MATH 242 - SYMPLECTIC GEOMETRY
LECTURE NOTES

ANTON

Disclaimer

These are notes from Math 252, Fall 2005, taught by professokVein-
stein. | try to make them accurate and correct, but they are still full of
errors and typos and logical gaps. Send comments/correctits/whatever to
anton@math.berkeley.edu. Speci cally, don't hesitate to send me an email
to remind me to post the latest notes.
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Alan Weinstein
o ce 825 Evans
642-3518
alanw@math.berkeley.edu
OH: T 9:40-11, R 12:40-2
math.berkeley.edu/~alanw
bspace.berkeley.edu
GSl(sorta):Christian Bloman?
orbit method in representation theory.
symplectic geometry and algebraic geometry. moment maps. thya.
90s. conformal eld theory. Syberg-Witten theory.
Poisson bracket ... lie algebra structure. Leads to Poissorgeometry.
Mechanics - Poisson brackets are classical limit of commutars.
00s. Generalized complex geometry, which includes compleand sym-
plectic geometry.

Weekly reading assignments - try to look at it before the weekstarts, and
make questions. Long list of weekly homework; you only haved hand in
about three each week, due on the following Thursday. Term pper - sample
papers on website; the idea is to write a survey of the topic ofour choice.
In October, we will have a session with librarian to learn howto search for
stu. There is no nal exam (no exams at all, in fact).

There should be an email list on bspace, where you can send gi®ns.
Until that is set up, send questions directly to Alan (answers sent to whole
class unless otherwise speci ed).

The book really is required. There is a website for correctios. The author
also has a paper on the arXiv which is kind of a sequel to the bdo Please
understand everything in the reading.
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Symplectic linear algebra:

Bilinear forms: V vector space over a eld (almost alwaysR or C), but
you could work over other elds or rings.

A bilinear form B : V xV - k (sometimes toR if k = C) is bilinear. In
the casek = C, we also havehermitian!, which meansB (ax, by) = abB(X,y)
for complex numbersa and b, and B(x,y) = B(y,X). We can talk about
symmetric forms (B(X,y) = B(y, X)), skew symmetric.

In super algebra, symmetric and skew symmetric things are te same
thing. Hermitian and skew hermitian are closely related.

Dualization:If B is a bilinear form onV, it induces a linear mapB :V -
V given by B(x)(y) = B(X,y). This is the notion of dualization. We say B
is non-degenerate if B is an isomorphism. Note that this gives a way to get
B from B, as well as the other way.

Orthogonality: (symmetric, skew-symmetric, hermitian). Two vectors
are orthogonal if B(x,y) =0. If W [V1we deneW? = {x [LVIB(X,y) =
0 OZICW}. In particular, V? = ker B, which is zero if B is non-degenerate.
In the nite-dimensional case, the converse is true. In the n nite-dimensional
case, it turns out that many of the symplectic structures are weakly non-
degenerate (i.e. B injective, but not surjective). In the nite-dimensional
case, non-degeneracy ensured\(’)? = W

Assume nite dimensional, non-degenerate. Then dimW + dim w? =
dimV. In particular, if W = W?, then dimW = %dimv (and so dimV
must be even). SuchW are called lagrangian in the skew-symmetric non-
degenerate case (which is exactlgymplectic).

W [Vis isotropic isW [M?. In the skew-symmetric case, if dimW =
1, then W is isotropic becauseB(v,v) = —B(v, V), so B(v,Vv) = 0. Isotropy
implies that dim W < %dim V. Any isotropic space is contained in a maxi-
mal isotropic space (which are lagrangians!).W is coisotropic if W? [M.
That is, if W? is isotropic.

By the way, symplectic implies even dimension!

Examples:

(a) Let E be any vector space, and letv = E [El (this is even-
dimensional). De ne :V xV o kby ((x,p),x%p9) =
X, p°F XL p[{?). When is this non-degenerate? ~ :V - V ,
sendingE [El to E [E1 given by

x,p)(x°p9 = pYx) = p(x9Y

SO0~ (X,p) = (xp,i(X)), wherei: E - E is the natural map. In
the nite-dimensional case, we can identify i(x) with x becausei is
an isomorphism. E is called reflexive if i is an isomorphism, in which
case is non-degenerate. Wherk is nite-dimensional, note that
is symplectic! This is in some sens¢he example.
In general, if you assume choicej is always injective, so is
always weakly non-degenerate.

1When some name becomes part of an adjective, you stop capitaizing
2Here, hx; pi = p(x).
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(b)

()

In many in nite-dimensional cases, we often require that mgs be

continuous (in some sense or another). Then this gives some$ of
topological dualization.
Let E be a vector space.B any bilinear form on E, giving B: E -
E . Look at the graph of B, which is a (linear!) subspace o [EI.
We can ask, \when is this graph lagrangian (w.r.t )?" It has a
chance because it is half dimensional.

T (X B(X), (y,B(Y))) = B(y)(X) £ B(x)(y)
= B(y,x) £B(x,y)

So the graph is lagrangian for 4+ [ ] if and only if B is skew-
symmetric [symmetric].

We think of lagrangian subspaces of & [El, [ ;) as \general-
ized" skew-symmetric [symmetric] forms onE.

From the graph of B, you can read o properties of B. For exam-
ple, B is non-degenerate (in the nite dimensional case) if the gragh
doesn't intersect E. A graph never intersectsE .

A lagrangian subspace of E [LEl, ) is called aDirac structure
on E. Special case is a skew-symmetric form. And a special case of
that is a symplectic structure. Note that E and E are themselves
lagrangian.

Operations on spaces with bilinear forms. ¥,B) (V,—B) pre-
serves type ... we often write thisV - V, called the opposite sym-
plectic structure.

Structure on (V1,B1) (M, By) de ned by (( X1,X2), (y1,Y2)) B
B1(X1,X2) + Ba(y1,Y2). We can add spaces with the same kind of
structure.

In V1 [\, given a linear mapL : Vi1 - V,, when is its graph
lagrangian?

(%, L(x)). (y, L(y))) B —Ba(x,y) + B2(L(x),L(y)) =0.

The graph of L is isotropic if and only if L \preserves “inner' prod-
uct”. Itis lagrangian if and only if L is an isomorphism of B-spaces
(spaces with non-degenerate bilinear form).

Lagrangian subspaces o¥, [V as \generalized" B-space isomor-
phisms ofV; to Vs.

In the symmetric case, these are isometries. If the space isf o
the form E [EI (which it always is), then we get a correspondence
between isometries and skew-symmetric forms. N1 = V,, isometries
form the orthogonal group, and skew-symmetric forms form tke lie
group of that group!

In the symplectic case, we will get a correspondence betweesome
other things.

Lecture 2

O ce hours:
Alan W.: 825 Evans, Tu 12:40 - 2, Th 9:40 - 11
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Chistian B.: 898 Evans, Tu 9:40 - 11
Questions from last time or from the reading:

(a) If we have Vq, Vs, then isomorphisms betweenv; and V, correspond
to lagrangians in Vi V4. Lagrangians in E CEl (with 4 ()
correspond to skew-symmetric forms [symmetric forms] orE.

How do we put these together? IfW = Vv; [V 48 [CHEI.
Then there are two big subsets ofLag(W), one corresponding to
isomorphismsV; - V», and the other corresponding to forms onE.

Lag(W)

[skew-]symm
forms on E

If V has a (non-degenerate) \pure® bilinear form B, then we can
talk about Lag(V) [Gri-»(V) = half-dimensional subspaces, and
it is always a submanifold. To see thatGr,-,(V) is a manifold, note
that it is homogeneous under the action ofGL(V ). That is, we have
amapGL(V)  Gri»(V), where the kernel is stu like

Theorem 2.1 (Witt's Theorem) . Aut(V,B) acts transitively on
Lag(V).

So we can show thatLag(V) is a manifold. If we take the case
V = E LEI], the elements ofLag(V ) not intersecting E are bilinear
forms (skew or symmetric, depending on ). Thus, we have a
bijection between such forms and an open subset dfag(V ).

Thus, in the skew case,Lag(V ) has dimension 201 and in the

symmetric case, it is "2,

(b) Suppose we haveV,W, X all pure of the same type. And sayL; [1

V xW and L, WM x X lagrangians. Then we can formL, o L; [1
V x X. ltis the set of all (v,x) [VIx X such that there is aw W
such that (v,w) L} and (w,x) L. This kind of composition is
de ned for arbitrary relations. It is not hard to see that if L; and
L, are linear, then so isL, o L;. What is amazing is that if if L;

Optional  Prob- and L, are lagrangian, then so isL, o Lj.

lem: prove this Furthermore, in V x V, the diagonal, v, is lagrangian (clear),
and it is the identity under composition (when de ned 4).

Thus, we have a category. The objects are all pure, non-degenate
vector spaces, and Hom{, W) = Lag(V x W) (and it is the empty
set if V and W have di erent types). Two things are isomorphic in
this category if and only if they are isomorphic in the usual £nse.
We have added some homomorphisms.

SEither skew-symmetric or symmetric.
4That is, when the domains and ranges match up.
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Example: What are the homomorphisms between 0 and/ ? They
are just lagrangians in0xV = V, and Hom(V,0) = Lag(V).

When is Hom(V, W) non-empty? Well, V and W have to have
the same type. Then the question is, \when does/ < W have la-
grangians?"

Lemma 2.2. In the skew case, Lag(anything) & [ 1
In the symmetric case, if over C, same as skew symmetric. If we
are over R, we have lagrangians only if the signiture® is zero.

You can take a lagrangian inV and a lagrangian in W, you can
cross them. When you take direct products, signatures add, @ in
the real symmetric case, you need to haveign(V) = sign(W).

Differentiable Manifolds

All this linear algebra should be thought of as taking place n the tangent
spaces of manifolds. All our manifolds areC? .

2-forms: w [1%(M) = ( 2T M) is the set of 2-forms onM. We can
makew: TM - T M, given by @(v)(w) = w(v,w), which will be a smooth
map of bundles. This is also sometimes writterw{v) = i,w = vyw. In fact,
iy : PILM - [P 1T, M for v CT¥M by putting v in for the rst entry.

In local coordinates (x%,...,x™), we can write

1 . .
0= Swj (x)dx' Cdx!
wherewj = —w;i = 0 &, & .
w (M) is non-degenerate if & is invertible, and we say it is presym-
plectic if dw =0 (i.e. w closed). We say it issymplectic if it is both.
Example:POn R2", with coordinates (q%,...,q",p1,...,pPn), take wp =

dg' Cdp; := idqi [dp;. Itis clear that w is presymplectic. In matrix form,
o 01

itis %, 5 -

Lemma 2.3. w is non-degenerate if and only if @9mMM=2 = ¢ 1. Calis
nowhere zero in  °P(M).

In our case, we have ©,)" = n!dq! [dp;, C—} Cdg" Cdp,, which is almost
the canonical volume form (which isdq' 3. [Cdq" Cdp, - Cdpy).

The symplectic volume is either Lw" or (—1)smething Ly according to
convention ... generally the rst one (2n = dim M). Not every manifold
can support a symplectic structure ... it has to be even dimesional, and
orientable! Look at [w] EEI%R(M,R). We have that [0]" = [w"]. If M is
compact, then z

w" >0
M
so thenw is not exact. Thus, M must have some cohomology in degree 2 too.
You also have to have a non-degenerate 2-form, which is equlent to an
almost complex structure (i.e., amap J : TM - TM such that J2 = —1).

SNumber of positive eigenvalues minus the number of negative ones.
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It took a while to nd an example satisfying these conditions, but not
having a symplectic structure. Take the connected sumCP ?# CP2# CP?.
This manifold has lots of cohomology in degree 2 with the righ squares,
and it has an almost complex structure, but it doesn't have a ymplectic
structure (some invariant is non-zero ... Sieberg-Witten su ). There is a
theorem that any symplectic manifold locally looks like the example we gave
above (with w, on R?"). Note that

_ 1awij
do = 2 OxK
The vanishing of this expression doesn't ensure the vanishg of %. It
turns out that it is zero if and only if
000”' + a(.t)j!( + aooki
oxk oxi X

There is a slightly more general version which says thatw = 0 and & has
constant rank (i.e. if the matrix wj (x) has constant rank), then in suitable
coordinates @*,...,9",p1,...,pr, AL, ..., A%), we have

w=dq Cdp.
In these coordinates, the kernel ofw-~is the span of the-&. In general, we
have ker- CTM. If w has constant rank, these spaces all have the same

dimension, and they de ne a smooth sub-bundle ofT M. In this case, one
can prove that

dx* ax' rax .

=0

dw =0 [kelw is involutive

which implies (by the Frobenius theorem) that ker & is tangent to a \charac-
teristic" foliation of M. In this picture, the A's are the coordinates (locally)
along the foliation, and the pjs and g's are transverse to the foliation. We
can get back to the symplectic case by throwing away the\'s.

Lecture 3

Questions from last time:

- Foliations

- de Rham cohomology

- Lagragian subspaces as morphisms. ¥ and W are of the same
type, and the signatures are the same, then there is an injean
Iso(V,W) & Lag(V xW)=Hom(V,W). If V = W, then AutV 3
Lag(V xV). This is a semigroup with identity, which contains Aut V
as a subgroup. In fact, these are just the invertible elemerg. What
can we say about this semigroup? e.g., say = R® Euclidean, which
givesO(3) as automorphisms, which is an open subset dfag(V x<V),
and it is closed since it is compact. | thinkO(3) is all of Lag(V xV).
To show this, we need to show that no lagrangian subspace inteects

really? the V axis.

If V = R? symplectic, then the automorphisms areSL,(R) (non-
compact), and Lag(R?) look like 2 x 2 symmetric matrices. The
automorphism group sits in lag(R*) as an open dense subset.

Optional: analyze Warning: The product on Lag(V %<V ) is not, in general continuous!
this multiplication
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C. Sabot: somehow related lagrange grassmanian to probailii,
and modi ed this so that the multiplication is continuous.
- The non-symplectic example CP?2)*2 ... more? | dunno.

Important things from the reading:
On the cotangent bundleT X of any manifold, there is a natural structure
. coordinates (x',&). a = &dx and w = —da = dx' [df. If @ is any
1-form (section of cotangent bundle),¢ a = @, and this characterizes a.
This a is called the canonical 1-form or the Liouville form. You can see
from local coordinates that w gives a symplectic structure.

TeoyT X FFHIX LX) , which will always have a natural symplectic
structure . This works along the zero section, but elsewhere, you don't
have a canonical identi cation with a space and its dual, so yu have to go
through the canonical 1-form. There are some nice ways to chiacterize the
canonical 1-form, but it is not so easy to see the 2-form.

In Chapter 3, we talk about symplectic maps, and lagrangian sbmani-

folds of symplectic manifolds. Let (M, w) be symplectic. Then sayN 4 M
is an immersion if Tiinjects into T,tM. We sayi is [co]isotropic [lagrangian]
if (Tx1)(TxN) CTd,yM is. Thatis, i isotropic if i w =0, etc.

What we called V x V before is nowM x M, where M is the same
manifold, but with the sign of the symplectic structure changed. Then
(M x M, —mw + m,w), where the m; are the natural projections. We can
also look at M; < My, where M; and M, are di erent. Remember that the
graphs of morphismsV; — V, were lagrangians inV; < V,. The same is
true here. If f : M1 — My, then the graph of f is lagrangian in M; < M,
if and only if ¥ wp, = w1 and dimM; = dim M, which implies that f is
an immersion (otherwise, f w, would be degenerate). All of this implies
that T is a local di eomorphism. We call such a map a local symplecte
morphism, and if it is a global difeomorphism, then it is called a symplecto-
morphism. The conclusion is that the graph off is lagrangian if and only
if ¥ is a local symplectomorphism. Now we can look at_ag(M; x M),
the set of lagrangian submanifolds. Inside of it are the lochsymplecto-
morphisms Locsymp(Mz, M» (in particular, the symplectomorphisms). We
have that Aut( M,n) & Lag(M; < M,. Ok, can we compose lagrangian
submanifolds? Well, you don't always get a manifold (this rdates to the
non-continuity problem we talked about earlier). It still m akes sense to
think of the elements of Lag(M; < M) as generalized morphisms, and call
it \Hom"( M1, M) in some category. Note that even if the dimensions don't
match, we can have some lagrangian submanifolds. In partidar, if M1 = pt,
then \Hom"( pt, M) = Lag(M). So in this category, the role of points is
played by lagrangian submanifolds.

pictures

The other interesting case in the vector space case wag [El. This
corresponds to asking about the lagrangian submanifolds o X. Well,
there are two kinds of submanifolds of T X. There are the bers, along
which the canonical 1-form vanishes, an therefore so does ¢h2-form. The
other kind of submanifold is the graph of a 1-form. When is it lagrangian?



something is funny
here.
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Let's call the 1-form @.
¢ a lagrangian immersion= 0= ¢ (—da) = —d(¢ a) = —dg

So@ must be closed. Locally, we must havep = dS whereS [CCI' (X). We
can changeS by any locally constant function. Thus, lagrangian sectiors
of T X are more or lessC! (X)/consts. Of course, ifX is not simply
connected, then there should be some correction (since notlalosed 1-forms
are of the form dS).

Thus, we should think of Lag(T X) as \generalized functions". We also
see these in probability ... e.g. the Dirac delta distribution should corre-
spond to a ber of the bundle. What about as lagrangian sectim? Some ref-
erences: Bates -W. - Lectures on the geometry of quantizatim; Guillemin-
Sternberg - Geometric asymptotics.

Take the example X = R. Take a lagrangian subspace o X, then this
has the form & = ax for some a, which corresponds to the closed 1-form
adx = d(%axz) . In the casef = %; we have the corresponding something

ez’ As x - oo, this oscillates faster and faster, and asa - oo, the
smooth part gets scrunched in to the origin.

More on generalized functions. Identify the function u(x) with the linear
functional 7

b u(x)ye(x)dx

wherey (the \test function") ranges over Cl (R). Thus, when we talk about
e2®” we should think about how it acts on test functions. Well if  is
supported away from the origin, e'iaxztp integrates to somethingRye_ry small.
You can check that if Suppy doesn't contain the origin, then e'iaxztp =

o(aiN for N > 0. If the origin is in the support of g, then we can check that

v_E v_
a e P(x)dx - m(sign a)y(0)

\Geometric WKB prescription” Identify the graph of im( dS) [Clg(T X)
with the generalized function(s) const - . This const also eliminates the
problem that we can changeS by a constant. Then this correspondence
extends in a reasonable way, associating to more general lamngian sub-
manifolds on T X distributions on X.

We think of the lagrangian submanifold as a state. This is thebeginning
of the association of classical states and quantum mecharsqor in general,
analysis on X with geometry on T X).

Another remark: in linear algebra, if you had V [\ _]you could sometimes
identify it with an E [El. In this way, you get some identi cation of
Aut V with Symm(E). Now let's try it on manifolds. Suppose you could
identify M < M, as a symplectic manifold, with T X. Then we get some
identi cation between Aut M and generalized functions onX, C! (X). The
function associated to an automorphism is called thegenerating function
of the morphism. In fact, there are dierent ways to pick T X, or the
identi cation. This gives di erent avors of generating fu nctions.
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T X
M f \/ zero section

M X

If you identify the diagonal on M x M with the zero section onT X, then
you get an identi cation of X with M. And then a symplectomorphism close
to the identity gives a closed 1-form. The points on the diagmal ( xed points
of ) go to points on the zero section (critical points of S).

Take the example whereM = S2 with the usual symplectic structure.
There is a theorem like the Lefshetz xed point theorem that an automor-
phism close to the identity, then there are two xed points (with multiplic-
ity). Now suppose you have an area-preserving map oM (i.e. a symplectic
map). Then this would correspond to somedS, where S is a function on
S2. The section S must have two distinct critical points (a max and a min).
Thus, an area-preserving map close to the identity has at lest two (geomet-
ric) xed points. This is the simplest case of the Arnol’d conjecture: if you
have a symplectomorphism close to the identity, then the nunber of xed
points is the same as the number of critical points of some fuction.

The technology for solving the Arnol'd conjecture developes into ways of
analyzing intersections of lagrangian submanifolds, whic is what lead to
Floer homology.

Lecture 4

Today's lecture was given by Christian.

Generating Functions

So far we haveSym(M, M,) 5 Lag(M1 < M5). The idea of generating
functions is this. You start with a function on Mj < M,, and by some
di erentiation process, you get a lagrangian manifold, and then you check
if it corresponds to a symplectomorphism. Starting with a function and
getting a morphism is easy (because it is di erentiation), and the other way
is hard.

Let's say that M = T X and p [1%(X). Then we have seen that
imyu [CHag(M) if and only if du = 0. Thus, we can just start with a zero
form (a function), and di erentiate it to get a lagrangian ma nifold.

Now consider the case wherdM; = T X; and M, = T X,. Then
we have T X3 X T Xy & T (X1 x X3) given by o((X1,X2),(&1,&)) =
((x1, =€), (X2,&2)). This is called the Schwartz transform. Now we can
considerf [T (X1 x X5), then imdf [Tg(M; x M,). How do we check
if this is the graph of some symplectomorphism,p? We must have that
0(X1,—&1) = ( X2, &), which happens if and only if & = —dif,& = dof®

6These are the natural projections of df .
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That is,
of
&1i = —a—xil(XLXZ)
of
& = a—xiz(xl’XZ)

By the implicit function theorem, this is locally solvable f or x, when det @;@L@g

0. It is hard to tell when we can solve this globally ... you hawe to check it
separately.
Fibre-preserving di eomorphisms: A symplectomorphism

TX—H x
bk
X x
is bre-preserving if this diagram commutes for somey.

Examples:

(1) Take ¢ : X — X dieomorphism, and let ¢ = T ¢. How do we
see this is a symplectomorphism? The canonical 1-form doesoh
depend on coordinates.

(2) Fibre translation. Take ¢ =Id x, and let @ : (x,&) B (X, & + (X)),
wherep [ 1(X). Then you can check thatg o = a+ 1 p (you can
see this using the local description of):

&i(o) = Syo.
W= —da:!(pw: O (—d(a+m W)= w+ndd = du=0 (= df)

(3) Take: T X - T X asymplectomorphism which is bre-preserving.
Then this inducesy : X - X. We can check that

0=(9-T YT 4,

of type 1  of type 2

(4) Consider M1 = (T X,w = —da) and M, = (T X,og = 0w+ T B
where B [F(X). Then wg is symplectic if and only if B is closed.
To check that this is non-degenerate, check
@ @
@% @p
Bij |
)

WBijj =

DB =
2 w B3 ¢ w = w+ 1mduis a symplectomorphism if and only if
there is apu [1Y(X) such that B = du. This is not always
possible whenH?(X, R) £0. (This p is often called A)
(5) If the manifolds are the same, then Aut(M,®) & Lag(M x M).
The rst is a Lie group, so we can study the Lie algebra. The Lie
algebra of a lie groupG is TG as a vector space. Take 3 @, to be

g
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a smooth curve in Aut(M, w) such that ¢p = Id v . By smooth we
mean that ¢ : M xR - M is smooth. $@:(X)[i=0 = X, then

d
0= &((ptw—w)k, = Lyw=0.

A vector eld with L,w = 0 is called symplectic. The collection of
symplectic vector elds is the lie algebra of Aut(M < M).

|S L[V,W]w = O’) LV = d ° iv + iv ° d and i[V,W] = LViW - iWLV
Thus we compute

Lywi@ = (d e iy + Ty ° d)o

= d(Lyviy —iwLyy)w

d(Lyiyw)
Ly (diyw) (Lyd=dLy)
LV(LW - iv © d)().) = O

so this really is a lie algebra. Note that L,w = 0 if and only if
d(iyw) = 0 (e.g., for Iyw = df for a function f). Recall that we
have w: TX - T X ... note that w(v) = iyw. Thus, we can solve
@w(v) = df, soX; = v = « (df). This is called the hamiltonian
vector field generated by f.

Locally, you can always nd f Q! (Ux), so symplectic vector
elds are often called locally hamiltonian.

So we have the following picture:

£ OAERy M ow gy [graph @, [Tlg(M x M)

M ldu Ot

X

M
What are the generators of these lagrangian submanifolds?

A glimpse of Hamilton-Jacobi theory: From mechanics: Call the base
manifold Q, with coordiantes q', called the con guration space. ThenT Qs
phase space, with coordinates)', p; (a) = @@aya (the second ismomentum).
Then we haveH [CCI' (T Q), which we usually think of as energy. Then the
ow, @, generated by Xy is given by ¢; : (4',pi) B (q',pi). Then we can
think about the generating functions of the lagrangian subganifolds given
by the ¢;s. CallthemS:Q*xQ xR - R, S= S(q,q,t) = qq L dt (this is
integrating the Lagrangian) ... more or lessH = gp — L. Then conserva-
tion of energy says what? Xy H = 0 (follows from w being skew-symmetric).
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Thus, E = H(q,p) = H(d',pi) = [[H(d2S) = E]] since

_ @S
ST
i _ 0S
S

The boxed equation is what you have to solve to get atS. If you are lucky,
then it will be some partial di erential equation. If you're not lucky, then
you'll have some arbitrary function of derivatives.

Lecture 5
www.math. ist.utl.pt/~acannas/Books/symplectic.pdf|or ps] has cor-
rected references. Also, there is a nice article on the arXiat ---.math.SG/0505366.
d dow d
a(ft w) = gt + a(ft) Wy

You can think of f; as a matrix and w; as a vector. And % = v; o T; (these
are vectors along the pathsf;(p)). If you have a family of mapsf; : M - N.
It turns out that you can write

d
SR w= Ly

o)
d dw; . .
(D1 q(foo) = f =+ iy do+ d(iv )
by the Cartan magic formula.
M N
fi
—

If & is a vector eld along f : M - N, then we have an interior prod-
uct/pullback operator i : (N) - (M) given by i w(p)(V1,...,Vk 1) =

(&(p), (TF)(va),...).
If f; : M - N a family of maps, then [[box this]]

d d
Meditate on this for a while.
This idea was used by Moser, and then used all over the place. déer used
this in the case whereM is compact, andw; is a family of symplectic forms
such that [w;] CH?(M, R) is constant. Then (M, ;) are all symplectomor-

phic. Trying to solve the equation g; wg = Wy, it's a mess, but f, w = wo is

w . .
Tty d(ie, w¢) + 1a, do;
dt @ @
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nice. To solve, letfp =Id and 0 =( D,lso

do .

ot + d(iy, @) =0

is what you want (Moser's equation). Solve forw;'s and then nd the f;'s.

The compactness oM is essential for the second step (you have to integrate
a time-dependent vector eld). To solve Moser's equation

_ d(}.)t
d(e(vt)) = at
(¢ isomorphism), you only have to solve an equation of the form
_ dow
don =~
where a; are 1-forms. Then we have
d % = Et(dwt)
—{z_}
0

Consider the 2-sphere, and letw; = e'wy. Then the total area of the
sphere is changing, so you cannot get them to pull back to eacbther. The
condition that the cohomology class is constant forces the @ume to remain
the same. wi+h — Wy = dBy, so when you divide byh and let h - 0, then we
should get‘{;—t‘ = d(lim 8,/h), but it is not clear that lim 6,/h behaves. We
can take care of this another way:

z
doc _ d
c dt  dt ¢
Let ZK(M) be the collection of closedk-forms on M. You have to show
that the exact forms are a closed sub-blah.

w =0

ZX(M) HX(M;R)
path

"~ exact

L

complement to
closed forms
closed

k 1(M)

We've solved for a particular a;, now we have to make it smooth with
respect tot.

Suppose we know thatw; = wp + t(w1 — W) are symplectic. Then d(;—t‘ =
w1 — Wg, SO we only have to solve once. But in going on this straight he,
we might stop being symplectic (the condition of being non-ekgenerate may
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fail). Since the collection of non-degenerate 2-forms is aghse open subset of
all forms, so you can take a tubular neighborhood of some paththen take
a bunch of straight steps staying inside of the space of sympttic forms,
always staying within the neighborhood. This shows that if there is some
path that works, it can be replaced by a piece-wise linear pdt.

Thus, you cannot deform symplectic structure within the same cohomol-
ogy class and get something new. If we are trying to classifyysnplectic
structures, then we have a continuous invariant: cohomoloy class. If you
only move a little in cohomology, then you stay symplectic [Wwhy?]], so sym-
plectic structure is not too rigid.

non-compact case Take the plane with a disk. Take a cylinder, and a half
cylinder, which have the same area, but are not symplectomaqrhic. Greene-
Wu: given two symplectic structures with the same orientation and the same
total volume, they are equivalent (by an end-preserving di eomorphism) if
and only if either

- both have the same nite area, or
- both have in nite area, and both are nite on the same set of ends.

The proof is a version of Moser's method. The cohomology paris trivial
(a non-compact 2-d manifold hasH? = 0), but you have to worry about
running o your manifold when you solve for v;.

In 4 dimensions or higher, consider 41, 42, p1, p2)

(02, p2)

N

The volume of the ellipse is proportional to a?a3. If you change the
volume, you change the symplectic structure. If you changehie a;'s around
S0 as to preserve volume, can you retain the symplectic struare? Or if you
take a rectangle of the same volumeGromov: max(as, az) is a symplectic
invariant, and therefore, so is the minimum. The argument isbased on the
following. Take a much larger symplectic manifold (cylinder)

Then if max(by, b2) > a; (from some other ellipsoid), there is no symplec-
tic embedding of E(by,by) into E(a, oo) (the cylinder). This is Gromov's
non-squeezing theorem, proven with psuedo-holomorphic curves stu. This
stu goes under the general notion of \symplectic capacity".

Question: are thea;s invariants of E(a,...,a,) (in dimension 2n)?

It turns out that the same method Moser used can be used to prog local
things (in particular, the Darboux theorem). For the moment, consider
two symplectic manifolds, (M1, w;) and (M, w,) with submanifolds N1, N,
respectively.

If f: N1 - Ny, then are there neighborhoods so thatf extends to a
symplectomorphism. In the case whereN, = pt, we have the Darboux
theorem, and in the caseN; = M5, we have Moser's theorem.
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If ij : N; - M; are the inclusions, then a necessary condition is that
(DF (i,wz) = 1;01. g w2 = wy. If g extends, theng<i; = i o f. And
another necessary condition if that (2)dimM; = dim M.

Theorem 5.1 (Givental). This is su [cieht locally in N.

That is, the pullback form is the only local invariant. This i s not the
case in Riemannian geometry ... you have have isometric moipsms of
submanifolds which do not extend to isometric maps on neighbrhoods.

Su cient condition to get it for all of Nz, Nj:

TN TN,

O O
TN, M1 Tm%z

Tf

‘D O
TM; TM;

The condition is that Tf extends to Ty, M; as a morphism of symplectic
vector bundles. In the case where theN's are points, it says that you have
to nd symplectic isomorphism between the tangent spaces atthe points,

which you can always do. In fact, if N; and N, are lagrangian, then you can
always do this. But in any symplectic manifold M, if you have a lagrangian
N, you can look at the cotangent bundle ofN with the zero section. Since
M locally looks like N < N, we win.

Lecture 6

Let H [CTM is a codimension 1 sub-bundle. In dimension 2, this is a
direction eld, so you can integrate it, but in higher dimensions, you need
the Frobenius condition. Locally, H = ker ¢ for some 1-formg. H? CT1M
is a 1-dimensional sub-bundle (called the conormal bundled H). Such
a thing is usually trivial (except when you have mebius stu going on).
When it is trivial, H is called co-orientable (note that everything is locally
co-orientable). The condition is that

dp Cal=0

the opposite condition is that

de C@E0

everywhere. This is equivalent (in 3 dimensions) to saying hat dQ|kr is
non-degenerate. In higher dimensions, you wantdg)@m™M =2 [gito be a
volume form. This is the contact condition.

Note that ¢ is not determined by H. Suppose we replace by something
with the same kernel, then it is of the form f¢, where f is a no-where
vanishing C! function. Then consider ¢ [{d(f))", where dimM =2n+1.
We get ¢ [[(fide + df C@)" = "¢ [(do)", so this thing remains a volume



16 Symplectic Geometry Notes

element. Equivalently, look at dg(v,w) wherev,w [H:
do(v,w) = v-@(w) —w - (V) — @[v,w]
d(fe)(v,w) = v (Fo)(w) —w - (Fo)(v) — folv,w]

but H = ker ¢, so we just havedo(v,w) = —o[v,w], d(fFe)(v,w) = —Fo@[v, w],
so if we have non-degeneracy in one case, we have if for the etitase too. By
the way, the vector eld version of the Frobenius condition is that [v,w] [CH.

How do we o¢¥ between contact and symplectic? Locally, one caprove
that ¢ = dz+ pidg' in some coordinatesz,q?,...,q",p1,...,Pn. No-
tice that do = dp; Cdd'. If you look at H? [T1 M, we can restrict the
symplectic form from T M to H?. dmM =2n+1,dmT M =4n+2,
so dimH? = 2n+2. On the cotangent bundle, we have the additional
coordinates z ,p;,q; . Then the symplectic form on the cotangent bun-
dle is dz [Cdk + dg [Cdy; + dp; Cdb;. Now we have to describeH? .
We can put coordinates ,qi,pi,t) on H?, where we map this point to
(z,91,---+qns P1s- - -» Pnlt, p1t, - .-, Pnt, 0, ..., 0) (what we've done is take all
the samez, g, pi, and t times the form @). Then the pullback form on H?
is

dz Cdl+ dg' C{@idt+ dpit) = dz Cdl+ (dg; Cdp)+ pidg’ Cl
= (dz Cpidg') Cdl— t(dg; Cdpi)

When is this symplectic? Well, let's look at the highest wed@g power, we
get _

(dz + pidg') Cdl C(F)"(dgi Cdpi)" = ¢ Cdl C(H')(dg)"
So we have thatH’ = H? [{Zero sectior} is a symplectic submanifold of

T M ifand only if H is contact. The pullback of the symplectic form to H’
is Tp Iji'{lz+ tdcjp. This is called the symplectification or the symplectization

should be d(t )
of the contact manifold M. Consider

0
L@@tw = d(ayw)

0
L, oy = d(tayw)

SO
Liew=w
@t
t@@t is called the Euler vector eld. The ow along it is multiplic ation:
of
L ef=t—=nf
6t ot

says exactly that f is homogenous of degrea is some sense.

Thus, we have that w is homogeneous of degree 1.

If we have a vector eld & such that L w = w (i.e., d(yw) = ), then
we call & a Liouville vector eld. So you start with a contact manifold , you
symplectify it to get a symplectic manifold together with a L iouville vector
eld. The converse is also true. Say M, w) is symplectic and & is no-where
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vanishing Liouville vector eld, then consider M/(ow of &). For example,
take M = T X, with coordinates q',pj, and & = pi@—@;. The ow of & leaves

q' xed, and multiplies the p;s by a constant. It is easy to see thatL. » = .
Then we have thatT X/(ow of &) is the cotangent ray bundle. This is the
same thing as the space of co-oriented hyperplanes ihM. TM is a contact
manifold in a natural way.

Note that L w" = nw", so volume is expanding. Thus, you cannot have
something like this on a compact manifold. Another way to seethis is that
w = d(&yw), so w is exact, and we saw that this is impossible on a compact
manifold. Another way to write this is d(®(&)) = w, so this is equivalent to
solving dy = w and then seté& = & ().

Suppose we have a symplectic manifoldM with a Liouville vector eld,
then the claim is that this descends to a contact structure onX = M/( ow of §).
To see this, take a pointx M, which maps tox [X. Look at EI71 [(Eh
T¢. So there is some hyperplane eld containingg, so we can get something
on X. What if we take some other lift & of x. Is [EI7] invariant under the
ow of &? Yes! Well, [(1is invariant; w is invariant up to scalar multiple;
hence [EI7] is invariant. Ok, now how do we show that we actually have
a contact structure on X? Choose a cross section ilN [CM. On N, let
¢ = &yw, which is a 1-form, then kergp = EI’1n TN and & is a contact
form. So we can take a cross section as a model for the quotieapace. This
procedure more or less tells you thatM is the symplecti cation of N. We
call M the contactization of N.

Lecture 7 - (AlImost) Complex Structures

A complex structure on a (real) vector spaceV isamapJd :V - V
such that J2 = —1. J cannot have any (real) eigenvalues. Such an operator
induces the structure of aC-vector space onV. Namely, we de ne (a+ ib) -
v = (a+ Jb)v. Conversely, if we have a complex structure, then we have a
real structure and a map whose square is-1 (multiplication by i). This is
actually an isomorphism of categories.

Given a real vector space)V , we can look atVec ;= V [T 1AV "
We will call this complexification. How can we get back fromVc to V. In
general, we can't, but onV¢, we have a \real structure" given by an operator
Ve - V¢, namely complex conjugation. It has the properties

(1) conjugate linear: zZw = zw

(2) involution: it squares to the identity (so eigenvalues ae +1)
If W is a complex vector space, then aeal structure on W is a conjugate
linear involution, ¢. Then we can de ne Wg to be {x W |c(X) = x}. One
may check that (Wr)c W and (Vc)r £ This yields an equivalence
of categories (real vector spaces, and complex vector spacevith a real
structure) when you extend it to morphisms in the obvious way

We can extend these notions to bundles of vector spaces by sag that J
or complex conjugation should vary continuously. Speci cdly, we can talk
about a complex structure onTM, where M is some manifold. A complex
structure on TM s called analmost complex structure on M. The reason
we say \almost" is because there is more to be said: integrabty.
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Suppose M1, J;) and (M>, J,) are almost complex manifolds, and we have

a map M; AR M, then T is called pseudo-holomorphic if TfoJy; = JooTT.
In particular, if My = My = C, then a pseudo-holomorphic map is just a
holomorphic map (the condition is just the Cauchy-Riemann @nditions).

If we have a complex manifold, then we can identify the tangeh space
at a point with C", and the J from C" induces a complex structure on
that tangent space. The compatibility of the charts ensuresthat this is
well-de ned. Does every almost complex structure come froma complex
structure?

A complex manifold has lots of holomorphic functions (or cal them pseudo-
holomorphic if you like) on it (just compose the coordinate g/stem with
holomorphic functions on C"). To test if a manifold has a complex struc-
ture, we can ask if it has enough holomorphic functions. If wecan nd
f1,...,f, : U - C pseudo-holomorphic such that the induced mapgJ - C"
is a local di eomorphism, then we have a complex structure.

Cauchy-Riemann equations: M,J) [l L C is pseudo-holomorphic if
io(TF)= Tf-J. Thatis, for every v [LIkM, (TF)(JIv) = i(TF)(v). We
can re-write this as @v)f = i(v-f), or (Jv—iv)f =0.

If (X1,...,%n,Y1,...,Yn) are coordinates onM such that J(@—%) = @—%,
then this condition is just

o . 0 _of _.of _

oy Ty e

On an open subset of 1, J), afunction f : M - Cis pseudo-holomorphic
if and only if T is annihilated by the elements{Jv —ivlv L TIM} [TgM.
So in the complexi ed tangent bundle, TcM, of M, we have a distinguished
subspace consisting of all complex tangent vectorsy such that w = Jv —iv
for somev [TIM. When isw = Jv—iv? Look at the paragraph after next.

The sections of TcM are called complex vector elds, and they act as
derivations on C! (M, C), and you can prove that they are all the deriva-
tions.

We can look at Jc(Jv — iv) = J%2 —iJv = —v — iJv, which is equal
to —i(Jv —iv). Thus, the set of w above is the (~I)-eigenspace of the
operator Jc. Similarly, {Jv + iv} is the i-eigenspace oflc. This gives us a
decompositionV = V10 V¥ with VOI= v L0,

Figure 2

Thus, we can give an alternative de nition: an almost complex structure
onV is a complex subspace/ %! [V3 such that Ve = V01 V1, We've
shown that an almost complex structure gives you this, and gien such a
splitting, we can do something.

We can extend the bracket operation [, -] on real vector elds to complex
vector elds. As derivations, we have [X,Y]= XY —Y X. Or, if you like,

[A+iB,C+ iD]=[A,C]—[B,D]+ i([B,C] +[A, D]).

If we have an almost complex manifold M, J), we can think of it as
(M, T%IM), which is a complex sub-bundle of TcM, such that T%M [
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TOIM = TcM. A function is J-holomorphic if and only if v - £ = 0 for all
sectionsv of T%1M.7
If v.f =0and w-f =0, then [v,w]-f =0. On C", T%!C" is spanned by

all things of the form } @—@;( + i@@ﬁ = @j, wherezl = xI + iyl. A tangent

vector is in T%1C" if and only if it annihilates all homomorphic functions.
All this shows that if J comes from a complex structure, then the sections
of T%M are closed under the bracket operation.

On the other hand, an algebraic calculation (exercise) shosthat ( T%1M)
is closed under bracket if and only ifNj; = 0.

Theorem 7.1 (Newlander-Nirenberg). ( T%'M) closed under bracket im-
plies that J is integrable (i.e. it comes from a complex structure).

This is similar to the Frobenius theorem. It says that some sup-bundle
of the tangent bundle is a foliation if it is closed under bradket.

Lecture 8 - More

It's never too soon to start thinking about the term paper.

In addition to TcM, we have T-M, the sections of which are complex
1-forms. We will write dz = dx/ + idy! . For a (complex) basis for To(R?"
(at a point), we may take either dy,dy!, or dz/,dz! .

Note that we have two notions of dual for a complexi ed vector space,
but they are naturally isomorphic:

Homc(Ve, C) = (Ve) +¥ )c =Homg(V,R) [RC.
We can now consider M
IJ’_*‘I] M = I—}_(—C,r 1,0 O;l) — L 1,0 0;1
¢ ¥y T e T
dzi oz P
This splitting is naturally attached to the almost complex structure. On
the level of sections, we have &£(M). By the way, ( XV )c [TE(Vc), and
there is adc taking k-forms to (k + 1)-forms. In fact, the complex de Rham
cohomology is the regular de Rham cohomology tensored witke.
When we have an almost compleKAmanifOId, we can write
(M) = PIM)
p+a=k
where P9(M) are forms with p dzi's and q dzl's (this is cheating, since
we don't actually have z's and z's). We can always choose a basis of vector
elds (&1,...,&n,N1,--.,Nn) such that J(&) = n;. Then we get a new basis
oj = 3(§ + inj) and o = 3(§ —in;). Then the corresponding basis in the
dual space aref’ a)rgd 8'. Then a typical elementw [F9(M) is of the form
w=  (function)®'* - CHP CHP [ CHF

Then we have that dw will, in each term, have either an extra 6 or an extra
8. Sodw [IP*EA(M) [®9*+1(M), and this decomposition is unique, so

"The book puts the indices 0; 1 downstairs.
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we may write dw = d%% + d%'w. Thus, we have thatd = d%0 + d%1. We
often write d*° = § or 4, and d®* = & or 4.

Lemma 8.1. f is [pseudo-]holomorphic if and only if 0f = 0.
We know that d? = (0 + 0)% = 0%+ 00 + 90 + 02 =0.

Proposition 8.2. 8% =0 if and only if J is integrable if and only if 3% =0
if and only if 90 = 00.

In this case, we can just look at the complex

0;2

e
e

0. 00 @ o1

and the cohomology is called the Dolboex [[sp?]] cohomology

Moving from linear algebra to geometry, the statement /¢c) [C(Y )¢
becomes the following. Think of R™ [CI", and considerC' (R™M), the real
analytic functions on R™, and tensor with C. We can also considelC; (C™).
If we restrict an analytic function to R™, you get a complex-valued real
analytic function. If you start with a real analytic functio n on R™, you can
extend it to a neighborhood U of R™.

locally

G W oTnm—L)

gure 1
If you start with ( R?",J), with coordinates x!,...,x?", you get coordi-
nates

0 . 0
M= 5 * |ij(x)m
0 ok 0
§= 30 Wik
where J¥(x) is the matrix J : T,R*" - TyR?". Then the n; (but only n of
them, not 2n) form a basis for the Q 1 part and the ¢ for the 1,0 part.

Ty+i0C?" [CTIR? [OTLR? [T#«R?". So we have these complexi ed
vector elds on our real manifold.

If you assume that your almost complex structure is real anajtic, you can
analytically extend all the J) to some neighborhood ofR*" [Cf". So you
get some sub-bundleE [TT?" (the extension of the Q 1 part) of dimension
n, which is holomorphic (the n; are the typical sections ofE).

Now let's assume thatJ is integrable. This tells is that E is closed under
bracket (it is an involution). Now we invoke the holomorphic Frobenius
theorem, so we get a foliation of some neighborhood odR*" [—CP". So
near any point, we can nd ¢,...,¢" independent functions which are
constant on the leaves of the foliation. When restricted toR?", they are still
independent (the leaves intersectionR?" transversely) and J-holomorphic.

Since every Q1 leaf intersects (at least locally) each 10 leaf exactly once,
you get a map from the leaf to the original R?". Since the leaf is complex,
this induces a holomorphic complex chart on theR?".

In fact, you can start of with something C! and get complex coordinates
(but this is hard).
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Lecture 9 - Compatibility of Symplectic
and Almost Complex Structures

. . . L . .
Correction from last time: We said K = p-+q=k P4 then d P9 [
pria+ A+l This used the fact that dw = 0w + dw. It is oply true when

the complex structure is integrable. In local coordinatesw = a3 6' [&.

When we took d of this thing, we forgot to take d of the 8''s.
Let 8 19, then to prove that d® C_P°+ L1 it su ces to show that
(dB)(x,y) =0 if x andy have type 0, 1. We can calculate this using

do(x,y) = f(%yg - ?/9{9? —0([x, y])

and the last term is zero if T%1 is involutive.
Once you have that, you can deduce thatd? = 92 = 0.
There is a real analog of this. Suppose thalf M = E; [E}, then we get
that T M [E] CE)}. Then we have
M

“M = ( [PH) Ceily ( [7H,)
p+o=k
you get this structure on a \bifoliated" manifold (if both E; and E, are
involutive).
V
% g
r 0
\Y
One way to state compatibility is to say that
(D4 w(Ix,Jy) = a(x,y)

We de ne g(x,y) = g(X)(y) = w(J x,y) = —w(Ix,y). (Ddmplies that g is
symmetric such that g(Jx, Jy) = g(X,y). Any two of these de ne the third.
This triple is called a pseudohermitian structure. It is called hermitian if g
is positive de nite.
Consider R?, with coordinates (p,q), and J(&) = &, Let z = g+ ip, and
w = dg [Cdp. Then we have that
0 0 _ 3 0 0
09’'0q 99’ dq
Good, so we have the correct sign.
If we are on a symplectic [almost complex] manifold, can we m@ compat-
ible almost complex [almost symplectié] structure. The answers are yes.
Consider the anulus inC, with the inner and outer circles glued radially.
This is a complex manifold, topologically S x S, which has a symplectic
structure.
Figure 1

8Not necessarily closed.
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Now if we do the same thing inC", we get aS?" 1 x S, which cannot
have a symplectic structure.

If J is integrable, we get a Kahler structure.

Locally, every complex structure looks likeC", and every symplectic struc-
ture looks like R?". But when we put the two together, the g has weird twists
and doesn't have to be equivalent to the usual metric.

What can we say anything about the geodesic ows of such thing. |
dunno. It can be tied to the behavior of the laplacian (on fundions), but
I've never seen anything about this.

If we think of almost complex structure as

Figure 2

then for w TPV , we can complexify it to wc IZIZEIC by requiring it to
be complex bilinear.

If we apply wc to V%1, sinceV %! is the graph of J, we have

we(X+ iIX,v+ idv) = in(x,v) {%J(JX,ng + |(f3(x,\]v) 2—2 w(Jx,v})

=0 iff J,w compatible

So another way to sayJ,w compatible is to say that V%! is lagrangian
in Vc. So looking for compatible almost complex structure on a symlec-
tic manifold is the same as looking for lagrangian something, and on a
Kahler manifold, it is the same as looking for lagrangian bifoliations of the
complexi cation.

What about the metric? We do a little computation. Remember that
under the projection from V%0 to V, V gets the structure of a complex
vector space.

wC(Y:l{%J—YYV:({){J_"j() = w(v,w) + @(Jv,Iw) + i(0(v,Iw) —n(Jv,w))

=20(v,w) +2ig(v,w)

So by taking the complexi ed form and restricting it to V% we get a
hermitian form 2_li(”C = g —iw. If we setv = w, we just get the g part.

On V [V1, we have two natural bilinear forms: w ((Xx,a),(y,B)) =
a(y) = B(x). If we have a form w [CIPW, then the graph of @ is Dirac (is
killed by w+). On a manifold, we have TM LTIM. Suppose we are given
w [PM, then the graph of @ is a Dirac structure on the bundle TM (i.e.,
is lagrangian sub-bundle ofTM L[T1M).

T. Courant: Bracket on section of TM L[T1M de ned by

[[CX,0), (Y, B = ([ X, Y], LxB — Lva)

If we stop here, this is a semi-direct product of lie algebragbecause [Lx ,Ly] =
Lx:v ))- But it doesn't have the property that something is closed under it
if and only if it is the graph of a closed form. So we change it to

(X, 0), (Y. B =X, Y], LxB —Lva+ %d(ivd —ixB))

This is no longer a lie algebra (doesn't satisfy Jacobi) andd not a semi-
direct product. It has the property that the graph of w is closed under this
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bracket if and only if dw = 0. A lagrangian sub-bundle of (TM [I1IM, w+)
is called an almost dirac structure, and an almost dirac structure whose
sections are closed under bracket is called dirac structure.

Theorem 9.1. If E is a Dirac structure, then the restriction to E of the
bracket satisfies the Jacobi identity. That is, E is a lie algebra under [[ , ]].

EY &M rTIM
q{T{% ‘D
™
sends [[,]Jto [, ]

Suppose you havat~ T M - TM, which corresponds ton 11 M =
[2TIM. Given T, we get an almost Dirac structure, which is the graph ofrt:
What is the condition on 1 that is equivalent to this being a Dirac structure?
That is, when are things like (a, a) closed under the bracket?

Theorem 9.2. Given 1 [CIFTIM, define {f,g} = n(df,dg) on C* M. Then
the graph of ® is a Dirac structure if and only if { , } satisfies the Jacobi
identity. In this case, we call m a Poisson Structure

If you have a symplectic structurew: TM - T M, itis invertible, so we
getam Dene {f,g} = w(e df,e 1dg)

Lecture 10 - Hamiltonian Mechanics

Submit a proposal for a term paper by Tuesday via bspace.
r

If we start with a symplectic manifold (M, ®), we have TM = T M.
Given H Q! (M), we can look at Xy := « *(dH), which is called the
Hamiltonian vector field generated byH, or the \symplectic gradient of H".
This vector eld has some nice properties:

Lx, H=dH(Xy) = w0(Xy)(Xn) = o(Xy,Xy) =0

This is conservation of energy Ky is ow through time, and H is energy).
We also have

LxH(JL)z ixH |{¥A¥ +dixH(JL)= de(Xy)=ddH =0
0

SO w is invariant in time. From this you can derive
Ly, 0<=0

for any k = 0. This give us that Ly, ©®¥MM=2 = 0, which says that hamil-
tonian ows preserve volume of phase space.

Xy = 0 at critical points of H, which are called equilibria. You cannot
have stable (or completely unstable) equilibria in hamiltonian mechanics
because stable would give volume loss, and unstable would wg volume

gain. _
Consider the case of a pendulum, withw = dg' [Cdp;, then
oH ,  oH
= — + —
dH aq dg an, dp
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X, = 2H 9  OH I
" oq' dpi  Op; 0q'
SO
dg _ oH
dt  op
dpi _ oH
dt  og

which are called Hamilton's equations. H = %pz + V(q). Inour case,q is
the angle of the pendulum,V (q) is height. Phase space looks like this, with
level curves:

gure 1

Lagrange was studying celestial mechanics. He wrote down #se equa-
tions for this. An elliptical orbit is given by six parameter s. If there are
multiple planets, then for each planet, the six parameters golve in time.
Later Hamilton did stu .

Suppose we look at an arbitrary vector eld X, then

Lxw = d(®(X)=0 = X =8 (a)

whereda = 0, and a is determined by X. The ows preserving w are those
corresponding to closed 1-forms. The hamiltonian vector dds are those
that correspond to exact 1-forms. These are the same locallyo suchX are
called \locally hamiltonian®.

If we look at the cylinder, with coordinates (8, z), with w = d8 [d4. Then
@@Zis closed, but it would have to be \—d8", so it is not globally hamiltonian.

De ne {f,g} = w(X¢,Xg). So{q,pj}= w(—@—@;,@—%) = §. In general,
we have of 09 of g

{r.or= dq' dp;  dp; 9q'

(note that we are summing overi). We can also write {f,g} = mn(df, dg),
wheren = @—@21 I% (again, we are summing over). This is called a bivector
field, and gives us aPoisson structure. We need to show that the Jacobi
identity is satis ed. Note that {f,g} = X,f.

The ow of Xy is hamiltonian, so the ow preserves symplectic structure,
and therefore preserves poisson brackets. Lagi; be the ow of X;, then we
have

{o f, 0.0} = o {f, 0}
So you have a family of automorphisms. Suppos8 is a bilinear operation,

A is a family of automorphisms with Ap = Id, and you have B(A:T, AQ) =
A;B(T,g). Then di erentiating with respect to t (setting X = % t=0)
B(Xf,g) + B(f, Xg) = XB(f,9)
In our case, we haveB = {, }, and A; = ¢,, so we have
{Xnf. g} + {f, Xng} = Xn{f. 0}

, that is, X} is a derivation of the bracket. This is the derivation property
of hamiltonian vector elds. Jacobi rst wrote this, so itis called the Jacobi
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identity. To see that this is the regular Jacobi identity, re call the de nition
of Xnf = {f, h}:
{{f.h}, 9} + {f.{9,h}} = {{f. g}, h}

This is called the right Liebniz property (i.e. bracketing on the right is a
derivation).

We also have that this is anti-symmetric, SO we can put re-arange every-
thing to look like

19,{h, F33 + {f, {9, h}} + {h,{f,9}} =0

which is the usual Jacobi identity. (Note: there are some thngs that are
Liebniz algebras, but are not anti-symmetric)
Some more manipulating yeilds

{f.{9.h}} = {{f, 0}, h} —{{f.h}, g}
xfg;hgf = thgf - nghf
= —[Xg, Xn]f
Some examples of Liebniz algebras:
(@) Mp(R) CR®, with the rule
[[(A,v), (B, w)]] = ([ A B], Aw)
which is called a hemi-semidirect product (the semidirect product

would be [[(A,v), (B,wW)]] = ([ A, B], Aw — Bv))
(b) What we did before was

(X, 0), (Y, BT = ([ X, Y], LxB — Lyva+ %(d(xzydl) — d(X1yay)))

then something if we uselLx 3 — iya in the second part, we get
another bracket [[[, ]]]. You then have

1
S([llea, €211l = [[Te2, €1l = [T €1, e2]]
So far we have two properties of the Poisson bracket:

Xn{f, 9} = {Xnf, g} + {f, Xn0}
Xnfg = (Xnf)g+ F(Xhg)

we know that @, (fg) = (¢, T)(9, 9), and di erentiating like before gives the
second rule, which we can write as

{fg,h} = {f,h}g + f{g, h}.

What we have is two operations: pointwise product and brackeé One is
commutative and the other is anti-commutative, and they are linked in this
way. When we have all this, we say we have #oisson Algebra.

Poisson showed that if{f, h} = {g,h} =0, then {{f, g}, h} = 0. He knew
that time evolution was given by bracketing, so it was important to look
for invariants of motion, and this says that if you have two invariants, their
bracket is another one (and it is sometimes something reallynew?).

9For example, bracketing x and y angular momentum yields z angular momentum.
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Jacobi rstintroduced the idea of vector elds as operators. Lie's contri-
bution was the observation that you can study abstractly things that satisfy
this identity.

If you have a Hamiltonian vector eld X; and a submanifold S, when is
the vector eld tangent to the submanifold?

(1) If Sis a level ofh, then yes (conservation of energy).

(2) If S is an orbit of X, then yes.

(3) If Sis a level of f then if and only if {f,h} =0 on S if and only if
{h,f} =0 on S, which is equivalent to saying that h is a constant of
motion along the ow of f! This goes under the name of Noether's
theorem.

This says that looking for invariants of motion along the ow of
h is equivalent to looking for functions whose hamiltonian ow pre-
serveh. In other words, you are looking for symmetries of (M, w, h).
So looking for conserved quantities is equivalent to lookig for sym-
metries.

(4) If S is lagrangian, then the condition is that X, [CTIS = (TS)”.
This is the same as saying thatdh = ®(Xp) Ca(TS)? = (TS)? (the
forms which annihilate TS). This is equivalent to saying that h is
constant on S.

(5) In the special case whereM = T Q, and S = image of dg, where
¢ [Qa! (Q). The image of dg is invariant under the ow of X if
and only if h-dg is constant. That is, h(q, %() =constant ... this is
the Hamilton-Jacobi equation.

Lecture 11

The Lagrangian L : TM - R is written as L(X, V), where x are local
coordinates onM and v = 3—1‘ Then given a pathy : [a,b] - M, we de ne
Zp
Aly) =  L(y(t)dt
a
Classically, we haveL = %)f -V (x).

Consider paths fromr to s. This forms a big space, and we look for
paths which extremize (minimize or maximize) L. How do you nd such a
thing? Look at tangent vectors in path space. A path in path space is just
a function of two variables.

Z, P
Avs) = L(5ys(t)
Za
d _Tb AYs
£A(ys) = (stuff)ﬁ(t) dt

The second thing must be zero for all variations, which imples that stuff
must be zero. When you write it out,
oL doL
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This gives a system of partial di erential equations calledthe Euler-Lagrange
equations. In the classical case, we get
ov

ov d
— — —(Mmx) = ——— —mx
ox dt( X) ox

What do these look like for more general Lagrangians? Well weould
have written these last equations as

dat =
dx _ _ov
dt =~ ox

which is a vector eld on TQ, given by
0 A

3t~ *ox  ox ox
In general, we get

oL _ doL _ %L ;9L
= = +

X _ dtax  oxox = T axiax .

It would be handy to be able to invert the matrix @?& . This is the

Legendre condition. If the condition holds, then (E-L) are 2nd order ODEs
(i.e., a vecB)rEeId on TQ).

If L = (x)2, you nd that the E-L equations are degenerate, so
the solution is not unique. This is because changing the spéeof a length-
minimizing path leaves it length-minimizing.

If you do the calculation for something of the form L(X,X) = gj (X)X X,
it turns out that the critical points of this are geodesics, parameterized by
arc length.

If you let p; = %‘—-, then you can dene E = pjx — L, which we call
\energy".

Theorem 11.1. The Legendre condition holds if aRd only if L : (x,x) B
(x,p) is a local di Ceamorphism if and only if L (  dx [Cdp;) is nonde-

—_—

!
generate. Moreover, Lagrange’s equations give hamiltonian vector field of E

with respect to L w, i.e. (L

If the Legendre condition holds, then @ s jnvertible, sox - p locally

@)
a di eomorphism, so (x,X) B (x,p) is a local di eomorphism, given by
I 1
@L
0 @a
Figure 1

dLvy T TQ — R, butwe canrestrictitto Tey)TxQ, sodL v)yl7 . y 7@ [
Ty (TxQ) i:(ﬁxQ) , which is T, Q.
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Thus,if m: TQ - Q,

dL|kert TQ L & Q
F{EEEEEEED‘D
Q

The Legendre condition says thatT L is invertible, which is equivalent
to L being a local di eomorphism, which is equivalent to L. «w being sym-
plectic.

E(X,v) = L (X,Vv)(v)—L(x,V), which is sometimes writtenE = [plv[=L.
Thus, from any Lagrangian, you get a pullback 2-form. When the Legendre
condition fails, this 2-form is degenerate, so you cannot gea hamiltonian
vector eld from a function.

There is another way of looking at this. If we impose thestrong Legendre
condition, that L is globally a di eomorphism, thenwedeneH = E-L 1:
T Q - R. Thisis called the hamiltonian associated to this lagrangan. Then
Lagrange's equations onT Q are transfromed by L. into Hamilton's equa-
tionson T Q with canonical symplectic structure, and H(x,p) = @ L (x,p)=
L(L (x,p)). | |

In the caseL = Im(x')2 —V (x), with i=1,2,3. Then p; = mx'*® Then
we get

: X :
(e =3 med)?+ V(9

E =
1 X .
=5 M)+ V()
1X p?
== LS
H > - V (X)

If you strengthen the Legendre condition by requiring that the matrix is
positive de nite, then you know that you have an extreme point (not just a
critical point)[is this right?]. If you follow the solution to the E-L equations
too far, you may reach a point where the path is not even localf minimizing
(e.g. consider shortest length paths on a sphere).

M =weird

If we start with H; T Q - R, considerdH fipresof T @ : T Q &——
TQ. So we're settingv' = %j, thendene L = (pi%;—H)oM 1:7TQ - R.
If we take the Legendre transform of thisL, we getH.

Hamilton's principle: Given someH(x, p), de ne L(X,p,X,p) = px —H.
If we have a path in T Q, we can evaluateL(y) = a(y) — H < (projection).
Then Lagrange's equations say

oL _ daL
ox  dtox
oL _ doL
op dtop

101f we write  ; x'x instead of (x')2, we would get the right upper/lower indices.
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SO
_OH _d_
ax  dt”
9H
- = =
X~ op - qt®=0

Notice that the Legendre condition fails miserably, so Lagange's equations
are rst order equations. The solutions to this set of equations are just the
extrema for our variational problem. Consider things that solve the second
equation, sox = % = %g. Then Hamilton's lagrangian is pix — H. We
identify solutions to this second half with paths in Q, notin T Q.

Lecture 12 - Momentum maps

Today's lecture was given by Christian.

Momentum maps are supposed to associate conserved quanés to sym-
metries. The symmetries are the basic assumptions on spadene and in-
teractions, from which we get the conserved quantities of mmentum and
charge. If two quantities are conserved, so is their Poissoibracket, so the
conserved quantities form a Lie algebra.

Lets start with an action, p, of a group G on a setS. An action is
transitive if there is only one orbit. The action isfree if g-s=s Lg% e.
The action is e Leckive if g-s = s for all simpliesthat g = e. If S; and S, are
G-sets and@ : S; — S; respects the action, then it is calledG-equivariant.

Now we can add a manifold structure.

De nition. A Lie group is a group-manifold such that multiplication and
inverse are smooth maps. We also require it to be closed and ioected.

This is equivalent to L (left multiplication) being a smooth action of G on
itself (this implies that Lg is a di eomorphism for each g, but the converse
is not true). If ¥ QO (G) is L-invariant, then we have that f(g) = f(hg)
for all g, h, sof is constant.

Invariant vector elds are more interesting. Say L,v = v, thatis, (TgLnh)v(g) =
v(hg). Then we can de ne

g= {v X} (G)|v is L-invariant }
the lie algebra of G.
Note that we can get a left invariant vector eld by simply tak ing some
Ve [TAG and de ning v(g) = ( TeLg)ve. Thus, as a vector spaceg +-FIG.
The vector eld being invariant corresponds to the ow being L-equivariant.
For any vector eld, we have
o(e(9,t1),t2) = (g, t1 + t2)
and L-equivariant means
o(0(g, t1)h, t2) = @(g, t1)o(h, t2)
o(gh, 1) = g-o(h,1)
So we get an exponential map:

o(e,t1 + t2) = o(0(e, tr)e, t2) = o(e, t1) - @(e, t2)
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So we can de ne exp . TeG - g - G given by ve B v B ¢(e,1). We have
that R — G given by t B exp(vt) is a group homomorphism. These things
are called one-parameter subgroups. If they close up, theyra isomorphic
to St, and if they do not, they are isomorphic to R.

Ad : GxG - G is dened by Adgh = ghg 1. You can look at the
derivative in the second argument to getAd : Gxg — g. If you like, you can
de ne Adgexp(tv) = gexp(vt)g !, in which case Adgv := Sgexp(vt)g 1.
You can take the dual of the action to getAd : Gxg - g given by
[(Ad )(g)a, v[F [@, (Adg !)vdTaking the derivative, we get

ad:gxg-g
given by ad(v)w = [v, w].

Now we can add some symplectic structure. SayNl,w) is symplectic.
We require our actions to satisfyp(g) w = w. Thatis, p: G - Sym(M, w).
Such actions are called symplectic. The in nitesimal verson of this says
that (exp vt) = w. The Lie derivative version is that L~,yw = 0, where
pF:g - xéym(M,oa). If the vector elds p(g) are hamiltonian, then the
action is called hamiltonian.

Figure 1

In this case, we can get a generating function for each elemenf the lie
algebra. LetJ: g — C! (M) send a vector eld v to its generating function
f, (this is not unique!). This map is called the (comomentum mg. We
de ne the momentum map J: M - g by I(m),vF I(V)|m.

Proposition 12.1. J exists (p is hamiltonian) if and only if g/[g,q] -
Hi:(M), V] - [& p(Vv)], is the zero map. By the way, g/[g, g] +HL. (g, R).

Proof. We just have to show that the map is well de ned (because hamion-
ian vector elds correspond exactly to exact forms). Let X,Y [Xkym(M).
Then we have to show thatix.y j0 is the derivative of something.

_ A
ixy @ =(Lxiy —iyLx)w (Lx 0 =0)
=(ixedeiy+ deiy)w (by magic formula)
=(ix (f_y I iy ﬁj) + dixiy)w (magic formula)
0
= dw(Y, X)
Corollary 12.2. O If HjR(M) =0, then the action is hamiltonian.

(i) If g is semi-simple!l, then the action is hamiltonian.

An action on the hamiltonian system (M, w, H) is called invariant if H is
G-invariant, i.e. H(g-m) = H(m) = [Cp(¥)H = 0. The punchline of the
lecture is

Proposition 12.3. If p preserves dynamical system, then J(v) is a con-
served quantity for any v.

Hwhich implies g=[g;g].
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Proof. Xy J(v) = {J(v),H} = XJ(V)H = —p(vV)H =0.

Lecture 13 - Momentum maps and Symplectic reduction

Next meeting is in 450C Mo t Library.

There are some nice ways to simplify your life. One way is to rd sym-
metries, and the other is to nd invariants of motion. If you c an do one,
you can do the other. This follows from

XuF = {F,H}= —{H,F}= —XgH

If one is zero, so is the other. In general, when you take a quant or look
at a subspace (on which something is constant), you lose theymplectic
structure.

Lets take R* with (g, g2, p1, p2) and the standard form dg' [dp;. We can
take, for example

1 .
H(a?, p1,p2) = 59’ (@®)pip; + V(07

We have that {H,p1} = 0. Let's impose the condition p; = ¢ =const. Now
we are down to three dimensions. On{p; = c}, we have the coordinates
(9%, 92, p2), and the induced form, dq' [dd?, is degenerate.

On the other hand, %g’ =0, and L ¢ w = 0, so we can pass to the
ad
quotient by the ow of @_@5' Now we have coordinates @2, p1,p2). But we
don't have a way of pushing forward the form (you cannot have anon-
degenerate form be the pullback of a lower-dimensional forin But you can

push the poisson structure down. T = @@ﬁ & pushes down to@—@a =
And {q2,p.} =0, and {f,p:} =0 for all f (p; is called a Casimir function).
This is a degenerate poisson structure.

In both cases, we get some degeneracy. How can we get back targylectic
geometry?

Presymplectic. (the rst case) you can still nd a hamiltonian vector
eld. So Xyyw = dH, or @(Xy) = dH. We have that w(@@a) = dp! = 0,
@(@_@é) = dp?, and @( @@Q) = —dg?. H = H(g? c,p,), so it doesn't have any
dg in it, so dH = S8dq? + ZHdp,, so we get

oH 0 6H 0
Xu=—%= + (anything) —
H 32 ap; | 9, O (any lng)
We have anH which happens to be in the image ofw; but the hamiltonian
vector eld is not well de ned because of that anything. We can resolve
this problem by passing to the quotient:

{p1 = c}/ (ow of Xp, = a—ql)
I {z }
ker of I

Now we have coordinates §?, p,), with form dg? [dp,, and a \reduced hamil-
tonian", H(g?,c, p2). We get dynamics on this R?, which is the projection
of what we had before.
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- R4

pr=2¢C R?
A A A A A

7 7 7 7 T

T T 7 77 A
—_—

@

ed

Xy tangent to the slice p; = ¢ and invariant along @@5’ then we look at

the quotient.
For our hamiltonian, we end up with

vector potential
1 9 5 12ﬂ2_ 141, 2\ 02 2
H= 59 (@°)p2p2 + 97(q°)cp2 + Iég (g )j[: +V(qg
< y4

new potential

This is pretty interesting, we again get something quadratic in the momen-
tum plus an extra term (the vector potential), plus a new potential. So our
reduces system behaves as though there was a magnetic eld something.
For example, when you have a rotating system, you get a forcegrpendicular
to the direction of motion (coriolis force).

On the other side, we haven = @@é I% so we getmtfdH) = Xy, a
well de ned vector eld. We have that Xy F = {F,H}. In particular, if
F is Casimir function, it is a constant of motion for any hamilt onian ow.
This picture is dual to the previous picture. Before, we coutl only solve
for the hamiltonian if it was invariant along ***, and it woul dn't be well
de ned. Here, we also started with a four dimensional spacethen we pass
to the quotient. There is then a special direction (the p; direction). Each
of the planesp; = ¢ are invariant under any hamiltonian ow, so these
submanifolds have an induced symplectic structure (these t@ called the
symplectic leaves).

R4

(9%, p2)

o
@
ed

We get exactly the same ow as before. So there are two ways toa
this. Start with a big phase space, then pass to a presympleat subspace,
then take a quotient to get something symplectic. Or you can rst take a
guotient to get a poisson structure, then take a subspace to & something
symplectic.
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This is an example of symplectic reduction, but we've done tke special
case where the symmetry group isR. This is more or less general. If
f Cal! (M), with M symplectic, and if (df)(x) & 0, then near X, there
are canonical coordinates tﬁ‘,pi), in which £ = p;. Thus, locally, this is
the general case. Sometimes more interesting things happerror example,
the orbits of the ow might close up on themselves, which is eactly what
happens in rotational motion.

Moment(um) Map(ping)s. We have a symplectic manifold (M, w) (though
there are versions for the presymplectic and the poisson cas (and dirac as
well)), and we have a lie groupG acting on M symplectically. So we have
g B gm with (gh)m —gm ° hm . This induces a lie algebra action. Namely,
if you take v [Cg] you get a vector eld vy [XIM) given by

Vv —E (exp tv)
M= Gt o P VM

It turns out that ( v+ W)y = vm + Wy, (aV)y = avm, and [v,w]y =
—[vm,wm ]. If we have

G —Miff(M) g [gn

then we getamapG — Aut(C! (M)), g3 Oy > thent®y = % t_(]((exptv)M)
as a derivation of functions, and the bracket of vector eldsis jus_t the bracket
of operators. From this point of view, we have a map from one B group to
another, so it should induce a lie algebra homomorphism. Bug B gy is a
homomorphism andgw B g, is an anti-homomorphism, which is why you
get a minus sign.

g antihom %M,w)
J |:| Ifr|'r£ntihom
Ct (M)

If H?(g,R) [Cgd[g, g] vanishes, you get a liftJ, the comomentum map. It is
not unreasonable to requireJ to be a lie algebra homomorphism. Alterna-
tively, since G acts ong by the adjoint representation and it acts on C1 (M)
by dct vy = (ng) , We could require that J G-equivariant.

Proposition 13.1. J is a lie algebra homomorphism if and only if J is
equivariant for the action of the identity component of G (if and only if J
is Ad -equivariant for the action of the identity component of G).

Proof. Look in the book.

There is another nice way of understanding all this, which wa introduced
independently by several people. Kostant, Souriau, and Sma. Siriau is the
most generat. Kostant only looked at transitive actions. Snale only looked
at cotangent bundles. They all reformulated the comomentummap. To
J:g - C! (M) (any linear map, at this point), we associateJ : M - g by
J(X)(v) = J(v)(x) for x [Ml,v [Cgl We are really looking at a function of
two variables: M x g - R. We can think ofitas M - g org — C! (M).
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J is equivariant if and only if J is equivariant. What are the group actions
in question? We have a group acting onM, and we haveG acting on g
given by gg = (Adg 1) (this is called the coadjoint action). Some people
will write Adg, S0 you have to watch out.

A hamiltonian action (sometimes called apoisson action) of G on (M, w)
is a symplectic action together with an equivariant momentum map J :
M - g . This isn't completely standard.

Where are we going? One place is a generalization of reductidrom the
case of one-parameter groups to more general groups

Theorem 13.2 (Symplectic Redcution Theorem, Marsden-Weinstien,Meyey.
Say (M, w,G,J) a hamiltonian action, and p [Cg quasi-regular [regular]
value, then J 1(p) is invariant under the action of G = {g EGlAdg U=

u}, the coadjoint isotropy, and the orbits of G on J () form a regular

foliation. Let i w be the pullback of @ to J 1(p), where J 1(n) B M. At
each x 1 (), kery B w = T4 (G x) = {vm (X)|v Cgl}.

Where if M = N, p [N is quasi-regular if ¢ 1(p) [CM is a submanifold,
and for any x @ 1(p), the inclusion Ty@ (1) 3 ker(Ty(9)) is an equality.
This simplest example of a non-quasi-regular value is whem : X — X2 on
R, x =0 is not quasi-regular. The implicit function theorem tell s you that
regular values are quasi-regular.

This gives us the following picture:

e M J Y{w/G =M

G orbits

|
A

If J 1(n)/G is a manifold, with T a submersion, then there is a (unique)
symplectic formw onJ Y(u)/G suchthatm (w )= i (w). Then (M ,w )
is called the reduction of M at p.

Lecture 14 - Library meeting

Today's lecture was given by Ann Jensen in Mot. We went throu gh a
list of resources. Here is the information from the handout:
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Name Description URL

UCB Mathematics Library http://www.lib.berkeley.edu/math/

MELVYL - Libraries of all the UC campuses

Library Catalogs GLADIS - Libraries of Berkeley only

Major index to mathematical literature

MathSciNet 1040 - present Created by the AMS http://www.ams.org/mathscinet
ArXiv T?mely preprints of grticles, lecture notes, http://front.math.ucdavis.edu/
discussion notes mid-1990s - present
Web of Science Database of citations to research articles in
Science Citation Index all elds of science from 1945
Proxy Server How to access library resources o campus http://proxy.lib.berkeley.edu

For assistance contact:
Ann Jensen
ajensen@library.berkeley.edu
Mathematics/Statistics Library
100 Evans Hall
642-5729

Lecture 15 - More Symplectic Reduction, Connections

Thursday is the nal due date for the term paper topic. By Thur sday,
put your nal proposal on bspace.
Recall the basic reduction theorem

Theorem 15.1. Let (M,w,G,J) as before, J Ad -equivariant. Then for
uigl, M =J Y(W/G . IfJ () is a manifold (i.e. Y is quasi-regular),
then TyJd 1(n) = ker( TxJ). This implies that (TyJ (W)? n TxJ (p) =
Tx(G ). We will say that p is immaculate if the G action on J 1(p) has
M as a “manifold quotient”. Then M has a symplectic structure w such
thatm w =i w. (M ,w ) is called the reduced symplectic manifold

If G action is free and proper, then every value of] is immaculate (e.qg.
if G is compact). If the action is not free, then the quotient is cdled an
\orbifold".

ExampleiLet G = R, sog [Cgl [CR] Then the J action is just ow.

Let M = T X, and & a vector eld on X. X is con guration space.
Dene J: T X - R by J(a) :P,EEJ(O() = a(&(p(a))). In coordinates
X1, .+, Xn:P1s--.,Pn, then & = a‘(x)@—% and J = a'(x)p;. If we look at
Hamilton's equations, we get

|

X = a'(x)
_ 0a
P P

The ow is linear on bers, and is following the trajectory on the manifold
downstairs. yu Rl

If u=0. J 10) [T1X a codimension 1 sub-bundle. If we want the
vector eld to be non-zero so that these are well-de ned.

We have a mapX - X/R. Let's assume that the R action on X has
a nice quotient X/R. This happens in two cases: where theR action is
free and proper, and where the ows are all circles. At any gien point
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in X/R, the cotangent space is isomorphic to the cotangent vectorsvhich
annihilate the direction of ow. J 1(0) are the annihilators of the orbits. So
J 1(0)/R CT1(X/R). It turns out that the symplectic structure is exactly
the canonical symplectic structure.

A reference for these calculations: Abraham-Marsden(-Rah)
Foundations of Mechanicsanything after the 1st edition.

If u 80, then what does J (p) look like? At any given point, we have
the value of the vector eld, and we want all 1-forms with a given value
on this vector eld. This means we are taking all the vectors with a given
projection onto the vector eld (this is a translation of J 1(0). If we don't
have a metric, then there is no natural choice of one of thesewe can't just
take the shortest). So we can make a global choice of such vecs (a 1-form
a), which identies J 1(u) with J 1(0). This identi cation is compatible
with the ow if a is compatible with the ow.

Note:

(1) The identi cation of J (p) with J 1(0) is non-canonical.
(2) The form w on X/R is in general not the canonical one.

In some non-canonical way, we've put a new symplectic struatre on
T (X/R).

Figure 1

Let G = R or S!, whichever makes the action free. NoteG = G . This
is a principal bundle. a is invariant under the ow and [d, §{[F p. Assume
that H £10. Let B = —, then

LB=0
ig=1

Such af is called aconnection form on the principal bundle X - X/G.
You can look at d, and notice that L. d3 = dL. 3 = 0. So d is a two-form,
which is invariant under the ow of &. Also, i df3 = hZE —d(l'%z?) =0. So

0 1
dB Kills vectors along the bers. This exactly tells us that d3 comes from
a two-form downstairs. Thus, there is a two-form F on X/G such that
n F = dB. From this we have that m dF = 0, and since m is injective,
we have thatdF = 0. So F is a closed two-form onX/R, and it is called
the curvature of the connection 3. Note that there is no reason forF to be
exact, even though it becomes exact when you pull it up toX.

J Y(w/G [ (X/G). On J Y(w)/G, we have the reduced form on
(T X) , and the corresponding thing on T (X/G) is the canonical form
plus p(pr F ), where uF is the 2-form on X/G which pulls back to da on
X. Here,pr: T (X/G) - X/G. How does this depend on the choice oft.
That is, how does the curvature depend on the choice of the corection? Say
we replacea by a+ ¢, then we havel. ¢ =0and i ¢ =0. d(a+ @) = da+ dg,
but these conditions tell us that ¢ is T , wherey is a 1-form on X/G. So
we have thatd(a+ @) = da+ dep = 1 (UF + dy).

Conclusion: If we replacea by a+ m ), the induced form onT (X/G) is
modi ed by the addition of dy.

This is consistent with something else we know about cotang# bundles.
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Figure 2

If we compose the two identi cations, we get a bre-preserving map, which
is translation by . It is symplectic exactly when 1 dy vanishes.

It also tells us when we can get rid of thisF if and only if we can nd (
such that F + dy = 0, which means that F is exact. The possible values
of curvature therefore range over a cohomology class. Thatl®ws that if
we do this cotangent reduction T X) ~ T (X/G), then we can make the
form on the left correspond to the canonical form on the rightexactly when
some cohomology class is zero. If there is a section of the peation, then
the bundle is just a product. If the bers are all copies for the real numbers,
then you can always put together local sections by a partition of unity. So
we need the bers to be circles to get anything interesting.

Let X = RZ and let J(x%, X2, p1, p2) = %(x12 + x2% + p2+ p2). Hamilton's
equations say

X = pj
p = —X
x = —x

Lets look at J 1(1/2)/S?. If we write zZ = X + ip;, then we have thatZ =

—iz). The solutions are that Z = zbe . So we have thatd %(1/2)/S' 1
CP! [CS3. This is not a cotangent reduction because thel is not linear. In
any case, we get a symplectic structure ors?. It isn't hard to see that the
induced form on S? is the curvature.

We have a vector eld which we can think of asn = p; @@{ —x @—% Look

at the 1-form o = ( x'dp; + x2dp, —p1dxt —podx?)/2, whosed is the canonical
symplectic structure. If we take the inner product of our vedor led with a,
what do we get? We get—1/2 ... we'll deal with it later. What we've show
is that i a = —1/2, and we also know thatL a = ida=1w=dJ =0
(because we are on a level set af). So there is some 2-form orS? whose
pullback is blah. That 2-form really is the curvature of the bundle.

Moral of the story: S! acts on M via a hamiltonian action, J : M - R.
J 1(u)/s?t is a symplectic manifold, and the symplectic structure is the
curvature of some connection on the principal bundleS* - J 1(n) - M .
It is not quite the curvature because we don't have the right normalization,
so we really havep times the curvature of some connection.

Corollary 15.2.  1fJ %(p) is compact, then the circle bundle S* = J (n) -
M is not trivial.

If it were, then the cohomology class (which is the rst chern class) would
be zero, so the symplectic structure would be exact, which itcan never
be.

Lecture 16 - About the Momentum Map

From last time:
General reduction: M, »,G,J), with M = J Y(n)/G .
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Cotangent reduction: M = T X, GactsonX. J: M - g linear on
bres. Then J 1(0)/G LT1(X/G), and J (a)/G could be identi ed with
T (X/G), but not canonically.

Then we did an example whereM = R*, and we found that J 1(p) CS3
and M [CS%. We had the Hopf bration.

Now for a real cotangent reduction example: Let

st =u(@)
s? 2
s2 ' cp!

T s2 2, R given by H(x,§) = IIE]I?>. Hamilton's equations for such a
hamiltonian are exactly the equations for geodesics. Therolok at H 1(1/2).

[f M= g andH : M - R is G-invariant, then H|; 1, inducesH
onM . M I - M ]

We have a momentum mapT S3 <R given by J(v) = I Xy L[[In the
case of a surface of revolution, we have Clariout's Theoremwhich tells us
that the angle of a geodesic with the direction of rotation is xed.]] J 1(0) =
vectors perpendicular to the Hopf vector eld.

Figure 1

Notice that the sub-bundle of spaces perpendicular to the hpf vector
eld is not integrable. What is the induced hamiltonian down stairs? Hg :
T S? - Ris also %|| [|>. What if we replace 0 by u? Because we have a
metric, we may as well lift a vector to u times the hopf vector eld plus
stu. Then we get the hamiltonian H (v) = 3||v||? + p2. What about the
ow?

Consider the case where we have the hopf eld itself, then it Wl project
to the trivial ow on S2. Ifitis close to the hopf eld, then it must project to
small circles for the trajectories. This suggests that if smething is moving
on the two sphere, it feels some force perpendicular to its dection of motion.
How do we see that? The symplectic form oril S? has been modied ... it
turns out to be modi ed by u times the area form.

Say X is a Riemannian manifold with a free circle action, soX — X/S?t.
Suppose the action preserves the metric. If we pick a1, we get induced
motion on T (X/S%). We have B [FP(X/S?) closed, which takes velocities
to forces ... it behaves like a magnetic eld. In many cases, Qu can turn
this around. Say X/S = Y, and you want to describe motion in a magnetic
eld on Y. Then we can describe it as motion on something one dimension
higher so long as we can realizB as the curvature of some connection. That
is the case if and only if the cohomology class dB is \integral" (i.e., if you
integrate B over any circle in Y, you get an integer). One can also lift the
potential, if there is one. This is called Kaluza-Klien theary. This stu came
up when people were trying to unite magnetic and gravitatioral forces ...
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the idea was to work in a 5-dimensional space rather than a 44ichensional
space-time. This was the beginning of gauge theory.

Now say we have M, », G), and say we have a momentum map which is
not equivariant. So

v gl |:\L’M
J K
[

J(v) Xiv)

We can ask thatJ : g — C! (M) be G-equivariant, which would be a regular
momentum map.

Flagle

[AdgV]m t=0(exp(Adgv))

(O exp(tV)u Gy')
= (Tom)Vm gy

dJ(Adgv) = (AdgV)m Y0

= P Yo
= (gyh) (vm yw)
= (gy') (dI(v))

d(d(Adgv) — g,,* I(v)) =0
AssumeM connected, thenAdgv) — ng J(v) is some constant[c{g),vL1So
c(g) Cgl. Soc:G - g . This cis zero if and only if J is equivariant if and
only if J: M - g is equivariant.

This ¢ is a 1-cocycle onG with values in g with the Adjoint representa-

tion:

c(gh) \=""c(g) + Ad, .c(h)
Why are these called cocycles? Because we have a whole comple

C%G,g) = CXG,g) = CXG,g) = -

such that 32 = 0, where 3(c)(g, h) = c¢(gh) —c(g) —Adg .c(h), and Ci(G,qg)
are maps fromG' to g . And for o [CI°, we haved(a) = Adg a—q.
Recall that the condition on the momentum map is dJ(v) = vy Yy, SO
we can changelJ by a constant, and when we do so, thec varies over the
cohomology class.
If p(g,h) is a 2-cochain, then we de ne

9p(9o, 91,92) = —P(God1, 92) + P(Qo. 9102) + Ad 1P(91,92) — P(Go, 91)

There is another kind of equivariance. Givenc CZI'(G, g ), we can de ne
a new ane action of G ong by the rule g- a = Ad, la+ ¢(g). Thisitis
easy to see thatJ is now equivariant with respect to this action.
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Example: M = R? with coordinates (q,p), @ = dq Cdp. Let G = R? with
coordinates @,b), then g £-RE with coordinates (x,y). Then we have the
action (a,b)wm (p,q) = (p+ a,q+ b). Whatis (x,y)m ? Itis xG+y&, Then
(X, ¥)m Yo = xdp—ydqg = d(xp—yq) whered is the di erential in ( g, p) space.
This is equal to d(p, —q), (X,y) L1 So we can sayJ(X,y) = xp = yg. Then
J(g,p) = (p,—q). This is not equivariant because the coadjoint action is
trivial. The cocycle is ¢(a,b,q,p)(X,y) = J(X,y¥)(q,p) —JI(X,y)(g+ a,p+ b) =
xb —ya. Then c(a,b) = (b, —a).

Instead of just the lie algebra generatorsey, and ey, we add e; such that
[ex,ey] = e and [et,ex] = [et,ey] = 0. The dual of this lie algebra has¢,n
dual to ey, ey, and T dual to t. De ne the lie algebra action by letting e;
act trivially: ( X,y,t)m = x@@q+ y@@p If we take J(q,p) = (p,—q, 1), then it
turns out that this action is equivariant.

Lecture 17

Did everybody get the email saying that you shouldn't use the bspace
dropbox? Good.

We start with (G,0,G,J), J : M - g with correspondingd : g -
C! (M). Now we de ne

(v, w) = {I(v),J(wW)} —I([v,w]) (generally, HO(M)).
This is a bilinear, skew-symmetric map,8 : g Cgl— H°(M). It satis es a
kind of Jacobi identity:
06(v,w, u) = 6([v,w], u) + (cyclic permutations) =0 .

This is a piece of a complex which calculates the lie algebraothiomology.

CK(g) = ¥g =Hom( [¥Xg R), 5 : CX(g) — C**1(g) given by

X
(88)(Vo,---,vik) = —  (—=D%EDB(vi, v, Vo, -, ¥y e V).

i<j
This has a lot to do with the de Rham di erential. [[

X g
(88)(Vo,-- -, Vik) = —  (=1)%E8([vi, Vi1, vo, .o %y Oy, i)
i<j

+ Vi -e(Vo,...,O‘i,...,Vk).

1l
If G is a compact, connected lie group, thenHS;(G,R) [CHX(g,R). If
G= T", then g= R", and CX(g) = X{R") = HK(g), which has dimension
E . If G = R", then it has the same lie algebra, but the cohomology is
di erent. So you de nitely need compact and connected.
Recall that we can changel by locally constant functions. Say we replace

J J+ b, whereb:g -~ H°(M,R) (i.e. b gl CHP(M,R)). Then
{3(v) + b(w), I(w) + b(v)} — I([v, w]) — b([v, w])

B5(v,w) + l{J(V), b(W)}{irZ {b(v), J(W)% - Fg\izvi]g :

B3+p(V, W)

0+0 b (v;w)
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So when we changel by a locally constant function, the 8 is changed by a
coboundary. Thus, given an action admitting a comomentum ma, there is
an associated element oH?(g, H°(M)) which vanishes if and only if there
is a comomentum map which is a lie algebra homomorphism.

Last time we showed

Z}{
J(Adgv) —g,,* I(v) = [{g), v

for somec : G -~ g . Now we're going to di erentiate ¢ at the origin. Let
g = exp(tw) for w gl then take & at t = 0. Then we get

J(Iw, V] + Xywy - I(v) = I([w, v]) + {I(v),I(W)}
= 0(v,w)

on the LHS, and on the RHS, we havel(T¢c)(w), vL1So if we think of ¢ as
a bilinear form on g, it is exactly 8. It turns out that if 6 =0, you get that
¢ = 0 on the connected component of the identity. So on a conned&d group,
8 and c contain the same information. Not so on a non-connected gragu

Consider O(3) acting on T R® with coordinates g',p; i = 1,2,3. Take
the one parameter group of rotations given by rotation of the 1-2 plane.
ql@—@; —qz@—@é, with hamiltonian qp, —g2p1. Then J = gqxp. L(q) < L(p) =
L(q < p). The momentum map is SOz equivariant, but not O3 equivariant
because re ection introduces a minus sign. We've identi edos % [R¥.

Another example: let G be a lie group, thenG acts on G by right trans-
lations. Thatis, g rg :. Thenwecanliftto T G: g-a = rya. Since any
lifted action is symplectic, we can expect a momentum map, ad we can
expect it to be linear on bres. If you look at a one-parameter subgroup,
the in nitesimal generator is a left-invariant vector eld . J : T G - ¢
given by left translation back to the identity. Then J 1(p) is all cotangent
vectors, which when translated back to the identity becomep, so this is
just the image of the left invariant 1-form p, which is isomorphic to G as a
manifold. So what isJ (u)/G ? Itis G/G , which is the coadjoint orbit
of u. Thus, G/G = G- u inherits a reduced symplectic structure.

Tl —0 1y

‘D [
T 6/6O— 1 /G

Here, T G/G is a poisson manifold, with the linear lie-poisson structue on
9l 3= cf .

Convexity Theorem. Two big theorems in symplectic geometry, the Atiyah-
Guilleman/Sternberg convexity theorem (1982), and Gromov pseudoholo-
morphic curve theorem (1985). We will talk about the rst the orem

Theorem 17.1. (M, ®) connected symplectic, G = T™ = (R/Z)™ acting
on M with eguivariant J : M - g £RM. [[If v1,...,vm a basis for the
lie algebra t™ of T™, then {J(v1),J(v2)} = 0. Then the orbits of v;\y are
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isotropic.]] Then the J level submanifolds are connected, and J(M) [N
is the convex hull of J(M©) (which is a finite set).

If m =1, we have a circle action,J : M - R is just the hamiltonian for
the circle action. Then the theorem says that the image is a @sed interval
whose endpoints are xed points.

Local version Assume we have a xed pointx [CM. Locally, we have a
symplectic torus action on R?" containing 0 as a xed point.

Theorem 17.2 (Bachner). Any smooth action of a compact group may be
linearized around any fixed point. i.e., given x [CM fixed by a compact group
action, there is some coordinate system around x such that the action on the
coordinate system is linear.

Choose a Riemannian metric onM, then use compactness of the group
to replace the metric by an invariant metric under the action of the group.
Then use the exponential map to give a coordinate chart. Thernthe action
sends geodesics to geodesics, so on the tangent space, itngar.

So we can say that around a xed point, the torus action is linear. We
would like to say that it is symplectic, but it is only symplec tic with respect
to exp w, wherew is the symplectic form onM. We would like: if we choose
something other than exp, w will pull back to a constant symplectic form.
What we really need is a Bochner-Darboux theorem, which sayshat if we
have a compact group acting on a symplectic manifold near a xd point,
we can nd a coordinate system where the group action is lineaand the
symplectic form is constant. That is not too hard to prove using the Moser
method. First use the Bochner theorem. Then we have two sympctic
structures on our TyM. Then we need to take one to the other in such a
way that it commutes with the action of the group. But if you lo ok at the
proof of the Darboux theorem, the construction commutes wih any linear
action. This gives us a linear symplectic action near a xed mwint. Now we
need to look at the momentum map.

Lecture 18

Theorem 18.1 (Schur-Horn). If you look at the action of U(n) on n x n
hermitian matrices, and let O¢ ... 5.

conv{(/lambda (1, ...)}H{diag(ADA )} [CRI', where D = diag(As, ..., An)
and ¢ a permutation.

Then Kostant generalized, Heckman reinterpreted in terms & coadjoint
orbits, Guilleman-Sternberg reinterpreted as tori acting on symplectic man-
ifolds, Atiyah some other stu. Then Kirwan generalized for non-tori ...
N.T.Zung \the ultimate convexity theorem".

Ingredients of proof

(1) Local normal form [CIadal convexity
(2) \Morse theory" - global result
(3) Covering argument (C-D-M) (connected ber

X xed point for the torus action, action on TyM linear, G-equivariant as
in last lecture.
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Then we nd a G-invariant hermitian structure on Ty, M.
G compact compact acting on vector spac&’ . Then there is aG-invariant
inner product on V. To see this, tazke any inner productB and de ne

B(v,w) = . B(gv,gw) dg

wheredg is the haar measure.

This gives us a compatible complex structure. Now we are gom to use
that G is a torus T™, so we can diagonalize the action by choosing coordi-
nates gj,p;. We get a mapt™ - R" [1". Think of G = R™/2nZ™, then
this map is an integer matrix. _ _ _

Lz, 2", (te, .. ) EF 341|252 = Stk ((a%)2 + (p¥)?), where ]
is an integer matrix. Hamilton's equations:

G| i
gk = ok = trl,p (not sum over k)
daJ -
pk = 3k = —trlg~ (not sum over k)
. S0J(zt,...,2") = {r} - 12513} = r31z¢)PY = ﬂriszJ; 51z%12, where 1 is

€k
the j-th basis vector oft , e, a vector int with integer components. Thus,
locally, the image of the momentum map are all the non-negatre linear
combinations of the e¢'s. This gives us a polyhedral cone (if theey are
pointing in su ciently di erent directions that our cone is  everything).
How do you know there are any xed points?

Lemma 18.2. For any torus action (in fact, any compact lie group), the
fixed point set is a symplectic submanifold.

This follows from our normal form near a xed point (the xed s et must
be a complex subspace, hence a symplectic submanifold). Ther™ = T x
--+. The rst has a xed point because the action is hamiltonian, and the
hamiltonian function must have a max and min ... then use induwtion.

We have that the image of J is locally in a bunch of these polyhedral
cones. Now we use morse theory to show that the image is glolalin the
intersection of these cones.

Figure 1

look at the ow of exp(tv) on M. What is its hamiltonian? It is given by
composingv with the momentum map. The hamiltonian has local maximum
at X, and it must have some global maximum, but our local max isn't the
global max becausel(y) is on the other side of the plane, contradicting

Lemma 18.3. For any l-parameter subgroup of the torus, its hamiltonian
has a unique local maximum value.

Proof. At each critical point, the function is quadratic with an eve n number
of positive coe cients. The maxima are the points where that even number
is zero. Connect two local maxima with a path. Along the path, there is a
minimum value ... choose the path with the largest minimum. This must
be a critical point, otherwise, you could nd a better path. T here cannot be
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two directions in which you increase, otherwise you could #tle around the
bowl and get a better path. Thus, there must be a point where there is only
one positive direction (or none). This proves that the set oflocal maxima
is connected.

This tells us that the image is in the intersection of all the polyhedral
cones. Suppose there were some inside point not in the imagéen we
may take the largest ball which is in the complement of the image. This
touches the image somewhere. Look at the tangent hyperplanat the point
of contact. We will show that the whole image is on the other sile of the
plane, which contradicts the assumption that we took the lamgest ball.

X M. Ty = stabilizer of x ... this is a closed subgroup of the torus.
M Tx [M the set of all points xed by Ty.

gure 2

The composite map is the momentum map for the action ofTx. The
image int, is in a cone, so the image of is in the \wedge" in t . Now we
need to show thatJ lIs up the wedge around J(x). MT™x [CM symplectic
submanifold. Lets look atJ(M ™) ... it must lie in the pre-image of the im-
age ofJ(x). It lls up that pre-image because we can nd a complementary
torus to Ty, which must be free aroundx, so blah. Now the same morse
theory argument shows that the image is globally in the wedge

End of proof of convexity of image ofJ.

Now we need to show connectivity of the bers. De ne an equivdence
relation on M. Equivalence classes are connected components of bers &f
Let M = M/ [

N

I\L J

Q(m) g

and we want to show that J'is bijective. Notice that M is connected because
it is a quotient of a connected set. J(M) is simply connected because it is
convex. so it is enough show thatJ"is a covering map.

1)J is a local homeomorphism (from normal form).
2)if f:X - Y is local homeomorphism andf proper, then g is a covering
map. To see this,

gure 3

since the map is proper, the inverse image of a point is nite.each point
in the inverse image has a nbd which maps homeomorphically ta nbd
of y ... intersect those. We just need that we have the complete imerse
image of our nbd ofy. Suppose not. Then there is a sequencg - y and
xi X1 Y(y;) such that x; Mady Uj. {vi,y} compact, so by properness, the
X; have a convergent subseq, which must be in the inverse imagd g. We
win!

Lecture 19 - Torus Actions

Remark on the paper: the main idea of the paper is to cover a subct,
not a particular article, or details of proofs.
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There is a book, Toric actions on symplectic manifolds 2nd eition, by
Mictele Audin, which is very good for the stu we're doing.

The subject of torus actions ts into the more general area ofcompletely
integrable systems. The basic setup is this. You haveMl, w) 2n-dimensional
symplectic. Following a paper by Duistermaat (1980) in Comm Pure Appl.

Math., we have M?" < W with rank n almost everywhere, with lagrangian
bres.

Lemma 19.1. J has lagrangian fibres if and only if J is a Poisson map,
where M has the symplectic poisson bracket, and W has the zero poisson
bracket.

That is, {f - J,g>J} =0 for all f,g Ca! (w"). If WM = R", and
J = (f1,...,%y). Then this condition says that {f;,f;} = 0. We say that
these functions are in involution.

Given H : M - R, J is a constant of motion for Xy if and only if H is
constant on (connected components) ofl- bres. Roughly, H is a function
of the fjs. Then we say that this structure forms a completely integréle
system.

There are two steps to understanding these things: understading J and
understanding H dynamics.

Figure 1

Pick somepu W regular value for J, we get a mapT W - x*(J (w)).
The images of di erent elements commute. So the image is a comuting
subalgebra of vector elds spanningT (J (p)). Take a function on W and
pull it back. The pull back has a hamiltonian ow along the br es. This
map \integrates" to an action (perhaps partly de ned) of the additive group
T WonJ (p).

Let's assume completeness of the vector elds involved. e.ghis is implied
by the assumption that J 1(p) is compact, which is implied by J proper.
Let's assumeJ proper. Then we get an action of the cotangent space on
the ber (which is compact), and this action is transitive, | ocally free, so
the ber J (p) can be identied with T W/ , where is a lattice, so

J 1(u) must be a torus.

Figure 2
Every berof T W is a group which actgon thed 1(u)s, and the isotropy
of all the bers gives a lattice of 1-forms. CTIW is locally given by

graphs of smooth 1-forms. Not globally! The fundamental graip (W, W)
acts on . This action is called \monodromy”. Each berin M is a torus.
There is an identi cation Cm(J () = Hi(I (), 2).

Note that you have to take out singular values, so you might gé some
non-simply connectedW . Take the spherical pendulum. The con guration
space is the two-sphere. There are two conserved quantitieso we can map
T S? - R? by (E, L), where E is energy, andL, is angular momentum
around the z axis. The map is proper because the energy levels are compact
But there are singular values, and there is monodromy aroundhe singular
values. Cushman, Duistermaat, Vu have written some stu .
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Now let's go back and analyze integrable systems some moref ylou think
a little bit, any section of T W denes a mapM - M by translating the
torus bres by it. This is a symplectic map if and only if the section is a
closed 1-form. We showed that translation by a 1-form is symfectic if and
only if it is closed. The elements of the lattice act by the identity, so they
are smooth closed 1-forms. | claim this gives us a rigid strucre on W.
Let's look on W:

Figure 3

We have a lattice of closed 1-forms spanned bw?, ..., w" (which are a
local basis). w = dx, and since thew' are independent, thex' form a
coordinate system: x = (x%,...,x") : U - R". If we choose thew', then
the x are determined up to a constant. So we may chang& x + b. We
may also replacew by v by saying that vi = a’iwi, where a’i CGL(n, 2).
If vi = dyl, theny = alx + b. We restrict ourselves to the case where
the w' form a basis for the lattice. We get a\at GL(n, Z) structure". You
can do onW any construction you can do onR" so long as it is invariant
under GL(n, Z). You can talk about straight lines. You can proof that the
torsion of the connection is zero. There is a distinguishedamily of bases
of the tangent space up toGL(n, Z). In each tangent space ofW, there is
a natural integer lattice, and there is a natural identi cat ion with nearby
tangent spaces which identi es these lattices. If the bases compact, it
eliminates certain cases. If the base is compact, it must be grallelizable,
so it cannot be the 2-sphere, for example (in fact, it must be he torus or
the klein bottle). A.T. Fomenko has written a bunch of stu ab out related
things.

Locally, [W xZ",soM [W x T" locally (in W). The local coordi-
nate function on W obtained from one of these bases generate ows which
rotate the torus. This is a symplectic isomorphism ... you gé coordinates

(1t,...,1",084,...,8), and w = dI [Cd9; . Then H is a function of the I's,
so hamilton's equations give

dau g,  oH

W_O y H— F—Ij(ll,...,ln;.

{z

If H is linear in the Is, then it is a very degenerate system ... you get the
same ow on each torus.
The non-degenerate case: If @@'f(gn is invertible. The determinant is

det(%). Torus actions are the ones for which these lattices are txial
bundles.

Delzant's Theorem. M is compact, and M <t the momentum map
for an e ective torus action. We're assuming there is no monalromy around
the singular points. Then we know that J(M) = conv(J(MT)). Note that
t" has a natural GL(n, Z) structure. The kernel of the exponential map
is a natural lattice in t". Delzant's theorem says thatJ(M) is a Delzant
polytope, i.e. has the following properties:
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- From each vertex, there emanate exactlyn edges, containing vectors
which form a basis for the natural lattice , the dual lattice to the
kernel of the exponential map.

Theorem 19.2. Every Delzant polytope arises as the J(M) for a unique (up
to equivariant symplectomorphism) hamiltonian torus action on a compact
symplectic manifold.

Notice that the Delzant structure on a polytope doesn't depend on the
geometry (you can slide the faces of the polytope parallel tdhemselves).
Consider the one-dimensional case. A delzant polytope is amterval:

Figure 4

If we slide the polytope up and down, it doesn't change anythng. If we
just move one end, it changes the size of the sphere.

How does the proof go? To prove thatJ(M) has these properties is
not too bad. The hard part is showing that it arises and then showing
uniqueness. The way we do that is by exhibiting the manifold M for a
polytope 3 as a reduced manifold ofC? for a linear action of T" on CY. How
do we get such a linear action out of a polytope? The simplestxample is
the one-dimensional case. The 2-sphere 8P, which is C? for the Hopf
circle action. In general, we have a polytope, so it is the inérsection of half-
spaces. can be dened as{p 11 |0, uCE A}, wherevy,...,vq [T,
and Aj [R. The {v; } de ne a map RY _ t", which is an integer map (we

can choose all thev; integer). v; = (vf), for v} [Z. so we get and x n

integer matrix. How do we build an action of some torus onCY so that the
reduced manifold will have the right dimension? We can think of this as a
mapt" - RY [T so we get at" action on CY4. We'll do this next time.

Lecture 20

Our basic symplectic manifold isCY. The idea of the Delzant construction
is that we start with a delzant polytope in t" , given by X, v; (&< A; for
some numbersA;,vi. We use thesev;s to constructa:t - RY, letting the

i-th component be X, vi (dJThen = a (A+ O ), whereO is the negative
orthant.

Figure 1

td acts naturally on CY and the momentum map is J(z1,...,2Zn) =
—1(|z¢|%,- -+ ,|za|") + A. Then the negative orthant is the image of the

momentum map. Let n T4 be the elements oft? which annihilate n”.
Thenn [I9/n?. This corresponds to someN [T (this follows from the
Delzant condition on the polytope). Now we restrict from the T9 action on
CY9to an N action. The momentum map JyC® —~ n = t9 /n’ is composi-
tion of J with the projection onto n . Next we form the reduced manifold
CY, reduced by the N action. That is, we just take the part of CY which
maps to n? (this is compact becauseJ is proper). This is NN 1(0). The
reduced manifold isJ, *(0)/N. It turns out that Jy,*(0) is a manifold, and
that N acts freely on it, so our reduction is a smooth manifold. The atire
torus still acts on this manifold (because the torus action ommutes with
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the N action). Choose a complemenm’ [I4 to n?, to which there corre-
sponds someM [TY. Thus, T9= M" x N9 ". Now we look at the action
of M on the reduced manifold. Notice that M is an n-dimensional torus,
so we can identifym [f9/m?, which we may identify with n?, which is
identied with t" . Thus, we identify M with our original T". What is
Jw ? There is a quotient map from J,,*(0) to Jy,*(0)/N. The image of the
momentum map is our original polytope .

You can often answer questions about polyhedra by realizinghem as the
images of momentum mappings.

Geometric Quantization. Souriau introduced this term. The idea was
developed over some time by VanHove (who directly in uencedSouriau),
Segal, Kirillov, Kostant. There is a dictionary between classical and quan-
tum mechanics

Classical Quantum What it is

symplectic manifold hilbert space \phase space”

time evolution

symplectic mappings

unitary tranformations

locally hamiltonian vector elds
(functions modulo constants)

i-hermitian operators
(i-hermitian modulo scalar)

in nitesimal time evolution

phase spacel X hilbert space L?(X)*?

M Quan(M) say you have such a procedure
M x N Quan(M) [Quan(N)
TXxTY L2(X)CAY)
=T (XxY) = L3(X xY)
Cl(T X) Operators on L?(X)

Logically, you should be able to go from quantum to classicaland illogically,
you should be able to go the other way. There are several waytdo this.

If X = R,andT X has coordinates, p, then g B m,, multiplication by x
(we will say my = Quan(qg)), and p 2 ilgX What should gp go to? It should
go to 1[my Dy, but pg \should" go to i[Dkmy. These are classically equal,
but quantumly not (unless [} 0). But since we were thinking of these
operators as the lie algebra of unitary operations, so mulplication is not
the big operation ... the lie bracket is! So let's look atmy,Dyx—Dymyx = —m;.
Thus, we have

[Quan(q), Quan(p)] = —ilm,; = —ilQuan(l) = —ilQuan({4, p})

which is great. It turns out that this is not exact either (thi s = poisson
bracket yields lie bracket), but you can get it to come out right modulo
higher order terms.

This is an in nitesimal version of saying that we'd like the group of sym-
plectic mappings to go to the group of unitary transformations (as groups).
But this doesn't work in general. You can make it work modulo higher order
terms, or you can ask it to work for some subset of symplectic mppings.

There are some nice papers written in the last few years by N. andsman
(what should go on the RHS if you put the category where the mophisms
are lagrangian submanifolds of products on the LHS?).

If M is symplectic. How do we assign a vector space t®/1 in such
a way that symplectic transformations correspond to unitary operators?
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In

Try C (M), or L%(M) with respect to the symplectic measure -1, Where
dimM = 2n. These don't give you the right answer forM = T R" ... it's
too big! Another problem is when you try to assign operators b functions.
Say f Q! (M) gives youi-X;. Then if you take f = 1, you get the
operator 0, not multiplication by 1, so this is no good. You might think you
should just take iX; + m;, but this doesn't work either.

Polarization: takes care of the \too big" problem. Choose a Lagrangian
foliation of M ... this is called a real polarization. Now instead of lookirg at
all the functions on M, look only at functions constant on the leaves of the
polarization. If you take T X with the polarization by bers, then the space
of leaves isX, so we are looking at functions onX. How should symplectic
transformations act on this space? Symplectic transformabn do not pre-
serve the polarization in general. So lets only look at fundbns preserving
the bration. There are two sources of such things: di eomorphisms of X,
and 1-forms.p  i[X, = I8, Xy = —i [§=0 since we are acting
on things independent ofp. phooey. We will use something likei Xk + myg,
but g cannot just be T, it has to depend onf in some more complicated
way.

Prequantization: takes care of the problem with the constants. Think
of q,p space. The problem with using just the hamiltonian vector elds
was that the vector elds commute, and {q,p} € 0. So we add another
dimension, which we callf.

Flgure 2

We need a distribution in q,p, 0 space. Consider the 1-formi[dd — pdqg.
Now consider the horizontal lifts with respect to this form. g —@@p —@@p
butp & &+ 7p&. Now if we take the bracket of these two vector

elds, we don't get zero any more. Let's look at functions of the form
f(q,p)8. And let's introduce a polarization by requiring that f depends
only on p, then g goes to @@p and p goes to something which gets rid oB.

So let's usee' instead of 8. Now p gives us something closer tanp.

Lecture 21 - Prequantization

Cl (M). We are looking for a principal bundle R/2nz - 5{1) - Q & ™.
Let ¢ [Y(Q) generate the U(1) action. Then the connection is a form
@ C1(Q) such that ¢(§) =1, L ¢ = &ydp = 0. Then ker @ is a horizontal
distribution. dep = p w. That is, we want w to be the curvature of this
connection. Every X [3(M) has a unique horizontal lift X [{ker o).

This lifting is not a lie algebra homomorphism. In fact, [)Q,?] = [x!%]_..—_l
o([R,¥))E. Recall that

do(R, %) = X(e(?)) — ¥ (o(R)) — (R, T]).

Since these are horizontal, the rsttwo terms are 0. sap([X,¥]) = —do(X,Y) =
—p w([X,Y]). This gives you the vertical component of the bracket of two
horizontal vectors.

Given f Q! (M), we attach to it X; (an anti-homomorphism), then

we take Y; := —X; + f& [X(Q). This vector eld has the property that
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it is the unique vector eld whose horizontal component is —X;, and is a
contact vector eld. Let's check that

L (—Xs + g&)0 = d(—X; + g&)yp + (—X¢ + g&)ydo

= dg — Xy yde
= dg —p (Xfyw)
=dg—pdf

which implies that g = p f + const. Let's choose the constant to be zero.
Now we compute

[Y,ygl = [=Xs + FE, —XRq + gE]
= [Rt, Rgl = [Rr, g&] + [ Ry, FE]
X gt =00, Xg)& — (Xr - 9)& + (Xg - F)E
~X g —=A g} — {9, F} + {f,0})8
= Yifgg-
This correspondence t  Y;) is faithful (Y =0 [XF 0). If we think of

T as a function ofq,p,08. We can write ¢ = d8 — pdq in local coordinates.
Then X; = f@— &, soXs = fe & -, &+ pf Q. so

0 0 0
Yi = —fq=—+ fo— —pfp + f&.
f agp * Trgq ~PTegg * T8
So in particular, Yq = —@@p+ q& and Y, = @@q There is a geometric

interpretation for this coordinate stu . Consider the case whereM = T X,
andthen Q=T X x U(1) with @ = d6 — a. In this case, we nd that for
any f T (X) (not M), Y; = —vert(df) + f@@. On the other hand, if we
have a vector eld, ¢, which is linear on the bers, then we can talk about
Y = @@q which is the cotangent lift of Z.

Remember we are acting on functions ofy, p, 8, which is too many vari-
ables. If we look at function independent ofp, then Y, acts by di erentiation,
which is good, andY( acts trivially. If we add a 6 dependence, then we get
multiplication by ¢, which is what we want. What is the right kind of 8
dependence?

U(1) acts on C! (Q). When you have a group acting on a vector space,
you can break it up into irreducible representations. The rgresentations
of U(1) are classi ed by the eigenvalues of the generatog. Typically, we
have f(e' ), and & = @@. The eigenvalues aren 4. We can decompose
C! (Q) into eigenspacesH, of &. In particular, Hyo = p C* (M). On H,,
we ndthat\ &= in" Let n= —1. ThenYq= —& —iq, Y, = &, These
are vector elds on a manifold, which have unitary ows, whose derivatives
are skew. To get hermitian operators, look atiYq = —@@p+ q, iYp = i@@q
If we now let these act on functions independent ofp, then the operator
corresponding to g is multiplication by g and that of p is i@@q just like we
wanted. This works whenever we have a circle bundle.

Ipthe special case wher&® = M xU(1), then u [T (Q) can be written
as ap(x)e™ , where the a, are the fourier coe cients. Then &(u) =
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ina,(x)e" . For u CH,, we haveu = ay(x)e" . Forn = —1, u =
a ;e ', which is just a function of x. This is in the case of the trivial
bundle. In general, we don't have a trivial bundle. Hy is some vector space,
but there is more structure. Locally, an element is just a conplex function
on the base. If we use pointwise multiplication, H,H,, [CHp+m because
¢ is a derivation. In particular, C! (M) £H,, and H, is a module over
it ... itis a locally free module of rank 1. SoH, is a line bundle. We can
identify the bres. We have Q & M. For x M, we de ne HJ*® to be
{u @ (p {xP|&u = inu}. This is a complex line, SOE" := ~H] is a
complex line bundle, soH, = ( E"). We can also say thatE" -_@1) n
where a negative tensor power is a tensor power of the dual butke. The
conclusion is that if we have a circle bundle overQ whose curvature isw,
we can construct an action of C! (M) such that poisson brackets go to
commutator brackets. If we think of them as sections of a comfex line
bundle, what are these operators? We have vector elds on thédase, and
a connection gives us a covariant derivative. You can read Kstant's article
in Lec. Notes in Math. 170.

How do we know there is such &@? We know that we can take the trivial
bundle in the case of a cotangent bundle (or wheneven exact). What if w
is not d of some 1-form, as in the case of a compact symplectic manifbl

Theorem 21.1 (A. Weil). @ [1?(M) is the curvature of a U(1)-bundle
over M if and only if [0] CIM(H?(M, Z) -~ H?(M,R)) (where this is the

fap corresponding to coe Lcieht homomorphism Z 2, R) if and only if
w [ZhZ for every 2-cycle o on M.

This is often called the integrality condition. In this cont ext, it is also
called the prequantization condition. If we take the standard 2-sphere in
R3, with the usual area element, it is prequantizable. Ing = su(2) , we
have {x,y} = z,{y,z} = x,{z,x} = y, and the levels ofx? + y2 + z2 are
the symplectic leaves ... coadjoint orbits. Then the sympletic area of the
sphere is equal to #&ir. The quantizable ones are those for whichr I:%]Z
(including r = 0). This corresponds to spin. The representations ofSU(2)
are indexed by this spin. But su(2) = so(3), but the reps of SO(3) require
spin to be a whole integer. In general, for complact simply-onnected groups,
there is one to one correspondence between irreducible reggentations and
guantizable coadjoint orbits (Borel-Weil Theorem). This is also true for
nilpotent groups (Kirillov).

0-2Z 2n [i(]R - [i]JR/21[i]Z —» 0. Some people put thei because then

the quotient is more directly isomorphic to U(1). There is a corresponding
long exact sequence in cohomology (in the same direction (#se are the
coe cients))

2

1 2
-~ HY(M,U(1)) - f" (M, 2) 7

B = H,.

HX(M.R) ~ HE(M,U() ~ H(M,2) ~ -



52 Symplectic Geometry Notes

The condition for prequantizability is that [ w] lies in the image ofH2(M, Z).
It turns out that H2(M, Z) classi es [hermitian, unitary] complex line bun-
dles up to isomorphism. The element oH?(M, Z) corresponding to the bun-
dle is called the chern class;. The kernel of the underbraced map are the
complex line bundles whose churn classes go to the symplectlass. Thereis
a lack of uniqueness if the previous map is non-trivial. If there is a connection
whose cohomology is zero, then there is a connection which iat (curvature
is identically zero). Remember that there is a group structue on complex
line bundles (given by tensor product), which makes the map b H2(M, Z)
a group homomorphism. The point is that if you have two line bundles with
connectionscurv((Ey, phii) C(Hy, phiz)) = curv(Eg, @1) + curv(Es, @7).
So there is another group here, the one of hermitian line bunks with con-
nection.

bundles with

connectgun
forget
connection urvature

line ZZ(M)

bundles

chern
class

‘[]
O

"'7@420\4,2) 2—L—|L|2(|V|,R) a..

Lecture 22 - Geometric Quantization

The rst draft of the paper is due next Tuesday!

We have (M, w) a symplectic manifold, and a prequantization is a circle
bundle (Q, @) over M whose curvature isw. A necessary condition is that
[w]\ CHI2(M, 2nZ). If it exists, it is unique up to isomorphism and tensor
product with a at U(1) bundle-with-connection. These correspond to ele-
ments ofH(M, U (1)) = Hom( Hy(M, Z), U (1)) = Hom( m11(M), u(1)). If you
look at the set of all such pre-quantization bundle, it is a torus (at least if
H1i(M, Z) is free, otherwise a torus times nite cyclic group). Vv

Once we choose such a thing, we gdt " [CCF (M) which is the —1n
eigenspace of¢ (the generator of the U(1) action). There is a sense in
which n - oo is like 3. 0. If we take H g, EEI(b;m )~ Recall that
H(b;! y [-0E), where E is a complex line bundle. Hy,., y L-OE "). We
know that the chern class ofE " is n times that of E, so it is like taking
nw in place of w. ® has units of action, so you have to divide by the unit
of action, which is [L_IWorking in Q, we can understand what happens as
n — oo,

Recall also that givenf Q' (M), we getY" = —X; +inf (or =X + &
as a vector eld). Notice that in the classical limit ( n — o), it looks more
and more like pointwise multiplication (Y," looks like ).

Quantomorphisms A quantomorphism is an automorphism of @, @).
Note that anything preserving ¢ preserves. Quant(Q, ) — Symp(M, w)
becauseaw can be gotten from@. What are the quantomorphisms which give
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you the identity? It is just the U(1) action (all the bres have to rotate with
the same speed). You can check that the/; are all the quantomorphisms.
You can check this by breaking it up into vertical and horizontal parts.

1-U@) - Quant(Q,9) - Symp(M, w) 2

On the lie algebra level, Quant(Q, ) is C1 (M). In Symp(M, ), we have
X(M, w), the symplectic vector elds. In U(1), we have HO(M, R) ( CR).

0 - H'M,R) - C (M) = X(M,®) - H}M,R) - 0.

If we have a groupG & Symp(M, w), and we want to lift it to a group
of quantomorphism, this is related to lifting the map g - x(M,®) to g -
C! (M), which is the story of momentum maps. If we can lift G, then g has
to lift, so we have to have a hamiltonian action. If we have a haniltonian
action, then we can lift g, then does it follow that G lifts? If we have a
homomorphism of lie algebras and we want to lift it to a homomaphism of
lie groups, we can do it locally. We can only do it globally if G is simply
connected. The problem is that if you have a closed 1-paramet subgroup,
when you lift it, it might not close up.

Example: M = S2, with the circle action (by rotation about the vertical
axis). We use coordinates [, ) on the sphere ( is height). Then w =
dy [dl. If —o < | < o, then the total (symplectic) area is 4no. So the is
prequantizable if and only if o I:%IZ (because the cohomology class has to
be in 2nZ). The quantization is unique because it is simply connectedthe
quantization is the hopf bration). SU(2) and SO(3) act on S? is the usual
way. Does the action lift to the quantization? Let's look at r otations around
the z-axis. This rotation is generated by the function 1 and has period Zr.
What happens when we try to lift the action? We have to look at the vector
eld Y, = =X, + I@@. Above a critical point of 1, Y, is just I@@. Let N and
S be the north and south poles. OverN, we have thatY, = 0@@ and over
S,Y = —c@@. So the period of the action is Zt/0 upstairs. Remember that
the action on the two-sphere has period &, so we must require that 2t is an
integer multiple of 2t/o, so only the integeras allow the action of SO(3) to
lift. This exactly corresponds to the fact that the irreduci ble representations
of SU (2) are parameterized by spin, which can be half integer, butonly the
integer spins give irreducible representations ofSO(3). If 0 = 1/2 + Kk,
then when we go half way aroundSU (2), we go all the way around S2, but
only half way around upstairs. If you let it act on the space H 1, you get
multiplication by —1. We haveSU (2) acting on its coadjoint orbits, we have
an in nite dimensional representation, which is not irreducible. We cut it
down to size by polarization.

Polarization. Integrable Lagrangian sub-bundleF [TIIM. The leaves
gives us a foliation, which we sometimes call the polarizatin. The example
above is not quite a foliation because we have singularitieat the two poles.
Let's say we work away from this badness. We haveQ, ¢) sitting over M
(via p: Q —» M). If we restrict Q to one of the leavesL. of our foliation,
we havep L. The curvature is given by the pullback of w, but since L is
lagrangian, this is zero. SoQ is at on the leaves of the foliation. ker ¢ is
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a contacts structure, and when you restrict to the leaves, yo have a closed
1-form. Over eachL, there is the holonomy mapm; L. - U(1), which is in
HY(L,uU()).

Let's look at H(M;l! \ P_rEl(Mi;F , = functions constant along the leaves

of the lifted foliation given by F. When do we have such a function? When
we move along a bre, it is just some value timese' . If the holonomy is non-
trivial, something would have to be zero. So such functions g supported
on leaves with trivial holonomy. This set of leaves is calledthe \Bohr-
Sommerfeld set"BS. If the leaves are simply connected, then great ... we
don't have to worry about this condition.

Notice that if you x a leaf which is in the Bohr-Sommerfeld set, and you
look at the functions supported on that leaf which are in H *, and which
are constant along leaves, then the function is determined ¥ one value in
the leaf. We have thatBS(F)/F [M/F =the leaf space ofF. Upstairs, we
have p 1(BS(F))/F, with kernel U(1) (we can identify the di erent circles
by parallel translation). We've reduced ... instead of lookng at all functions
on Q, we restrict to BS, and we are constant on the leaves.

In our example, what is BS? We want to know the holonomy of a leaf. If
w = —da in some area of your manifold, and assum is simply connected
(for simplicity), then we can take Q to be M x U(1) with ¢ = d8 —a. If
we take a loop inM, we can de ne the holonomy but it wont be homotopy
invaiant. The holonomy of some loopy is just a. When we lift a loop,
®=0,s0dd = a. Then to nd the holonomy, we integrate dé = a. If y
bounds a surface , then this is 5 0 by Stokes theorem. Notice that this
is constant with other things. If we have two di erent surfac es bounded
by vy, then the dierence is required to be a multiply of 2n. We should

really take the holonomy to be e/ . The BS set is the set where the
holonomy is trivial (a multiple of 2 ). SoBS consists of the leaves at height
0,0—1,...,1—0,—0. So there are & + 1 leaves (if you allow us to count
the poles as leaves. Over each of theses 2 1 points, we have a complex
line. Something is sections of this bundle. So we get adc2+ 1 dimensional
space. How does the circle group act on this space? Take therggrator @@.
Take an element which is 1 on the leaf corresponding t@ for —-c <s <o
an integer. Sqpething in this space is killed by the horizonal distribution,
so¢ acts by — —1s. This operator of lifting is called spin along the z-axis.
In the,Janguage of representation theory, the circles are mamal tori, and
the — —1s are the weights.

What if we change the foliation ... do we get the same represéation
or not? Let's use the foliation with respect to the east pole ad the west
pole. What can we say about spin around thez-axis? It doesn't leave
the polarization invariant. Geometric quantization works very nicely to
build representations of groups which leave a polarizatiorinvariant. In this
case, the action descends to an action oBS. But in most examples, the
groups don't leave the polarization invariant. Two ways out. First way is to
deal with non-invariant polarizations ... this is called th e Blattner-Kostant-
Sternberg pairing or the projection method or Toeplitz quartization. The
other approach is to widen your notion of what a polarization is. There is
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no polarization invariant under the action of SO(3), so we allow complex
polarizations (a complex structure compatible with the symplectic structure
. a Kahler structure).

Example: M = T X with Q=T X xU(1), ¢ = —a+ db, wherea is
the liouville form, F is the foliation by the bres. In this case, everything
is trivial, and you nd that the bres are simply connected so BS can be
identi ed with the base manifold, so we just have functions a the baseX.
The functions preserving the bration are the ones which area ne on the
bres.

Lecture 23 - Compact Polarizations

(M, w, Q, 9) as usual ... Q with connection ¢ is a prequantization. H ; =
\antiequivariant functions from Q to C" are the (—1)-eigenvalues. Think of
Q as a bundle of frames for a complex line bundl& - M. QxC [(d,z) B
gz CH. Note that (qe' ,e ' z) goes to the same element, so we can identify
E with Q < C/U(1), where U(1) acts on Q by the opposite of the given
action and on C by the standard representation. So givenQ, we can recover
E. The bre of E over x is the set of anti-equivariant functions of Q over x
to C. So sections ofE are just elements ofH 1.

A connection ¢ gives a \horizontal distribution® H = ker ¢ on Q. A
polarization is an integrable lagrangian distribution F on M. Its horizontal
lift F [TIQ is integrable becauseF is lagrangian (the curvature is the
symplectic structure, which is zero on a lagrangian ... verical component of
bracket is curvature). We cut down H ; by considering function constant
on leaves, supported on theBS set.

Complex Polarizations;: F CITM  Fc [IgM. A complex polarization
on (M, ) is an integrable lagrangian sub-bundleG of TcM of constant
dimension such that G [Glis also integrable.

There are two extreme cases. Firstis wher& = G, in which caseG = F¢
for some real polarization F (we call G a real polarization). The other is
whereG + G = TcM, in which caseG is a complex structure. We call this
a totally complex polarization. Together with w, this gives a pseudo-Kahler
structure (the inner product may not be positive de nite). | n the general
case, we have thatG n G has constant dimension and is equal to its own
conjugate, soG n G = F¢ isotropic. So you get an isotropic foliation and
a complex structure on the normal spaces to the foliation. Sahere is an
induced complex structure on a submanifold transverse to tlke foliation in
such a way that sliding along the leaves is a complex map. We dathis a
\transversely complex isotropic foliation".

We can cut down H ; using a complex polarization. Given a complex
polarization G. We have Q - M which inducesH [TIQ - TM, so
He CTEQ - TcM [A. G lifts to G [H¢, which is integrable by
the lagrangian condition. If G is real, then G is the complexi cation of
F. In the case whereG is a totally complex polarization ... . Reduce Hp
to Hyc = {function in H, annihilated by sections of G}. We have that
Hnc X Hne - Hn+me. Hog = functions on M annihilated by G. In
the totally complex case, Ho.c = holomorphic functions on M. Hpc is a
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module over Hy.g, the holomorphic functions on M. If M is compact, there
are no non-constant holomorphic functions, so instead of loking at global
sections, we look at the sheaf of local section. So think of abf these H.c s
as sheaves. These are locally free modules. In particulail .¢ is a module
over HO;G-

We don't know that the Hy.c are non-empty, so you prove

Lemma 23.1. Hp.c has local sections.

The proof involves solving a non-homogeneoud problem: of = a, where
a is a 1-form with da = 0. You can solve this by the Dolbeault lemma.

So the Hp.c de ne holomorphic vector bundles. So attached to any com-
plex polarization, we get a complex structure on the line burdle E and all
its tensor powers.

The idea of sheaves is useful in the real case when then leavesght be
dense or because th&S set is discrete. The idea here is \cohomological
quantization™: Hp.c be the sheaf (overM) of local elements ofH,.c. Then
Hnc = HO(Hr.c). There is also higher cohomology ...H*(Hr.), which
is also invariant under the action of the group. In the pseudeKahler case,
H® may be zero, but higher cohomology is interesting. If you tak the 2-
sphere with the poles removed. The global sections are onlyupported on
the BS set, but there are local sections elsewhere because the leavare
locally simply connected.

Let's look at the 2-sphere again, with area 2. The circle bundle isS3 1
C2. The circle action is the opposite of the usual action (i.e.8 - (z1,25) =
(e ' z1,e ' z3)). The corresponding line bundleE is the dual of the H
tautological bundle (over a point in S2 = CP!, you put the line associated
to that point). A section of E corresponds to a function onS2 which is
anti-equivariant with respect to the reversed circle actin, so it is U(1)-
equivariant. This correspond to functions C2 - C which are linear. In
general, sections ok kK H « are functionsC? - C, homogeneous of degree
k.

We haven't used the polarization yet. The polarized sectios correspond
to holomorphic functions, which must then be polynomials, tomogeneous of
degreek on C? (note that k must be positive). On S?, H . is spanned
by z7,z} 17, ... ,z5, of which there aren + 1. This is the representation
spin(%n). For n =0, you get constants; for n = 1, you get a 2-dimensional
space of linear functions, which is the usual representatio of SU(2) on C?.

Suppose we look at rotations around an axis. Do we get the coect eigen-
values? Take the maximal torus in SU(2), given by things like e'o eoi ,
which acts onzkz) * by sendingitto ek e (" k) zkzl k= gi@k n) Zkzh k,
The eigenvalue ise'@®* M | so & —n goes from—n to n in steps of 2, jUSt
as they should.

Where is the square norm of the sectiorz‘fzg K going to be largest on the
2-sphere? Use Iagrange multipliers 1= |z1)%, 1o = |22 11+ 1, =1, and
we want to maximize 1¥13 . You getkl, = (n—K)ly, soly = 2K 1, = ¥
So the maxima are equally spaced along thd axis (which is the vertlcal
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axis). This is the set of integer points on the moment polytope of the action
of SU(2). They correspond exactly to representations.

Guillemin-Sternberg: something with \geometric quantization” in the ti-
tle.

Lecture 24

Papers distributed for refereeing.

N. Woodhouse,Geometric Quantization (2nd edition), Oxford University
Press.

We have M, w, Q, @), from which we get H 1, and we choose a polar-
ization F [TEM. Then we get H,g, which are F-parallel sections of
E "=(E) "

Example: F is a Kahler structure on (M, w), then the Hy.e are the
holomorphic sections ofE  ".

Theorem 24.1 (Riemann-Roch). If (M, w) is compact Kdhler, then
(—1FdimHY(E ") = Xn
R

is a polynomial in n of degree 3 dim M, with leading term nz dimM." 197 ¥°2
(ﬂ! )dim M= 2

M n!

Theorem 24.2 (Kodaira Vanishing Theorem). For n L0, H>°(E ")=0.

Let M = T X, with F = foliation by bres, Q= M xU(1), ¢ = d6 — q.
Then H 1 is the set of functions constant along bres, so it is just functions
on X. Dieomorphisms act on H 1 by pullback. If S Q! (X), then dS
acts onH ; by multiplication by e'S.

If V a nite dimensional vector space overR, then AV is the set of
maps (frames ofV) = R such that o((e1,...,en) - A) = o(e1,...,en)
detA. Look instead at things which transforms aso((e1,...,en) - A) =
o(eq,...,en) - |detA|, which you can integrate without an orientation ...
call these things densities, denoted |V |. Instead of |detA|, you can use
|detA| ... such things area-densities. Then|V| M| —= |[V| * . In
particular, half-densities are the things we should take toform an L? space.
On a manifold M, the compactly supported sections of T M |% form a ngtural
inner product space, where the inner product ofr and s is [FjsC¥ |, rs.
If instead of maps to R, you take maps to C, they form a pre-hilbert space,
not just an inner product space, with [fjsCF |, r-s.

In local coordinates, dx! [~} [dX" basis for [°AT X, so|dx! [ Cdx"|
basis for|TX| . So a typical a-density is a(x)|dx! - - - dx"| . If you like, you
can complete our pre-hilbert space to a hilbert space.

We can relate the spaces attached to di erent polarizations Take M = R?
with coordinates ¢,p, a = pdg, w = dg Cdb. M = U(1), with connection
¢ = d8 —pdg. Fq= [@[IF;= [@[Ja(g,p)e ' is an element ofH 1. If it
isin H 1, it must be of the form a(q)e I . To make them half-densities,
we take things of the form a(gq)e ' = |dg|. Now take another polarization
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Fp= CEfJIsoF, = 2+ p&in order for b(g,p)e ' [H 1, we must
have that

0= bq(q1 p)e - Ipb(q1 p)e

Sobq(g,p) = ipb(q, p), S0b = b(p)e. Thus, H 1, = {b(p)e™e ' [dp[}.
There is a pairing, the Blattner-Kostant-Sternberg (BKS) p airing, which
Egultlpll%s things in thlsse two spaces: pEE'EE - C, given by [A,BL[*

v AB Liouville = -, a(q)b(p)e 'pq dq ?E) dqd? Here the pairing is

dq dp
conjugate linear. We can rewrite the inner product as[PB(A), B[4, since
conjugate linear fungfionals are Jusb inner product with somethlng It is
clear that B(A) = ( r.a(q)e Pddq)” |dp|]. This is the Fourier transform
(there should probably be a 2t somewhere in there).

So we have that the Fourier transform comes from this sympletic con-
struction. It also points out that if you take functions on V, you get measures
onV , and vice versa. If you want to get the same kind of object, yowshould
take half- densmesl

28 = &+ i&, which we will call Fz. ¢ = d — 1(pdg — qdp). If you
look at a general function C(q,p)e ', it belongs to H 3.¢, if and only if
C=ze 4ZZc(z) |dz|, where c(z) is holomorphic. Theﬂ the inner product

R 177 177 177
IS c_r2C1(z)e 7*“-c(z)e 2““(Liouville measure) = ., Ci1C2e 2“|dqdpl.
This is called the Bargmann space or the Fock space.

Lecture 25 - Geometric Quantization to Deformation
Quantization

Geometric quantization: (M, w) H so that C! (M) operators on
H. Then {,} [,], and hamilton's equations gt = {f,H} become %‘t\ =
i (A, A] for some operatorA. If you can get at this algebra, then you're
good ... the H is a representation of the algebra.

Deformation quantization: forget about H and just try to get the algebra.
Start with C! (M[,C]) = Ao, and embed it into a family of algebras A; .
Let's assume that the Ay are all the same (as vector spaces). So on some
vector space, we have a familyly Jof associative products. We will assume

that [glis commutative. Then

d
0= - l(f 4) G —f [ Xg Gh)]
which gives you a condition on % o (F ) = Ba(f,0).
f o= fly+ Bi(f,0)+ O(C)
we will write g for Bo(f, g), and assume it is commutative. We have
0B1(f,g,h) = Ba(f,g)h + B1(fg,h) — B1(f,gh) —FBa(g,h) =0

which is part of the Hochschild complex. Look atB1(f,g) — B1(g,f) ... it
turns out to be a bi-derivation, which we will call {,}. If

fOh=fh+ [By(F,g)+ CBy(f,g)+ O
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for someB,, then {, } satis es Jacobi identity. {f,g} is the rst order part
of the commutator of ¥ and g, and gives a Poisson structure.

If you start with a Poisson manifold, does there exist a defomation such
that the above construction gives the given poisson brackét It is hard to
de ne these [ Ifor a given [L1Given Bo,B1,--- : AX A - A, where By is
multiplication, they de ne a bilinear product on A[[given by

R
ahb= | Bj(a,b)

i=0

where the B; are extended to A[[ Jllby C[[ Hlinearity.

Today we'll talk about how on a Kahler manifold, you can go from a
geometric quantization to a deformation quantization; this is sometimes
called Berezin-Toeplitz quantization, but the people who dd the rst work
were Boutet de Monvel and Guillemin.

(M,w,Q,9,F) with M compact, from which we get a vector bundleE,
with ( E) CH ;,and pq(E) CH g [CH 3, andE" = o(E ") 1
H ng [H ,. The Riemann-Roch theorem tells us about what happens as
n gets big. LetH , -~ H .. be the projection. For f [CI' (M), de ne

the nth Toeplitz operator Tf(”) = mMsm, :E" - EM.

Theorem 25.1 (Boutet de Monvel-Guillemin, Bordemann-Meinrenken-Schichen-
maier,...). There are (unique!) bidiplﬁbntial operators B; ClMxCIM -

Cl M such that, if weset g = |— 2Bi(f,0), then ||Tf(”[)|]g—Tf(”)Tg(”)|| <

Ci—r. Soas | — oo, T( gets closer and closer to a homomorphism. In
particular, Bo(f,g) = fg, B1(f,g9) —Bu(g, f) = i{f,g}.

- @f@g_ @f @ ' = @ @ _ @ @ i
{f,g} = @a@p _ @pop We m_ay write P @5@p _ @poY with the
operators acting in the right direction, then we have fPg.
It follows from the theorem that the B; form a deformation quantization.
The theorem tells you about the existence of a deformation gantization,

but it also gives you information about the holomorphic secions. All the
proofs use the picture of a tower of line bundles. TheTf(”) act on di erent

spaces, so that's annoying, but all theH ,, [CI#(Q), so you can look at the
direct sum of all the spaces inL?(Q).

In the simplest example,M = P! = S? then Q = S°. Thenthe H |, are
degreen homogeneous polynomials, so when you take the direct sum and
take the appropriate closure, you get holomorphic functiors on the 4-disk.
You can look at those functions which are inL?[?] on S3.

What do the operators B; look like? In local coordinates, it's too compli-
cated to write the formula. Let's assume that there is a pieceof the manifold
which is at. Then in local coordinates in a at place,

1 0 0

Bi(f,0)= ~ (5= == )9
i 0z PZJ!
P_{¢_}
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ofog 1 ) .
9202 é(fq — ifp)(gq * 19p)
1 .
= é(fng + fogp + I(rﬂ{;@?))
ff.gg
We have that
f = f(e®)g.

where " = 9792, or whatever. This is also called the [Anti-?]Wick product.
If g is holomorphic or f is anti-holomorphic, then ¥ [ = fg.

This is a local model for compact manifolds, but the product dso works
globally on C" [CRF". Since tangent spaces of Kahler manifolds look like
C", this is the local picture in general. There is a real theory bo, which
was used in the more algebraic proofs of deformation quantaion. In that
case, the local model is the Moyal Product orR?” (Von Neumann, Wey|):

LIEn"

f(e*P)g
fo+ Cehar+ (5P 5 F(P)g+ -

this is a standard star product, and it is unique if you assumethat it is
invariant under the action of the symplectic group Sp(2n; R), which acts on
functions by pulling back. On quadratic functions, sp(2n;R), f [ g—g LT =

i .{F, g} (it is clear that the third and higher order terms vanish, but so do
the second order terms!). In fact, you only need one of, g to be quadratic.
This thing lives naturally on any symplectic vector space, ® you have one
on each tangent space of a symplectic manifold.

Another possible product:

£ 19 = f(e) & & )g

which is much simpler.

You want to get from Polynomials on R?" to operators on L2(R"). We
take g O M,, p B i, Then where doesqp go? It could be i3S or
iC§x, or if you can't decide, you can take }(x @+ £x). The rst rule
corresponds to the star product [&I(that's where composition goes), whereas
the last one leads to the Weyl product.

In general, the Weyl product doesn't converge ... it is just brmal. But
there is an integral formula. Let x,y,z be general points inR?".

z

(f Gb)(z) = (something) K(x,y,z)f(x)g(y) dxdy

To get the Weyl product, take K = e} %A@ @w2) where , is the triangle
with vertices X,y, z. This is how Von Neumann comes into the story.
What does this have to do with the Weyl product fgymula we had? Prin-

jpal of Stationary Phase: if S a morse function, efs(x)a(x) dx Lo

1
p2critS Lalp) @s toe
Vet oiei
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Lecture 26 - Poisson Geometry

A poisson structure ist [ TETIM, we we get=: T M - TM, then de ne
{f,g} ;= n(df,dg). X; = {,f} = ®(df). To gure out the right signs, we
want

0
w = dg I]Ibw(ﬁz dp

0 1 0
m= — F =® ®(dp) = —
aq “ah (dp) 3

soa(f(B)) = n(a,B), e(xX)(y) = w(x,y). Then we also have that [Xs , Xg] =
Xit.gg» SO hamiltonian vector elds are closed under [].

In the symplectic case, ifX,Y are symplectic vector elds (i.e. Lxw =
Lvw = 0), then the bracket, [ X, Y], is hamiltonian. However, this is not
true in the Poisson case. Note, by the way, that the zero poisan structure
is a poisson structure.

Examples

(a) m=0.
(b) ™= o(x,y)& [Z forany ¢ in R,
(c) m= %cﬂxk@—@i I% ong.
What do poisson structures look like? Locally, symplectic sructures all
look the same (Darboux). /(T M) L[TM is not a sub-bundle in general,

it is a distribution. In case b, the dimension goes to zero whe ¢ vanishes.
The natural sections of (T M) are ®(a 1-form).

Theorem 26.1. w®(T M) is integrable in the sense that M is a disjoint
union of connected integral manifolds.

a: integral manifolds are points
b: integral manifolds are components of the open set where £ 0.

A point m [ is regular if rank(s) is constant on a neighborhood
of m. 1 induces on each leaf ofttT M) a symplectic structure because
ToM/kerr [C®({Ty,X). The leaves are thesymplectic leaves of (M, m).

[e.g. letmm =0 for y < 0 and non-zero elsewhere]

On a surface, the generic situation is this: you have curves herem = 0,
and a bunch of open symplectic leaves. The thesis of O. Radkdassi es all
of these structures.

The f such that X; = 0 are Casimir functions. These are exactly the
functions constant along leaves.

Local Structure:

Theorem 26.2 (Splitting theorem). There are local coordinates q', pi,y!
l<i<sk,1=<j =<r such that

_ 0 _rspy 9 9
"T o ap " (y)ayf oys

where '™(0) =0.
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So you have a symplectic manifold, and a bunch of transverseuys with
poisson structures. You can ow along a hamiltonian vector led, preserving
poisson structure, to get between transverse sections. Scear a leaf, there is
a product structure, but these things can glue together funry. See Vorobev,
Davis-Wade, and somebody in Belgium.

Going back to the local question. Itis enough to classify thet'™. Consider
a tweak of example c:

- Loy 2t o
(III n= chy ay' yJ + O(y)

is the most general version.

If you just write m = Tl @—@y I%@ you don"t get a poisson structure in
general, you needT, pi] = 0 for the Schouten-Nijenhuis bracket. The ¢ term
something lie algebra.

Something ... the transverse leaves are lie algebras. At a gelar point,
the rank can't change when you move around, so the transversstructure
(the m'Ss) is zero, and they's are local Casimirs. This was done by Lie.

How general are the linear structures? Given at like [, _tlo there esist new
coordinatesz' = y' + O(y?) such that m = 3clj 2 I% Sometimes you do.
But there are some theorems that say that if tﬁe lie algebra iscomplicated
enough, you can linearize like this.

Linearization theorems: We say a lie algebrag is [formally, smoothly,
analytically] non-degenerate if any [formalC?! ,C' ] poisson structure whose
linearization is isomorphic to g is locally isomorphictog .

Theorem 26.3 (Arnol'd) . If g= {[x,y = yI}, i.e. {X,y} = y+ O(X,y)?,
then you can linearize in “any category”.

Theorem 26.4 (Weinstein). If g is semi-simple, you can formally linearize.
g = slx(R), then not C* .

Theorem 26.5 (Conn). g semi-simple, analytic works, and C! only if g
is also of compact type (Killing form definite, note just non-degenerate).

..., most due to Dufour or students of his, or people who work wth him,
like Wade, Nguyen Tien Zung, Monnier, Stolovich (holomorphic poisson),
etc. There are some other lie algebras (non-semi-simple) vith still have
this stability.

Consider the structure

{x,y}=0
{X,z} = ax+ by
{y,z} = cx+ dy

the hamiltonian ow of z is given by X = ax + by,y = c¢x + dy, which is
an arbitrary linear di erential equation. The ow of yisx =y =0,z =
—cx + dy, so you can move up and down (almost always). So the leaves Wil
be cylinders on the trajectory on the plane.



