,  the  pos i t ion  o f  the
f r e e  m o d u l e  o f  r a n k  o n e  a s  a n  o r d c r  u n i t  i n  S ( A ) .

We reca l l  [9 ]  tha t  K . , (A)  i s  de f ined as  the  l im i t  o f  the  groups

u"(A)/u;(A) '  U.,+1(A)/uf+1(A).

Thcre  are  two qu i te  ev ident  ques t ions  to  ask  about  the  non-s tab le

behav io r  fo r  K '  namely :

QUESTION 9. lVhat is the smallest n suclt that the hontomorphisnt

front Uu(A)/Uf(A) ro Kr(A) is in ject ive lor al l  k )  n?

QUESTION 10. IVhat is tlte smallest n suclt that the hontomorphisnt

front Un(A)/U;(A) lo Kr(A) is sur iect ive?

Thcrc  i s  a  subs tan t ia l  l i te ra tu re  in  a lgebra ic  K- theory

concern ing  these las t  two ques t ions .  Sec  [20 ]  and the  re fe renccs

t h c r c i n .

2. TECHNIQUES AND INTERRELATIONS

For  a  commuta t ive  C*-a lgebra ,  o f  fo rm A =  C(X)  fo r  X  a

compact  space,  the  f in i te ly  genera ted  pro jcc t i ve  modu les  cor respond

exac t ly  to  the  complcx  vec tor  bund les ,  by  a  theorem o f  Swan [8 ,
121.  Thus  in  th is  case the  vas t  appara tus  o f  a lgebra ic  topo logy ,

e s p e c i a l l y  t o p o l o g i c a l  K - t h e o r y ,  c a n  b e  b r o u g h t  t o  b c a r  o n

answer ing  the  above ques t ions .  But  i t  i s  known tha t  the  answers

a r e  u s u a l l y  c o m p l i c a t e d .  T h e r e  a r e  a  s m a l l  n u m b e r  o f  g e n e r a l
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resu l ts .  For  example ,  f rom Theorem 1 .5  o f  Chapter  8  o f  [8 ]  one

obta ins  immcd ia te ly  the  fo l low ing  answer  to  Qucs t ion  4  (where  one

may take  as  the  t race ,  eva lua t ion  o f  func t ions  a t  some f i xed  po in t ) :

THEOREM l. Let X be a conxpact connected CW contplex of

climensiort d. If Y and w are contplex vector bwtdles over X whiclt

represent the sante element o7 t<O(X;,  and i f  their  dimensiort  is >. df2,

tlten Y = W.

But  usua l ly ,  even when one can compute  fo r  spec i f i c  examples ,

i t  i s  d i f f i cu l t  to  f ind  genera l  pa t te rns .  One must  then expec t  tha t

th is  w i l l  be  a l l  the  more  the  s i tua t ion  f  o r  non-commuta t ivc

C*-a lgebras .

In  the  case o f  C* -a lgebras  wh ich  are  pos t l im ina l  ( i .e .  GCR) ,  and

so are  fa i r l y  c lose ly  re la ted  to  commuta t ive  C*-a lgebras ,  one can

hope tha t  resu l ts  in  topo log ica l  K- theory  w i l l  p rov ide  some

gu idance as  to  what  to  expec t ,  as  we l l  as  resu l ts  upon wh ich  one

can bu i ld  by  induc t ive  arguments .  For  example ,  A lber t  J .  Sheu [17 ]

has  s tud ied  the  un i t i zed  C*-a lgebra ,  6* (C)  where  G is  a  s imp ly

conncc ted  n i lpo ten t  L ie  g roup o f  fo rm R"  r  R .  These are  GCR,

and can be  cOns idcred  to  be  "non-commuta t ive  Spheres" .  He ob ta ins

a  good answer  to  Qucs t ion  4 ,  where  aS t race  hc  uscs  eva lua t ion  a t

thc  ad jo ined "po in t  o f  in f in i t y " .  He a lso  shows tha t  cance l la t ion

ho lds  fo r  cer ta in  o f  the  G o f  a rb i t ra r i l y  h igh  d imens ion .  But  he

has  an  example  o f  a  four -d imens iona l  G fo r  wh ich  cance l la t ion

fa i l s ,  though he  can never the lcss  descr ibe  the  s t ruc tu re  o f  i t s

scmigroup o f  p ro jec t i ve  modu les .

Theorem I  above suggests  tha t  some not ion  o f  d imens ion  in  the

non-commuta t ive  contex t  migh t  p lay  a  ro le  in  non-s tab le  K- theory .

I t  i s  fa r  f rom c lear  whether  there  shou ld  be  a  un ique no t ion  o f

d imens ion  in  th is  contex t ,  bu t  one no t ion  has  a l ready  p layed an

impor tan t  ro le  in  a lgebra ic  K- theory ,  namely  the  no t ion  o f  Bass

s tab le  rank .  We omi t  the  de f in i t ion ,  s ince  fo r  topo log ica l  a lgebras

i t  i s  more  conven ien t  to  use  the  no t ion  o f  topo log ica l  s tab lc  rank

( t s r )  w h i c h  w a s  i n t r o d u c e d  i n  [ 1 3 ]  a n d  s h o w n  t h e r e  t o  d o m i n a t c  t h e

Bass  s tab le  rank .  Subsequent ly ,  i t  was  shown by  Herman and

vasers te in  t l l  tha t  fo r  c* -a lgebras  the  topo log ica l  s tab le  rank
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co inc ides  w i th  the  Bass  s tab le  rank .  To  de f  ine  the  topo log ica l
s tab le  rank ,  we le t  Genu(v) ,  fo r  any  modu le  v  and pos i t i ve  in teger
k ,  denote  the  co l lec t ion  o f  k - tup les  o f  e lements ,  { t j } ,  in  Vk  wh ich
co l lec t i ve ly  genera te  V  a lgebra ica l l y ,  tha t  i s ,  such tha t

EvrA=V.

Note  nex t  tha t  i f  A  i s  a  topo log ica l  a lgebra ,  then any  f in i te ly
gcncra ted  pro jec t i ve  A-modu le ,  be ing  rea l i zab le  as  a  summand o f
some A ' ,  i s  a  topo log ica l  modu le  ( independent ly  o f  the  rea l i za t ion) .
DEFINITION. Let A be a topological algebra, and let Y be a finitely
generated projective A-module. Then tsr(Y) is defined to be the least
integer k,  i f  i t  exists,  such that Genn(V) is dense in Yk. I t t  part icular,

tsr(A) is defined to be the tsr of A as a rigltt A-module.

Mot iva t ion  fo r  the  above de f in i t ion  can be  found in  [13 ] .  There
is  a  subs tan t ia l  l i t c ra tu re  in  a lgebra ic  K- theory  (see [ ] ,  20 ] )

re la t ing  the  Bass  s tab le  rank  to  the  non-s tab le  behav io r  o f  K '
espec ia l l y  Quest ions  9  and 10 .  App l ied  to  C* -a lgebras ,  these resu l ts
y ie ld ,  fo r  example :

THEOREM 2 (Theorem 10.12  o f  [13 ] ) .  I . f  n  >  ts r (A)  +  2 ,  then the
map front U"(A)/U;(A) ro Kr(A) is an isontorphism.

War f  ie ld  [21 ]  seems to  have been the  f  i r s t  to  no t ice  a  d i rec t
gcnera l  rc la t ionsh ip  be tween the  Bass  s tab lc  rank  and the
cance l la t ion  proper ty  fo r  p ro jec t i ve  modu les .  A  d is t inc t i ve  fea ture
o f  h is  rcsu l ts  i s  tha t  i t  i s  no t  the  Bass  s tab le  rank  o f  the  a lgebra
which  is  impor tan t ,  bu t  ra ther  tha t  o f  the  endomorph ism a lgebra  o f
the  modu le  be ing  cance l led .  H is  resu l ts  a re  in  the  sp i r i t  o f

Quest ions  3  and 4  to  the  e f  f  ec t  tha t  cance l la t ion  ho lds  f  o r
"su f f i c icn t ly  la rge"  modu les ,  bu t  now s ize  is  measured in  te rms o f
the  s ize  o f  the  modu le  be ing  cance l led .  For  example ,  f rom h is
resu l ts  one ob ta ins :

THEOREM 3. Let W be a projective A-ntodule and let n be the Bass

stable rank of Endo(W). If U and Y are projective modtiles suclt that

( U @ W n ) @ w = V @ W ,
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t h e n U o W n : V .

To app ly  such s tab le  rank  techn iques ,  one needs to  be  ab le  to

es t imate  s tab le  ranks ,  and th is  i s  o f ten  very  d i f f i cu l t .  Bu t  Sheu 's

work  ment ioned above depends heav i l y  on  success fu l  es t imates  o f

s tab le  ranks .  and the  same is  t rue  f  o r  the  resu l ts  about

non-commuta t ive  to r i  to  be  d iscussed in  the  nex t  sec t ion .  A  c ruc ia l

too l  i s  p rov ided by  an  es t imate  in  the  case o f  c rossed produc ts  by

the  in tegers ,  wh ich  can be  cons idered the  most  impor tan t  resu l t  o f

[ 3 ]  ( s e e  T h e o r e m  7 . 1 ) .  S p e c i f i c a l l y :

THEOREM 4. Let A *c( Z denote the crossed product of a

C*-algebra A by an actiort a of the irilegers. Tltert

ts r (A  xo  Z)  <  ts r (A)  +  l .

Le t  us  ment ion  here  tha t  B lackadar  [2 ]  has  used severa l  o f  the

techn iques  ind ica ted  above to  show tha t  cance l la t ion  ho lds  fo r

tensor  p roduc ts  w i th  a lgebras  hav ing  ample  smal l  p ro jec t ions .  For

example ,  h is  Theorem A2 is :

THEOREM 5. Let A be a sintple unital  C*-algebra, and let  B be a

U H F  C * - a l g e b r a  w i t l t B  @  B  =  B .  1 / t s r ( A  8 B )  <  - , t l 1 e r t  A  @  B  f t a s

cancel lat iort .

A  somewhat  ana logous resu l t  concern ing  tensor  p roduc ts  has

b e e n  o b t a i n e d  b y  S h e u  I  l 7 ]  u s i n g  r a t h e r  d i f  f  e r e n t  m e t h o d s .  T o

s ta te  h is  resu l t ,  le t  Br ,  =  c - (R" )  @ K where  K denotes  the  a lgcbra

of  compact  opera tors  and R denotes  the  rea l  l inc .  For  any

C*-a lgebra  C w i thout  iden t i t y  e lcment  we le t  C-  denote  the  a lgebra

o b t a i n e d  b y  a d j o i n i n g  a n  i d c n t i t y  t o  C .

THEOREM 6 (Theorem a . l l  o f  t lT l ) .  For  any  C*-a lgebra  A and any

n ) l ,  cancel lat ion holds for (A a 8,,)- .

Notab ly  miss ing  are  techn iques  fo r  ob ta in ing  a  lower  bound fo r

ts r  in  the  absence o f  e i ther  a  d i rec t l y  re levant  compact  space or  o f

p roper  i somet r ies .  In  par t i cu la r ,  no  f in i te  s imp le  C*-a lgebras  are

known fo r  wh ich  one can prove tha t  ts r (A)  )  2 ,  a l though there  arc

many poss ib le  cand ida tcs .  Th is  i s  rc la ted  to  the  lack  o f  any

example  o f  a  f in i te  s imp le  C*-a lgebra  fo r  u 'h ich  cance l la t ion  fa i l s '
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s ince  ts r (A)  =  I  i s  equ iva len t  to  the  inver t ib le  e lements  be ing  dense,
and one has (see I IL2.4 of [4]  and 4.5.2 of [3]) :
THEOREM 7. I f  invert ible elements are dense in A, then A sat isf ies
cancel lat ion.

Not ice ,  fo r  example ,  tha t  th is  imp l ies  tha t  AF C*-a lgebras  have

cance l la t ion .  There  is  cor respond ing ly  a  lack  o f  any  example  o f  a
f in i te  s imp le  c* -a lgebra  fo r  wh ich  one can show tha t  the  inver t ib le
e lements  a re  no t  dense.

Le t  us  d iscuss  nex t  the  fac t  tha t  the  var ious  ques t ions  s ta ted  in

S l  a re  somewhat  in te r re la ted .  We g ive  two examples ,  whose proo fs
wi l l  appear  in  [6 ] .  The f i rs t  invo lves  Quest ions  8  and 10 .
THEOREM 8. Let q. be an autontorphisnt of the unital C*-algebra A
tvltich is in the connected conxponent of the identity autontorphisnt of
A, and let c. also denote the corresponding actiort of Z on A. Suppose
that

L Every element o/ Kr(A) is represented by an invert ible element
in A itself.

2. Tlte projectiorts itt A generate Ko(A).

Then every elentent in Kr(A "o z) is represented by an invert ible
e len ten t  in  A  xdZ.

For  the  nex t  resu l t  we le t  TA denote  the  C*-a lgebra  o f
cont inuous  func t ions  f rom the  c i rc le ,  T ,  to  A .  we remark  tha t  then
TA =  A xo  Z  fo r  c r  the  t r i v ia l  ac t ion ,  and i t  i s  an  in te res t ing
quest ion  as  to  whether  the  nex t  theorem can be  genera l i zed  to  the
case o f  non- t r i v ia l  a .  Th is  theorem invo lves  eues t ions  2  and 9 .
THEOREM 9. For a unital C*-algebra A the following are eqLtivarent:

l .  TA sat isf ies cancel lat ion.

2. Botlt a) A satisfies cancellation. and

b) For every projective A-module Y the natural map front
Auto(V)/Autf ,(V) ro Kr(A) is in ject ive.

The proo f  o f  th is  las t  theorem comes f  rom examin ing  the
fami l ia r  "c lu tch ing"  cons t ruc t ion  wh ich  to  any  au tomorph ism o f  an
A-modu le  assoc ia tes  a  TA-modu le .
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3. NON-COMMUTATIYE TORI

By de f  in i t ion  a  non-commuta t ive  to rus ,  Ag,  i s  a  C* -a lgebra

def ined as  fo l lows.  Le t  0  be  a  skew b i l inear  fo rm on R ' ,  and

def ine  a  skew cocyc le  o  on  Zn by

o(x ,Y)  =  exP(n i0 (x ,  Y) )

fo r  x ,  y  €  Zn .  Le t  Ag be  the  group C*-a lgebra  o f  Z"  tw is ted  by  o ,

i .e. ,  C*(2",o).  Thus to each x e Zn there is a unitary,  ux, in Ag,

and these un i ta r ies  sa t is fy  thc  re la t ion

uyu*  =  o (x ,  Y)u** ,  .

For  n  =  2  one ob ta ins  the  more  fami l ia r  i r ra t iona l  (and ra t iona l )

ro ta t ion  C*-a lgebras  [4 ] .

By  the  work  o f  P imsner  and Vo icu lescu [11 ]  concern ing  the

computa t ion  o f  the  K-groups  o f  c rossed produc ts  w i th  the  in tegers ,

one f inds  tha t  the  K-groups  o f  an  Ag are  the  same as  those fo r  an

ord inary  n - to rus  Tn (wh ich  is  the  AO fo r  wh ich  Q =  0) '  In

par t i cu la r ,

Ko(Ag)  =  Zzn- t

Th is  s t i l l  l eaves  qu i te  open the  prob lem o f  de tc rmin ing  what  i s  thc

pos i t i ve  cone o f  Ko(Ag) .  By  us ing  techn iques  f rom topo log ica l

K- theory ,  one can show tha t  the  answer  f  o r  T t  becomes

compl ica ted  fo r  n  =  4  and 5  (see [16 ] ) ,  and I  do  no t  know i f  the

answer  i s  known fo r  d imens ions  much above tha t .  (A lso ,

cance l la t ion  a l ready  fa i l s  fo r  T5 . )

I t  tu rns  ou t  however  tha t  there  is  a  n ice  answer  when 0  is  no t

en t i re ly  ra t iona l ,  in  the  sense tha t  the  range o f  0  on  the  in teger

la t t i ce  Zn C R '  i s  no t  en t i re ly  conta ined in  the  ra t iona l  numbcrs .

Not ice  tha t  there  is  a  canon ica l  t race ,  T ,  on  Ag,  Cor r€spond ing  to

eva lua t ing  a t  the  ident i t y  e lement  o f  Zn ,  w i th  i t s  assoc ia ted

homomorph ism,  T ,  f rom Ko(Ag)  in to  the  group o f  rea l  numbers .
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The la t te r  i s  pos i t i ve  on  the  pos i t i ve  cone o f  Ko(Ag) .  In  [16 ]  i t  i s
shown tha t :

THEOREM A. If 0 is not rational, then the positive cone of Ko(A6)
consists of exactly the elentents on which t is positive.

we shou ld  ment ion  tha t  the  range o f  r  on  Ko(Ag)  has  been
e luc ida ted  by  E l l io t t  [6 ] ,  whose work  i s  an  impor tan t  ingred ien t  o f
the  proo fs  o f  most  o f  the  theorems s ta ted  in  th is  sec t ion .  Much o f
the  proo f  o f  the  above theorem invo lves  a  spec i f i c  cons t ruc t ion .
ske tched in  U5 l ,  o f  f in i te ly  genera ted  pro jec t i ve  modu les  over  Ag,
together  w i th  a  c lass i f  i ca t ion  o f  the  modu les  so  cons t ruc ted ,  by
means o f  connes '  chern  charac ter  in t roduced in  [5 ] .  In  fac t ,  one
f  inds  tha t  every  e lement  o f  Ko(Ag)  w i th  pos i t i ve  t race  is
represented  by  a  modu le  ob ta ined by  the  cons t ruc t ion .  I f  one
examines  the  cons t ruc t ion  f  u r ther  so  as  to  ob ta in ,  among o thcr
th ings ,  in f  o rmat ion  about  the  topo log ica l  s tab le  rank  o f  the
endomorph ism a lgebras  o f  the  cons t ruc ted  modu les ,  one f inds  tha t
one can app ly  war f ie ld 's  theorem (Theorem 2  above)  to  answcr

Quest ion  2 :

THEOREM B. I f  0 is not rat ional,  then s(Ag) sat isf ies cancel lat iot t .
Thus  fo r  such I  one can answer  eues t ion  l ,  tha t  i s ,  one can

descr ibe  s (A6) .  Even more ,  one has  an  exp l i c i t  cons t ruc t ion  o f  a l l
f in i te ly  genera ted  pro jec t i ve  A6-modu les  up  to  i somorph ism.  For
the  spec ia l  case n  =  2  these resu l ts  were  ob ta ined ear l ie r  in  [14 ] .
We a lso  ob ta in  in  !61  an  answer  to  eues t ion  8 :
THEOREM c- If 0 is not rational, then tlze projections in As
generate Ko(Ag).

By  us ing  Theorem 8  o f  the  prev ious  sec t ion  w i th  Theorem C
above in  an  induc t ion  argument ,  we then ob ta in  the  f  o l low ine
answer  to  Quest ion  l0 :

THEOREM D. If A is not rational, then every elentent of Kr(Ag) is
represented by an invertible element ol Ae.

By  us ing  Theorem 9  o f  the  prev ious  sec t ion  w i th  Theorem B we
a lso  ob ta in  the  fo l low ing  answer  to  Quest ion  9 :
THEOREM E. If 0 is not rational, then the natural nlaD front
U1(A0)/U?(Ag) to Kr(Ag) is an isontorphisnt.
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From th is  theorem together  w i th  some add i t iona l  a rgumcnt ,  onc

obta ins  the  fo l low ing  answer  to  Quest ion  7 :

THEOREM F. rf 0 is not rational, then any two projectiorts in

M-(Ag) which represent the sante element o/ K6(Ag) are in t l te same

connected component of the set of  project ions i rr  M-(Ag) '

In  c los ing ,  le t  me ment ion  tha t  J .  A .  Packer  [9 ,  l0 ]  has  s tud ied

the  a lgebras  c* (G,  o )  where  G is  the  d isc re te  He isenberg  group and

o is  a  cocyc le  on  G.  Among many o ther  resu l ts ,  she  has  shown tha t

fo r  many o 's ,  these a lgebras  sa t is fy  cance l la t ion '  For  th is  she uses ,

i n  p a r t ,  t h e  t e c h n i q u e s  o f  [ 1 3 ,  l 4 ] .

t l l

t ) 1
L - l

t3 l
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