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Disclaimer

These are notes from Math 252, Fall 2005, taught by professorWein-
stein. I try to make them accurate and correct, but they are still full of
errors and typos and logical gaps. Send comments/corrections/whatever to
anton@math.berkeley.edu. Speci�cally, don't hesitate to send me an email
to remind me to post the latest notes.
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GSI(sorta):Christian Bloman?

orbit method in representation theory.
symplectic geometry and algebraic geometry. moment maps. Attiya.
90s. conformal �eld theory. Syberg-Witten theory.
Poisson bracket ... lie algebra structure. Leads to Poissongeometry.

Mechanics - Poisson brackets are classical limit of commutators.
00s. Generalized complex geometry, which includes complexand sym-

plectic geometry.

Weekly reading assignments - try to look at it before the weekstarts, and
make questions. Long list of weekly homework; you only have to hand in
about three each week, due on the following Thursday. Term paper - sample
papers on website; the idea is to write a survey of the topic ofyour choice.
In October, we will have a session with librarian to learn howto search for
stu�. There is no �nal exam (no exams at all, in fact).

There should be an email list on bspace, where you can send questions.
Until that is set up, send questions directly to Alan (answers sent to whole
class unless otherwise speci�ed).

The book really is required. There is a website for corrections. The author
also has a paper on the arXiv which is kind of a sequel to the book. Please
understand everything in the reading.
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Symplectic linear algebra:
Bilinear forms: V vector space over a �eld (almost alwaysR or C), but

you could work over other �elds or rings.
A bilinear form B : V × V → k (sometimes toR if k = C) is bilinear. In

the casek = C, we also havehermitian1, which meansB(ax, by) = a�bB(x, y)
for complex numbersa and b, and B(x, y) = B(y, x). We can talk about
symmetric forms (B(x, y) = B(y, x)), skew symmetric.

In super algebra, symmetric and skew symmetric things are the same
thing. Hermitian and skew hermitian are closely related.

Dualization:If B is a bilinear form on V , it induces a linear map ~B : V →
V � given by ~B(x)(y) = B(x, y). This is the notion of dualization. We sayB
is non-degenerate if ~B is an isomorphism. Note that this gives a way to get
B from ~B, as well as the other way.

Orthogonality: (symmetric, skew-symmetric, hermitian). Two vectors
are orthogonal ifB(x, y) = 0. If W ⊆ V , we de�ne W ? = {x ∈ V |B(x, y) =
0 ∀y ∈W}. In particular, V ? = ker ~B, which is zero ifB is non-degenerate.
In the �nite-dimensional case, the converse is true. In the in�nite-dimensional
case, it turns out that many of the symplectic structures are weakly non-
degenerate (i.e. ~B injective, but not surjective). In the �nite-dimensional
case, non-degeneracy ensures (W ? )? = W

Assume �nite dimensional, non-degenerate. Then dimW + dim W ? =
dim V . In particular, if W = W ? , then dimW = 1

2 dim V (and so dimV
must be even). SuchW are called lagrangian in the skew-symmetric non-
degenerate case (which is exactlysymplectic).
W ⊆ V is isotropic is W ⊆W ? . In the skew-symmetric case, if dimW =

1, then W is isotropic becauseB(v, v) = −B(v, v), soB(v, v) = 0. Isotropy
implies that dim W ≤ 1

2 dim V . Any isotropic space is contained in a maxi-
mal isotropic space (which are lagrangians!).W is coisotropic if W ? ⊆ W .
That is, if W ? is isotropic.

By the way, symplectic implies even dimension!
Examples:

(a) Let E be any vector space, and letV = E ⊕ E� (this is even-
dimensional). De�ne 
 � : V × V → k by 
 � ((x, p), (x0, p0)) =
〈x, p0〉 ± 〈x0, p〉 (2). When is this non-degenerate? ~
 � : V → V � ,
sendingE ⊕ E� to E� ⊕ E�� given by


 � (x, p)(x0, p0) = p0(x) ± p(x0)

so ~
 � (x, p) = ( ±p, i(x)), where i : E → E�� is the natural map. In
the �nite-dimensional case, we can identify i(x) with x becausei is
an isomorphism.E is calledreflexive if i is an isomorphism, in which
case 
 � is non-degenerate. WhenE is �nite-dimensional, note that

 � is symplectic! This is in some sensethe example.

In general, if you assume choice,i is always injective, so 
 � is
always weakly non-degenerate.

1When some name becomes part of an adjective, you stop capitalizing
2Here, hx; pi = p(x).
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In many in�nite-dimensional cases, we often require that maps be
continuous (in some sense or another). Then this gives some sort of
topological dualization.

(b) Let E be a vector space.B any bilinear form on E, giving ~B : E →
E� . Look at the graph of ~B, which is a (linear!) subspace ofE⊕E� .
We can ask, \when is this graph lagrangian (w.r.t 
 � )?" It has a
chance because it is half dimensional.

~
 � ((x, ~B(x)) , (y, ~B(y))) = ~B(y)(x) ± ~B(x)(y)

= B(y, x) ±B(x, y)

So the graph is lagrangian for 
 + [
 � ] if and only if B is skew-
symmetric [symmetric].

We think of lagrangian subspaces of (E ⊕E� , 
 +[� ]) as \general-
ized" skew-symmetric [symmetric] forms onE.

From the graph of ~B, you can read o� properties ofB. For exam-
ple, B is non-degenerate (in the �nite dimensional case) if the graph
doesn't intersectE. A graph never intersectsE� .

A lagrangian subspace of (E⊕E� , 
 +) is called a Dirac structure
on E. Special case is a skew-symmetric form. And a special case of
that is a symplectic structure. Note that E and E� are themselves
lagrangian.

(c) Operations on spaces with bilinear forms. (V,B)  (V,−B) pre-
serves type ... we often write thisV → �V , called the opposite sym-
plectic structure.

Structure on (V1, B1) ⊕ (V2, B2) de�ned by (( x1, x2), (y1, y2)) 7→
B1(x1, x2) + B2(y1, y2). We can add spaces with the same kind of
structure.

In �V1 ⊕ V2, given a linear map L : V1 → V2, when is its graph
lagrangian?

((x,L(x)) , (y, L(y))) 7→ −B1(x, y) + B2(L(x), L(y)) = 0 .

The graph of L is isotropic if and only if L \preserves `inner' prod-
uct". It is lagrangian if and only if L is an isomorphism of B-spaces
(spaces with non-degenerate bilinear form).

Lagrangian subspaces of�V1⊕V2 as \generalized" B-space isomor-
phisms ofV1 to V2.

In the symmetric case, these are isometries. If the space is of
the form E ⊕E� (which it always is), then we get a correspondence
between isometries and skew-symmetric forms. IfV1 = V2, isometries
form the orthogonal group, and skew-symmetric forms form the lie
group of that group!

In the symplectic case, we will get a correspondence betweensome
other things.

Lecture 2

O�ce hours:
Alan W.: 825 Evans, Tu 12:40 - 2, Th 9:40 - 11
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Chistian B.: 898 Evans, Tu 9:40 - 11
Questions from last time or from the reading:

(a) If we have V1, V2, then isomorphisms betweenV1 and V2 correspond
to lagrangians in �V1 ⊕ V2. Lagrangians in E ⊕ E� (with 
 +[� ])
correspond to skew-symmetric forms [symmetric forms] onE.

How do we put these together? IfW = �V1 ⊕ V2 ∼= E ⊕ E� .
Then there are two big subsets ofLag(W ), one corresponding to
isomorphismsV1 → V2, and the other corresponding to forms onE.

Lag(W )

iso(V1, V2) [skew-]symm
forms on E

If V has a (non-degenerate) \pure"3 bilinear form B, then we can
talk about Lag(V ) ⊆ Gr1=2(V ) = half-dimensional subspaces, and
it is always a submanifold. To see thatGr1=2(V ) is a manifold, note
that it is homogeneous under the action ofGL(V ). That is, we have
a mapGL(V ) � Gr1=2(V ), where the kernel is stu� like

� �
0

�
�

�
.

Theorem 2.1 (Witt's Theorem) . Aut ( V,B) acts transitively on
Lag(V ).

So we can show thatLag(V ) is a manifold. If we take the case
V = E⊕E� , the elements ofLag(V ) not intersecting E� are bilinear
forms (skew or symmetric, depending on 
� ). Thus, we have a
bijection between such forms and an open subset ofLag(V ).

Thus, in the skew case,Lag(V ) has dimension n(n+1)
2 , and in the

symmetric case, it is n(n� 1)
2 .

(b) Suppose we haveV,W,X all pure of the same type. And sayL1 ⊆
�V ×W and L2 ⊆ �W ×X lagrangians. Then we can formL2 ◦ L1 ⊆
�V ×X. It is the set of all (v, x) ∈ �V ×X such that there is aw ∈W
such that (v,w) ∈ L1 and (w, x) ∈ L2. This kind of composition is
de�ned for arbitrary relations. It is not hard to see that if L1 and
L2 are linear, then so isL2 ◦ L1. What is amazing is that if if L1
and L2 are lagrangian, then so isL2 ◦ L1.�� Optional Prob-

lem: prove this Furthermore, in �V × V , the diagonal, � V , is lagrangian (clear),
and it is the identity under composition (when de�ned 4).

Thus, we have a category. The objects are all pure, non-degenerate
vector spaces, and Hom(V,W ) = Lag( �V ×W ) (and it is the empty
set if V and W have di�erent types). Two things are isomorphic in
this category if and only if they are isomorphic in the usual sense.
We have added some homomorphisms.

3Either skew-symmetric or symmetric.
4That is, when the domains and ranges match up.
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Example: What are the homomorphisms between 0 andV ? They
are just lagrangians in �0× V = V , and Hom(V,0) = Lag( �V ).

When is Hom(V,W ) non-empty? Well, V and W have to have
the same type. Then the question is, \when does�V ×W have la-
grangians?"

Lemma 2.2. In the skew case, Lag(anything) 6= ∅.
In the symmetric case, if over C, same as skew symmetric. If we
are over R, we have lagrangians only if the signiture5 is zero.

You can take a lagrangian in �V and a lagrangian inW , you can
cross them. When you take direct products, signatures add, so in
the real symmetric case, you need to havesign(V ) = sign(W ).

Differentiable Manifolds

All this linear algebra should be thought of as taking place in the tangent
spaces of manifolds. All our manifolds areC1 .

2-forms: ω ∈ 
 2(M ) = �( ∧2T � M ) is the set of 2-forms onM . We can
make ~ω : TM → T � M , given by ~ω(v)(w) = ω(v,w), which will be a smooth
map of bundles. This is also sometimes written ~ω(v) = ivω = vyω. In fact,
iv : ∧pT �

xM → ∧p� 1T �
xM for v ∈ TxM by putting v in for the �rst entry.

In local coordinates (x1, . . . , xm ), we can write

ω =
1
2
ωij (x)dxi ∧ dxj

whereωij = −ωj i = ω
� @

@xi ,
@

@xj
�
.

ω ∈ 
 2(M ) is non-degenerate if ~ω is invertible, and we say it is presym-
plectic if dω = 0 (i.e. ω closed). We say it issymplectic if it is both.

Example: On R2n , with coordinates (q1, . . . , qn , p1, . . . , pn ), take ωn =
dqi ∧dpi :=

P
i dq

i ∧dpi . It is clear that ω is presymplectic. In matrix form,

it is
�

0
� I

I
0

�
.

Lemma 2.3. ω is non-degenerate if and only if ωdim M=2 = ω ∧ · · · ∧ ω is
nowhere zero in 
 top(M ).

In our case, we have (ωn )n = n! dq1∧dp1∧· · ·∧dqn ∧dpn , which is almost
the canonical volume form (which isdq1 ∧ · · · ∧ dqn ∧ dp1 ∧ · · · ∧ dpn ).

The symplectic volume is either 1
n !ω

n or (−1)something 1
n !ω

n , according to
convention ... generally the �rst one (2n = dim M ). Not every manifold
can support a symplectic structure ... it has to be even dimensional, and
orientable! Look at [ω] ∈ H2

DR (M,R). We have that [ω]n = [ ωn ]. If M is
compact, then Z

M
ωn > 0

so thenω is not exact. Thus,M must have some cohomology in degree 2 too.
You also have to have a non-degenerate 2-form, which is equivalent to an
almost complex structure (i.e., a map J : TM → TM such that J2 = −I).

5Number of positive eigenvalues minus the number of negative ones.
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It took a while to �nd an example satisfying these conditions, but not
having a symplectic structure. Take the connected sumCP 2# CP 2# CP 2.
This manifold has lots of cohomology in degree 2 with the right squares,
and it has an almost complex structure, but it doesn't have a symplectic
structure (some invariant is non-zero ... Sieberg-Witten stu�). There is a
theorem that any symplectic manifold locally looks like the example we gave
above (with ωn on R2n ). Note that

dω =
1
2
∂ωij

∂xk dx
k ∧ dxi ∧ dxj .

The vanishing of this expression doesn't ensure the vanishing of @!ij
@xk . It

turns out that it is zero if and only if

∂ωij

∂xk +
∂ωjk

∂xi +
∂ωki

∂xj = 0

There is a slightly more general version which says thatdω = 0 and ~ω has
constant rank (i.e. if the matrix ωij (x) has constant rank), then in suitable
coordinates (q1, . . . , qr , p1, . . . , pr , λ1, . . . , λs), we have

ω = dqi ∧ dpi .

In these coordinates, the kernel of ~ω is the span of the @
@�i . In general, we

have ker ~ω ⊆ TM . If ω has constant rank, these spaces all have the same
dimension, and they de�ne a smooth sub-bundle ofTM . In this case, one
can prove that

dω = 0 ⇒ ker ~ω is involutive

which implies (by the Frobenius theorem) that ker ~ω is tangent to a \charac-
teristic" foliation of M . In this picture, the λi s are the coordinates (locally)
along the foliation, and the pi s and qi s are transverse to the foliation. We
can get back to the symplectic case by throwing away theλi s.

Lecture 3

Questions from last time:
- Foliations
- de Rham cohomology
- Lagragian subspaces as morphisms. IfV and W are of the same

type, and the signatures are the same, then there is an injection
Iso(V,W ) →֒ Lag( �V ×W ) = Hom( V,W ). If V = W , then Aut V →֒
Lag( �V ×V ). This is a semigroup with identity, which contains Aut V
as a subgroup. In fact, these are just the invertible elements. What
can we say about this semigroup? e.g., sayV = R3 Euclidean, which
givesO(3) as automorphisms, which is an open subset ofLag( �V ×V ),
and it is closed since it is compact. I thinkO(3) is all of Lag( �V ×V ).
To show this, we need to show that no lagrangian subspace intersects
the V axis.really?

If V = R2 symplectic, then the automorphisms areSL2(R) (non-
compact), and Lag(R4) look like 2 × 2 symmetric matrices. The
automorphism group sits in lag(R4) as an open dense subset.

Warning: The product on Lag( �V ×V ) is not, in general continuous!Optional: analyze
this multiplication



Lecture 3 7

C. Sabot: somehow related lagrange grassmanian to probability,
and modi�ed this so that the multiplication is continuous.

- The non-symplectic example (CP 2)#3 ... more? I dunno.

Important things from the reading:
On the cotangent bundleT � X of any manifold, there is a natural structure

... coordinates (xi , ξi ). α = ξidxi and ω = −dα = dxi ∧ dξi . If φ is any
1-form (section of cotangent bundle),φ� α = φ, and this characterizesα.
This α is called the canonical 1-form or the Liouville form. You can see
from local coordinates that ω gives a symplectic structure.
T(x;0)T � X ∼= TxX ⊕ (TxX)� , which will always have a natural symplectic

structure 
 � . This works along the zero section, but elsewhere, you don't
have a canonical identi�cation with a space and its dual, so you have to go
through the canonical 1-form. There are some nice ways to characterize the
canonical 1-form, but it is not so easy to see the 2-form.

In Chapter 3, we talk about symplectic maps, and lagrangian submani-

folds of symplectic manifolds. Let (M,ω) be symplectic. Then sayN
i

# M
is an immersion if T i injects into TptM . We sayi is [co]isotropic [lagrangian]
if (Tx i)(TxN ) ⊆ Ti (x)M is. That is, i isotropic if i� ω = 0, etc.

What we called �V × V before is now �M × M , where �M is the same
manifold, but with the sign of the symplectic structure changed. Then
( �M ×M,−π�

1ω + π�
2ω), where the πi are the natural projections. We can

also look at �M1 ×M2, whereM1 and M2 are di�erent. Remember that the
graphs of morphismsV1 → V2 were lagrangians in �V1 × V2. The same is
true here. If f : M1 → M2, then the graph of f is lagrangian in �M1 ×M2
if and only if f � ω2 = ω1 and dimM1 = dim M2, which implies that f is
an immersion (otherwise, f � ω2 would be degenerate). All of this implies
that f is a local di�eomorphism. We call such a map a local symplecto-
morphism, and if it is a global difeomorphism, then it is called a symplecto-
morphism. The conclusion is that the graph off is lagrangian if and only
if f is a local symplectomorphism. Now we can look atLag( �M1 × M2),
the set of lagrangian submanifolds. Inside of it are the local symplecto-
morphismsLocsymp(M1,M2 (in particular, the symplectomorphisms). We
have that Aut ( M,ω) →֒ Lag( �M1 ×M2. Ok, can we compose lagrangian
submanifolds? Well, you don't always get a manifold (this relates to the
non-continuity problem we talked about earlier). It still m akes sense to
think of the elements ofLag( �M1 ×M2) as generalized morphisms, and call
it \Hom"( M1,M2) in some category. Note that even if the dimensions don't
match, we can have some lagrangian submanifolds. In particular, if M1 = pt,
then \Hom"( pt,M ) = Lag(M ). So in this category, the role of points is
played by lagrangian submanifolds.

pictures
The other interesting case in the vector space case wasE ⊕ E� . This

corresponds to asking about the lagrangian submanifolds ofT � X. Well,
there are two kinds of submanifolds ofT � X. There are the �bers, along
which the canonical 1-form vanishes, an therefore so does the 2-form. The
other kind of submanifold is the graph of a 1-form. When is it lagrangian?
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Let's call the 1-form φ.

φ a lagrangian immersion⇔ 0 = φ� (−dα) = −d(φ� α) = −dφ

Soφ must be closed. Locally, we must haveφ = dS whereS ∈ C1 (X). We
can changeS by any locally constant function. Thus, lagrangian sections
of T � X are more or lessC1 (X)/consts. Of course, ifX is not simply
connected, then there should be some correction (since not all closed 1-forms
are of the form dS).

Thus, we should think of Lag(T � X) as \generalized functions". We also
see these in probability ... e.g. the Dirac delta distribution should corre-
spond to a �ber of the bundle. What about as lagrangian section? Some ref-
erences: Bates -W. - Lectures on the geometry of quantization.; Guillemin-
Sternberg - Geometric asymptotics.

Take the exampleX = R. Take a lagrangian subspace ofT � X, then this
has the form ξ = ax for some a, which corresponds to the closed 1-form
a dx = d( 1

2ax
2) . In the case f = @s

@x, we have the corresponding somethingsomething is funny
here. e

i
2 ax2

. As x → ∞, this oscillates faster and faster, and asa → ∞, the
smooth part gets scrunched in to the origin.

More on generalized functions. Identify the functionu(x) with the linear
functional

ψ 7→
Z
u(x)ψ(x) dx

whereψ (the \test function") ranges over C1
c (R). Thus, when we talk about

e
i
2 ax2

we should think about how it acts on test functions. Well if ψ is
supported away from the origin, e

i
2 ax2

ψ integrates to something very small.
You can check that if Suppψ doesn't contain the origin, then

R
e

i
2 ax2

ψ =
o( 1

aN for N > 0. If the origin is in the support of ψ, then we can check that

√
a

Z
e

i
2 ax2

ψ(x) dx→
√
π(sign a)ψ(0)

\Geometric WKB prescription" Identify the graph of im( dS) ∈ Lag(T � X)
with the generalized function(s) const · eiS . This const also eliminates the
problem that we can changeS by a constant. Then this correspondence
extends in a reasonable way, associating to more general lagrangian sub-
manifolds on T � X distributions on X.

We think of the lagrangian submanifold as a state. This is thebeginning
of the association of classical states and quantum mechanics (or in general,
analysis onX with geometry on T � X).

Another remark: in linear algebra, if you had V ⊕ �V , you could sometimes
identify it with an E ⊕ E� . In this way, you get some identi�cation of
Aut V with Symm(E). Now let's try it on manifolds. Suppose you could
identify �M ×M , as a symplectic manifold, with T � X. Then we get some
identi�cation between Aut M and generalized functions onX, C1 (X). The
function associated to an automorphism is called thegenerating function
of the morphism. In fact, there are di�erent ways to pick T � X, or the
identi�cation. This gives di�erent 
avors of generating fu nctions.
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M

�M

�

f

T � X

X

zero section

dS

If you identify the diagonal on �M×M with the zero section onT � X, then
you get an identi�cation of X with M . And then a symplectomorphism close
to the identity gives a closed 1-form. The points on the diagonal (�xed points
of f ) go to points on the zero section (critical points ofS).

Take the example whereM = S2 with the usual symplectic structure.
There is a theorem like the Lefshetz �xed point theorem that an automor-
phism close to the identity, then there are two �xed points (w ith multiplic-
ity). Now suppose you have an area-preserving map onM (i.e. a symplectic
map). Then this would correspond to somedS, where S is a function on
S2. The sectionS must have two distinct critical points (a max and a min).
Thus, an area-preserving map close to the identity has at least two (geomet-
ric) �xed points. This is the simplest case of the Arnol’d conjecture: if you
have a symplectomorphism close to the identity, then the number of �xed
points is the same as the number of critical points of some function.

The technology for solving the Arnol'd conjecture developes into ways of
analyzing intersections of lagrangian submanifolds, which is what lead to
Floer homology.

Lecture 4

Today's lecture was given by Christian.

Generating Functions

So far we haveSym(M1,M2) →֒ Lag( �M1 ×M2). The idea of generating
functions is this. You start with a function on M1 × M2, and by some
di�erentiation process, you get a lagrangian manifold, and then you check
if it corresponds to a symplectomorphism. Starting with a function and
getting a morphism is easy (because it is di�erentiation), and the other way
is hard.

Let's say that M = T � X and µ ∈ 
 1(X). Then we have seen that
imµ ∈ Lag(M ) if and only if dµ = 0. Thus, we can just start with a zero
form (a function), and di�erentiate it to get a lagrangian ma nifold.

Now consider the case whereM1 = T � X1 and M2 = T � X2. Then
we have T � X1 × T � X2

�←− T � (X1 × X2) given by σ((x1, x2), (ξ1, ξ2)) =
((x1,−ξ1), (x2, ξ2)). This is called the Schwartz transform. Now we can
considerf ∈ C1 (X1 ×X2), then imdf ∈ Lag( �M1 ×M2). How do we check
if this is the graph of some symplectomorphism,φ? We must have that
φ(x1,−ξ1) = ( x2, ξ2), which happens if and only if ξ1 = −d1f, ξ2 = d2f6

6These are the natural projections of df .
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That is,

ξ1i = −
∂f
∂xi

1
(x1, x2)

ξ2i =
∂f
∂xi

2
(x1, x2)

By the implicit function theorem, this is locally solvable f or x2 when det
�
�
� @2 f

@xi1@xi2

�
�
� 6=

0. It is hard to tell when we can solve this globally ... you have to check it
separately.

Fibre-preserving di�eomorphisms: A symplectomorphism

T � X
� //

�
��

T � X
�

��
X

 // X

is �bre-preserving if this diagram commutes for someψ.
Examples:

(1) Take ψ : X → X di�eomorphism, and let φ = T � ψ. How do we
see this is a symplectomorphism? The canonical 1-form does not
depend on coordinates.

(2) Fibre translation. Take ψ = Id X , and let φ : (x, ξ) 7→ (x, ξ + µ(x)),
whereµ ∈ 
 1(X). Then you can check thatφ� α = α+ π� µ (you can
see this using the local description ofα):
ξi (α) = @

@xyα.

ω = −dα != φ� ω = φ� (−d(α + π� µ)) = ω + π� dµ⇔ dµ = 0 ( µ = df )

(3) Take φ : T � X → T � X a symplectomorphism which is �bre-preserving.
Then this inducesψ : X → X. We can check that

φ = ( φ ◦ T � ψ)
| {z }

of type 1

◦ T � ψ� 1
| {z }
of type 2

(4) Consider M1 = ( T � X,ω = −dα) and M2 = ( T � X,ωB = ω + π� B
whereB ∈ 
 2(X). Then ωB is symplectic if and only if B is closed.
To check that this is non-degenerate, check

ωBij =
@

@xi
@

@pi�
B i j
� I

I
0

�

(1) ω 7→ φ� = ω
(2) ω 7→ φ� ω = ω + π� dµ is a symplectomorphism if and only if

there is a µ ∈ 
 1(X) such that B = dµ. This is not always
possible whenH2(X,R) 6= 0. (This µ is often calledA)

(5) If the manifolds are the same, then Aut (M,ω) →֒ Lag( �M × M ).
The �rst is a Lie group, so we can study the Lie algebra. The Lie
algebra of a lie groupG is TeG as a vector space. Taket 7→ φt to be
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a smooth curve in Aut (M,ω) such that φ0 = Id M . By smooth we
mean that φ : M × R→M is smooth. d

dt φt (x)|t=0 =
√
x, then

0 =
d
dt

(φ�
t ω − w)|0 = Lvω = 0 .

A vector �eld with Lvω = 0 is called symplectic. The collection of
symplectic vector �elds is the lie algebra of Aut ( �M ×M ).

Is L[v;w ]ω = 0? Lv = d ◦ iv + iv ◦ d and i[v;w ] = Lviw − iwLv .
Thus we compute

L[v;w ]ω = ( d ◦ i[v;w ] + i[v;w ] ◦ d)ω
= d(Lviw − iwLvy)ω
= d(Lviwω)

= Lv(diwω) (Lvd = dLv)

= Lv(Lw − iv ◦ d)ω = 0

so this really is a lie algebra. Note that Lvω = 0 if and only if
d(ivω) = 0 (e.g., for ivω = df for a function f ). Recall that we
have ~ω : TX → T � X ... note that ~ω(v) = ivω. Thus, we can solve
~ω(v) = df , so Xf = v = ~ω� 1(df ). This is called the hamiltonian
vector field generated by f .

Locally, you can always �nd f ∈ C1 (UX ), so symplectic vector
�elds are often called locally hamiltonian.

So we have the following picture:

f “differ”// Xf
integrate// flow φt // graphφt ∈ Lag( �M ×M )

�M

M

IdM φt

Xf

What are the generators of these lagrangian submanifolds?

A glimpse of Hamilton-Jacobi theory: From mechanics: Call the base
manifold Q, with coordiantes qi , called the con�guration space. ThenT � Q is
phase space, with coordinatesqi , pi (α) = @

@qi yα (the second ismomentum).
Then we haveH ∈ C1 (T � Q), which we usually think of as energy. Then the

ow, φt , generated byXH is given by φt : (qi , pi ) 7→ (�qi , �pi ). Then we can
think about the generating functions of the lagrangian submanifolds given
by the φt s. Call them S : Q×Q× R→ R, S = S(q, �q, t) =

Rq̄
q L dt (this is

integrating the Lagrangian) ... more or lessH = qp −L . Then conserva-
tion of energy says what?XHH = 0 (follows from ω being skew-symmetric).
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Thus, E = H(q, p) = H(�qi , �pi ) = [[H(d2S) = E]] since

pi = −
∂S
∂qi

�pi =
∂S
∂ �qi

The boxed equation is what you have to solve to get atS. If you are lucky,
then it will be some partial di�erential equation. If you're not lucky, then
you'll have some arbitrary function of derivatives.

Lecture 5

www.math.ist.utl.pt/~acannas/Books/symplectic.pdf [or ps] has cor-
rected references. Also, there is a nice article on the arXivat ---.math.SG/0505366.

d
dt

(f �
t ωt ) = f �

t
dωt

dt
+

�
d
dt

(f �
t )

�
ωt

You can think of f �
t as a matrix and ωt as a vector. And df t

dt = vt ◦ ft (these
are vectors along the pathsft (p)). If you have a family of maps ft : M → N .
It turns out that you can write

�
d
dt

(f �
t )

�
ωt = f �

t Lvt ωt

so

(∗)
d
dt

(f �
t ωt ) = f �

t

�
dωt

dt
+ ivt dωt + d(ivt ωt )

�

by the Cartan magic formula.

M

bp

N
ft

b

ft (p)

If ξ is a vector �eld along f : M → N , then we have an interior prod-
uct/pullback operator i� : 
 �(N ) → 
 �� 1(M ) given by i� ω(p)(v1, . . . , vk� 1) =
(ξ(p), (Tf )(v1), . . . ).

If ft : M → N a family of maps, then [[box this]]

d
dt
f �

t ωt = f �
t
dωt

dt
+ d(i df t

dt
ωt ) + i df t

dt
dωt

Meditate on this for a while.
This idea was used by Moser, and then used all over the place. Moser used

this in the case whereM is compact, andωt is a family of symplectic forms
such that [ωt ] ∈ H2(M,R) is constant. Then (M,ωt ) are all symplectomor-
phic. Trying to solve the equation g�

t ω0 = ωt , it's a mess, but f �
t ωt = ω0 is
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nice. To solve, letf0 = Id and 0 = ( ∗), so

dωt

dt
+ d(ivt ωt ) = 0

is what you want (Moser's equation). Solve forωt 's and then �nd the ft 's.
The compactness ofM is essential for the second step (you have to integrate
a time-dependent vector �eld). To solve Moser's equation

d(~ωt (vt )) = −
dωt

dt
(~ωt isomorphism), you only have to solve an equation of the form

dαt = −
dωt

dt
whereαt are 1-forms. Then we have

d
�
dωt

dt

�
=
d
dt

(dωt )
| {z }

0

Consider the 2-sphere, and letωt = etω0. Then the total area of the
sphere is changing, so you cannot get them to pull back to eachother. The
condition that the cohomology class is constant forces the volume to remain
the same.ωt+h −ωt = dθh , so when you divide byh and let h→ 0, then we
should get d! t

dt = d(lim θh/h), but it is not clear that lim θh/h behaves. We
can take care of this another way:

Z

C

dωt

dt
=
d
dt

Z

C
ωt = 0

Let Zk(M ) be the collection of closedk-forms onM . You have to show
that the exact forms are a closed sub-blah.

b

b b

Zk (M )

exact

path

Hk (M ; R)

0


 k� 1(M )

d

closed

complement to
closed forms

We've solved for a particular αt , now we have to make it smooth with
respect to t.

Suppose we know thatωt = ω0 + t(ω1 − ω0) are symplectic. Then d! t
dt =

ω1 − ω0, so we only have to solve once. But in going on this straight line,
we might stop being symplectic (the condition of being non-degenerate may
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fail). Since the collection of non-degenerate 2-forms is a dense open subset of
all forms, so you can take a tubular neighborhood of some path, then take
a bunch of straight steps staying inside of the space of symplectic forms,
always staying within the neighborhood. This shows that if there is some
path that works, it can be replaced by a piece-wise linear path.

Thus, you cannot deform symplectic structure within the same cohomol-
ogy class and get something new. If we are trying to classify symplectic
structures, then we have a continuous invariant: cohomology class. If you
only move a little in cohomology, then you stay symplectic [[why?]], so sym-
plectic structure is not too rigid.

non-compact case: Take the plane with a disk. Take a cylinder, and a half
cylinder, which have the same area, but are not symplectomorphic. Greene-
Wu: given two symplectic structures with the same orientationand the same
total volume, they are equivalent (by an end-preserving di�eomorphism) if
and only if either

- both have the same �nite area, or
- both have in�nite area, and both are �nite on the same set of ends.

The proof is a version of Moser's method. The cohomology partis trivial
(a non-compact 2-d manifold hasH2 = 0), but you have to worry about
running o� your manifold when you solve for vt .

In 4 dimensions or higher, consider (q1, q2, p1, p2)
(q2, p2)

(q1, p1)

a2

a1

The volume of the ellipse is proportional to a2
1a2

2. If you change the
volume, you change the symplectic structure. If you change the ai 's around
so as to preserve volume, can you retain the symplectic structure? Or if you
take a rectangle of the same volume?Gromov : max(a1, a2) is a symplectic
invariant, and therefore, so is the minimum. The argument is based on the
following. Take a much larger symplectic manifold (cylinder)

Then if max(b1, b2) > a1 (from some other ellipsoid), there is no symplec-
tic embedding of E(b1, b2) into E(a1,∞) (the cylinder). This is Gromov's
non-squeezing theorem, proven with psuedo-holomorphic curves stu�. This
stu� goes under the general notion of \symplectic capacity".

Question: are theai s invariants of E(a1, . . . , an ) (in dimension 2n)?
It turns out that the same method Moser used can be used to prove local

things (in particular, the Darboux theorem). For the moment , consider
two symplectic manifolds, (M1, ω1) and (M2, ω2) with submanifolds N1, N2,
respectively.

If f : N1 → N2, then are there neighborhoods so thatf extends to a
symplectomorphism. In the case whereN2 = pt, we have the Darboux
theorem, and in the caseN2 = M2, we have Moser's theorem.
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If ij : Nj → Mj are the inclusions, then a necessary condition is that
(1)f � (i�2ω2) = i�1ω1. g� ω2 = ω1. If g extends, then g ◦ i1 = i2 ◦ f . And
another necessary condition if that (2)dimM1 = dim M2.

Theorem 5.1 (Givental) . This is sufficient locally in N .

That is, the pullback form is the only local invariant. This i s not the
case in Riemannian geometry ... you have have isometric morphisms of
submanifolds which do not extend to isometric maps on neighborhoods.

Su�cient condition to get it for all of N1, N2:

TN1
T f //� _

��

TN2� _

��
TN1M1� _

��

TN2M2� _

��
TM1 TM2

The condition is that Tf extends to TN1M1 as a morphism of symplectic
vector bundles. In the case where theNs are points, it says that you have
to �nd symplectic isomorphism between the tangent spaces atthe points,
which you can always do. In fact, ifN1 andN2 are lagrangian, then you can
always do this. But in any symplectic manifold M , if you have a lagrangian
N , you can look at the cotangent bundle ofN with the zero section. Since
M locally looks like �N ×N , we win.

Lecture 6

Let H ⊆ TM is a codimension 1 sub-bundle. In dimension 2, this is a
direction �eld, so you can integrate it, but in higher dimens ions, you need
the Frobenius condition. Locally, H = ker φ for some 1-formφ. H? ⊆ T � M
is a 1-dimensional sub-bundle (called the conormal bundle to H). Such
a thing is usually trivial (except when you have m•obius stu� going on).
When it is trivial, H is called co-orientable (note that everything is locally
co-orientable). The condition is that

dφ ∧ φ ≡ 0

the opposite condition is that

dφ ∧ φ 6= 0

everywhere. This is equivalent (in 3 dimensions) to saying that dφ|ker � is
non-degenerate. In higher dimensions, you want (dφ)(dim M � 1)=2 ∧ φ to be a
volume form. This is the contact condition.

Note that φ is not determined byH. Suppose we replaceφ by something
with the same kernel, then it is of the form fφ, where f is a no-where
vanishingC1 function. Then considerφ∧ (d(fφ))n , where dimM = 2n+1.
We get φ ∧ (fdφ + df ∧ φ)n = fnφ ∧ (dφ)n , so this thing remains a volume
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element. Equivalently, look at dφ(v,w) where v,w ∈ H:

dφ(v,w) = v · φ(w) − w · φ(v) − φ[v,w]

d(fφ)(v,w) = v · (fφ)(w) − w · (fφ)(v) − fφ[v,w]

but H = ker φ, so we just havedφ(v,w) = −φ[v,w], d(fφ)(v,w) = −fφ[v,w],
so if we have non-degeneracy in one case, we have if for the other case too. By
the way, the vector �eld version of the Frobenius condition is that [v,w] ∈ H.

How do we get between contact and symplectic? Locally, one can prove
that φ = dz +

P
pidqi in some coordinatesz, q1, . . . , qn , p1, . . . , pn . No-

tice that dφ = dpi ∧ dqi . If you look at H? ⊆ T � M , we can restrict the
symplectic form from T � M to H? . dimM = 2n + 1, dim T � M = 4n + 2,
so dimH? = 2n + 2. On the cotangent bundle, we have the additional
coordinates z� , p�

i , q
�
i . Then the symplectic form on the cotangent bun-

dle is dz ∧ dz� + dqi ∧ dq�
i + dpi ∧ dp�

i . Now we have to describeH? .
We can put coordinates (z, qi , pi , t) on H? , where we map this point to
(z, q1, . . . , qn , p1, . . . , pn |t, p1t, . . . , pn t,0, . . . ,0) (what we've done is take all
the samez, qi , pi , and t times the form φ). Then the pullback form on H?

is

dz ∧ dt + dqi ∧ (pidt + dpi t) = dz ∧ dt + ( dqi ∧ dpi ) + pidqi ∧ dt

= ( dz ∧ pidqi ) ∧ dt− t(dqi ∧ dpi )

When is this symplectic? Well, let's look at the highest wedge power, we
get

(dz + pidqi ) ∧ dt ∧ (−t)n (dqi ∧ dpi )n = φ ∧ dt ∧ (tn )(dφ)n

So we have that _H? = H? r {zero section} is a symplectic submanifold of
T � M if and only if H is contact. The pullback of the symplectic form to _H?

is φ ∧ dt + tdφ
| {z }
should be d(t� )

. This is called the symplectification or the symplectization

of the contact manifold M . Consider

L @
@t
ω = d(

∂
∂t

yω)

Lt @
@ty! = d(t

∂
∂t

yω)

so
Lt @

@t
ω = ω

t @
@t is called the Euler vector �eld. The 
ow along it is multiplic ation:

Lt @
@t
f = t

∂f
∂t

= nf

says exactly that f is homogenous of degreen is some sense.
Thus, we have that ω is homogeneous of degree 1.
If we have a vector �eld ξ such that L� ω = ω (i.e., d(ξyω) = ω), then

we call ξ a Liouville vector �eld. So you start with a contact manifold , you
symplectify it to get a symplectic manifold together with a L iouville vector
�eld. The converse is also true. Say (M,ω) is symplectic and ξ is no-where
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vanishing Liouville vector �eld, then consider M/(
ow of ξ). For example,
take M = T � X, with coordinates qi , pi , and ξ = pi

@
@pi

. The 
ow of ξ leaves
qi �xed, and multiplies the pi s by a constant. It is easy to see thatL� ω = ω.
Then we have that T �� X/(
ow of ξ) is the cotangent ray bundle. This is the
same thing as the space of co-oriented hyperplanes inTM . TM is a contact
manifold in a natural way.

Note that L� ωn = nωn , so volume is expanding. Thus, you cannot have
something like this on a compact manifold. Another way to seethis is that
ω = d(ξyω), so ω is exact, and we saw that this is impossible on a compact
manifold. Another way to write this is d(~ω(ξ)) = ω, so this is equivalent to
solving dψ = ω and then set ξ = ~ω� 1(ψ).

Suppose we have a symplectic manifoldM with a Liouville vector �eld,
then the claim is that this descends to a contact structure onX = M/(
ow of ξ).
To see this, take a pointx̂ ∈M , which maps tox ∈ X. Look at 〈ξ〉? ⊇ 〈ξ〉 in
Tx̂ . So there is some hyperplane �eld containingξ, so we can get something
on X. What if we take some other lift ^̂x of x. Is 〈ξ〉? invariant under the

ow of ξ? Yes! Well, 〈ξ〉 is invariant; ω is invariant up to scalar multiple;
hence 〈ξ〉? is invariant. Ok, now how do we show that we actually have
a contact structure on X? Choose a cross section inN ⊆ M . On N , let
φ = ξyω, which is a 1-form, then kerφ = 〈ξ〉? ∩ TN and ξ is a contact
form. So we can take a cross section as a model for the quotientspace. This
procedure more or less tells you thatM is the symplecti�cation of N . We
call M the contactization of N .

Lecture 7 - (Almost) Complex Structures

A complex structure on a (real) vector spaceV is a map J : V → V
such that J2 = −I. J cannot have any (real) eigenvalues. Such an operator
induces the structure of aC-vector space onV . Namely, we de�ne (a + ib) ·
v = ( a + Jb)v. Conversely, if we have a complex structure, then we have a
real structure and a map whose square is−I (multiplication by i). This is
actually an isomorphism of categories.

Given a real vector space,V , we can look atVC := V ⊗R C ∼= V⊕\ iV ".
We will call this complexification. How can we get back fromVC to V . In
general, we can't, but onVC, we have a \real structure" given by an operator
VC → VC, namely complex conjugation. It has the properties

(1) conjugate linear: zw = �z �w
(2) involution: it squares to the identity (so eigenvalues are ±1)

If W is a complex vector space, then areal structure on W is a conjugate
linear involution, c. Then we can de�neWR to be {x ∈ W |c(x) = x}. One
may check that (WR)C

∼= W and (VC)R
∼= V . This yields an equivalence

of categories (real vector spaces, and complex vector spaces with a real
structure) when you extend it to morphisms in the obvious way.

We can extend these notions to bundles of vector spaces by saying that J
or complex conjugation should vary continuously. Speci�cally, we can talk
about a complex structure onTM , whereM is some manifold. A complex
structure on TM is called an almost complex structure on M . The reason
we say \almost" is because there is more to be said: integrability.
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Suppose (M1, J1) and (M2, J2) are almost complex manifolds, and we have

a mapM1
f−→M2, then f is called pseudo-holomorphic if Tf ◦ J1 = J2 ◦ Tf .

In particular, if M1 = M2 = C, then a pseudo-holomorphic map is just a
holomorphic map (the condition is just the Cauchy-Riemann conditions).

If we have a complex manifold, then we can identify the tangent space
at a point with Cn , and the J from Cn induces a complex structure on
that tangent space. The compatibility of the charts ensures that this is
well-de�ned. Does every almost complex structure come froma complex
structure?

A complex manifold has lots of holomorphic functions (or call them pseudo-
holomorphic if you like) on it (just compose the coordinate system with
holomorphic functions on Cn). To test if a manifold has a complex struc-
ture, we can ask if it has enough holomorphic functions. If wecan �nd
f1, . . . , fn : U → C pseudo-holomorphic such that the induced mapU → Cn

is a local di�eomorphism, then we have a complex structure.

Cauchy-Riemann equations: (M,J) ⊇ U f−→ C is pseudo-holomorphic if
i ◦ (Tf ) = Tf ◦ J . That is, for every v ∈ TxM , (Tf )(Jv) = i(Tf )(v). We
can re-write this as (Jv)f = i(v · f ), or (Jv − iv)f = 0.

If (x1, . . . , xn , y1, . . . , yn ) are coordinates onM such that J( @
@xj

) = @
@yj

,
then this condition is just

��
∂
∂yj

�
− i

�
∂
∂xj

��
f =

∂f
∂yj
− i

∂f
∂xj

= 0

On an open subset of (M,J), a function f : M → C is pseudo-holomorphic
if and only if f is annihilated by the elements{Jv − iv|v ∈ TM} ⊆ TCM .
So in the complexi�ed tangent bundle, TCM , of M , we have a distinguished
subspace consisting of all complex tangent vectorsw such that w = Jv− iv
for somev ∈ TM . When is w = Jv− iv? Look at the paragraph after next.

The sections ofTCM are called complex vector �elds, and they act as
derivations on C1 (M,C), and you can prove that they are all the deriva-
tions.

We can look at JC(Jv − iv) = J2 − iJv = −v − iJv, which is equal
to −i(Jv − iv). Thus, the set of w above is the (−i)-eigenspace of the
operator JC. Similarly, {Jv + iv} is the i-eigenspace ofJC. This gives us a
decompositionV = V 1;0 ⊕ V 0;1 with V 0;1 = V 1;0.

Figure 2
Thus, we can give an alternative de�nition: an almost complex structure

on V is a complex subspaceV 0;1 ⊆ VC such that VC = V 0;1 ⊕ V 0;1. We've
shown that an almost complex structure gives you this, and given such a
splitting, we can do something.

We can extend the bracket operation [·, · ] on real vector �elds to complex
vector �elds. As derivations, we have [X,Y ] = XY − Y X. Or, if you like,

[A + iB,C + iD] = [A,C]− [B,D] + i([B,C] + [A,D]).

If we have an almost complex manifold (M,J), we can think of it as
(M,T 0;1M ), which is a complex sub-bundle ofTCM , such that T 0;1M ⊕
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T 0;1M = TCM . A function is J-holomorphic if and only if v · f = 0 for all
sectionsv of T 0;1M .7

If v ·f = 0 and w ·f = 0, then [v,w] ·f = 0. On Cn , T 0;1Cn is spanned by

all things of the form 1
2

�
@

@xj
+ i @

@yj

�
= @

@̄zj
, wherezj = xj + iyj . A tangent

vector is in T 0;1Cn if and only if it annihilates all homomorphic functions.
All this shows that if J comes from a complex structure, then the sections
of T 0;1M are closed under the bracket operation.

On the other hand, an algebraic calculation (exercise) shows that �( T 0;1M )
is closed under bracket if and only ifNJ ≡ 0.

Theorem 7.1 (Newlander-Nirenberg). �( T 0;1M ) closed under bracket im-
plies that J is integrable (i.e. it comes from a complex structure).

This is similar to the Frobenius theorem. It says that some sub-bundle
of the tangent bundle is a foliation if it is closed under bracket.

Lecture 8 - More

It's never too soon to start thinking about the term paper.
In addition to TCM , we have T �

CM , the sections of which are complex
1-forms. We will write dzj = dxj + idyj . For a (complex) basis forT �

C(R2n

(at a point), we may take either dj
x , dyj , or dzj , d�zj .

Note that we have two notions of dual for a complexi�ed vector space,
but they are naturally isomorphic:

HomC(VC,C) = ( VC)� ∼= (V � )C = Hom R(V,R) ⊗R C.

We can now consider

∧kT �
CM = ∧k(T � 1;0

M| {z }
dzj

⊕T � 0;1
M| {z }
dz̄j

) =
M

p+q=k

∧pT � 1;0
M ⊗ ∧qT � 0;1

M

This splitting is naturally attached to the almost complex s tructure. On
the level of sections, we have 
kC(M ). By the way, (∧k

RV )C ≃ ∧k
C(VC), and

there is adC taking k-forms to (k + 1)-forms. In fact, the complex de Rham
cohomology is the regular de Rham cohomology tensored withC.

When we have an almost complex manifold, we can write


 k
C(M ) =

M

p+q=k


 p;q(M )

where 
 p;q(M ) are forms with p dzj 's and q d�zj 's (this is cheating, since
we don't actually have z's and �z's). We can always choose a basis of vector
�elds ( ξ1, . . . , ξn , η1, . . . , ηn ) such that J(ξj ) = ηj . Then we get a new basis
�αj = 1

2 (ξj + iηj ) and αj = 1
2 (ξj − iηj ). Then the corresponding basis in the

dual space are�θj and θj . Then a typical element ω ∈ 
 p;q(M ) is of the form

ω =
X

(function)θi 1 ∧ · · · ∧ θi p ∧ �θi p ∧ · · · ∧ �θi q

Then we have that dω will, in each term, have either an extra θ or an extra
�θ. So dω ∈ 
 p+1;q(M ) ⊕ 
 p;q+1(M ), and this decomposition is unique, so

7The book puts the indices 0; 1 downstairs.
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we may write dω = d1;0ω + d0;1ω. Thus, we have that d = d1;0 + d0;1. We
often write d1;0 = δ or ∂, and d0;1 = �δ or �∂.

Lemma 8.1. f is [pseudo-]holomorphic if and only if �∂f = 0 .

We know that d2 = ( ∂ + �∂)2 = ∂2 + ∂ �∂ + �∂∂ + �∂2 = 0.

Proposition 8.2. ∂2 = 0 if and only if J is integrable if and only if �∂2 = 0
if and only if �∂∂ = ∂ �∂.

In this case, we can just look at the complex

0→ 
 0;0 @̄−→ 
 0;1 @̄−→ 
 0;2 @̄−→

and the cohomology is called the Dolboex [[sp?]] cohomology.
Moving from linear algebra to geometry, the statement (VC)� ≃ (V � )C

becomes the following. Think ofRm ⊆ Cm , and considerC ! (Rm ), the real
analytic functions on Rm , and tensor with C. We can also considerC !

C(Cm ).
If we restrict an analytic function to Rm , you get a complex-valued real
analytic function. If you start with a real analytic functio n on Rm , you can
extend it to a neighborhoodU of Rm .

C ! (Rm ) ⊗ C
locally

,,
C !

C (Cm )oo

�gure 1
If you start with ( R2n , J), with coordinates x1, . . . , x2n , you get coordi-

nates

ηj =
∂
∂xj + iJk

j (x)
∂
∂xk

ξj =
∂
∂xj − iJ

k
j (x)

∂
∂xk

where Jk
j (x) is the matrix J : TxR2n → TxR2n . Then the ηj (but only n of

them, not 2n) form a basis for the 0,1 part and the ξ for the 1,0 part.hmmmm
Tx+i 0C2n ≃ TxR2n ⊕ iTxR2n ≃ TC;x R2n . So we have these complexi�ed

vector �elds on our real manifold.
If you assume that your almost complex structure is real analytic, you can

analytically extend all the Jk
j to some neighborhood ofR2n ⊆ C2n . So you

get some sub-bundleE ⊆ TC2n (the extension of the 0,1 part) of dimension
n, which is holomorphic (the ηj are the typical sections ofE).

Now let's assume thatJ is integrable. This tells is that E is closed under
bracket (it is an involution). Now we invoke the holomorphic Frobenius
theorem, so we get a foliation of some neighborhood ofR2n ⊆ C2n . So
near any point, we can �nd φ1, . . . , φn independent functions which are
constant on the leaves of the foliation. When restricted toR2n , they are still
independent (the leaves intersectionR2n transversely) and J-holomorphic.

Since every 0,1 leaf intersects (at least locally) each 1,0 leaf exactly once,
you get a map from the leaf to the original R2n . Since the leaf is complex,
this induces a holomorphic complex chart on theR2n .

In fact, you can start of with something C1 and get complex coordinates
(but this is hard).
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Lecture 9 - Compatibility of Symplectic
and Almost Complex Structures

Correction from last time: We said 
 K =
L

p+q=k 
 p;q, then d
 p;q ⊆

 p+1;q + 
 p;q+1. This used the fact that dω = ∂ω + �∂ω. It is only true when
the complex structure is integrable. In local coordinatesω =

P
aIJ θI ∧ θJ .

When we took d of this thing, we forgot to take d of the θi 's.
Let θ ∈ 
 1;0, then to prove that dθ ∈ 
 2;0 + 
 1;1, it su�ces to show that

(dθ)(x, y) = 0 if x and y have type 0,1. We can calculate this using

dθ(x, y) = xθ(y)
| {z }

0

− yθ(x)
| {z }

0

−θ([x, y])

and the last term is zero if T 0;1 is involutive.
Once you have that, you can deduce that∂2 = �∂2 = 0.
There is a real analog of this. Suppose thatTM = E1 ⊕ E2, then we get

that T � M ≃ E�
1 ⊕ E�

2 . Then we have


 kM =
M

p+q=k

�( ∧pE�
1 ) ⊗C1 M �( ∧qE�

2 )

you get this structure on a \bifoliated" manifold (if both E1 and E2 are
involutive).

V J //

!̃   @
@@

@@
@@

V
g̃

��
V

One way to state compatibility is to say that

(∗) ω(Jx, Jy) = ω(x, y)

We de�ne g(x, y) = ~g(x)(y) = ~ω(J � 1x, y) = −ω(Jx, y). (∗) implies that g is
symmetric such that g(Jx, Jy) = g(x, y). Any two of these de�ne the third.
This triple is called a pseudohermitian structure. It is called hermitian if g
is positive de�nite.

ConsiderR2, with coordinates (p, q), and J( @
@q) = @

@p. Let z = q+ ip, and
ω = dq ∧ dp. Then we have that

g
�
∂
∂q
,
∂
∂q

�
= −ω

�
J
∂
∂q
,
∂
∂q

�
= 1

Good, so we have the correct sign.
If we are on a symplectic [almost complex] manifold, can we �nd compat-

ible almost complex [almost symplectic8] structure. The answers are yes.
Consider the anulus inC, with the inner and outer circles glued radially.

This is a complex manifold, topologically S1 × S1, which has a symplectic
structure.

Figure 1

8Not necessarily closed.
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Now if we do the same thing in Cn , we get aS2n� 1 × S1, which cannot
have a symplectic structure.

If J is integrable, we get a K•ahler structure.
Locally, every complex structure looks likeCn , and every symplectic struc-

ture looks like R2n . But when we put the two together, the g has weird twists
and doesn't have to be equivalent to the usual metric.

What can we say anything about the geodesic 
ows of such things. I
dunno. It can be tied to the behavior of the laplacian (on functions), but
I've never seen anything about this.

If we think of almost complex structure as
Figure 2
then for ω ∈ ∧2V � , we can complexify it to ωC ∈ ∧2V �

C by requiring it to
be complex bilinear.

If we apply ωC to V 0;1, sinceV 0;1 is the graph of J , we have

ωC(x + iJx, v + iJv) = ω(x, v) − ω(Jx, Jv)
| {z }

+ i(ω(x, Jv) + ω(Jx, v)
| {z }

)

= 0 iff J, ω compatible

So another way to sayJ, ω compatible is to say that V 0;1 is lagrangian
in VC. So looking for compatible almost complex structure on a symplec-
tic manifold is the same as looking for lagrangian somethings, and on a
K•ahler manifold, it is the same as looking for lagrangian bi-foliations of the
complexi�cation.

What about the metric? We do a little computation. Remember t hat
under the projection from V 1;0 to V , V gets the structure of a complex
vector space.

ωC(v − iJv| {z }
1;0

, w + iJw| {z }
0;1

) = ω(v,w) + ω(Jv, Jw) + i(ω(v, Jw) − ω(Jv,w))

= 2ω(v,w) + 2 ig(v,w)

So by taking the complexi�ed form and restricting it to V 1;0, we get a
hermitian form 1

2i ωC = g − iω. If we set v = w, we just get the g part.

On V ⊕ V � , we have two natural bilinear forms: ω� ((x, α), (y, β)) =
α(y) ± β(x). If we have a form ω ∈ ∧2V , then the graph of ~ω is Dirac (is
killed by ω+). On a manifold, we haveTM ⊕ T � M . Suppose we are given
ω ∈ 
 2M , then the graph of ~ω is a Dirac structure on the bundle TM (i.e.,
is lagrangian sub-bundle ofTM ⊕ T � M ).

T. Courant: Bracket on section of TM ⊕ T � M de�ned by

[[(X,α), (Y, β)]] = ([ X,Y ],LX β −LYα)

If we stop here, this is a semi-direct product of lie algebras(because [LX ,LY ] =
L[X;Y ]). But it doesn't have the property that something is closed under it
if and only if it is the graph of a closed form. So we change it to

[[(X,α), (Y, β)]] = ([ X,Y ],LX β −LY α +
1
2
d(iYα− iX β))

This is no longer a lie algebra (doesn't satisfy Jacobi) and is not a semi-
direct product. It has the property that the graph of ~ω is closed under this
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bracket if and only if dω = 0. A lagrangian sub-bundle of (TM ⊕ T � M,ω+)
is called an almost dirac structure, and an almost dirac structure whose
sections are closed under bracket is called adirac structure.

Theorem 9.1. If E is a Dirac structure, then the restriction to E of the
bracket satisfies the Jacobi identity. That is, E is a lie algebra under [[ , ]].

E � � //

%%LLL
LLL

LLL
LL TM ⊕ T � M

�
��

TM
sends [[, ]] to [ , ].

Suppose you have ~π : T � M → TM , which corresponds toπ ∈ ∧2T �� M =
∧2TM . Given π, we get an almost Dirac structure, which is the graph of ~π.
What is the condition on π that is equivalent to this being a Dirac structure?
That is, when are things like (~πα,α) closed under the bracket?

Theorem 9.2. Given π ∈ ∧2TM , define {f, g} = π(df, dg) on C1 M . Then
the graph of ~π is a Dirac structure if and only if { , } satisfies the Jacobi
identity. In this case, we call π a Poisson Structure.

If you have a symplectic structure ~ω : TM → T � M , it is invertible, so we
get a ~π. De�ne {f, g} = ω(~ω� 1df, ~ω� 1dg)

Lecture 10 - Hamiltonian Mechanics

Submit a proposal for a term paper by Tuesday via bspace.
If we start with a symplectic manifold (M,ω), we have TM !̃−→ T � M .

Given H ∈ C1 (M ), we can look at XH := ~ω� 1(dH), which is called the
Hamiltonian vector field generated byH, or the \symplectic gradient of H".
This vector �eld has some nice properties:

LX H H = dH(XH ) = ~ω(XH )(XH ) = ω(XH ,XH ) = 0

This is conservation of energy (XH is 
ow through time, and H is energy).
We also have

LX H ω = iX H dω|{z}
0

+ diX H ω = d~ω(XH ) = ddH = 0

soω is invariant in time. From this you can derive

LX H ω
k = 0

for any k ≥ 0. This give us that LX H ωdim M=2 = 0, which says that hamil-
tonian 
ows preserve volume of phase space.
XH = 0 at critical points of H, which are called equilibria. You cannot

have stable (or completely unstable) equilibria in hamiltonian mechanics
because stable would give volume loss, and unstable would give volume
gain.

Consider the case of a pendulum, withω = dqi ∧ dpi , then

dH =
∂H
∂qi dq

i +
∂H
∂pi

dpi
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XH = −
∂H
∂qi

∂
∂pi

+
∂H
∂pi

∂
∂qi

so

dqi

dt
=
∂H
∂pi

dpi

dt
= −

∂H
∂qi

which are called Hamilton's equations. H = 1
2p

2 + V (q). In our case, q is
the angle of the pendulum,V (q) is height. Phase space looks like this, with
level curves:

�gure 1
Lagrange was studying celestial mechanics. He wrote down these equa-

tions for this. An elliptical orbit is given by six parameter s. If there are
multiple planets, then for each planet, the six parameters evolve in time.
Later Hamilton did stu�.

Suppose we look at an arbitrary vector �eld X, then

LX ω = d(~ω(X)) = 0 ⇔ X = ~ω� 1(α)

wheredα = 0, and α is determined byX. The 
ows preserving ω are those
corresponding to closed 1-forms. The hamiltonian vector �elds are those
that correspond to exact 1-forms. These are the same locally, so suchX are
called \locally hamiltonian".

If we look at the cylinder, with coordinates (θ, z), with ω = dθ∧dz. Then
@
@zis closed, but it would have to be \−dθ", so it is not globally hamiltonian.

De�ne {f, g} = ω(Xf ,Xg). So {qi , pj } = ω(− @
@pi
, @

@qj
) = δi

j . In general,
we have

{f, g} =
∂f
∂qi

∂g
∂pi
−
∂f
∂pi

∂g
∂qi

(note that we are summing over i). We can also write {f, g} = π(df, dg),
whereπ = @

@qi ∧
@

@pi
(again, we are summing overi). This is called a bivector

field, and gives us aPoisson structure. We need to show that the Jacobi
identity is satis�ed. Note that {f, g} = Xgf .

The 
ow of Xg is hamiltonian, so the 
ow preserves symplectic structure,
and therefore preserves poisson brackets. Letφt be the 
ow of Xh , then we
have

{φ�
t f, φ

�
t g} = φ�

t {f, g}
So you have a family of automorphisms. SupposeB is a bilinear operation,
At is a family of automorphisms with A0 = Id, and you have B(Atf,Atg) =
AtB(f, g). Then di�erentiating with respect to t (setting X = @At

@t

�
�
t=0)

B(Xf, g) + B(f,Xg) = XB(f, g)

In our case, we haveB = { , }, and At = φ�
t , so we have

{Xhf, g} + {f,Xhg} = Xh{f, g}

, that is, Xh is a derivation of the bracket. This is the derivation property
of hamiltonian vector �elds. Jacobi �rst wrote this, so it is called the Jacobi
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identity. To see that this is the regular Jacobi identity, re call the de�nition
of Xhf = {f, h}:

{{f, h}, g} + {f, {g, h}} = {{f, g}, h}

This is called the right Liebniz property (i.e. bracketing on the right is a
derivation).

We also have that this is anti-symmetric, so we can put re-arrange every-
thing to look like

{g, {h, f}} + {f, {g, h}} + {h, {f, g}} = 0

which is the usual Jacobi identity. (Note: there are some things that are
Liebniz algebras, but are not anti-symmetric)

Some more manipulating yeilds

{f, {g, h}} = {{f, g}, h} − {{f, h}, g}
Xf g;hgf = XhXgf −XgXhf

= −[Xg,Xh ]f

Some examples of Liebniz algebras:
(a) Mn (R) ⊕ Rn , with the rule

[[(A, v), (B,w)]] = ([ A,B], Aw)

which is called a hemi-semidirect product (the semidirect product
would be [[(A, v), (B,w)]] = ([ A,B], Aw −Bv))

(b) What we did before was

[[(X,α), (Y, β)]] = ([ X,Y ],LX β −LYα +
1
2

(d(X2yα1) − d(X1yα2)))

then something if we useLX β − iYα in the second part, we get
another bracket [[[ , ]]]. You then have

1
2

([[[e1, e2]]]− [[[e2, e1]]]) = [[ e1, e2]]

So far we have two properties of the Poisson bracket:

Xh{f, g} = {Xhf, g} + {f,Xhg}
Xhfg = (Xhf )g + f (Xhg)

we know that φ�
t (fg) = ( φ�

t f )(φ�
t g), and di�erentiating like before gives the

second rule, which we can write as

{fg, h} = {f, h}g + f{g, h}.

What we have is two operations: pointwise product and bracket. One is
commutative and the other is anti-commutative, and they are linked in this
way. When we have all this, we say we have aPoisson Algebra.

Poisson showed that if{f, h} = {g, h} = 0, then {{f, g}, h} = 0. He knew
that time evolution was given by bracketing, so it was important to look
for invariants of motion, and this says that if you have two invariants, their
bracket is another one (and it is sometimes something reallynew9).

9For example, bracketing x and y angular momentum yields z angular momentum.
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Jacobi �rst introduced the idea of vector �elds as operators. Lie's contri-
bution was the observation that you can study abstractly things that satisfy
this identity.

If you have a Hamiltonian vector �eld Xh and a submanifoldS, when is
the vector �eld tangent to the submanifold?

(1) If S is a level ofh, then yes (conservation of energy).
(2) If S is an orbit of Xh , then yes.
(3) If S is a level off then if and only if {f, h} = 0 on S if and only if
{h, f} = 0 on S, which is equivalent to saying that h is a constant of
motion along the 
ow of f ! This goes under the name of Noether's
theorem.

This says that looking for invariants of motion along the 
ow of
h is equivalent to looking for functions whose hamiltonian 
ow pre-
serveh. In other words, you are looking for symmetries of (M,ω, h).
So looking for conserved quantities is equivalent to looking for sym-
metries.

(4) If S is lagrangian, then the condition is that Xh ∈ TS = ( TS)? .
This is the same as saying thatdh = ~ω(Xh) ∈ ~ω(TS)? = ( TS)0 (the
forms which annihilate TS). This is equivalent to saying that h is
constant on S.

(5) In the special case whereM = T � Q, and S = image of dφ, where
φ ∈ C1 (Q). The image of dφ is invariant under the 
ow of Xh if
and only if h · dφ is constant. That is, h(q, @�

@q) =constant ... this is
the Hamilton-Jacobi equation.

Lecture 11

The Lagrangian L : TM → R is written as L(x, v), where x are local
coordinates onM and v = dx

dt . Then given a path γ : [a, b]→M , we de�ne

A(γ) =
Z b

a
L( _γ(t)) dt

Classically, we haveL = 1
2 _x2 − V (x).

Consider paths from r to s. This forms a big space, and we look for
paths which extremize (minimize or maximize)L. How do you �nd such a
thing? Look at tangent vectors in path space. A path in path space is just
a function of two variables.

A(γs) =
Z b

a
L(
∂
∂t
γs(t))

d
ds
A(γs) =

Z b

a
(stuff )

∂γs

∂t
(t) dt

The second thing must be zero for all variations, which implies that stuff
must be zero. When you write it out,

stuff =
∂L
∂x
−
d
dt
∂L
∂ _x

= 0
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This gives a system of partial di�erential equations calledthe Euler-Lagrange
equations. In the classical case, we get

0 = −
∂V
∂x
−
d
dt

(m _x) = −
∂V
∂x
−m•x

What do these look like for more general Lagrangians? Well wecould
have written these last equations as

dx
dt

= _x

d _x
dt

= −
∂V
∂x

which is a vector �eld on TQ, given by

∂
∂t

= _x
∂
∂x
−
∂V
∂x

∂
∂ _x
.

In general, we get

∂L
∂xi =

d
dt
∂L
∂ _xi =

∂2L
∂xj ∂ _xi _xj +

∂2L
∂ _xj ∂ _xi •xj

It would be handy to be able to invert the matrix
�

@2L
@̇x j @̇x i

�
. This is the

Legendre condition. If the condition holds, then (E-L) are 2nd order ODEs
(i.e., a vector �eld on TQ).

If L =
p P

( _xi )2, you �nd that the E-L equations are degenerate, so
the solution is not unique. This is because changing the speed of a length-
minimizing path leaves it length-minimizing.

If you do the calculation for something of the form L(x, _x) = gij (x) _xi _xj ,
it turns out that the critical points of this are geodesics, parameterized by
arc length.

If you let pi = @L
@̇x i , then you can de�ne E = pi _xi − L, which we call

\energy".

Theorem 11.1. The Legendre condition holds if and only if L : (x, _x) 7→
(x, p) is a local diffeomorphism if and only if L � (

X
dxi ∧ dpi

| {z }
!

) is nonde-

generate. Moreover, Lagrange’s equations give hamiltonian vector field of E

with respect to L � ω, i.e. ˜(L � ω)
� 1

(dE ).

If the Legendre condition holds, then
�

@pi
@̇x j

�
is invertible, so _x→ p locally

a di�eomorphism, so (x, _x) 7→ (x, p) is a local di�eomorphism, given by
�
I ∗
0 @2L

@̇x j @̇x i

�

Figure 1
dL(x;v ) : T(x;v )TQ→ R, but we can restrict it to T(x;v )TxQ, sodL(x;v )|T( x;v ) Tx Q ∈

T(x;v )(TxQ)� ∼= (TxQ)� , which is T �
xQ.
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Thus, if π : TQ→ Q,

dL|ker T � : TQ L //

�
""EE

EE
EE

EE
E T � Q

��
Q

The Legendre condition says thatTL is invertible, which is equivalent
to L being a local di�eomorphism, which is equivalent to L � ω being sym-
plectic.

E (x, v) = L (x, v)(v)−L(x, v), which is sometimes written E = 〈p, v〉−L.
Thus, from any Lagrangian, you get a pullback 2-form. When the Legendre
condition fails, this 2-form is degenerate, so you cannot get a hamiltonian
vector �eld from a function.

There is another way of looking at this. If we impose thestrong Legendre
condition, that L is globally a di�eomorphism, then we de�ne H = E ◦L � 1 :
T � Q→ R. This is called the hamiltonian associated to this lagrangian. Then
Lagrange's equations onTQ are transfromed by L into Hamilton's equa-
tions onT � Q with canonical symplectic structure, andH(x, p) = 〈p,L � 1(x, p)〉−
L(L � 1(x, p)).

In the caseL = 1
2m( _xi )2 − V (x), with i = 1 ,2,3. Then pi = m _xi 10 Then

we get

E =
X

m( _xi )2 −
1
2

X
m( _xi )2 + V (x)

=
1
2

X
m( _xi )2 + V (x)

H =
1
2

X p2
i

m
+ V (x)

If you strengthen the Legendre condition by requiring that the matrix is
positive de�nite, then you know that you have an extreme point (not just a
critical point)[is this right?]. If you follow the solution to the E-L equations
too far, you may reach a point where the path is not even locally minimizing
(e.g. consider shortest length paths on a sphere).

If we start with H;T � Q → R, consider dH|fibres of T � Q : T � Q M =weird←−−−−−−
TQ. So we're settingvi = @H

@pi , then de�ne L = ( pi @H
@pi −H)◦M� 1 : TQ→ R.

If we take the Legendre transform of thisL, we getH.
Hamilton's principle : Given someH(x, p), de�ne L(x, p, _x, _p) = p _x −H.

If we have a path in T � Q, we can evaluateL( _γ) = α( _γ) −H ◦ (projection).
Then Lagrange's equations say

∂L
∂x

=
d
dt
∂L
∂ _x

∂L
∂p

=
d
dt
∂L
∂ _p

10If we write � ij _x i _x j instead of ( _x i )2 , we would get the right upper/lower indices.
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so

−
∂H
∂xi =

d
dt
pi

_xi −
∂H
∂pi =

d
dt

(0) = 0 .

Notice that the Legendre condition fails miserably, so Lagrange's equations
are �rst order equations. The solutions to this set of equations are just the
extrema for our variational problem. Consider things that solve the second
equation, so _xi = dx i

dt = @H
@pi . Then Hamilton's lagrangian is pi _xi −H. We

identify solutions to this second half with paths in Q, not in T � Q.

Lecture 12 - Momentum maps

Today's lecture was given by Christian.
Momentum maps are supposed to associate conserved quantities to sym-

metries. The symmetries are the basic assumptions on space-time and in-
teractions, from which we get the conserved quantities of momentum and
charge. If two quantities are conserved, so is their Poissonbracket, so the
conserved quantities form a Lie algebra.

Lets start with an action, ρ, of a group G on a set S. An action is
transitive if there is only one orbit. The action is free if g · s = s ⇒ g = e.
The action is effective if g ·s = s for all s implies that g = e. If S1 and S2 are
G-sets andφ : S1 → S2 respects the action, then it is calledG-equivariant.

Now we can add a manifold structure.

De�nition. A Lie group is a group-manifold such that multiplication and
inverse are smooth maps. We also require it to be closed and connected.

This is equivalent to L (left multiplication) being a smooth action of G on
itself (this implies that Lg is a di�eomorphism for each g, but the converse
is not true). If f ∈ C1 (G) is L-invariant, then we have that f (g) = f (hg)
for all g, h, so f is constant.

Invariant vector �elds are more interesting. Say L�
gv = v, that is, (TgLh)v(g) =

v(hg). Then we can de�ne

g = {v ∈ χ1(G)|v is L-invariant }

the lie algebra ofG.
Note that we can get a left invariant vector �eld by simply tak ing some

ve ∈ TeG and de�ning v(g) = ( TeLg)ve. Thus, as a vector space,g∼= TeG.
The vector �eld being invariant corresponds to the 
ow being L-equivariant.

For any vector �eld, we have
�φ(φ(g, t1), t2) = �φ(g, t1 + t2)

and L-equivariant means
�φ(φ(g, t1)h, t2) = �φ(g, t1) �φ(h, t2)

�φ(gh, t) = g · �φ(h, t)

So we get an exponential map:
�φ(e, t1 + t2) = �φ( �φ(e, t1)e, t2) = �φ(e, t1) · �φ(e, t2)
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So we can de�ne exp :TeG → g→ G given by ve 7→ v 7→ �φ(e,1). We have
that R → G given by t 7→ exp(vt) is a group homomorphism. These things
are called one-parameter subgroups. If they close up, they are isomorphic
to S1, and if they do not, they are isomorphic to R.
Ad : G × G → G is de�ned by Adgh = ghg� 1. You can look at the

derivative in the second argument to getAd : G×g→ g. If you like, you can
de�ne Adg exp(tv) = g exp(vt)g� 1, in which caseAdgv := d

dt g exp(vt)g� 1.
You can take the dual of the action to get Ad� : G × g� → g� given by
〈(Ad� )(g)α, v〉 = 〈α, (Adg� 1)v〉. Taking the derivative, we get

ad : g× g→ g

given by ad(v)w = [ v,w].
Now we can add some symplectic structure. Say (M,ω) is symplectic.

We require our actions to satisfyρ(g)� ω = ω. That is, ρ : G→ Sym(M,ω).
Such actions are called symplectic. The in�nitesimal version of this says
that (exp vt)� ω = ω. The Lie derivative version is that L�̃ (v)ω = 0, where
~ρ : g → χ1

sym (M,ω). If the vector �elds ~ρ(g) are hamiltonian, then the
action is called hamiltonian.

Figure 1
In this case, we can get a generating function for each element of the lie

algebra. Let ~J : g→ C1 (M ) send a vector �eld v to its generating function
fv (this is not unique!). This map is called the (co)momentum map. We
de�ne the momentum map J : M → g� by 〈J(m), v〉 = ~J(v)|m .

Proposition 12.1. ~J exists (~ρ is hamiltonian) if and only if g/[g,g] →
H1

dR(M ), [v]→ [~ω� 1 ~ρ(v)], is the zero map. By the way, g/[g,g] ∼= H1
CE (g,R).

Proof. We just have to show that the map is well de�ned (because hamilton-
ian vector �elds correspond exactly to exact forms). LetX,Y ∈ χsym (M ).
Then we have to show that i[X;Y ]ω is the derivative of something.

i[X;Y ]ω = ( LX iY −
0

z }| {
iY LX )ω (LX ω = 0)

= ( ix ◦ d ◦ iy + d ◦ ix )ω (by magic formula)

= ( iX (LY − iY d| {z }
0

) + diX iY )ω (magic formula)

= dω(Y,X)

�

Corollary 12.2. (i) If H1
dR(M ) = 0 , then the action is hamiltonian.

(ii) If g is semi-simple11, then the action is hamiltonian.

An action on the hamiltonian system (M,ω,H) is called invariant if H is
G-invariant, i.e. H(g ·m) = H(m) =⇒ ~ρ(v)H = 0. The punchline of the
lecture is

Proposition 12.3. If ~ρ preserves dynamical system, then ~J(v) is a con-
served quantity for any v.

11Which implies g = [ g; g].
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Proof. XH ~J(v) = {~J(v),H} = −XJ̃(v)H = −~ρ(v)H = 0. �

Lecture 13 - Momentum maps and Symplectic reduction

Next meeting is in 450C Mo�t Library.
There are some nice ways to simplify your life. One way is to �nd sym-

metries, and the other is to �nd invariants of motion. If you c an do one,
you can do the other. This follows from

XH F = {F,H} = −{H,F} = −XFH

If one is zero, so is the other. In general, when you take a quotient or look
at a subspace (on which something is constant), you lose the symplectic
structure.

Lets take R4 with ( q1, q2, p1, p2) and the standard form dqi ∧ dpi . We can
take, for example

H(q2, p1, p2) =
1
2
gij (q2)pi pj + V (q2)

We have that {H, p1} = 0. Let's impose the condition p1 = c =const. Now
we are down to three dimensions. On{p1 = c}, we have the coordinates
(q1, q2, p2), and the induced form, dq1 ∧ dq2, is degenerate.

On the other hand, @H
@q1 = 0, and L @

@q1
ω = 0, so we can pass to the

quotient by the 
ow of @
@q1 . Now we have coordinates (q2, p1, p2). But we

don't have a way of pushing forward the form (you cannot have anon-
degenerate form be the pullback of a lower-dimensional form). But you can
push the poisson structure down.π = @

@qi ∧
@

@pi
pushes down to @

@q2 ∧
@

@p1
.

And {q2, p2} = 0, and {f, p1} = 0 for all f (p1 is called a Casimir function).
This is a degenerate poisson structure.

In both cases, we get some degeneracy. How can we get back to symplectic
geometry?

Presymplectic: (the �rst case) you can still �nd a hamiltonian vector
�eld. So XH yω = dH, or ~ω(XH ) = dH. We have that ~ω( @

@q1 ) = dp1 = 0,

~ω( @
@q2 ) = dp2, and ~ω( @

@p2
) = −dq2. H = H(q2, c, p2), so it doesn't have any

dq1 in it, so dH = @H
@q2 dq

2 + @H
@p2
dp2, so we get

XH = −
∂H
∂q2

∂
∂p2

+
∂H
∂p2

∂
∂q2 + ( anything)

∂
∂q1

We have anH which happens to be in the image of ~ω, but the hamiltonian
vector �eld is not well de�ned because of that anything. We can resolve
this problem by passing to the quotient:

{p1 = c}/ (
ow of Xp1 =
∂
∂q1 )

| {z }
ker of !̃

Now we have coordinates (q2, p2), with form dq2∧dp2, and a \reduced hamil-
tonian", H(q2, c, p2). We get dynamics on this R2, which is the projection
of what we had before.
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R4
p1 = c

@
@q1

R2

XH tangent to the slice p1 = c and invariant along @
@q1 , then we look at

the quotient.
For our hamiltonian, we end up with

H =
1
2
g22(q2)p2p2 +

vector potential
z }| {
g12(q2)cp2 +

1
2
g11(q2)c2 + V (q2)

| {z }
new potential

This is pretty interesting, we again get something quadratic in the momen-
tum plus an extra term (the vector potential), plus a new potential. So our
reduces system behaves as though there was a magnetic �eld orsomething.
For example, when you have a rotating system, you get a force perpendicular
to the direction of motion (coriolis force).

On the other side, we haveπ = @
@q2 ∧

@
@p2

, so we get ~π(dH) = XH , a
well de�ned vector �eld. We have that XH F = {F,H}. In particular, if
F is Casimir function, it is a constant of motion for any hamilt onian 
ow.
This picture is dual to the previous picture. Before, we could only solve
for the hamiltonian if it was invariant along ***, and it woul dn't be well
de�ned. Here, we also started with a four dimensional space,then we pass
to the quotient. There is then a special direction (the p1 direction). Each
of the planes p1 = c are invariant under any hamiltonian 
ow, so these
submanifolds have an induced symplectic structure (these are called the
symplectic leaves).

R4

@
@q1

p1

(q2, p2)

We get exactly the same 
ow as before. So there are two ways to do
this. Start with a big phase space, then pass to a presymplectic subspace,
then take a quotient to get something symplectic. Or you can �rst take a
quotient to get a poisson structure, then take a subspace to get something
symplectic.
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This is an example of symplectic reduction, but we've done the special
case where the symmetry group isR. This is more or less general. If
f ∈ C1 (M ), with M symplectic, and if (df )(x) 6= 0, then near x, there
are canonical coordinates (qi , pi ), in which f = p1. Thus, locally, this is
the general case. Sometimes more interesting things happen. For example,
the orbits of the 
ow might close up on themselves, which is exactly what
happens in rotational motion.

Moment(um) Map(ping)s. We have a symplectic manifold (M,ω) (though
there are versions for the presymplectic and the poisson cases (and dirac as
well)), and we have a lie groupG acting on M symplectically. So we have
g 7→ gM with ( gh)M − gm ◦ hM . This induces a lie algebra action. Namely,
if you take v ∈ g, you get a vector �eld vM ∈ χ(M ) given by

vM =
d
dt

�
�
�
t=0

(exp tv)M .

It turns out that ( v + w)M = vM + wM , (av)M = avM , and [v,w]M =
−[vM , wM ]. If we have

G // Diff (M ) g � // gM

then we get a mapG→ Aut ( C1 (M )), g 7→ g�
M , then v̂M = d

dt

�
�
�
t=0

((exp tv)M )�

as a derivation of functions, and the bracket of vector �eldsis just the bracket
of operators. From this point of view, we have a map from one lie group to
another, so it should induce a lie algebra homomorphism. Butg 7→ gM is a
homomorphism andgM 7→ g�

M is an anti-homomorphism, which is why you
get a minus sign.

g antihom //

J
��

χ(M,ω)

C1 (M )
antihom

99rrrrrrrrrr

If H2(g,R) ≃ g/[g,g] vanishes, you get a lift J, the comomentum map. It is
not unreasonable to requireJ to be a lie algebra homomorphism. Alterna-
tively, sinceG acts ong by the adjoint representation and it acts on C1 (M )
by gC1 (M ) = ( g� 1

M )� , we could require that J G-equivariant.

Proposition 13.1. J is a lie algebra homomorphism if and only if J is
equivariant for the action of the identity component of G (if and only if J
is Ad� -equivariant for the action of the identity component of G).

Proof. Look in the book. �

There is another nice way of understanding all this, which was introduced
independently by several people. Kostant, Souriau, and Smale. Siriau is the
most generat. Kostant only looked at transitive actions. Smale only looked
at cotangent bundles. They all reformulated the comomentummap. To
J : g→ C1 (M ) (any linear map, at this point), we associateJ : M → g� by
J(x)(v) = J(v)(x) for x ∈ M,v ∈ g. We are really looking at a function of
two variables: M × g→ R. We can think of it as M → g� or g→ C1 (M ).
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J is equivariant if and only if J is equivariant. What are the group actions
in question? We have a group acting onM , and we haveG acting on g�

given by gg� = ( Adg� 1 )� (this is called the coadjoint action). Some people
will write Ad�

g, so you have to watch out.
A hamiltonian action (sometimes called apoisson action) of G on (M,ω)

is a symplectic action together with an equivariant momentum map J :
M → g� . This isn't completely standard.

Where are we going? One place is a generalization of reduction from the
case of one-parameter groups to more general groups

Theorem 13.2 (Symplectic Redcution Theorem, Marsden-Weinstien,Meyer).
Say (M,ω,G, J) a hamiltonian action, and µ ∈ g� quasi-regular [regular]
value, then J � 1(µ) is invariant under the action of G� = {g ∈ G|Ad�

g� 1µ =
µ}, the coadjoint isotropy, and the orbits of G� on J � 1(µ) form a regular

foliation. Let i�� ω be the pullback of ω to J � 1(µ), where J � 1(µ)
i
→֒ M . At

each x ∈ J � 1(µ), kerx gi�� ω = Tx (G� x) = {vM (x)|v ∈ g� }.

Where if M �−→ N , µ ∈ N is quasi-regular if φ� 1(µ) ⊆M is a submanifold,
and for any x ∈ φ� 1(µ), the inclusion Txφ� 1(µ) →֒ ker(Tx (φ)) is an equality.
This simplest example of a non-quasi-regular value is whenφ : x → x2 on
R, x = 0 is not quasi-regular. The implicit function theorem tell s you that
regular values are quasi-regular.

This gives us the following picture:

M
J � 1(� )

π�

J � 1(µ)/G� = M�

G� orbits

J
g�

b

µ

If J � 1(µ)/G� is a manifold, with π� a submersion, then there is a (unique)
symplectic form ω� on J � 1(µ)/G� such that π�

� (ω� ) = i�� (ω). Then (M� , ω� )
is called the reduction ofM at µ.

Lecture 14 - Library meeting

Today's lecture was given by Ann Jensen in Mo�t. We went throu gh a
list of resources. Here is the information from the handout:
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Name Description URL
UCB Mathematics Library http://www.lib.berkeley.edu/math/

Library Catalogs
MELVYL - Libraries of all the UC campuses
GLADIS - Libraries of Berkeley only

MathSciNet
Major index to mathematical literature
1940 - present Created by the AMS

http://www.ams.org/mathscinet

ArXiv
Timely preprints of articles, lecture notes,
discussion notes mid-1990s - present

http://front.math.ucdavis.edu/

Web of Science
Science Citation Index

Database of citations to research articles in
all �elds of science from 1945

Proxy Server How to access library resources o� campus http://proxy.lib.berkeley.edu

For assistance contact:

Ann Jensen

ajensen@library.berkeley.edu
Mathematics/Statistics Library

100 Evans Hall

642-5729

Lecture 15 - More Symplectic Reduction, Connections

Thursday is the �nal due date for the term paper topic. By Thur sday,
put your �nal proposal on bspace.

Recall the basic reduction theorem

Theorem 15.1. Let (M,ω,G, J) as before, J Ad� -equivariant. Then for
µ ∈ g� , M� = J � 1(µ)/G� . If J � 1(µ) is a manifold (i.e. µ is quasi-regular),
then TxJ � 1(µ) = ker( TxJ). This implies that (TxJ � 1(µ))? ∩ TxJ � 1(µ) =
Tx (G� ). We will say that µ is immaculate if the G� action on J � 1(µ) has
M� as a “manifold quotient”. Then M� has a symplectic structure ω� such
that π�

� ω� = i�� ω. (M� , ω� ) is called the reduced symplectic manifold.

If G action is free and proper, then every value ofJ is immaculate (e.g.
if G is compact). If the action is not free, then the quotient is called an
\orbifold".

Example:Let G = R, so g≃ g� ≃ R. Then the J action is just 
ow.
Let M = T � X, and ξ a vector �eld on X. X is con�guration space.

De�ne J : T � X → R by J(α) = 〈α, ξ〉, J(α) = α(ξ(p(α))). In coordinates
x1, . . . , xn , p1, . . . , pn , then ξ =

P
ai (x) @

@xi
and J = ai (x)pi . If we look at

Hamilton's equations, we get

_xi = ai (x)

_pi =
∂aj

∂xi pj

The 
ow is linear on �bers, and is following the trajectory on the manifold
downstairs. µ ∈ R.

If µ = 0. J � 1(0) ⊆ T � X a codimension 1 sub-bundle. If we want the
vector �eld to be non-zero so that these are well-de�ned.

We have a mapX → X/R. Let's assume that the R action on X has
a nice quotient X/R. This happens in two cases: where theR action is
free and proper, and where the 
ows are all circles. At any given point
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in X/R, the cotangent space is isomorphic to the cotangent vectorswhich
annihilate the direction of 
ow. J � 1(0) are the annihilators of the orbits. So
J � 1(0)/R ≃ T � (X/R). It turns out that the symplectic structure is exactly
the canonical symplectic structure.

A reference for these calculations: Abraham-Marsden(-Ratin)
Foundations of Mechanicsanything after the 1st edition.

If µ 6= 0, then what does J � 1(µ) look like? At any given point, we have
the value of the vector �eld, and we want all 1-forms with a given value
on this vector �eld. This means we are taking all the vectors with a given
projection onto the vector �eld (this is a translation of J � 1(0). If we don't
have a metric, then there is no natural choice of one of these (we can't just
take the shortest). So we can make a global choice of such vectors (a 1-form
α), which identi�es J � 1(µ) with J � 1(0). This identi�cation is compatible
with the 
ow if α is compatible with the 
ow.

Note:

(1) The identi�cation of J � 1(µ) with J � 1(0) is non-canonical.
(2) The form ω� on X/R is in general not the canonical one.

In some non-canonical way, we've put a new symplectic structure on
T � (X/R).

Figure 1
Let G = R or S1, whichever makes the action free. NoteG = G� . This

is a principal bundle. α is invariant under the 
ow and 〈α, ξ〉 = µ. Assume
that µ 6= 0. Let β = �

� , then

L� β ≡ 0

i� β ≡ 1

Such a β is called a connection form on the principal bundle X → X/G.
You can look at dβ, and notice that L� dβ = dL� β = 0. So dβ is a two-form,
which is invariant under the 
ow of ξ. Also, i� dβ = L� β| {z }

0

−d( i� β|{z}
1

) = 0. So

dβ kills vectors along the �bers. This exactly tells us that dβ comes from
a two-form downstairs. Thus, there is a two-form F on X/G such that
π� F = dβ. From this we have that π� dF = 0, and since π� is injective,
we have that dF = 0. So F is a closed two-form onX/R, and it is called
the curvature of the connectionβ. Note that there is no reason forF to be
exact, even though it becomes exact when you pull it up toX.
J � 1(µ)/G

�
≃ T � (X/G). On J � 1(µ)/G, we have the reduced form on

(T � X)� , and the corresponding thing on T � (X/G) is the canonical form
plus µ(pr� F� ), where µF� is the 2-form onX/G which pulls back to dα on
X. Here, pr : T � (X/G) → X/G. How does this depend on the choice ofα.
That is, how does the curvature depend on the choice of the connection? Say
we replaceα by α+ φ, then we haveL� φ = 0 and i� φ = 0. d(α+ φ) = dα+ dφ,
but these conditions tell us that φ is π� ψ, whereψ is a 1-form onX/G. So
we have that d(α + φ) = dα + dφ = π� (µF� + dψ).

Conclusion: If we replaceα by α+ π� ψ, the induced form onT � (X/G) is
modi�ed by the addition of dψ.

This is consistent with something else we know about cotangent bundles.
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Figure 2
If we compose the two identi�cations, we get a �bre-preserving map, which

is translation by ψ. It is symplectic exactly when π� dψ vanishes.
It also tells us when we can get rid of thisF� if and only if we can �nd ψ

such that F� + dψ = 0, which means that F� is exact. The possible values
of curvature therefore range over a cohomology class. That shows that if
we do this cotangent reduction (T � X)� ↔ T � (X/G), then we can make the
form on the left correspond to the canonical form on the rightexactly when
some cohomology class is zero. If there is a section of the projection, then
the bundle is just a product. If the �bers are all copies for the real numbers,
then you can always put together local sections by a partition of unity. So
we need the �bers to be circles to get anything interesting.

Let X = R2 and let J(x1, x2, p1, p2) = 1
2 (x12 + x22 + p2

1 + p2
2). Hamilton's

equations say

_xj = pj

_pj = −xj

•xj = − _xj

Lets look at J � 1(1/2)/S1. If we write zj = xj + ipj , then we have that _zj =
−izj . The solutions are that zj = zj

0e
� it . So we have thatJ � 1(1/2)/S1 ≃

CP1 ≃ S2. This is not a cotangent reduction because theJ is not linear. In
any case, we get a symplectic structure onS2. It isn't hard to see that the
induced form on S2 is the curvature.

We have a vector �eld which we can think of asη = pj
@

@xj − x
j @

@pj
. Look

at the 1-form α = ( xi dp1+ x2dp2−p1dx1−p2dx2)/2, whosed is the canonical
symplectic structure. If we take the inner product of our vector �led with α,
what do we get? We get−1/2 ... we'll deal with it later. What we've show
is that i� α = −1/2, and we also know that L� α = i� dα = i� ω = dJ = 0
(because we are on a level set ofJ). So there is some 2-form onS2 whose
pullback is blah. That 2-form really is the curvature of the bundle.

Moral of the story: S1 acts onM via a hamiltonian action, J : M → R.
J � 1(µ)/S1 is a symplectic manifold, and the symplectic structure is the
curvature of some connection on the principal bundleS1 → J � 1(µ) →M� .
It is not quite the curvature because we don't have the right normalization,
so we really haveµ times the curvature of some connection.

Corollary 15.2. If J � 1(µ) is compact, then the circle bundle S1 → J � 1(µ) →
M� is not trivial.

If it were, then the cohomology class (which is the �rst chern class) would
be zero, so the symplectic structure would be exact, which itcan never
be.

Lecture 16 - About the Momentum Map

From last time:
General reduction: (M,ω,G, J), with M� = J � 1(µ)/G� .
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Cotangent reduction: M = T � X, G acts on X. J : M → g� linear on
�bres. Then J � 1(0)/G ≃ T � (X/G), and J � 1(a)/G could be identi�ed with
T � (X/G), but not canonically.

Then we did an example whereM = R4, and we found that J � 1(µ) ≃ S3

and M� ≃ S2. We had the Hopf �bration.
Now for a real cotangent reduction example: Let

S1 =U (1)

S3 � C2

S2 ' CP1

T � S2 H−→ R given by H(x, ξ) = 1
2 ||ξ||

2. Hamilton's equations for such a
hamiltonian are exactly the equations for geodesics. Then look atH � 1(1/2).

[[If M J−→ g� and H : M → R is G-invariant, then H|J � 1(� ) inducesH�

on M� . M ⊇ J � 1(µ) →M� .]]

We have a momentum mapT � S3 J−→ R given by J(v) = 〈v,XH 〉. [[In the
case of a surface of revolution, we have Clariout's Theorem,which tells us
that the angle of a geodesic with the direction of rotation is�xed.]] J � 1(0) =
vectors perpendicular to the Hopf vector �eld.

Figure 1
Notice that the sub-bundle of spaces perpendicular to the hopf vector

�eld is not integrable. What is the induced hamiltonian down stairs? H0 :
T � S2 → R is also 1

2 || ||
2. What if we replace 0 by µ? Because we have a

metric, we may as well lift a vector to µ times the hopf vector �eld plus
stu�. Then we get the hamiltonian H� (v) = 1

2 ||v||
2 + µ2. What about the


ow?
Consider the case where we have the hopf �eld itself, then it will project

to the trivial 
ow on S2. If it is close to the hopf �eld, then it must project to
small circles for the trajectories. This suggests that if something is moving
on the two sphere, it feels some force perpendicular to its direction of motion.
How do we see that? The symplectic form onT � S2 has been modi�ed ... it
turns out to be modi�ed by µ times the area form.

SayX is a Riemannian manifold with a free circle action, soX → X/S1.
Suppose the action preserves the metric. If we pick aµ, we get induced
motion on T � (X/S1). We haveB ∈ 
 2(X/S1) closed, which takes velocities
to forces ... it behaves like a magnetic �eld. In many cases, you can turn
this around. SayX/S = Y , and you want to describe motion in a magnetic
�eld on Y . Then we can describe it as motion on something one dimension
higher so long as we can realizeB as the curvature of some connection. That
is the case if and only if the cohomology class ofB is \integral" (i.e., if you
integrate B over any circle in Y , you get an integer). One can also lift the
potential, if there is one. This is called Kaluza-Klien theory. This stu� came
up when people were trying to unite magnetic and gravitational forces ...
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the idea was to work in a 5-dimensional space rather than a 4-dimensional
space-time. This was the beginning of gauge theory.

Now say we have (M,ω,G), and say we have a momentum map which is
not equivariant. So

v ∈ g

J
��

// vM

k

J(v) // xJ(v)

We can ask that J : g→ C1 (M ) beG-equivariant, which would be a regular
momentum map.

[Adgv]M =
d
dt

�
�
�
t=0

(exp(Adgv))

=
d
dt

�
�
�
t=0

(gM exp(tv)M g� 1
M )

= ( TgM )vM g� 1
M

dJ(Adgv) = ( Adgv)M yω

= g� 1�
M vM| {z }

yω

= ( g� 1
M )� (vM yω)

= ( g� 1
M )� (dJ(v))

d(d(Adgv) − g� 1�
M J(v)) = 0

AssumeM connected, thenAdgv) − g� 1�
M J(v) is some constant〈c(g), v〉. So

c(g) ∈ g� . So c : G→ g� . This c is zero if and only if J is equivariant if and
only if J : M → g� is equivariant.

This c is a 1-cocycle onG with values in g� with the Adjoint representa-
tion:

c(gh) \=" c(g) + Ad�
g� 1c(h)

Why are these called cocycles? Because we have a whole complex

C0(G,g� ) �−→ C1(G,g� ) �−→ C2(G,g� ) �−→ · · ·

such that δ2 = 0, where δ(c)(g, h) = c(gh)− c(g)−Ad�
g� 1 c(h), and C i (G,g� )

are maps fromGi to g� . And for α ∈ C0, we haveδ(α) = Ad�
g� 1α− α.

Recall that the condition on the momentum map is dJ(v) = vM yω, so
we can changeJ by a constant, and when we do so, thec varies over the
cohomology class.

If p(g, h) is a 2-cochain, then we de�ne

δp(g0, g1, g2) = −p(g0g1, g2) + p(g0, g1g2) + Ad�
g� 1

0
p(g1, g2) − p(g0, g1)

There is another kind of equivariance. Givenc ∈ Z1(G,g� ), we can de�ne
a new a�ne action of G on g� by the rule g · α = Ad� 1

g� α + c(g). This it is
easy to see thatJ is now equivariant with respect to this action.
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Example: M = R2 with coordinates (q, p), ω = dq ∧ dp. Let G = R2 with
coordinates (a, b), then g ∼= R2 with coordinates (x, y). Then we have the
action (a, b)M (p, q) = ( p+ a, q + b). What is ( x, y)M ? It is x @

@q+ y
@
@p. Then

(x, y)M yω = xdp−ydq = d(xp−yq) whered is the di�erential in ( q, p) space.
This is equal to d〈(p,−q), (x, y)〉. So we can sayJ(x, y) = xp = yq. Then
J(q, p) = ( p,−q). This is not equivariant because the coadjoint action is
trivial. The cocycle is c(a, b, q, p)(x, y) = J(x, y)(q, p)−J(x, y)(q+ a, p+ b) =
xb− ya. Then c(a, b) = ( b,−a).

Instead of just the lie algebra generatorsex and ey , we add et such that
[ex , ey ] = et and [et , ex ] = [ et , ey ] = 0. The dual of this lie algebra has ξ, η
dual to ex , ey , and τ dual to t. De�ne the lie algebra action by letting et

act trivially: ( x, y, t)M = x @
@q+ y @

@p. If we take J(q, p) = ( p,−q,1), then it
turns out that this action is equivariant.

Lecture 17

Did everybody get the email saying that you shouldn't use the bspace
dropbox? Good.

We start with ( G,ω,G, J), J : M → g� with corresponding J : g →
C1 (M ). Now we de�ne

θ(v,w) := {J(v), J(w)} − J([v,w]) ∈ R (generally, H0(M )) .

This is a bilinear, skew-symmetric map,θ : g ∧ g → H0(M ). It satis�es a
kind of Jacobi identity:

δθ(v,w, u) = θ([v,w], u) + (cyclic permutations) = 0 .

This is a piece of a complex which calculates the lie algebra cohomology.
Ck(g) = ∧kg� = Hom( ∧kg,R), δ : Ck(g) → Ck+1(g) given by

(δθ)(v0, . . . , vk ) = −
X

i<j

(−1)s(i;j )θ([vi , vj ], v0, . . . , v̂i , . . . , v̂j , . . . , vk ).

This has a lot to do with the de Rham di�erential. [[

(δθ)(v0, . . . , vk ) = −
X

i<j

(−1)s(i;j )θ([vi , vj ], v0, . . . , v̂i , . . . , v̂j , . . . , vk )

+ vi · θ(v0, . . . , v̂i , . . . , vk ).

]]
If G is a compact, connected lie group, thenHk

dR (G,R) ≃ Hk(g,R). If
G = Tn , then g = Rn , and Ck(g) = ∧k(Rn )� = Hk (g), which has dimension� n

k

�
. If G = Rn , then it has the same lie algebra, but the cohomology is

di�erent. So you de�nitely need compact and connected.
Recall that we can changeJ by locally constant functions. Say we replace

J  J + b, where b : g→ H0(M,R) (i.e. b ∈ g� ⊗H0(M,R)). Then

θJ+b(v,w) = {J(v) + b(w), J(w) + b(v)} − J([v,w]) − b([v,w])

= θJ(v,w) + {J(v), b(w)} + {b(v), J(w)}
| {z }

0+0

− b([v,w])
| {z }
� �b(v;w)

.
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So when we changeJ by a locally constant function, the θ is changed by a
coboundary. Thus, given an action admitting a comomentum map, there is
an associated element ofH2(g,H0(M )) which vanishes if and only if there
is a comomentum map which is a lie algebra homomorphism.

Last time we showed

J(Adgv) − g� 1
M

�
J(v) = 〈

2 g�

z}|{
c(g) , v〉

for somec : G → g� . Now we're going to di�erentiate c at the origin. Let
g = exp( tw) for w ∈ g, then take d

dt at t = 0. Then we get

J([w, v]) + XJ(w) · J(v) = J([w, v]) + {J(v), J(w)}
= θ(v,w)

on the LHS, and on the RHS, we have〈(Tec)(w), v〉. So if we think of c as
a bilinear form on g, it is exactly θ. It turns out that if θ = 0, you get that
c = 0 on the connected component of the identity. So on a connected group,
θ and c contain the same information. Not so on a non-connected group:

Consider O(3) acting on T � R3 with coordinates qi , pi i = 1 ,2,3. Take
the one parameter group of rotations given by rotation of the 1-2 plane.
q1 @

@p1
− q2 @

@p2
, with hamiltonian q1p2− q2p1. Then J = q×p. L(q)×L(p) =

L(q × p). The momentum map is SO3 equivariant, but not O3 equivariant
because re
ection introduces a minus sign. We've identi�edo3 ∼= so3 ≃ R3.

Another example: let G be a lie group, thenG acts onG by right trans-
lations. That is, g  rg� 1 . Then we can lift to T � G: g · α = r�

gα. Since any
lifted action is symplectic, we can expect a momentum map, and we can
expect it to be linear on �bres. If you look at a one-parameter subgroup,
the in�nitesimal generator is a left-invariant vector �eld . J : T � G → g�

given by left translation back to the identity. Then J � 1(µ) is all cotangent
vectors, which when translated back to the identity becomeµ, so this is
just the image of the left invariant 1-form µ, which is isomorphic to G as a
manifold. So what is J � 1(µ)/G� ? It is G/G� , which is the coadjoint orbit
of µ. Thus, G/G� = G · µ inherits a reduced symplectic structure.

T � G oo ? _

��

J � 1(µ)

��
T � G/G oo ? _J � 1(µ)/G�

Here, T � G/G is a poisson manifold, with the linear lie-poisson structure on
g� : {µi , µj } = ckij µk .

Convexity Theorem. Two big theorems in symplectic geometry, the Atiyah-
Guilleman/Sternberg convexity theorem (1982), and Gromov pseudoholo-
morphic curve theorem (1985). We will talk about the �rst the orem

Theorem 17.1. (M,ω) connected symplectic, G = Tm = ( R/Z)m acting
on M with equivariant J : M → g� ∼= Rm . [[If v1, . . . , vm a basis for the
lie algebra tm of Tm , then {J(v1), J(v2)} = 0 . Then the orbits of vi;M are
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isotropic.]] Then the J level submanifolds are connected, and J(M ) ⊆ tm�

is the convex hull of J(MG) (which is a finite set).

If m = 1, we have a circle action,J : M → R is just the hamiltonian for
the circle action. Then the theorem says that the image is a closed interval
whose endpoints are �xed points.

Local version: Assume we have a �xed pointx ∈ M . Locally, we have a
symplectic torus action on R2n containing 0 as a �xed point.

Theorem 17.2 (Bachner). Any smooth action of a compact group may be
linearized around any fixed point. i.e., given x ∈M fixed by a compact group
action, there is some coordinate system around x such that the action on the
coordinate system is linear.

Choose a Riemannian metric onM , then use compactness of the group
to replace the metric by an invariant metric under the action of the group.
Then use the exponential map to give a coordinate chart. Thenthe action
sends geodesics to geodesics, so on the tangent space, it is linear.

So we can say that around a �xed point, the torus action is linear. We
would like to say that it is symplectic, but it is only symplec tic with respect
to exp� ω, whereω is the symplectic form onM . We would like: if we choose
something other than exp, ω will pull back to a constant symplectic form.
What we really need is a Bochner-Darboux theorem, which saysthat if we
have a compact group acting on a symplectic manifold near a �xed point,
we can �nd a coordinate system where the group action is linear and the
symplectic form is constant. That is not too hard to prove using the Moser
method. First use the Bochner theorem. Then we have two symplectic
structures on our TxM . Then we need to take one to the other in such a
way that it commutes with the action of the group. But if you lo ok at the
proof of the Darboux theorem, the construction commutes with any linear
action. This gives us a linear symplectic action near a �xed point. Now we
need to look at the momentum map.

Lecture 18

Theorem 18.1 (Schur-Horn). If you look at the action of U (n) on n × n
hermitian matrices, and let O(� 1 ;:::;� n ).
conv{(/lambda� (1) , . . . )}{diag(ADA� )} ∈ Rn , where D = diag(λ1, . . . , λn )

and σ a permutation.

Then Kostant generalized, Heckman reinterpreted in terms of coadjoint
orbits, Guilleman-Sternberg reinterpreted as tori acting on symplectic man-
ifolds, Atiyah some other stu�. Then Kirwan generalized for non-tori ...
N.T.Zung \the ultimate convexity theorem".

Ingredients of proof
(1) Local normal form ⇒ local convexity
(2) \Morse theory" → global result
(3) Covering argument (C-D-M) (connected �ber
x �xed point for the torus action, action on TxM linear, G-equivariant as

in last lecture.
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Then we �nd a G-invariant hermitian structure on TxM .
G compact compact acting on vector spaceV . Then there is aG-invariant

inner product on V . To see this, take any inner productB and de�ne

�B(v,w) =
Z

G
B(gv, gw) dg

wheredg is the haar measure.
This gives us a compatible complex structure. Now we are going to use

that G is a torus Tm , so we can diagonalize the action by choosing coordi-
nates qj , pj . We get a map tm → Rn ≃ tn . Think of G = Rm/2πZm , then
this map is an integer matrix.
〈J(z1, . . . , zn ), (t1, . . . , tn )〉 = 1

2 tj r
j
k |z

k |2 = 1
2tj r

j
k((qk )2 + ( pk )2), where rj

k
is an integer matrix. Hamilton's equations:

_qk =
∂J
∂pk = tj rj

kp
k (not sum over k)

_pk = −
∂J
∂qk = −tj rj

kq
k (not sum over k)

. So J(z1, . . . , zn ) = {rj
k ·

1
2 |z

k |2} = rj
k

1
2 |z

k |2τj = ( rj
kτj )| {z }
ek

1
2 |z

k |2, where τj is

the j-th basis vector of t� , ek a vector in t� with integer components. Thus,
locally, the image of the momentum map are all the non-negative linear
combinations of the ek 's. This gives us a polyhedral cone (if theek are
pointing in su�ciently di�erent directions that our cone is everything).

How do you know there are any �xed points?

Lemma 18.2. For any torus action (in fact, any compact lie group), the
fixed point set is a symplectic submanifold.

This follows from our normal form near a �xed point (the �xed s et must
be a complex subspace, hence a symplectic submanifold). Then Tm = T1 ×
· · · . The �rst has a �xed point because the action is hamiltonian, and the
hamiltonian function must have a max and min ... then use induction.

We have that the image of J is locally in a bunch of these polyhedral
cones. Now we use morse theory to show that the image is globally in the
intersection of these cones.

Figure 1
look at the 
ow of exp( tv) on M . What is its hamiltonian? It is given by

composingv with the momentum map. The hamiltonian has local maximum
at x, and it must have some global maximum, but our local max isn't the
global max becauseJ(y) is on the other side of the plane, contradicting

Lemma 18.3. For any 1-parameter subgroup of the torus, its hamiltonian
has a unique local maximum value.

Proof. At each critical point, the function is quadratic with an eve n number
of positive coe�cients. The maxima are the points where that even number
is zero. Connect two local maxima with a path. Along the path, there is a
minimum value ... choose the path with the largest minimum. This must
be a critical point, otherwise, you could �nd a better path. T here cannot be
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two directions in which you increase, otherwise you could slide around the
bowl and get a better path. Thus, there must be a point where there is only
one positive direction (or none). This proves that the set of local maxima
is connected. �

This tells us that the image is in the intersection of all the polyhedral
cones. Suppose there were some inside point not in the image,then we
may take the largest ball which is in the complement of the image. This
touches the image somewhere. Look at the tangent hyperplaneat the point
of contact. We will show that the whole image is on the other side of the
plane, which contradicts the assumption that we took the largest ball.
x ∈ M . Tx = stabilizer of x ... this is a closed subgroup of the torus.

MTx ⊆M the set of all points �xed by Tx .
�gure 2
The composite map is the momentum map for the action ofTx . The

image in t�
x is in a cone, so the image ofJ is in the \wedge" in t� . Now we

need to show that J �lls up the wedge around J(x). MTx ⊆ M symplectic
submanifold. Lets look at J(MTx ) ... it must lie in the pre-image of the im-
age ofJ(x). It �lls up that pre-image because we can �nd a complementary
torus to Tx , which must be free aroundx, so blah. Now the same morse
theory argument shows that the image is globally in the wedge.

End of proof of convexity of image ofJ .
Now we need to show connectivity of the �bers. De�ne an equivalence

relation on M . Equivalence classes are connected components of �bers ofJ .
Let ~M = M/ ∼.

~M
J̃

""EE
EE

EE
EE

M

OO

J // J(M ) � g�

and we want to show that ~J is bijective. Notice that ~M is connected because
it is a quotient of a connected set. J(M ) is simply connected because it is
convex. so it is enough show that ~J is a covering map.

1) ~J is a local homeomorphism (from normal form).
2) if f : X → Y is local homeomorphism andf proper, then g is a covering
map. To see this,

�gure 3
since the map is proper, the inverse image of a point is �nite.each point

in the inverse image has a nbd which maps homeomorphically toa nbd
of y ... intersect those. We just need that we have the complete inverse
image of our nbd ofy. Suppose not. Then there is a sequenceyi → y and
xi ∈ f � 1(yi ) such that xi 6∈any Uj . {yi , y} compact, so by properness, the
xi have a convergent subseq, which must be in the inverse image of y. We
win!

Lecture 19 - Torus Actions

Remark on the paper: the main idea of the paper is to cover a subject,
not a particular article, or details of proofs.
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There is a book, Toric actions on symplectic manifolds 2nd edition, by
Mich�ele Audin, which is very good for the stu� we're doing.

The subject of torus actions �ts into the more general area ofcompletely
integrable systems. The basic setup is this. You have (M,ω) 2n-dimensional
symplectic. Following a paper by Duistermaat (1980) in Comm. Pure Appl.

Math., we haveM2n J−→W n with rank n almost everywhere, with lagrangian
�bres.

Lemma 19.1. J has lagrangian fibres if and only if J is a Poisson map,
where M has the symplectic poisson bracket, and W has the zero poisson
bracket.

That is, {f ◦ J, g ◦ J} = 0 for all f, g ∈ C1 (W n ). If W n = Rn , and
J = ( f1, . . . , fn ). Then this condition says that {fi , fj } = 0. We say that
these functions are in involution.

Given H : M → R, J is a constant of motion for XH if and only if H is
constant on (connected components) ofJ-�bres. Roughly, H is a function
of the fi s. Then we say that this structure forms a completely integrable
system.

There are two steps to understanding these things: understanding J and
understandingH dynamics.

Figure 1
Pick someµ ∈W regular value for J , we get a mapT �

� W → χ1(J � 1(µ)).
The images of di�erent elements commute. So the image is a commuting
subalgebra of vector �elds spanningT (J � 1(µ)). Take a function on W and
pull it back. The pull back has a hamiltonian 
ow along the �br es. This
map \integrates" to an action (perhaps partly de�ned) of the additive group
T �

� W on J � 1(µ).
Let's assume completeness of the vector �elds involved. e.g. this is implied

by the assumption that J � 1(µ) is compact, which is implied by J proper.
Let's assumeJ proper. Then we get an action of the cotangent space on
the �ber (which is compact), and this action is transitive, l ocally free, so
the �ber J � 1(µ) can be identi�ed with T �

� W/� � , where � � is a lattice, so
J � 1(µ) must be a torus.

Figure 2
Every �ber of T � W is a group which acts on theJ � 1(µ)s, and the isotropy

of all the �bers gives a lattice of 1-forms.
S

� � � ⊆ T � W is locally given by
graphs of smooth 1-forms. Not globally! The fundamental group π1(W,µ)
acts on � � . This action is called \monodromy". Each �ber in M is a torus.
There is an identi�cation � � ≃ π1(J � 1(µ)) = H1(J � 1(µ),Z).

Note that you have to take out singular values, so you might get some
non-simply connectedW . Take the spherical pendulum. The con�guration
space is the two-sphere. There are two conserved quantities, so we can map
T � S2 → R2 by (E,Lz), where E is energy, andLz is angular momentum
around the z axis. The map is proper because the energy levels are compact.
But there are singular values, and there is monodromy aroundthe singular
values. Cushman, Duistermaat, Vu have written some stu�.
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Now let's go back and analyze integrable systems some more. If you think
a little bit, any section of T � W de�nes a mapM → M by translating the
torus �bres by it. This is a symplectic map if and only if the section is a
closed 1-form. We showed that translation by a 1-form is symplectic if and
only if it is closed. The elements of the lattice act by the identity, so they
are smooth closed 1-forms. I claim this gives us a rigid structure on W .
Let's look on W :

Figure 3
We have a lattice of closed 1-forms spanned byω1, . . . , ωn (which are a

local basis). ωj = dxj , and since theωi are independent, thexi form a
coordinate system: x = ( x1, . . . , xn ) : U → Rn . If we choose theωi , then
the xi are determined up to a constant. So we may changex  x + b. We
may also replaceω by ν by saying that ν j = aj

i ω
i , where aj

i ∈ GL(n,Z).
If ν j = dyj , then yj = aj

i x
i + bj . We restrict ourselves to the case where

the ωi form a basis for the lattice. We get a \
at GL(n,Z) structure". You
can do onW any construction you can do onRn so long as it is invariant
under GL(n,Z). You can talk about straight lines. You can proof that the
torsion of the connection is zero. There is a distinguished family of bases
of the tangent space up toGL(n,Z). In each tangent space ofW , there is
a natural integer lattice, and there is a natural identi�cat ion with nearby
tangent spaces which identi�es these lattices. If the base is compact, it
eliminates certain cases. If the base is compact, it must be parallelizable,
so it cannot be the 2-sphere, for example (in fact, it must be the torus or
the klein bottle). A.T. Fomenko has written a bunch of stu� ab out related
things.

Locally, � ≃ W × Zn , soM ≃ W × Tn locally (in W ). The local coordi-
nate function on W obtained from one of these bases generate 
ows which
rotate the torus. This is a symplectic isomorphism ... you get coordinates
(I1, . . . , In , θ1, . . . , θn ), and ω = dI j ∧ dθj . Then H is a function of the I j s,
so hamilton's equations give

dI j

dt
= 0 ,

dθj

dt
= −

∂H
∂Ij

(I1, . . . , In )
| {z }

� j

.

If H is linear in the Is, then it is a very degenerate system ... you get the
same 
ow on each torus.

The non-degenerate case: If
�

@2H
@Ik @Ij

�
is invertible. The determinant is

det( @�j
@Ik

). Torus actions are the ones for which these lattices are trivial
bundles.

Delzant's Theorem. M is compact, andM J−→ tn � the momentum map
for an e�ective torus action. We're assuming there is no monodromy around
the singular points. Then we know that J(M ) = conv(J(MT )). Note that
tn � has a natural GL(n,Z) structure. The kernel of the exponential map
is a natural lattice in tn . Delzant's theorem says that J(M ) is a Delzant
polytope, i.e. has the following properties:
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- From each vertex, there emanate exactlyn edges, containing vectors
which form a basis for the natural lattice �, the dual lattice to the
kernel of the exponential map.

Theorem 19.2. Every Delzant polytope arises as the J(M ) for a unique (up
to equivariant symplectomorphism) hamiltonian torus action on a compact
symplectic manifold.

Notice that the Delzant structure on a polytope doesn't depend on the
geometry (you can slide the faces of the polytope parallel tothemselves).
Consider the one-dimensional case. A delzant polytope is aninterval:

Figure 4
If we slide the polytope up and down, it doesn't change anything. If we

just move one end, it changes the size of the sphere.
How does the proof go? To prove thatJ(M ) has these properties is

not too bad. The hard part is showing that it arises and then showing
uniqueness. The way we do that is by exhibiting the manifoldM for a
polytope δ as a reduced manifold ofCd

� for a linear action of Tr on Cd. How
do we get such a linear action out of a polytope? The simplest example is
the one-dimensional case. The 2-sphere isCP1, which is C2

� for the Hopf
circle action. In general, we have a polytope, so it is the intersection of half-
spaces. � can be de�ned as {µ ∈ tn � |〈vj , µ〉 ≤ λj }, where v1, . . . , vd ∈ tn ,
and λj ∈ R. The {vj } de�ne a map Rd → tn , which is an integer map (we
can choose all thevi integer). vj = ( vk

j ), for vk
j ∈ Z. so we get and × n

integer matrix. How do we build an action of some torus onCd so that the
reduced manifold will have the right dimension? We can think of this as a
map tn → Rd ≃ td, so we get atn action on Cd. We'll do this next time.

Lecture 20

Our basic symplectic manifold isCd. The idea of the Delzant construction
is that we start with a delzant polytope � in tn � , given by 〈x, vi 〉 ≤ λi for
some numbersλi , vi . We use thesevi s to construct a : t� → Rd, letting the
i-th component be〈x, vi 〉. Then � = a� 1(λ+ O� ), where O� is the negative
orthant.

Figure 1
td acts naturally on Cd, and the momentum map is J(z1, . . . , zn ) =

−π(|z1|2, · · · , |zn |n ) + λ. Then the negative orthant is the image of the
momentum map. Let n ⊆ td be the elements oftd which annihilate n? .
Then n� ≃ td� /n? . This corresponds to someN ⊆ Td (this follows from the
Delzant condition on the polytope). Now we restrict from the Td action on
Cd to an N action. The momentum map JN Cd → n� = td� /n? is composi-
tion of J with the projection onto n� . Next we form the reduced manifold
Cd

0, reduced by theN action. That is, we just take the part of Cd which
maps to n? (this is compact becauseJ is proper). This is J � 1

N (0). The
reduced manifold isJ � 1

N (0)/N . It turns out that J � 1
N (0) is a manifold, and

that N acts freely on it, so our reduction is a smooth manifold. The entire
torus still acts on this manifold (because the torus action commutes with
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the N action). Choose a complementm? ⊆ td� to n? , to which there corre-
sponds someM ⊆ Td. Thus, Td = Mn ×Nd� n . Now we look at the action
of M on the reduced manifold. Notice that M is an n-dimensional torus,
so we can identify m� ≃ td� /m? , which we may identify with n? , which is
identi�ed with tn� . Thus, we identify M with our original Tn . What is
JM ? There is a quotient map fromJ � 1

N (0) to J � 1
N (0)/N . The image of the

momentum map is our original polytope �.
You can often answer questions about polyhedra by realizingthem as the

images of momentum mappings.

Geometric Quantization. Souriau introduced this term. The idea was
developed over some time by VanHove (who directly in
uencedSouriau),
Segal, Kirillov, Kostant. There is a dictionary between classical and quan-
tum mechanics

Classical Quantum What it is
symplectic manifold hilbert space \phase space"
symplectic mappings unitary tranformations time evolution

locally hamiltonian vector �elds i·hermitian operators in�nitesimal time evolution
(functions modulo constants) (i·hermitian modulo scalar)

phase spaceT � X hilbert spaceL2(X)12

M Quan(M ) say you have such a procedure
M ×N Quan(M ) ⊗Quan(N )

T � X × T � Y L2(X) b⊗L2(Y )
= T � (X × Y ) = L2(X × Y )
C1 (T � X) Operators onL2(X)

Logically, you should be able to go from quantum to classical, and illogically,
you should be able to go the other way. There are several ways to do this.

If X = R, and T � X has coordinatesq, p, then q 7→ mx , multiplication by x
(we will saymx = Quan(q)), and p 7→ iℏ @

@x. What should qp go to? It should
go to iℏmxDx , but pq \should" go to iℏDxmx . These are classically equal,
but quantumly not (unless ℏ → 0). But since we were thinking of these
operators as the lie algebra of unitary operations, so multiplication is not
the big operation ... the lie bracket is! So let's look atmxDx−Dxmx = −m1.
Thus, we have

[Quan(q), Quan(p)] = −iℏm1 = −iℏQuan(1) = −iℏQuan({q, p})

which is great. It turns out that this is not exact either (thi s = poisson
bracket yields lie bracket), but you can get it to come out right modulo
higher order terms.

This is an in�nitesimal version of saying that we'd like the g roup of sym-
plectic mappings to go to the group of unitary transformations (as groups).
But this doesn't work in general. You can make it work modulo higher order
terms, or you can ask it to work for some subset of symplectic mappings.

There are some nice papers written in the last few years by N. Landsman
(what should go on the RHS if you put the category where the morphisms
are lagrangian submanifolds of products on the LHS?).

If M is symplectic. How do we assign a vector space toM in such
a way that symplectic transformations correspond to unitary operators?
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Try C1 (M ), or L2(M ) with respect to the symplectic measure ! n

n ! , where
dimM = 2n. These don't give you the right answer forM = T � Rn ... it's
too big! Another problem is when you try to assign operators to functions.
Say f ∈ C1 (M ) gives you i · Xf . Then if you take f = 1, you get the
operator 0, not multiplication by 1, so this is no good. You might think you
should just take iXf + mf , but this doesn't work either.

Polarization: takes care of the \too big" problem. Choose a Lagrangian
foliation of M ... this is called a real polarization. Now instead of looking at
all the functions on M , look only at functions constant on the leaves of the
polarization. If you take T � X with the polarization by �bers, then the space
of leaves isX, so we are looking at functions onX. How should symplectic
transformations act on this space? Symplectic transformation do not pre-
serve the polarization in general. So lets only look at functions preserving
the �bration. There are two sources of such things: di�eomorphisms ofX,
and 1-forms. p  iℏXp = iℏ @

@q, q  iℏXq = −iℏ @
@p= 0 since we are acting

on things independent ofp. phooey. We will use something likeiℏXf + mg,
but g cannot just be f , it has to depend on f in some more complicated
way.

Prequantization: takes care of the problem with the constants. Think
of q, p space. The problem with using just the hamiltonian vector �elds
was that the vector �elds commute, and {q, p} 6= 0. So we add another
dimension, which we callθ.

FIgure 2
We need a distribution in q, p, θ space. Consider the 1-formiℏdθ − pdq.

Now consider the horizontal lifts with respect to this form. q  − @
@p − @

@p,

but p  @
@q @

@q+ i } p
@
@�. Now if we take the bracket of these two vector

�elds, we don't get zero any more. Let's look at functions of the form
f (q, p)θ. And let's introduce a polarization by requiring that f depends
only on p, then q goes to @

@p, and p goes to something which gets rid ofθ.
So let's useei� instead of θ. Now p gives us something closer tomp.

Lecture 21 - Prequantization

C1 (M ). We are looking for a principal bundleR/2πZ ∼= U (1) → Q p−→M .
Let ξ ∈ χ(Q) generate the U (1) action. Then the connection is a form
φ ∈ 
 1(Q) such that φ(ξ) = 1, L� φ = ξydφ = 0. Then ker φ is a horizontal
distribution. dφ = p� ω. That is, we want ω to be the curvature of this
connection. Every X ∈ χ(M ) has a unique horizontal lift X̂ ∈ �(ker φ).

This lifting is not a lie algebra homomorphism. In fact, [X̂, Ŷ ] = [̂X,Y ] +
φ([X̂, Ŷ ])ξ. Recall that

dφ(X̂, Ŷ ) = X̂(φ(Ŷ )) − Ŷ (φ(X̂)) − φ([X̂, Ŷ ]).

Since these are horizontal, the �rst two terms are 0. soφ([X̂, Ŷ ]) = −dφ(X,Y ) =
−p� ω([X,Y ]). This gives you the vertical component of the bracket of two
horizontal vectors.

Given f ∈ C1 (M ), we attach to it Xf (an anti-homomorphism), then
we take Yf := −X̂f + fξ ∈ χ(Q). This vector �eld has the property that
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it is the unique vector �eld whose horizontal component is−X̂f , and is a
contact vector �eld. Let's check that

L (−X̂f + gξ)φ = d(−Xf + gξ)yφ + ( −X̂f + gξ)ydφ

= dg − X̂f ydφ
= dg − p� (Xf yω)

= dg − p� df

which implies that g = p� f + const. Let's choose the constant to be zero.
Now we compute

[Yf , yg] = [−X̂f + fξ,−X̂g + gξ]

= [ X̂f , X̂g]− [X̂f , gξ] + [ X̂g, fξ]

= ̂[Xf ,Xg]− ω(Xf ,Xg)ξ − (Xf · g)ξ + (Xg · f )ξ

= −X̂f f;g g + ( −{f, g} − {g, f} + {f, g})ξ
= Yf f;g g.

This correspondence (f  Yf ) is faithful ( Yf = 0 ⇒ f = 0). If we think of
f as a function of q, p, θ. We can write φ = dθ − pdq in local coordinates.
Then Xf = fq

@
@p− fp

@
@q, so X̂f = fq

@
@p− fp

@
@q+ pfp

@
@�, so

Yf = −fq
∂
∂p

+ fp
∂
∂q
− pfp

∂
∂θ

+ fξ.

So in particular, Yq = − @
@p+ q @

@� and Yp = @
@q. There is a geometric

interpretation for this coordinate stu�. Consider the case whereM = T � X,
and then Q = T � X × U (1) with φ = dθ − α. In this case, we �nd that for
any f ∈ C1 (X) (not M ), Yf = −vert(df ) + f @

@�. On the other hand, if we
have a vector �eld, ζ, which is linear on the �bers, then we can talk about
Y� = @

@q, which is the cotangent lift of ζ.
Remember we are acting on functions ofq, p, θ, which is too many vari-

ables. If we look at function independent ofp, then Yp acts by di�erentiation,
which is good, andYq acts trivially. If we add a θ dependence, then we get
multiplication by q, which is what we want. What is the right kind of θ
dependence?
U (1) acts on C1 (Q). When you have a group acting on a vector space,

you can break it up into irreducible representations. The representations
of U (1) are classi�ed by the eigenvalues of the generatorξ. Typically, we
have f (ei� ), and ξ = @

@�. The eigenvalues aren ∈ Z. We can decompose
C1 (Q) into eigenspacesHn of ξ. In particular, H0 = p� C1 (M ). On Hn ,
we �nd that \ @

@� = in". Let n = −1. Then Yq = − @
@p− iq, Yp = @

@q. These
are vector �elds on a manifold, which have unitary 
ows, whose derivatives
are skew. To get hermitian operators, look atiYq = − @

@p+ q, iYp = i @
@q.

If we now let these act on functions independent ofp, then the operator
corresponding to q is multiplication by q and that of p is i @

@q, just like we
wanted. This works whenever we have a circle bundle.

In the special case whereQ = M ×U (1), then u ∈ C1 (Q) can be written
as

P
an (x)ein� , where the an are the fourier coe�cients. Then ξ(u) =
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P
inan (x)ein� . For u ∈ Hn , we have u = an (x)ein� . For n = −1, u =

a� 1e� i� , which is just a function of x. This is in the case of the trivial
bundle. In general, we don't have a trivial bundle. Hn is some vector space,
but there is more structure. Locally, an element is just a complex function
on the base. If we use pointwise multiplication, HnHm ⊆ Hn+m because
ξ is a derivation. In particular, C1 (M ) ∼= H0, and Hn is a module over
it ... it is a locally free module of rank 1. So Hn is a line bundle. We can
identify the �bres. We have Q p−→ M . For x ∈ M , we de�ne H n

x
13 to be

{u ∈ C1 (p� 1{x})|ξu = inu}. This is a complex line, soEn :=
S
Hn

x is a
complex line bundle, soHn = �( En ). We can also say thatEn ∼= (E1)
 n ,
where a negative tensor power is a tensor power of the dual bundle. The
conclusion is that if we have a circle bundle overQ whose curvature isω,
we can construct an action ofC1 (M ) such that poisson brackets go to
commutator brackets. If we think of them as sections of a complex line
bundle, what are these operators? We have vector �elds on thebase, and
a connection gives us a covariant derivative. You can read Kostant's article
in Lec. Notes in Math. 170.

How do we know there is such aQ? We know that we can take the trivial
bundle in the case of a cotangent bundle (or wheneverω exact). What if ω
is not d of some 1-form, as in the case of a compact symplectic manifold.

Theorem 21.1 (A. Weil) . ω ∈ 
 2(M ) is the curvature of a U (1)-bundle
over M if and only if [ω] ∈ Im(H2(M,Z) → H2(M,R)) (where this is the
map corresponding to coefficient homomorphism Z 2�−→ R) if and only ifR

� ω ∈ 2πZ for every 2-cycle σ on M .

This is often called the integrality condition. In this cont ext, it is also
called the prequantization condition. If we take the standard 2-sphere in
R3, with the usual area element, it is prequantizable. In g� = su(2)� , we
have {x, y} = z, {y, z} = x, {z, x} = y, and the levels ofx2 + y2 + z2 are
the symplectic leaves ... coadjoint orbits. Then the symplectic area of the
sphere is equal to 4πr. The quantizable ones are those for whichr ∈ 1

2Z
(including r = 0). This corresponds to spin. The representations ofSU (2)
are indexed by this spin. But su(2) = so(3), but the reps of SO(3) require
spin to be a whole integer. In general, for complact simply-connected groups,
there is one to one correspondence between irreducible representations and
quantizable coadjoint orbits (Borel-Weil Theorem). This i s also true for
nilpotent groups (Kirillov).

0→ Z
2� [i ]
−−−→ [i]R→ [i]R/2π[i]Z → 0. Some people put thei because then

the quotient is more directly isomorphic to U (1). There is a corresponding
long exact sequence in cohomology (in the same direction (these are the
coe�cients))

· · · → H1(M,U (1)) → H2(M,Z) 2�−→ H2(M,R)
| {z }

→ H2(M,U (1)) → H3(M,Z) → · · ·

13H n = Hn .
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The condition for prequantizability is that [ ω] lies in the image ofH2(M,Z).
It turns out that H2(M,Z) classi�es [hermitian, unitary] complex line bun-
dles up to isomorphism. The element ofH2(M,Z) corresponding to the bun-
dle is called the chern classc1. The kernel of the underbraced map are the
complex line bundles whose churn classes go to the symplectic class. There is
a lack of uniqueness if the previous map is non-trivial. If there is a connection
whose cohomology is zero, then there is a connection which is
at (curvature
is identically zero). Remember that there is a group structure on complex
line bundles (given by tensor product), which makes the map to H2(M,Z)
a group homomorphism. The point is that if you have two line bundles with
connections curv((E1, phi1) ⊗ (E2, phi2)) = curv(E1, φ1) + curv(E2, φ2).
So there is another group here, the one of hermitian line bundles with con-
nection.

bundles with
connection

forget
connection

����
��
��
�

curvature

��9
99

99
99

line
bundles

chern
class ��

Z2(M )

[ ]
��

· · · // H2(M,Z)
2� // H2(M,R) // · · ·

Lecture 22 - Geometric Quantization

The �rst draft of the paper is due next Tuesday!
We have (M,ω) a symplectic manifold, and a prequantization is a circle

bundle (Q,φ) over M whose curvature isω. A necessary condition is that
[ω]\ ∈"H2(M,2πZ). If it exists, it is unique up to isomorphism and tensor
product with a 
at U (1) bundle-with-connection. These correspond to ele-
ments ofH1(M,U (1)) = Hom( H1(M,Z), U (1)) = Hom( π1(M ), u(1)). If you
look at the set of all such pre-quantization bundle, it is a torus (at least if
H1(M,Z) is free, otherwise a torus times �nite cyclic group).

Once we choose such a thing, we getH n ⊆ C1 (M ) which is the
√
−1n

eigenspace ofξ (the generator of the U (1) action). There is a sense in
which n → ∞ is like ℏ → 0. If we take H n

(M;! ) ≃ H 1
(M;n! ). Recall that

H 1
(M;! ) ≃ �( E), where E is a complex line bundle. H n

(M;! ) ≃ �( E
 n ). We
know that the chern class ofE
 n is n times that of E, so it is like taking
nω in place of ω. ω has units of action, so you have to divide by the unit
of action, which is ℏ. Working in Q, we can understand what happens as
n→∞.

Recall also that givenf ∈ C1 (M ), we getY n
f = −X̂f + inf (or −X̂f + f @

@�
as a vector �eld). Notice that in the classical limit ( n→∞), it looks more
and more like pointwise multiplication ( Y n

f looks like f ).
Quantomorphisms: A quantomorphism is an automorphism of (Q,φ).

Note that anything preserving φ preservesξ. Quant(Q,φ) → Symp(M,ω)
becauseω can be gotten fromφ. What are the quantomorphisms which give
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you the identity? It is just the U (1) action (all the �bres have to rotate with
the same speed). You can check that theYf are all the quantomorphisms.
You can check this by breaking it up into vertical and horizontal parts.

1→ U (1) → Quant(Q,φ) → Symp(M,ω) ?−→

On the lie algebra level,Quant(Q,φ) is C1 (M ). In Symp(M,ω), we have
χ(M,ω), the symplectic vector �elds. In U (1), we haveH0(M,R) (≃ R).

0→ H0(M,R) → C1 (M ) → χ(M,ω) → H1(M,R) → 0.

If we have a groupG →֒ Symp(M,ω), and we want to lift it to a group
of quantomorphism, this is related to lifting the map g→ χ(M,ω) to g→
C1 (M ), which is the story of momentum maps. If we can liftG, then g has
to lift, so we have to have a hamiltonian action. If we have a hamiltonian
action, then we can lift g, then does it follow that G lifts? If we have a
homomorphism of lie algebras and we want to lift it to a homomorphism of
lie groups, we can do it locally. We can only do it globally if G is simply
connected. The problem is that if you have a closed 1-parameter subgroup,
when you lift it, it might not close up.

Example: M = S2, with the circle action (by rotation about the vertical
axis). We use coordinates (I, ψ) on the sphere (I is height). Then ω =
dψ ∧ dI. If −σ ≤ I ≤ σ, then the total (symplectic) area is 4πσ. So the is
prequantizable if and only if σ ∈ 1

2Z (because the cohomology class has to
be in 2πZ). The quantization is unique because it is simply connected(the
quantization is the hopf �bration). SU (2) and SO(3) act on S2 is the usual
way. Does the action lift to the quantization? Let's look at r otations around
the z-axis. This rotation is generated by the function I and has period 2π.
What happens when we try to lift the action? We have to look at the vector
�eld YI = −X̂I + I @

@�. Above a critical point of I, YI is just I @
@�. Let N and

S be the north and south poles. OverN , we have that YI = σ @
@� and over

S, YI = −σ @
@�. So the period of the action is 2π/σ upstairs. Remember that

the action on the two-sphere has period 2π, so we must require that 2π is an
integer multiple of 2π/σ, so only the integerσs allow the action ofSO(3) to
lift. This exactly corresponds to the fact that the irreduci ble representations
of SU (2) are parameterized by spin, which can be half integer, butonly the
integer spins give irreducible representations ofSO(3). If σ = 1/2 + k,
then when we go half way aroundSU (2), we go all the way aroundS2, but
only half way around upstairs. If you let it act on the space H � 1, you get
multiplication by −1. We haveSU (2) acting on its coadjoint orbits, we have
an in�nite dimensional representation, which is not irreducible. We cut it
down to size by polarization.

Polarization. Integrable Lagrangian sub-bundleF ⊆ TM . The leaves
gives us a foliation, which we sometimes call the polarization. The example
above is not quite a foliation because we have singularitiesat the two poles.
Let's say we work away from this badness. We have (Q,φ) sitting over M
(via p : Q → M ). If we restrict Q to one of the leavesL of our foliation,
we havep� 1L . The curvature is given by the pullback of ω, but since L is
lagrangian, this is zero. SoQ is 
at on the leaves of the foliation. ker φ is
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a contacts structure, and when you restrict to the leaves, you have a closed
1-form. Over eachL , there is the holonomy mapπ1L → U (1), which is in
H1(L , U (1)).

Let's look at H � 1
(M;! )\⊇" H � 1

(M;!;F ) = functions constant along the leaves

of the lifted foliation given by F̂ . When do we have such a function? When
we move along a �bre, it is just some value timesei� . If the holonomy is non-
trivial, something would have to be zero. So such functions are supported
on leaves with trivial holonomy. This set of leaves is calledthe \Bohr-
Sommerfeld set"BS. If the leaves are simply connected, then great ... we
don't have to worry about this condition.

Notice that if you �x a leaf which is in the Bohr-Sommerfeld set, and you
look at the functions supported on that leaf which are in H � 1, and which
are constant along leaves, then the function is determined by one value in
the leaf. We have thatBS(F )/F ⊆M/F = the leaf space ofF . Upstairs, we
have p� 1(BS(F ))/F̂ , with kernel U (1) (we can identify the di�erent circles
by parallel translation). We've reduced ... instead of looking at all functions
on Q, we restrict to BS, and we are constant on the leaves.

In our example, what is BS? We want to know the holonomy of a leaf. If
ω = −dα in some area of your manifold, and assumeM is simply connected
(for simplicity), then we can take Q to be M × U (1) with φ = dθ − α. If
we take a loop inM , we can de�ne the holonomy, but it wont be homotopy
invaiant. The holonomy of some loopγ is just

R

 α. When we lift a loop,

φ = 0, so dθ = α. Then to �nd the holonomy, we integrate dθ = α. If γ
bounds a surface �, then this is

R
Σ ω by Stokes theorem. Notice that this

is constant with other things. If we have two di�erent surfac es bounded
by γ, then the di�erence is required to be a multiply of 2π. We should
really take the holonomy to be e

R

 � . The BS set is the set where the

holonomy is trivial (a multiple of 2 π). SoBS consists of the leaves at height
σ, σ − 1, . . . ,1− σ,−σ. So there are 2σ + 1 leaves (if you allow us to count
the poles as leaves. Over each of these 2σ + 1 points, we have a complex
line. Something is sections of this bundle. So we get a 2σ + 1 dimensional
space. How does the circle group act on this space? Take the generator @

@ .
Take an element which is 1 on the leaf corresponding tos for −σ ≤ s ≤ σ
an integer. Something in this space is killed by the horizontal distribution,
so ξ acts by −

√
−1s. This operator of lifting is called spin along the z-axis.

In the language of representation theory, the circles are maximal tori, and
the −

√
−1s are the weights.

What if we change the foliation ... do we get the same representation
or not? Let's use the foliation with respect to the east pole and the west
pole. What can we say about spin around thez-axis? It doesn't leave
the polarization invariant. Geometric quantization works very nicely to
build representations of groups which leave a polarizationinvariant. In this
case, the action descends to an action onBS. But in most examples, the
groups don't leave the polarization invariant. Two ways out. First way is to
deal with non-invariant polarizations ... this is called th e Blattner-Kostant-
Sternberg pairing or the projection method or Toeplitz quantization. The
other approach is to widen your notion of what a polarization is. There is
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no polarization invariant under the action of SO(3), so we allow complex
polarizations (a complex structure compatible with the symplectic structure
... a K•ahler structure).

Example: M = T � X with Q = T � X × U (1), φ = −α + dθ, where α is
the liouville form, F is the foliation by the �bres. In this case, everything
is trivial, and you �nd that the �bres are simply connected so BS can be
identi�ed with the base manifold, so we just have functions on the baseX.
The functions preserving the �bration are the ones which area�ne on the
�bres.

Lecture 23 - Compact Polarizations

(M,ω,Q, φ) as usual ...Q with connection φ is a prequantization. H� 1 =
\antiequivariant functions from Q to C" are the (−1)-eigenvalues. Think of
Q as a bundle of frames for a complex line bundleE →M . Q×C ∋ (q, z) 7→
qz ∈ E. Note that ( qei� , e� i� z) goes to the same element, so we can identify
E with Q × C/U (1), where U (1) acts on Q by the opposite of the given
action and on C by the standard representation. So givenQ, we can recover
E. The �bre of E over x is the set of anti-equivariant functions of Q over x
to C. So sections ofE are just elements ofH� 1.

A connection φ gives a \horizontal distribution" H = ker φ on Q. A
polarization is an integrable lagrangian distribution F on M . Its horizontal
lift F ⊆ TQ is integrable becauseF is lagrangian (the curvature is the
symplectic structure, which is zero on a lagrangian ... vertical component of
bracket is curvature). We cut down H� 1 by considering function constant
on leaves, supported on theBS set.

Complex Polarizations: F ⊆ TM  FC ⊆ TCM . A complex polarization
on (M,ω) is an integrable lagrangian sub-bundleG of TCM of constant
dimension such thatG⊕ �G is also integrable.

There are two extreme cases. First is whereG = �G, in which caseG = FC
for some real polarizationF (we call G a real polarization). The other is
whereG + �G = TCM , in which caseG is a complex structure. We call this
a totally complex polarization. Together with ω, this gives a pseudo-K•ahler
structure (the inner product may not be positive de�nite). I n the general
case, we have thatG ∩ �G has constant dimension and is equal to its own
conjugate, soG ∩ �G = F C

0 isotropic. So you get an isotropic foliation and
a complex structure on the normal spaces to the foliation. Sothere is an
induced complex structure on a submanifold transverse to the foliation in
such a way that sliding along the leaves is a complex map. We call this a
\transversely complex isotropic foliation".

We can cut down H� 1 using a complex polarization. Given a complex
polarization G. We have Q → M which induces H ⊆ TQ → TM , so
HC ⊆ TCQ → TCM ⊇ G. G lifts to ~G ⊆ HC, which is integrable by
the lagrangian condition. If G is real, then ~G is the complexi�cation of
~F . In the case whereG is a totally complex polarization ... . Reduce Hn

to Hn;G = {function in Hn annihilated by sections of ~G}. We have that
Hn;G ×Hm;G → Hn+m;G . H0;G = functions on M annihilated by G. In
the totally complex case, H0;G = holomorphic functions on M . Hn;G is a
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module overH0;G , the holomorphic functions onM . If M is compact, there
are no non-constant holomorphic functions, so instead of looking at global
sections, we look at the sheaf of local section. So think of all of theseHn;G s
as sheaves. These are locally free modules. In particular,H� 1;G is a module
over H0;G .

We don't know that the Hn;G are non-empty, so you prove

Lemma 23.1. Hn;G has local sections.

The proof involves solving a non-homogeneous�∂ problem: �∂f = α, where
α is a 1-form with �∂α = 0. You can solve this by the Dolbeault lemma.

So theHn;G de�ne holomorphic vector bundles. So attached to any com-
plex polarization, we get a complex structure on the line bundle E and all
its tensor powers.

The idea of sheaves is useful in the real case when then leavesmight be
dense or because theBS set is discrete. The idea here is \cohomological
quantization": ~Hn;G be the sheaf (overM ) of local elements ofHn;G . Then
Hn;G = H0( ~Hn;G ). There is also higher cohomology ...Hk ( ~Hn;G ), which
is also invariant under the action of the group. In the pseudo-K•ahler case,
H0 may be zero, but higher cohomology is interesting. If you take the 2-
sphere with the poles removed. The global sections are only supported on
the BS set, but there are local sections elsewhere because the leaves are
locally simply connected.

Let's look at the 2-sphere again, with area 2π. The circle bundle isS3 ⊆
C2. The circle action is the opposite of the usual action (i.e.θ · (z1, z2) =
(e� i� z1, e� i� z2)). The corresponding line bundleE is the dual of the H� 1
tautological bundle (over a point in S2 = CP1, you put the line associated
to that point). A section of E corresponds to a function onS3 which is
anti-equivariant with respect to the reversed circle action, so it is U (1)-
equivariant. This correspond to functions C2 → C which are linear. In
general, sections ofE
 k , H� k are functionsC2 → C, homogeneous of degree
k.

We haven't used the polarization yet. The polarized sections correspond
to holomorphic functions, which must then be polynomials, homogeneous of
degreek on C2 (note that k must be positive). On S2, H� n;G is spanned
by zn

1 , z
n� 1
1 z2, . . . , zn

2 , of which there are n + 1. This is the representation
spin(1

2n). For n = 0, you get constants; for n = 1, you get a 2-dimensional
space of linear functions, which is the usual representation of SU (2) on C2.

Suppose we look at rotations around an axis. Do we get the correct eigen-
values? Take the maximal torus inSU (2), given by things like

�
ei 

0
0

e� i 

�
,

which acts onzk
1z

n� k
2 by sending it to eik e� i (n� k) zk

1z
n� k
2 = ei (2k� n) zk

1z
n� k
2 .

The eigenvalue isei (2k� n) , so 2k − n goes from−n to n in steps of 2, just
as they should.

Where is the square norm of the sectionzk
1z

n� k
2 going to be largest on the

2-sphere? Use lagrange multipliers:I1 = |z1|2, I2 = |z2|2, I1 + I2 = 1, and
we want to maximize Ik

1 I
n� k
2 . You get kI2 = ( n− k)I1, so I1 = n� k

n , I2 = k
n .

So the maxima are equally spaced along theI axis (which is the vertical
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axis). This is the set of integer points on the moment polytope of the action
of SU (2). They correspond exactly to representations.

Guillemin-Sternberg: something with \geometric quantization" in the ti-
tle.

Lecture 24

Papers distributed for refereeing.
N. Woodhouse,Geometric Quantization (2nd edition), Oxford University

Press.
We have (M,ω,Q, φ), from which we get H� 1, and we choose a polar-

ization F ⊆ TCM . Then we get Hn;F , which are F -parallel sections of
E
� n = ( E� )
 n .

Example: F is a K•ahler structure on (M,ω), then the Hn;F are the
holomorphic sections ofE
� n .

Theorem 24.1 (Riemann-Roch). If (M,ω) is compact Kähler, then
X

(−1)k dimHk(E
 n ) = χn

is a polynomial in n of degree 1
2 dimM , with leading term n

1
2 dim M ·

R
M

! dim M= 2

n ! =
R

M
(n! )dim M= 2

n ! .

Theorem 24.2 (Kodaira Vanishing Theorem). For n≫ 0, H> 0(E
 n ) = 0 .

Let M = T � X, with F = foliation by �bres, Q = M × U (1), φ = dθ − α.
Then H� 1;F is the set of functions constant along �bres, so it is just functions
on X. Di�eomorphisms act on H� 1 by pullback. If S ∈ C1 (X), then dS
acts on H� 1 by multiplication by eiS .

If V a �nite dimensional vector space overR, then ∧topV � is the set of
maps (frames ofV ) �−→ R such that σ((e1, . . . , en ) · A) = σ(e1, . . . , en ) ·
detA. Look instead at things which transforms as σ((e1, . . . , en ) · A) =
σ(e1, . . . , en ) · |detA|, which you can integrate without an orientation ...
call these things densities, denoted |V |. Instead of |detA|, you can use
|detA|� ... such things areα-densities. Then |V |� ⊗ |V |� �−→ |V |� +� . In
particular, half-densities are the things we should take toform an L2 space.
On a manifoldM , the compactly supported sections of|TM |

1
2 form a natural

inner product space, where the inner product ofr and s is 〈r, s〉 =
R

M rs.
If instead of maps to R, you take maps to C, they form a pre-hilbert space,
not just an inner product space, with 〈r, s〉 =

R
M r · �s.

In local coordinates,dx1∧· · ·∧dxn basis for∧topTX, so |dx1∧· · ·∧dxn |�
basis for |TX|� . So a typical α-density is a(x)|dx1 · · · dxn |� . If you like, you
can complete our pre-hilbert space to a hilbert space.

We can relate the spaces attached to di�erent polarizations. TakeM = R2

with coordinates q, p, α = pdq, ω = dq ∧ dp. M × U (1), with connection
φ = dθ − pdq. Fq = 〈 @

@p〉. ~Fq = 〈 @
@p〉. a(q, p)e� i� is an element ofH� 1. If it

is in H� 1;Fq , it must be of the form a(q)e� i� . To make them half-densities,
we take things of the form a(q)e� i�

p
|dq|. Now take another polarization
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Fp = 〈 @
@q〉, so ~Fp = 〈 @

@q+ p @
@�〉. In order for b(q, p)e� i� ∈ H� 1;Fp , we must

have that
0 = bq(q, p)e� i� − ipb(q, p)e� i� .

So bq(q, p) = ipb(q, p), so b = b(p)eipq . Thus, H� 1;Fq = {b(p)eipqe� i�
p
|dp|}.

There is a pairing, the Blattner-Kostant-Sternberg (BKS) p airing, which
multiplies things in these two spaces:HFq ⊗HFp → C, given by 〈A,B〉 =
R

M A �B
√
Liouville =

R
R2 a(q)�b(p)e� ipq

p
dq

p
dp

p
dqdp

| {z }
dq dp

. Here the pairing is

conjugate linear. We can rewrite the inner product as〈β(A), B〉HF p
since

conjugate linear functionals are just inner product with something. It is
clear that β(A) = (

R
R2 a(q)e� ipqdq)

p
|dp|. This is the Fourier transform

(there should probably be a 2π somewhere in there).
So we have that the Fourier transform comes from this symplectic con-

struction. It also points out that if you take functions on V , you get measures
on V � , and vice versa. If you want to get the same kind of object, youshould
take half-densities!

2 @
@̄z = @

@q+ i @
@p, which we will call Fz. φ = dθ − 1

2 (pdq − qdp). If you

look at a general function C(q, p)e� i� , it belongs to H� 1;Fz if and only if
C = e� 1

4 zz̄c(z)
p
|dz|, where c(z) is holomorphic. Then the inner product

is
R

C=R2 c1(z)e� 1
4 zz̄ · �c(z)e� 1

4 zz̄(Liouville measure) =
R

R2 c1�c2e� 1
2 zz̄|dq dp|.

This is called the Bargmann space or the Fock space.

Lecture 25 - Geometric Quantization to Deformation
Quantization

Geometric quantization: (M,ω)  H so that C1 (M )  operators on
H . Then {, }  [, ], and hamilton's equations df

dt = {f,H} become dA
dt =

iℏ[A, Ĥ ] for some operatorA. If you can get at this algebra, then you're
good ... the H is a representation of the algebra.

Deformation quantization: forget about H and just try to get the algebra.
Start with C1 (M [,C]) = A0, and embed it into a family of algebrasA} .
Let's assume that theA} are all the same (as vector spaces). So on some
vector space, we have a family∗} of associative products. We will assume
that ∗0 is commutative. Then

0 =
d
dℏ

�
�
�
0

[(f ∗} g) ∗} h− f ∗} (g ∗} h)]

which gives you a condition on d
d}

�
�
0 (f ∗} g) = B1(f, g).

f ∗} g = f ∗0 g + ℏB1(f, g) + O(ℏ2)

we will write fg for B0(f, g), and assume it is commutative. We have

δB1(f, g, h) = B1(f, g)h + B1(fg, h) −B1(f, gh) − fB1(g, h) = 0

which is part of the Hochschild complex. Look atB1(f, g) − B1(g, f ) ... it
turns out to be a bi-derivation, which we will call {, }. If

f ∗} g = f ∗0 g + ℏB1(f, g) + ℏ2B2(f, g) + O(ℏ3)
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for someB2, then {, } satis�es Jacobi identity. {f, g} is the �rst order part
of the commutator of f and g, and gives a Poisson structure.

If you start with a Poisson manifold, does there exist a deformation such
that the above construction gives the given poisson bracket? It is hard to
de�ne these ∗} for a given ℏ. Given B0, B1, · · · : A × A → A, whereB0 is
multiplication, they de�ne a bilinear product on A[[ℏ]] given by

a ∗} b =
1X

j =0

Bj (a, b)

where theBj are extended toA[[ℏ]] by C[[ℏ]]-linearity.
Today we'll talk about how on a K•ahler manifold, you can go fr om a

geometric quantization to a deformation quantization; thi s is sometimes
called Berezin-Toeplitz quantization, but the people who did the �rst work
were Boutet de Monvel and Guillemin.

(M,ω,Q, φ, F ) with M compact, from which we get a vector bundleE,
with �( E) ≃ H� 1, and � hol (E) ≃ H� 1;F ⊆ H� 1, and E n = � hol (E
 n ) ≃
H� n;F ⊆H� n . The Riemann-Roch theorem tells us about what happens as
n gets big. Let H� n

� n−→ H� n;F be the projection. For f ∈ C1 (M ), de�ne

the nth Toeplitz operator T (n)
f = πnMf πn : E n → E n .

Theorem 25.1 (Boutet de Monvel-Guillemin, Bordemann-Meinrenken-Schlichen-
maier,...). There are (unique!) bidifferential operators Bj : C1 M×C1 M →
C1 M such that, if we set f∗[I ]g =

P I
i =0

1
n i Bi (f, g), then ||T (n)

f � [I ] g
−T (n)

f T (n)
g || ≤

CI
1

n I +1 . So as I →∞, T (n) gets closer and closer to a homomorphism. In
particular, B0(f, g) = fg, B1(f, g) −B1(g, f ) = i{f, g}.

{f, g} = @f
@qi

@g
@pi
− @f

@pi
@g
@qi

, we may write P = @
@qi

@
@pi
− @

@pi
@

@qi , with the
operators acting in the right direction, then we have fPg.

It follows from the theorem that the Bi form a deformation quantization.
The theorem tells you about the existence of a deformation quantization,
but it also gives you information about the holomorphic sections. All the
proofs use the picture of a tower of line bundles. TheT (n)

f act on di�erent
spaces, so that's annoying, but all theH� n ⊆ L2(Q), so you can look at the
direct sum of all the spaces inL2(Q).

In the simplest example,M = P1 = S2, then Q = S3. Then the H� n are
degreen homogeneous polynomials, so when you take the direct sum and
take the appropriate closure, you get holomorphic functions on the 4-disk.
You can look at those functions which are inL2[?] on S3.

What do the operators Bi look like? In local coordinates, it's too compli-
cated to write the formula. Let's assume that there is a pieceof the manifold
which is 
at. Then in local coordinates in a 
at place,

B1(f, g) =
1
i
(
∂
∂zj  

∂
∂ �zj !| {z }

Φ

)g
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∂f
∂z
∂g
∂ �z

=
1
2

(fq− ifp)(gq + igp)

=
1
2

(fqgq + fpgp + i(fqgp + fpgq| {z }
f f;g g

))

We have that

f ∗} g = f (e} Φ)g.

where � n = ∂n
z ∂n

z̄ , or whatever. This is also called the [Anti-?]Wick product.
If g is holomorphic or f is anti-holomorphic, then f ∗} g = fg.

This is a local model for compact manifolds, but the product also works
globally on Cn ≃ R2n . Since tangent spaces of K•ahler manifolds look like
Cn , this is the local picture in general. There is a real theory too, which
was used in the more algebraic proofs of deformation quantization. In that
case, the local model is the Moyal Product onR2n (Von Neumann, Weyl):

f ∗} g = f (e
i }
2 P )g

= fg +
iℏ
2
{f, g} + (

iℏ
2

)2 1
2!
f (P )2g + · · ·

this is a standard star product, and it is unique if you assumethat it is
invariant under the action of the symplectic group Sp(2n; R), which acts on
functions by pulling back. On quadratic functions, sp(2n; R), f ∗} g−g∗} f =
iℏ{f, g} (it is clear that the third and higher order terms vanish, but so do
the second order terms!). In fact, you only need one off, g to be quadratic.
This thing lives naturally on any symplectic vector space, so you have one
on each tangent space of a symplectic manifold.

Another possible product:

f ∗0} g = f (ei } @
@q 

@
@p! )g

which is much simpler.
You want to get from Polynomials on R2n to operators on L2(Rn ). We

take q 7→ Mz, p 7→ iℏ @
@x. Then where doesqp go? It could be iℏx @

@x or
iℏ @

@xx, or if you can't decide, you can take i }
2 (x @

@x+ @
@xx). The �rst rule

corresponds to the star product∗0} (that's where composition goes), whereas
the last one leads to the Weyl product.

In general, the Weyl product doesn't converge ... it is just formal. But
there is an integral formula. Let x, y, z be general points inR2n .

(f ∗} g)(z) = ( something)
Z
K(x, y, z)f (x)g(y) dx dy

To get the Weyl product, take K = e
i
} 4Area (∆xyz ) where � xyz is the triangle

with vertices x, y, z. This is how Von Neumann comes into the story.
What does this have to do with the Weyl product formula we had? Prin-

cipal of Stationary Phase: if S a morse function,
R
e

i
} S(x)a(x) dx ∼} ! 0P

p2 crit S ℏa(p) 1q
det @2 S

@xi @xj

+ · · ·
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Lecture 26 - Poisson Geometry

A poisson structure isπ ∈ ∧2TM , we we get ~π : T � M → TM , then de�ne
{f, g} := π(df, dg). Xf = {·, f} = ~π(df ). To �gure out the right signs, we
want

ω = dq ∧ dp~ω(
∂
∂q

= dp

π =
∂
∂q
∧
∂
∂p

~π� 1 = ~ω ~π(dp) =
∂
∂q

soα(~π(β)) = π(α, β), ~ω(x)(y) = ω(x, y). Then we also have that [Xf ,Xg] =
Xf f;g g, so hamiltonian vector �elds are closed under [, ].

In the symplectic case, ifX,Y are symplectic vector �elds (i.e. LX ω =
LYω = 0), then the bracket, [X,Y ], is hamiltonian. However, this is not
true in the Poisson case. Note, by the way, that the zero poisson structure
is a poisson structure.

Examples

(a) π = 0.
(b) π = φ(x, y) @

@x∧
@

@y for any φ in R2.

(c) π = 1
2c

ij
k x

k @
@xi ∧

@
@xj on g� .

What do poisson structures look like? Locally, symplectic structures all
look the same (Darboux). ~π(T � M ) ⊆ TM is not a sub-bundle in general,
it is a distribution. In case b, the dimension goes to zero when φ vanishes.
The natural sections of ~π(T � M ) are ~π(a 1-form).

Theorem 26.1. ~π(T � M ) is integrable in the sense that M is a disjoint
union of connected integral manifolds.

a: integral manifolds are points
b: integral manifolds are components of the open set whereφ 6= 0.

A point m ∈ M is regular if rank(~π) is constant on a neighborhood
of m. π induces on each leaf of ~π(T � M ) a symplectic structure because
T �

mM/ ker ~π ≃ ~π(TmX). The leaves are thesymplectic leaves of (M,π).
[e.g. let π = 0 for y ≤ 0 and non-zero elsewhere]
On a surface, the generic situation is this: you have curves where π = 0,

and a bunch of open symplectic leaves. The thesis of O. Radko classi�es all
of these structures.

The f such that Xf = 0 are Casimir functions. These are exactly the
functions constant along leaves.

Local Structure:

Theorem 26.2 (Splitting theorem) . There are local coordinates qi , pi , yj

1≤ i ≤ k, 1≤ j ≤ r such that

π =
∂
∂qi ∧

∂
∂pi
− πrs (y)

∂
∂yr

∂
∂ys

where πrs (0) = 0 .
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So you have a symplectic manifold, and a bunch of transverse guys with
poisson structures. You can 
ow along a hamiltonian vector �led, preserving
poisson structure, to get between transverse sections. So near a leaf, there is
a product structure, but these things can glue together funny. See Vorobev,
Davis-Wade, and somebody in Belgium.

Going back to the local question. It is enough to classify theπrs . Consider
a tweak of example c:

(∗) π =
1
2
cijk y

k ∂
∂yi ∧

∂
∂yj + O(y2)

is the most general version.
If you just write π = πij @

@yi ∧
@

@yj , you don"t get a poisson structure in
general, you need [π, pi] = 0 for the Schouten-Nijenhuis bracket. The c term
something lie algebra.

Something ... the transverse leaves are lie algebras. At a regular point,
the rank can't change when you move around, so the transversestructure
(the πrs s) is zero, and they's are local Casimirs. This was done by Lie.

How general are the linear structures? Given aπ like ∗, do there esist new
coordinateszi = yi + O(y2) such that π = 1

2c
i
kj

@
@zi ∧

@
@zj . Sometimes you do.

But there are some theorems that say that if the lie algebra iscomplicated
enough, you can linearize like this.

Linearization theorems: We say a lie algebrag is [formally, smoothly,
analytically] non-degenerate if any [formal,C1 ,C ! ] poisson structure whose
linearization is isomorphic to g� is locally isomorphic to g� .

Theorem 26.3 (Arnol'd) . If g = {[x, y = y]}, i.e. {x, y} = y + O(x, y)2,
then you can linearize in “any category”.

Theorem 26.4 (Weinstein). If g is semi-simple, you can formally linearize.
g = sl2(R), then not C1 .

Theorem 26.5 (Conn). g semi-simple, analytic works, and C1 only if g
is also of compact type (Killing form definite, note just non-degenerate).

. . . , most due to Dufour or students of his, or people who work with him,
like Wade, Nguyen Tien Zung, Monnier, Stolovich (holomorphic poisson),
etc. There are some other lie algebras (non-semi-simple) which still have
this stability.

Consider the structure

{x, y} = 0

{x, z} = ax + by
{y, z} = cx + dy

the hamiltonian 
ow of z is given by _x = ax + by, _y = cx + dy, which is
an arbitrary linear di�erential equation. The 
ow of y is _x = _y = 0 , _z =
−cx+ dy, so you can move up and down (almost always). So the leaves will
be cylinders on the trajectory on the plane.


