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1 January 18

2 January 20

Theorem 2.1. Let A be a C�-algebra. For any a 2 Asa, TFAE:

1. a 2 A+, i.e. �(a) � [0;1)

2. a = b2 for some b 2 Asa

3. a = c�c for some c 2 A

Furthermore, A+ is a proper, closed, cone in A, i.e.

3 January 23

Proposition 3.1. Let A be any associative algebra with 1, over R or C, and let a; b 2 A. Then
�(ab) [ f0g = �(ba) [ f0g.

4 January 25

From now on, an approximate identity for a C�-algebra will be of norm one, consisting of positive
elements.

5 January 27

We want to represent C�-algebras on a Hilbert space - so we need positive linear functionals.
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6 January 30

Let A be a C�-algebra with 1. And let � be a continuous positive linear functional on A.

ha; bi� = �(b�a)

N� = fa : �(a
�a) = 0g

with N� a left A-module. So \�; �i� gives a de�nite inner product on A=N�. Complete L2(A;�).
Left regular representations L of A on A drops to "*-representation" on A=N�.

Proposition 6.1. For a 2 A, kLak � kak.

Proof. Let b 2 A,
kLabk

2
� = hab; abi� = �(b�a�ab)

But b�a�ab � kak2b�b, so the above is

� kak2�(b�b) = kak2 hb; bi�| {z }
kbk2�

Let �0 2 L2(A;�) correspond to 1A. Then �0 is a cyclic vector, i.e. fLa�0 : a 2 Ag is dense in
L2(A;�). This is called the 'GNS' construction for Gelfand-Naimik-Segal.

De�nition 6.2. For a normed *-algebra, a representation (�; H|{z}
Hilbert

) is a cont *-homomorphism of

A into B(CH). This is non-degenerate if spanf�(a)� : a 2 A; � 2 Hg is dense in H. A vector �0 is
cyclic if f�(a)�0 : a 2 Ag is dense.

De�nition 6.3. Given any � 2 H, k�k = 1, de�ne

��(a) = h�(a)�; �iH; positive, j��k � 1

if representation is non-degenerate, k��k = 1. A state of form �� for � 2 H for (�;H) is called a
vector state for (�;H).

Given a state � on a C�-algebra A with 1, L;L2(A;mu)); �0~11

��0(a) = hLa�0; �0i� = �(a)

So � is a vector state for (L;L2(A;�)).

Proposition 6.4. Let (�;H; �0); (�0;H0; �00) be cyclic representations. If ��0 = ��0
0
, then there is

a unitary U : H ! H0 with U�0 = �00, U is an intertwining operator (A-module homomorphism)
U�(a) = �0(a)U .

Proof. For a 2 A set U(�(a)�0) = �0(a)�0. It is well-de�ned and unitary. Use ��0 = ��0
0
.

Proposition 6.5. Let A be a normed *-algebra with 1A [with self-adjoint approximate identity of
norm 1]. Then there is a natural bijection between:
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1. The set of state of A

2. The unitary equivalence classes of pointed (have a speci�ed cyclic vector) cyclic representation
of A with cyclic vector of norm 1.

De�nition 6.6 (Direct sums of representations). Let (��;H�)�2� be a family of *-representations
of a *-algebra A, such that for each a 2 A9 constant ca with k��(a)k � ca for all �. Set

H =
M
�2�

H� = ffunctions � for � to [H� such that �� 2 H�] 8�g

and X
�

k��k
2 <1; h�; �iH =

X
h��; ��iH�

Set (�(a)�)� = ��(a)��; k�(a)k � ca.

De�nition 6.7. Let A be a C�-algebra with 1A. Then the universal representation of A is

M
�2S(A)

(��; H�|{z}
GNS

)

Properties: Every state of A is a vector state for this representation.

For every a 2 A, a = a�, and every � 2 �(a) there is a vector � 2 H with k�k = 1.

�(a)�; �i = �

k�(a)k � kak, but the above gives k�(a)k = kak 8a 2 A; a = a�. But for any a 2 A,

k�(a)k2 = k�(a�a)k = ka�ak = kak2

Suppose A is separable: Choose a countable subset E dense in Asa. For each a 2 E choose
� 2 �(a) j�j = kak and choose state �a on A so that �a(a) = �. Then each L2(A;�a) is separable
and

L
a2E L

2(A;�a) separable.

7 February 1

Let A be a normed *-algebra, without 1, and let � be a continuous positive linear functional on A.
Let ~A = A with 1 adjoined. Extend � to ~� on ~A by �(1) = k�k.

Want: ~� is positive.

Lemma 7.1. Let A have a bounded approximate identity of norm 1 (e�). Then:

1. �(a�) = �(a)

2. j�(a)j2 � k�k�(a�a)
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Proof. 1.
�(a�) = lim�(a�e�) = limhe�; ai�

= lim ha; e�i� = lim�(e��a) = �(a)

Counterexample: P0 = polys p with p(0) = 0 � C1 ((0; 1]). De�ne �(p) = ip0(0). Not
continuous.

2.
j�(ae�)j

2 = jhe��; ai�j
2 � he��; e�i�ha; ai�

= �(e�e
�
�)| {z }

�k�k

�(a�a) � k�k�(a�a)

Lemma 7.2. Let A be a normed *-algebra, and let � be a continuous positive linear functional.
De�ne ~� on ~A by �(1) = k�k. If � satis�es (1) and (2) of previous lemma, then ~� � 0.

Proof.

~� ((z1 + a)�(z1 + a)) = ~�(�zz1 + �za+ a�z + a�a)

= jzj2k�k+ �(�za) + � ((�za)�)| {z }
2<(�z�(a))

+�(a�a)

� jz2jk�k � 2jzjj�(a)j+ �(a�a)

� jz2jk�k � 2jzj
p
k�k�(a�a) + �(a�a)

=
�
jzjk�k

1
2 �

p
�(a�a)

�2
� 0

So the following theorem sums up what we wanted and have thus proved:

Theorem 7.3. If A has approximate identity of norm 1, then ~� � 0.

Theorem 7.4. Let A be a normed *-algebra with approximate identity of norm 1. Let � be a

continuous positive linear functional, extend � to ~� on ~A by ~�(1) = k�k. So ~� � 0. Form L2
�
~A; ~�
�
,

let �0 = [1] 2 L2
�
~A; ~�
�
. Then when we restrict representation of ~A to A, the representation is still

non-degenerate (and �(a) = hLa�0; �0i 8a 2 A).

Proof. To show that �0 2 closure of image of A in L2(A;�) (= fLa�0 : a 2 Ag). Choose fajg.

kajk � 1; �(aj)! k�k. Claim that in L2
�
~A; ~�
�
, aj 7! �0.

h�0 � a; �0 � aiL2( ~A;~�) = ~� ((1� a)�(1� a))

=

k�kz}|{
~�(1)��(aj)| {z }

!0

��(a�j )| {z }
!k�k

+�(a�jaj)!� 0
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Let A be a normed *-algebra with 1. S(A) is the state space = f� : positive �(1) = 1 = k�kg.
S(A) � A0.

Proposition 7.5. S(A) is a w�-closed convex subset of A0.

Proof. Convex: If �� 2 S(A); t 2 [0; 1], then t� + (1 � t)� 2 S(A). If f��g is a net in S(A),

��
weak��
�! � 2 A0, then ��(1)| {z }

=1

! �(1) and ��(a
�a)| {z }

�0

! �(a�a) � 0 with k�k = 1.

From this we get S(A) is weak-* compact.
For non-unital A,

S(A) = f� � 0 : k�k = 1g; Convex. Not w�-closed

@S(A) = f� : � � 0; k�k � 1g Convex, weak-* closed

Any � 2 @S(A) is a convex combination of a � 2 S(A) and 0.

� = k�k

�
�

k�k

�
| {z }
2S(A)

+(1� k�k)0

For which � 2 S(A) is the GNS representation on L2(A;�) irreducible, i.e. no closed invariant
subspaces?

8 February 3

Corollary 8.1. For A normed *-algebra with approximate identity - fe�g, for � a positive linear
functional on A, lim�(e�) = k�k.

Proof. Well,
lim�(e�) = lim\e��~�; �~�i~� = h�~�; �~�rangle = ~�(1) = k�k:

Remember, AH~�| {z }
linear span

is dense in H~�, so e�a� ! a�, and e�� ! �.

De�nition 8.2. Let (�;H) be a *-representation of a *-algebra A. A subspace K|{z}
closed

� H is a

�-invariant if �(a)� 2 K for all � 2 K. (a submodule)

Note that if H is �nite-dimensional, then (�;H) 'is' the direct sum of a �nite number of irre-
ducible representations.

Proposition 8.3. If K is invariant, then so is K?. So H = K �K?, � = (� or K)� (� or K?).

De�nition 8.4. (�;H) is irreducible if H has no proper (closed) invariant subspaces. (simple
module)
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Examples include, H = L2([0; 1];Lebesgue), A = C([0; 1]).

Proposition 8.5. Every non-degenerate *-representation is the direct sum of cyclic representations.

Proof. 'Same' as for existence of orthonormal basis for a Hilbert space.

If K is an invariant subspace of H, (�;H), and if P is the orthogonal projection of H onto K,
then �(a)P = P�(a), i.e. P is an intertwining operator.

Notation: EndA(H) = fT 2 B(H) : �(a)T = T�(a)g. i.e. P 2 EndA(H).

EndA(H) is a von Neumann algebra, i.e. *-algebra of B(H) closed for strong operator topology.
If

fT�g| {z }
�EndA(H)

s:o:
�! T:

Then for � 2 H,
�(a)T� = lim�(a)T�� = limT��(a)� = T�(a)�:

so T 2 EndA(H).

Lemma 8.6 (Schur's lemma). (�;H) is irreducible () EndA(H) = CI.

Proof. If (�;H) not irreducible, then have P 2 EndA(H), so the equality fails. Conversely, suppose
EndA(H) 6= CI, so 9T 2 EndA(H); T 62 CI: Take < and = part of T , so we can assume T = T �.
Consider B = C�(T; I) representative on H.

For C(�(T )), �(T ) has more than one point.

In 1928, von Neumann had the double commutant theorem. Let N be a vN algebra, then
N = (N 0)0, where N = EndN 0(H) and N 0 = EndNH.
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De�nition 8.7. Let �, � be positive linear functionals. We write � � � if �� � � 0 and say that
� is dominated by �. Say that � is pure if when � � �, � = r�, with r 2 [0; 1].

Radon-Nikodyn theorem: Then there is an h 2 L1(X;�), 1 � h � 0, with �(f) = �(fh) where h
is the Radon-Nikodyn derivative. � is pure () � = �m for some m 2M .

Given � � 0, let T 2 EndA(H�); 0 � T � I. Let

�T (a) = h��(a)T��; ��i�

= hT�(a)��; ��i

= h�(a)T
1
2 ; T

1
2 ��i � 0

So �(a�a)� �(a�a) = h�(a�a)(I � T )��; ��i � 0. So � � �.

9 February 6

Positive linear functionals �; �, with � � �. Given T 2 EndA(H�), 0 � T � I, set �T (a) =
h��(a)T�~�; �~�i, then � � �T � 0.

Theorem 9.1. The mapping T 7! �T is a bijection from fT 2 EndA(H�) : 0 � T � Ig onto
f� : � � � � 0g.

Proof. Injective, if �T = �S , says �T (a)� �S(a) = 0. Then, if a = bc

0 = h��(a)(T � S)�~�; �~�i = h(T � S)�(c)�~�; �(b
�)�~�i =) T � S = 0

Surjective: Given �, � � � � 0, on A,

jha; bi� j
2 � ha; ai�hb; bi�

= �(a�a)�(b�b) � �(a�a)�(b�b)

= ha; ai�hb; bi�

= k�(a)�~�k
2k�(b)�~�k

2

So ha; bi� drops to A=N�, � is continuous and of 'norm' =1. So it extends to a non-negative
continuous sesquilinnear form on H�, [�; �]� . For any � 2 H�, there is a vector, T ��, in H� with
[�; �]� = h�; T ��i for all � 2 H, � 7! T �� conjugate linear, norm � 1, so T � is a linear operator.
I � T � 0,

h��(a)T�~�; �~�i = hT�~�; ��(a
�)�~�i = �(a 1)

hT��(a)�~�; �(b)�~�i = �(a)

which implies T�(a) = �(a)T8a.

De�nition 9.2. We say that � is pure if � � � � 0 =) � = r�, r 2 [0; 1].

Theorem 9.3. The GNS representation for � is irreducible () � is pure.
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Proof. If GNS representation is not irreducible, there is proper invariant subspace, and the ?
projection P is in EndA(H�), and �P 62 r�. If � is not pure, so � � � � 0, with � 6= r�, then
T� 2 HomA(H�), 6= rI, so EndA(H�) 6= CI, so by Schur's lemma, (��;H�) is not irreducible.

S(A) is convex. (w� compact if 1 2 A).

De�nition 9.4. Let C be a convex set in a vector space. A v 2 C is said to be an extreme point
of C if v = tw1 + (1� t)w2 for w1; w2 2 C and t 6= 0; 1, then w1 = v = w2.

Proposition 9.5. For � 2 S(A), � is extreme () � is pure.

Proof. Suppose � = t�1 + (1 � t)�2, �1; �2 2 S(A). Then � � t�1, (1 � t)�2. so if � is pure, and
if t 6= 0, t�1 = r� =) �1 = �, and similarly, �2 = �, so � is extreme. Conversely, � 6= 0; 6= �, if
� � �,

� = k�k

�
�

k�k

�
| {z }
2S(A)

+k�� �k

�
�� �

k�� �k

�
| {z }

2S(A)

If 1 2 A, k�k = �(1), k� � �k = �(1) � �(1), so k�k + k� � �k = 1, so the above equation is a
convex combination for �. If 1 62 A, k�k = lim �(e�):::, so we get = 1. If � is not pure, so � 6= r�,
so �

k�k 6= �, then � is not extreme.

Theorem 9.6 (Krein-Milnor Theorem). Let C be a compact convex subset of a locally convex
topological vector space. Then C is the closed convex hull of its set of extreme points.

Proof. Sketch of proof: de�ne a face of C to be a subset F of C such that if v 2 F and v =
tw1 + (1 � t)w2, w1; w2 2 C, t 6= 0; 1, then w1; w2 2 F . Given an continuous linear functional, �,
on V (over R)

fv 2 C : �(v) = maxf�(C)gg

is a closed face of C. Order the closed faces by decreasing inclusion. Use Hausdor� maximum
principle to get minimal faces. They must be an extreme point.

De�nition 9.7. Let A be a *-algebra. Set

kaku = k�universal(a)k

is a C�-seminorm. The completion of A for this is a C�-algebra, denoted C�(A), sometimes referred
to a universal enveloping (C�)-algebra for A. The continuous *-representations of A correspond to
the *-representations of C�(A).

De�nition 9.8. Set

kake = supfk�(a)k : (�;H) is an irreducible representation g:

The � of the (��;H�), with � extreme, is called the atomic representation of A.
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10 February 8

Let A be a *-normed algebra. Let a 2 A; a = a�. Know:

kaku = supfj�(a)j : � 2 S(A)g: (�)

Set kake = supfj�(a)j : � pure state of Ag. Need: kaku = kake. Suppose that �(a) � c < kaku
for all � 2 Se(a), where e is a 'pure state'. Then for any � which is a �nite convex combination
of elements of Se(A). Then �(a) � C. Then if � is the closure of �(a) � c, i.e. �(a) � c for
all � 2 S(A). Apply also to �a, i.e. if also �(�a) � c for � 2 Se(A), which contradicts (*).
Alternatively, we could have started with the fact kake = c < kaku. So the representation of A on

M
�2Se(A)

(��;H�)

is faithful and gives norm k � ku. From last semester in the Banach algebra course, we have the
following theorem:

Theorem 10.1 (Gelfand-Ractror 1943). Let G be a locally compact group. Then G has lots of
irreducible strongly continuous unitary representations, i.e. given f 2 L1(G), if �(f) = 0 for all
irreducible unitary representations �, then f = 0.

Proof. L1(G) has lots of states, namely all those coming from the left regular representation on
L2(G), faithful on L1(G).

If you were to take a very complicated �nite group, it can be extremely di�cult to list and exhibit
all the irreducible representations. As soon as you have a speci�c group you have to use the speci�c
details of that group to �nd its representation. For example, �nding the speci�c representation of
any Lie group, such as SL(n;R), can be very tedious.

Note that B0(H) is (topologically) simple, i.e. no proper closed ideals. Sketch of proof: if you
have a closed ideal then it has some non-zero operator in it. then you must have a non-zero vector
taken to another. Then multiply your operator on both sides of those projections and your left with
a rank one operator that has to be in the ideal. Then you can get all rank one operators in your
ideal. But the set of the rank one operators are dense. The 'standard' representation of B0(H) on
H is irreducible. So there is no proper subspace that is invariant under the action of this algebra.

Theorem 10.2. Let A = B0(H) = algebra of compact operators on H, a Hilbert space. Every
(non-degenerate) representation of B0(H) is unitarily equivalent to a direct sum of copies of the
standard representation. In particular, up to unitary equivalence, B0(H) has only one irreducible
representation.

Proof. Let (�;V) be a *-representation of B0(H), where V denotes a di�erent Hilbert space, bad
notation I know. Let inner products on H and V be linear in the second variable and put scalars
on the right. For �; � 2 H, let h�; �ic be the rank-one operator de�ned by

h�; �ic� = �h�; �iH:

Now the inner product on the left is linear in the �rst variable. Also,

h�; �i�c = h�; �ic and T h�; �ic = hT�; �ic
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where T 2 B0(H). Since (�;V) is non-degenerate, you can �nd �; � 2 H and v 2 V such that
�(h�; �ic)v 6= 0. For notation, we'll drop the � and just write h�; �icv. We can certainly choose
k�k = 1. Then

h�; �ic(h�; �icv) = hh�; �ic�| {z }
=�

; �icv = h�; �icv

Replace v by h�; �icv, so h�; �icv = v Assume that kvk = 1. Now de�ne Q : H ! V by

Q(�) = h�; �icv:

The Q is isometric:

hQ(�);Q(�)iV = hh�; �icv; h�; �icviV

= hh�; �ich�; �icv; viV

= hhh�; �ic�; �icv; viV

= hh�h�; �iH; �icv; viV

= h�; �iHhh�; �icv| {z }
=v

; vi = h�; �iH

Q intertwines: Let T 2 B0(H). Then

Q(T�) = hT�; �icv

= (T h�; �ic) v

= T (h�; �icv)

= T (Q�)

Now apply Zorn.

11 February 10

Notation: Â is the 'set' of unitary equivalence class of irreducible representations. If you want to
be very careful about the set theory, you take a Hilbert space of that cardinality and look at all
the possible representations which will give you a set. We showed that B0(H))^ has one element.

Theorem 11.1 (Naimark's conjecture). Let A be a C�-algebra. If Â has only one element, then
A �= B0(H) for some H.

This is true if A is separable. In December 2003, Chuck Ahemann and Nick Weaver constructed
a counterexample using the 'diamond principle' which is consistent with, but independent of, 'stan-
dard set theory'. So the above conjecture is irreducible for standard set theory. (these two were
PhD students at Berkeley)

De�nition 11.2 (Morita Equivalence). Two unital rings R and S are Morita equivalent if their
categories of left modules are equivariant.

Theorem 11.3 (Morita). This de�nition holds () there is a bimodule RXS with nice properties,
then the equivalence of categories is: if SV 7! RVS 
S SV .
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For A;B C�-algebras, if you have AXB , then you need inner products h�; �iA; h�; �iB for both ways
where they generate all of A, resp. all of B. The nice thing is that this all works for non-unital
C�-algebras. A concrete example is when you have the bimodule H over B0(H) and C with inner

products h�; �ic and respectively h�; �iH. Then we can de�ne hx 
 �; y 
 �i
def
= hhy; xiB�; �iH, which

satis�es the relation with respect to the �rst generic example of A and B,

hx; yiAz = xhy; ziB

A hope for Poisson manifolds is that the product of functions wants to deformed into a noncom-
mutative product in the direction of the Poisson bracket. Even more, you'd like that this product
give you a dense subalgebra of a C�-algebra. Then maybe for Poisson manifolds there should be a
Morita equivalence. Alan recently had a student that developed this concept of Morita equivalence
on Poisson manifolds.

Every pure state (sometimes just called a 'state') � of B0(H) is a vector state for representations
on H, i.e. 9� 2 H : k�k = 1; �(T ) = hT�; �i. Se(B0(H)) = set of rays, i.e. 1-dimensional subspaces
of H, � PH where P is a projection, or = set of rank-one projections on H. Given rank-one
projection P , �P (T ) = trace(PT ). For the entire phase space, in physics we call these density
matrices = S(B0H) = fD � 0; D of trace class, trace(D) = 1g with �D(T ) = trace(DT ).

Now a group of symmetries will act on the set of rays. This has strong implications for example
if you have a group acting on a set of rays, that comes from either a unitary or anti-unitary operator.
That means for each group element you can attach a unitary operator determined up to a scalar
multiple of modulus one, and there's no convention to choose that scalar to just be one, thus the
reason for projectors. If also you have a connected Lie group acting, then every element of the
group has a square element in the group and since the square of any anti-unitary elements is a
unitary element, as long as your group is connected then you just have unitary element. However,
time reversal and parity and charge reversal are all given by anti-unitary operators in a Hilbert
space. It's hard to assign to observables what operators you want to use, but this is generally what
happens with projective operators in quantum physics. With semi-simple Lie groups, they always
have a covering group that's simple connected and every projective unitary representation can be
realized as a covering of the ordinary unitary representation. For example SO(3) has covering
SU(2) with covering map being the adjoint representation. This is why SU(2) is the group that
arises with spin in quantum mechanics. For your group G, you can always �nd an extension group
whose kernel is the circle group S1 with the short exact sequence

0! T ! E ! G! 0

and E is your representation.
Moving on, we'd like to look at ideals and irreducible representations.

Proposition 11.4. Let A be a C�-algebra and let I be an ideal (closed, two-sided) in A. For any
irreducible representation (�;H) of A, either pi(I) = f0g or � jI is irreducible.

Proof. If � jI 6= f0g, then look at [�(I)H] which is a 6= f0g, A-invariant subspace of H. Since our
representation of A is supposed to be irreducible, then [�(I)H] = H, i.e. representation of I on H
is non-degenerate. But if K(6= f0g) � H is I-invariant, then K = [�(I)K]. So now suppose you
have this property, then K is A-invariant, so K = H.

Proposition 11.5. Let I be an ideal in A. Let (�;H); (�;K) be two representations of A. If
�jI ; �jI are non-degenerate, and if they are unitarily equivalent as representations of I, then they
are unitarily equivalent as representations of A.

11



Proof. Let U : H ! K be an intertwining unitary map for pijI and �jI . Then for a 2 A; d 2 I; � 2 H,

�(a)U(�(d)�) = �(a)�(d)U� = �( ad|{z}
2I

)U� = U�(ad)� = U�(a)( �(d)�| {z }
span H

)

12 February 13

Theorem 12.1. Let A be a C�-algebra of B0(H); dimH � 2 and suppose H is irreducible under
the action of A. Then A = B0(H).

Proof. We can �nd T 2 A such that T = T �; T 6= 0. �(T ) is countable with only 0 as a limit point.
By spectral theorem for compact self-adjoint operators, A will contain a projection P 6= 0, and P
has �nite rank. Choose P of minimal rank in A. For any S 2 A;S = S�, then PSP 2 A and is
self-adjoint. The spectral projection of PSP are of rank 6= rank(P ). So the rank of these spectral
projections = rank(P ). So PSP = �(S)P for some �(S) 2 R. Then it's the same for any S 2 A.
Choose � 2 H; P � = �, k�k = 1. Let � 2 H; P� = �, with � ? �. then for any S 2 A,

hS�; �i = hSP�; P�i = hPSP�; �i = h�(S)�; �i = 0

Since A acts irreducibly, fS�g = H. Thus � = 0. Thus P has rank 1. Now for any S 2 A,
S� = SP�, Rn� = �n ! �, for a dense set in H, with SP of rank one. So A contains rank one
operators carrying � to a dense set of vectors in H. But A is closed. So A contains all rank one
operators which are 0 or �?. But A is closed under *. So A contains all rank one operators, so
A = B0(H).

Theorem 12.2. Let A be a C�-algebra and let (�;H) be an irreducible representation of A.

1. If �(A) contains one non-zero compact operator, then �(A) � V0(H).

2. Suppose �(A) � B0(H). Let I = ker(�). then any other irreducible representation (�;K) such
that ker(�) = ker(�) is unitarily equivalent to (�;H).

Proof. (1) Let J = ��1(B0(H)). J is a closed ideal in A, � I, 6= I (if �(A) contains one non-zero
compact operator). Then � jJ is an irreducible representation of J . So �(J) � B0(H) and �(J)
acts irreducibly on H. By previous theorem �(J) = B0(H) = �(J). That proves (1).
(2) Let (�;K) be irreducible and have ker(�) = ker(pi). Then �jJ representation of J , kernel I, so

view � as a n irreducible representation of J=I
�
�= B0(H). Similarly, �jJ is irreducible representation

of J=I. So there is a unitary operator U : H ! K intertwining the representation � and � of J .
But these representations of J ar non-degenerate. Thus U intertwines � and � as representations
of A.

De�nition 12.3 (Kaplanski). : Here CCR means 'completely contains representation'

1. A C�-algebra A is CCR if for every (�;H) 2 Â. �(A) = B0(H).

2. A C�-algebra A is GCR if for every (�;H) 2 Â. �(A) � B0(H).

3. A C�-algebra A is NCR if for every (�;H) 2 Â. �(A) \ B0(H) = f0g.

12



CCR ) GCR.

If G is locally compact, we have L1(G). C�(G) is (full) group C�-algebra of G obtained by com-
pleting the L1(G) with respect to a certain norm. kfkC� = supfk�fk : (�;H) is a *-representation
of L1(G). � strongly continuous unitary representation of Gg, with kfkC� � kfk1.

Theorem 12.4 (Haish-Chashar 1954). Let G be a semi-simple Lie group. Then C�(G) is CCR.

Theorem 12.5 (Dixmier 1957). Let G be a nilpotent Lie group. Then C�(G) is CCR.

The closed connected subgroups of uppertriangular matrices with ones on the diagonal, and
their quotients by a discrete subgroup of the center.

13 February 15

Many solvable Lie groups have C�(G) being GCR but not CCR. Even more so, Mautner showed,
(unpublished 1950's), that there are solvable Lie groups for which C�(G) is not GCR,
Mautner group: C2, de�ne an action � of R on C2 by �t(z1; z2) = (e2�itz1; e

2�i
tz2) where 
 is
irrational. Then G = C2 �� R. If you take any point on the torus and look at it's orbit under this
action, then it winds around densely and never closes because of the irrational 
. This is like the
picture we'll see when we get to non-commutative tori. Solvable Lie groups look like:

� G �

0
B@

�1 �
. . .

0 �n

1
CA ; �j 2 C n f0g:

Thorma (1964): A discrete group G has C�(G) GCR () G has a normal Abelian subgroup A
such that G=A is a �nite group.

De�nition 13.1. For a *-normed algebra, a primitive ideal is the kernel of an irreducible repre-
sentation.

Theorem 13.2. If a C�-algebra A is GCR, then the map Â ! Prim(A), (�;H) ! ker(�) is a
bijection. If �(A) � B0(H), then any two irreducible representations of A having kernel = ker(�)
are unitarily equivalent.

Theorem 13.3. (many people, but Jim Glimm did hardest part in 1961) Let A be a C�-algebra,
and let (�;H) be an irreducible representation of A, and let I = ker(�), (so I 2 Prim(A)). Suppose
that �(A) \ B0(H) = f0g. Then there is an uncountable number of inequivalent irreducible repre-
sentations of A all having I as kernel, and the set of all irreducible representations with I as kernel
is unclassi�able.

In the above situation, you can construct plenty of irreducible representations that have an ideal
as the kernel, but you'll never be able to exhaust all the possibilities. This idea of unclassi�able is
due to Mackey. A nice discussion of this is given in Pedersen's "C�-algebras and their automorphism
groups" (not a lot of examples and exercises).

For a locally compact G acting on locally compact X, look at orbits which are open in their
closure (Good). Even further, if an orbit is closed, it's like the CCR, and if only open in their
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closure, then it's like the GCR situation. The Bad situation is when the orbits are not open in their
closure.

Observation: Let A be a C�-algebra with 1, in�nite dimensional (purely as a linear space) and
simple. Then A is not GCR. We're ruling out the matrix algebras.

For example, looking at 2x2 matrices,

M2 ,!M4 !M8 !M16 !M32 � � �

where

T 7!

�
T 0
0 T

�
� � �

Then you can look at the C�-algebra [M2n which is simple. This is the CAR ("canonical anti-
commutative relations"). Generally algebras, of the form Mn1 ,! Mn2 ! Mn3 ! � � � . The
limits are the "UHF" (ultra hyper-�nite) C�-algebras (sometimes referred to as "Glimm algebras).
Looking at the embedding F1 ,! F2 ,! F3 � � � each Fi is a �nite dimensional C�-algebra called AF
(approximately �nite dimensional) C�-algebra.

To wrap up, let's talk about what one would mean by unclassi�able with an example. The
isomorphism classes of 7-dimensional real Lie algebras are unclassi�able. What does this mean?
Take R7 and let S = all bilinear maps R7 �R7 ! R7 which give a nilpotent Lie algebra structure.
Let GL(7;R) act on S. The isomorphism classes of 7d nilpotent Lie algebras are S=GL(7;R).
Mackey said to look at the corresponding collection of Borel sets and give this the quotient Borel
structure. Then we can prove that this is not countably separable. Given any two points in the
quotients, we can �nd a Borel set that separates them. But you can't �nd a countable number of
Borel sets that separate points.

14 February 22

The topology on Prim(A) is T0. Given I 2 Prim(A), fIg = fJ 2 Prim(A) : I � Jg. So fIg is
closed () I is maximal. If J 2 fIg and I 2 fJg then I = J .

For a C�-algebra:

1. Prim(A) is locally compact (not necessarily Hausdor�). Every point has a neighborhood N ,
every open cover of which has a �nite subcover.

2. If A is also separable, Prim(A) has a Baire category property.

Let A = (B0(H))N , Prim(A) = f f0g = I0;B0(H) = I1g, fI0g = fI0; I1g, fI1g = I1, i.e. fI1g is
closed, fI0g is open.

14



Examples: Generators and relations.
Given a set of generators, a1; a2; : : : ; an; ::: (so put in generators a�1; :::; a

�
n; :::), and given a set of

relations: Non-commutative polynomials in the aj 's and a
�
j 's. Equation p = 0.

Let F be a free algebra over C generated by the aj 's and the a�j 's. It is a *-algebra. Let I be
the *-ideal generated by all the relations p. Set A = F=I. A is a *-algebra, generated by the aj 's
and a�j 's, satisfying the relations p = 0.

Now you can look at (in principle) all � : A ! B(H) *-homomorphisms. Set kak = supfk�(a)k :
(�;H) is 8-representation of Ag. Notice that A completed for this norm is the universal C�-algebra
for the generators and relations.

1. Our �rst issue is that we need this to be �nite. So we need that the relations force a �nite
upper bound for k�(aj)kB(H) for each generator. If it is not true, then there is no C�-algebra.

2. Show that there are *-representations other than the 0 representation. Otherwise, C�(A) =
f0g, and we're certainly not interested.

3. Often: there is a natural \obvious" collection of *-representations which give a norm (or at
least semi-norm), often a norm, which gives a C�-algebra, but are not enough to give the
universal C�-algebra. e.g. G a discrete group, CC(G) left regular representation on l2(G),
C�r (G), universal C

�(G), then C�(G) = C�r (G) () G is amenable. Another example, given
generator fug and relation uu� = 1 = u�u, forces kukC� . Then C�f fug; relations g �= C(T ),
where T is the circle. Still another example, with generator fsg, and relation s�s = 1. Then
kskC� = 1, then C�f fug; relations g � C�(unilateral shift).

4. if you have the C�-algebra from generators and relations, but how do you �gure out it's
structure?

Quantum SU(2):

SU(2) =

�
x =

�
� ���
� ��

�
: �; � 2 C; ���+ � �� = 1

�

Topology is S3 � C2. De�ne functions a; b on SU(2) by a(x) = �, b(x) = �. a; b 2 C(SU(2))
commute, and aa�+bb� = 1. (The usual commutative C�-algebra generated by a; b with aa�+bb� =
1, �= C(S3)) The group structure gives a comultiplication: � : A ! A 
 A � C(G � G). Then

f 2 C(G), (�f)(x; y)
def
= f(xy).

m : A
A! A; (�a)(x; y) = a(xy) = ��0 � ���0 = a(x)a(y)� b�(x)b(y)

with

y =

�
�0 ���0

�0 ��0

�

So we see that �a = a
 a� b� 
 b.
Woronovicz in 1986 was at the University of Warsaw, just after he discovered all this, during the

solidarity movement and downfall of the Soviet Union, he had the misfortune of being nominated
dean of his faculty so it delayed his work.

Even to this day, people don't know how to de�ne a quantum group other than with generators
and relations.
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15 February 24

Quantum SU(2):

� SU(2): Generators a; b; a�; b� commute, have a *-algebra for these generators called A �
C(SU(2)) with a�a+ b�b = 1.

� � : A! A
A comultiplication, coassociative �a, with (�f)(x; y)
def
= f(xy).

� coidentity element " : A! C

� coinverses S : A �! A

In Quantum groups, we want A to be non-commutative, but we still have �; "; S. This is
closely related to Hopf algebras. Choose q 2 (0; 1] with q\ =00 e~. For SUq(2), have generators
a; b; a�; b� and relations ab = qba, bb� = b�b, and ab� = qb�a but we still have a�a + b�b = 1, with
aa� + q2bb� = 1. Now if we're taking the representations of the commutative algebra, C(SU(2)),
that's very di�erent from taking the representations of the group. Worono|- showed that the
representation of the quantum group version is very closely related to classical representation.

We'd like to have a more geometrical representation for this, like C1(SU(2)), and have some
sort of twisting, but we still can't get past generators and relations. Now there is a very extensive
theory of compact quantum groups with Haar measure, with much left to be done. For locally
compact groups, we have the di�culty that if you take a non-compact group like matrices, and
look at the entries, you get unbounded functions that correspond to unbounded operators. No one
has proved that Haar measure exists on the locally compact groups. Once you take Haar measure
existence as one of the axioms, the general theory works out. (recall that compact for a quantum
group means whether or not it has an identity element). Furthermore, suppose I have one generator,
a, that's self-adjoint, i.e. a = a�, then we don't really have a C�-algebra. However, from the point
of view of spectral theory, we can look at the C�-algebra C�(a; a = a� = C1(R) under certain
conditions, which actually just looks like a(t) = t. We say a is \a�liated" with C1(R). Now you
can certain compatify, but recognize that compacting something like the real line, you no longer
have a group.

If you try to work this out for a �nite group G, and you have A;m; i;�; ", the dual A0 swaps
everything so that m becomes �, i becomes ", etc. If you work this out where A = C(G), then
the dual is simply A0 = l1(G) and multiplication becomes convolution, comultiplication becomes
�(�x) = �x 
 �x. The universal enveloping algebra kind of looks more like the dual. Increasing in
math and physics, groups arose from symmetries, and quantum groups gives us certain symmetries.
In the same way a group can act on a space or functions on a space, a quantum group can act on
an algebra.

Now let G be a discrete group.
generators: all elements of G
relations: all relations between elements of G, i.e. xy = z, and x� = x�1 for all x 2 G.
Then the C�-algebra of the above is simply C � (G).

The next class of examples are tensor products of C�-algebras. Let A and B be unital C�-
algebras. We have

a a
 1B ; b! 1A 
 b
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and
(a
 1B)(1A 
 b) = a
 b = (1A 
 b)(a
 1B)

Generators: A [B
Relations: all relations between elements of A and all relations between elements of B, with ab =
ba 8a 2 A; b 2 B and 1A = 1B . Also, �a
 b = a
 �b.

De�ne * in the evident way, i.e. (a 
 b)� = a� 
 b�. We get therefore that F=I = A 
 B is a
*-algebra over C.

Are there any *-representations?
\Obvious representations": Let (�;H) be a representation of A, and (�;K) a representation of B.

For example, on the algebraic tensor product H
alg K, we have the inner product

h� 
 �; �0 
 �0i
def
= h�; �0ih�; �0i

Extend by sesqui-linearity. Complete H
alg K for the inner product.
For the normal tensor product H
K, we have

� 
 � : A
B �! B(H
K); with S 
 T = (S 
 IK)(IH 
 T )

and (� 
 �)(a
 b) = �(a)
 �(b) and extend by linearity.

For any *-representation � of A
B, set �A(a) = �(a
 1B). So we get a *-representation of A,
and k�A(a)k � kak. This certainly means that a C�-algebra exists. Now for t 2 A
alg B, set

ktkmin = supfk(� 
 �)(t)k : � is *-representation of A and � is a *-representation of Bg:

16 February 27

Given t 2 A
alg B, then

ktkmin = supfk (� 
 �)| {z }
H
K

(t)k : (�;H) is a representation of A, (�;K) is a representation of Bg

ktkmax = supfk� 
 �k : � and � are commuting representations of A and B on a Hilbert space

H, �(a)�(b) = �(b)�(a) 8a; bg

E.g.: For any locally compact group G, have left regular representation � of C�r (b) on L
2(G),

integrated form of (�x�)(y) = �(x�1y), and have right regular representation of C�r (b) on L
2(G),

integrated form of (�x�)(y) = �(yx). Gives a representation �
 � of C�r (G)
max C
�
r (G).

1959 Takesaki: For G = F2, the representation �
 � is not continuous for k � kmin.

De�nition 16.1. A C�-algebra A is nuclear if A
min B = A
max B for all C�-algebras B.

Theorem 16.2. For G discrete C�r (G) is nuclear () G is amenable. (Fails for G not discrete,
e.g. SL(2;R))
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If B does not have 1,
A
alg B � ~A
 ~B

A � A
B, with a 7! a� 1M(A) and A ,!M(A
B).
Can do free products of C�-algebras, A �B, in same way. (note: require a and b commute)

For example, C(S1) � C(S1) �= C�(F2), which come from C�(u : uu� = 1 = u�u) and C�(v : vv� =
1 = v�v).

C�-dynamical systems (discrete):
Have G discrete group, A a C�-algebra, and � : G ! Aut(A). E.g. A is Abelian. i.e. A =

C1(M), with M locally compact. Given function � : G ! Homeo(M) where M represents the

dynamical systems. Then de�ne (�x(f))(m)
def
= f(�x

�1(m)). Originally this came from quantum
systems where G are your symmetries and the algebra is the quantum algebra. The earliest papers
were written by physicists. They wanted all of this construction working on one Hilbert space, thus
the following de�nition:

De�nition 16.3. A covariant representation of (A;G; �) is a (�; U;H) where � is a representation
of A on H and U is a representation of G on H. We require that �(�x(a)) = Ux�(a)Ux

�1, called
\the covariance relation".

You can look for the C�-algebra generated by: A [G, with relations: All the ones of A, all the
ones of G, * of A, x� = x�1, �x(a) = xax�1. Yes, it always exists, though it may be zero.

Take C�(A;G; �), A��G, called the covariance algebra or crossed-product algebra. Is A��G 6=
f0g?

One more comment: the words in elements of A and x, with xa = �x(a)x, can always be reduced
to the form ax. So the algebraic algebra has as elements sums of the formX

x2G

f(x)x; f 2 CC(G;A)

where compact support here means �nite support. It's a matter of convention which side you put
the x, but most people seem to put the x's on the right.

\Obvious" covariant representations: Let (�;H0) be any representation of A. LetH = l2(G;H0).
Let U be de�ned by (Ux�)(y) = �(x�1y). � 2 H. Then

(�(a)�)(y) = �(�y
�1(a))(�(y))

The reason for doing it this way is to really see if it satis�es the covariance condition.

((Ux(�(a))�)(y) = (�(a)�)(x�1y) = �(��1
x�1y

(a))�(x�1y) = �(�y�1(�x(a)))(�(x
�1y)) = (�(a)(Ux�))(y)

The covariant representation induced from (�;H0) of A. Given H � G, and a covariant represen-
tation (�; V;H0) of (A;H;�jH);, we can induce this to a covariant representation of (G;A; �). The
case above is H = feGg. (This is in H = l2(G=H;H0). For

P
f(x)x, any covariant representation

(�; U;H), set �f =
P
�(f(x))Ux an operation on H. This will give a representation of A�� G

17 March 6

G-invariant ideals in C1(M) correspond to G-invariant closed (or open) subsets of M .
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Theorem 17.1. Assume that M has a countable basis for its topology. Let (�;H) be an irreducible
representation of C1(M) �� G which is the integrated form of (�; U;H). Let I = ker�, so I is a
G-invariant ideal in C1(M). Let ZI = hull(I) = fm : '(m) = 0 8' 2 Ig. Then ZI is the closure
of a G-orbit in M , i.e 9m0 such that ZI = f�x(m0) : x 2 Gg.

Proof. Choose a countable basis for the topology of M . Let fBng be an enumeration of these basis
elements which meet ZI . (So the (Bn\ZI)'s form a basis for the topology of ZI). Let On = �G(Bn),
an open G-invariant subset of M , meeting ZI . Let Jn = C1(On) = f' 2 C1(M) : 'jO0n � 0g �
C1(M). Then Jn is a G-invariant ideal in C1(M). Jn �� G is ideal in C1(M) �� G, and since
On \ ZI 6= ;, �jJn��G 6= 0 representation. Since � is irreducible, �jJn��G is non-degenerate, so
pijJn is a non-degenerate representation of Jn on H. Choose � 2 H, k�k = 1. De�ne � on M by
�(') = h�(')�; �iH, which is a vector state. Let � also denote the corresponding probability Borel
measure on M . (in particular we care about the measure of sets �(On)). For a given n, choose in
Jn a non-negative approximate identity fenkg of norm 1, then h�(ek)�; �i ! h�; �i = 1, and on the
other hand, this is the same as �(ek), where ek 2 C1(M), have norm � 1, and are supported on
On. Then �(On) = 1. Thus �(O0n) = 0. So �([1n O

0
n) = 0. Thus �(\1On) = 1. Then \1On 6= ;.

Let m0 2 \On (but actually, m0 2 ZI as well, since \On � ZI . Given m1 62 ZI , 9Bn 2 base for
topology of M , m1 2 Bn, Bn \ ZI 6= ; and On = �G(Bn)...will �nish explaining next time). For
any m 2 ZI , any neighborhood N of m, 9n so m 2 Bn \ ZI � N . Then m0 2 On = �G(Bn), so
9x0 2 G so �x0(m0) 2 Bn, so �G(m0) 2 Bn \ ZI � N . So �G(m0) is dense in ZI .

E.g. let M = T , the circle in C. Pick � to be an irrational number. Let � be an action of Z 2 G
by �n a rotation by angle 2��. then every orbit is dense and every orbit is countable.

18 March 8

Last time we had: I, ZI , fBng, On = �G(Bn), with �(On) = 1. If f 2 CC(M) is 0 on ZI , then
f 2 I, so �(f) = 0, thus �(ZI) = 1. Thus �(On \ ZI) = 1 for all n. Thus �(

T
(On \ ZI)) = 1. So

9m0 in the intersection som0 2 ZI . for each n,m0 2 On = �G(Bn) so 9xn 2 G, �xn(m0) 2 Bn\ZI .
This intersection forms a base for the topology of ZI . Thus �G(m0) is dense.

Theorem 18.1. (Pretty fundamental) Let G be a locally compact group. Let M = G with � action
by left translation. Then C1(M)�� G = B0(L2(G)).

Proof. We �rst have the evident covariant representation (�; Y; L2(G)) (Schrodinger representation),
with (�(')�)(x) = '(x)�(x) and (Uy�)(x) = �(y�1x) for ' 2 C1(M); � 2 L2(G). We can check the
covariant condition. Let � be its integrated form. For f 2 CC(G;C1(G)) � C(G�M).

(�f�)(x) = (�(f(y))Uy�)(x) =

Z
f(f; x)�(y�1x)dy

For '; 2 CC(G) � L2(G), let
h'; iC� = 'h ; �iL2(G)
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i.e.

(h'; iC�) (x) = '(x)

Z
� (y)�(y)dy

= '(x)

Z
� (y�1)�(y�1)�(y�1)dy

=

Z
'(x) � (y�1x)�(y�1x)�(y�1x)dy

where
h'; iE(y; x) = '(x) � (y�1x)�(y�1x)

The point is that we want to get rank one operators in C1(M)�� G. Suppose you can �nd an
f that doesn't take the value zero (�(f) = 0 then f � 0), then you can cook up a � such that this
integral is non-zero. So � is a faithful representation of that uncompleted *-algebra. So, we get
that �h'; iE = h'; iC , the algebra of the LHS corresponds exactly to the algebra of the RHS. We
can also see that given any two vectors in CC(G), which is dense in L2, we can approximate them
as close as we want by elements which are continuous with compact support, so the claim is that
this representation, �, is irreducible. (In the operator norm closure you get all rank one operators).
Let E be the linear span of the h'; iE 's for '; 2 CC(G). So

h'; iEh'
0;  0iE = h'; 0iEh'

0;  iL2(G)

Thus E is a *-subalgebra of CC(G;C1(M)) with the * operation.
Claim: E is a dense +-subalgebra, for k � k1, thus for k � kC� .

For E is closed under point-wise multiplication.

h'; iE(y; x)h'
0;  0iE(y; x) = '(x) � (y�1x)�(y�1x)'0(x) � 0(y]invx)�(y�1x)

= (''0)(x)| {z }
2CC(G)

(  0�)(y�1x)| {z }
2CC(G)

�(y�1x)

and E is closed under complex conjugation, and separates points, thus E is dense in CC(G � G)
for the inductive limit topology. Thus dense in CC(G;C1(G)) for

kfk1 =

Z
G

kf(y)k1dy =

Z
sup
x2G
jf(y; x)jdy

Thus E is dense in C1(G) � G. Thus at this point, it's clear that �(C1(G) �� G) � B0(L2(G)).
Why does this have anything to do with the C� norm? The sneaky thing to do is the following
observation. Let fvarphi1; :::; 'ng be in CC(G), orthonormal. Then the linear span of fh'j ; 'kiCg,
which will act exactly like matrix units, will be �= Mn(C). Thus in CC(G;C1(G)), the linear
span of fh'j ; 'kiEg �= Mn(C), which is a complete C�-algebra, so its C�-norm is unique. So on
fh'j ; 'kiEg, the norm from C�(G;C1(G); �) must agree with the norm from �. But any element
of E is contained in one of these Mn(C)'s. So on E, the C�(C1(G); G; �)-norm agrees with norm
from �. So completions are the same, i.e. completion of E for � �= B0(L2(G)).
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19 March 17

Have G
�
! Aut(PH). We can �nd U : G ! U(H), so that �x = (Ux acting on PH). But Ux only

unique up to a scalar,
UxUy = c(x; y)Uxy such that c : G�G! T

For some important examples it is impossible to choose c so it is continuous. If G;H are separable,
we can choose c to be measurable.
From associativity: c(xy; z)c(x; y) = c(x; yz)c(y; z) a 2-cocycle on G with values in T . We can
choose Ue = IH. Then c(x; e) = 1 = c(e; x), \normalized cocycle".

On L1(G), de�ne �c to be the twisted convolution

(f �c g)(x) =

Z
G

f(y)g(y�1x)c(y; y�1x)dy

with kf �c gk1 � kfk1kgk1, and f�c(x) = f(x�1)c(x; x�1).
Now you can look at C�(G; c) as the completion of L1(G; c) for a C�-norm from all *-representations.

De�ne representations on L2(G) by f �c� = same formula, with � 2 L2(G). (Another way of viewing
this is that with ordinary convolutions, you can ask what forms you can put in to get an associative
product.) This gives a faithful representation, C�r (G; c).

If c and c0 are cohomologous, the C�(G; c) �= C�(G; c0). Given an extention

0! T (or A)! E ! G! 0

with a map � : G ! T , then the cocycle c�(x; y) = �(xy)�(x)�1�(y)�1 = @�(x; y) measures the
di�erence in �. If you can the Haar measure on G and Haar measure on T to get a measure on
T � G, and look only at the Borel structure and Haar measure, you get what is referred to as a
measurable group that has an invariant measure. The a theorem of Andre Weyl from 1940 says that
any group that is not genuinely locally a compact group can't have an invariant measure. Given
G and Weyl representation W with the cocyle cW and you look at the C�-algebra that you get
from this, C�(G; cW ), then this is naturally isomorphic to the compact operators K(L2(G)). It's
interesting because this group starts o� as an abelian group and you get this phenomenon with
compact operators, like G := Rd.

Now consider projective representations of Zd. Choose cocycles of the form: choose � 2Md(R),
and set c�(m;n) = e2�im cot(�n) = e(m � �n), where e(t) := e2�it, is a bicharacter on G = Zd. So we
can consider C�(Zd; c�). If � � 0, we get C�(Zd) �= C(T d). We then call this the non-commutative,
or quantum, tori. For G = Zd, Ĝ = T d, can de�ne an action �, \the dual action" of Ĝ on C�(G; c)
by

(�x(f))(n) := hn; xi| {z }
2T

f(n)

It's clear that k�x(f)k1 = kfk1 and you can check that �x 2 Aut(L1(G; c)). For Ĝ! Aut(L1(G)),
x 7! �x is a group homomorphism. This action is strongly continuous. For G discrete, just comes
from

�x(�n) = hn; xi�n

so it's continuous on CC(G), dense and �x is isometric.
For G abelian, � an action of G on A, have a C�-algebra A �� G. Have dual action �̂, of Ĝ,

de�ned by (�x(f))(n) = hn; xif(n), with f 2 CC(G;A).
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Let � be any action of T d (or any compact abelian group (and compact group G)) on a C�-
algebra A, e.g. A = C�(Zd; c�). Can do Fourier analysis. For n 2 Ĝ(= Zd), and for a 2 A set
an =

R
G
hx; ni�x(a)dx 2 A.

�y(an) = �y

�Z
hx; ni�x(a)dx

�

=

Z
hx; ni�y+x(a)dx

=

Z
hx+ y; ni�x(n)dx

= hy; nian

where h�y; ni = hy; ni�1 = hy; ni
Set An = fa 2 A : �x(a) = hx; niag. Thus an 2 An, \the n-isotypic component". Want to think

of A = C(T d) where An is the one-dimensional subspace spanned by the function x 7! hx; ni.

20 March 20

Have G compact Abelian, � an action (strongly continuous) of G on a Banach space (Frechet space).
For n 2 Ĝ, and a 2 A set an =

R
G
hx; ni�x(a)dx. Then �y(an) = hy; nian, let An = fa 2 A :

�y(a) = hy; nia8y 2 Gg closed and linear. Set en 2 C(G) � L1(G), by en(x) = hx; ni. Then the
above equality for an gives an = �en(a), such that �en�em = �en�em . Then

(em � en)(x) =

Z
em(y)en(x� y)dy =

Z
hy;mihx� y; nidy = hx; yi

Z
G

hy;m� nidy

�
since y

Z
G

1 = 1 we have

�
= hx; ni�mn = em�mn

If a 2 Am \An, then a = �em(a) = �em(�en(a)) = 0. So Am \An = f0g if m 6= n.
The Am's are linearly independent. You can form

L
n2ĜAn � A. It's natural to ask how big

the subspace is, and we have the following proposition.

Proposition 20.1. The above subspace is dense in A.

Proof. The linear span of the en's in C(G) is closed under point-wise multiplication, complex
conjugation and separates points. (we did this enough last semester knowing you have a Haar
measure on a compact abelian group.) So by Stone-Weierstrass, it's dense for k � k1, so it is for the
k � k1. We can form an approximate identity gk consisting of �nite sums of en's, then �gk(a) ! a
and each one is in

L
Am which shows the density. (note that there's really no way to say anything

about the orthogonality of the spaces).

Now if A is a Banach *-algebra, and if � is a *-algebra automorphism (i.e. each �x is). Given
a; b 2 A, then you can look at what �x does to anbm

�x(anbm) = �x(an)�x(bm) = hx; nihx;mianbm = hx; n+mianbm
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This shows a grading structure such that AnAm � Am+n. Then

�x(a
�
n) = (�x(an))

� = (hx; nian)
� = hx;�nia�n

So (An)
� = A�n.

We can do this sort of thing for Ĝ discrete, not abelian, that you call \C�-algebraic bundles."
In the non-discrete case, you'd have to show that the �bers (An) form a �eld. Then you can take
continuous cross-sections of support and convolve them. The technical di�culty of saying all this
is the word \bundle". We won't get into this description. However, something worth pointing out
that if you look at A0, it is a *-subalgebra.

So we are going to be dealing with this structure and want to get into the topic of smooth
structure. But there's another generalization of getting into locally compact groupoids. Certainly,
we can look at speci�cally Tn with the Lie group structure. However, we'll look at any general
Lie group G. So we can consider closed connected subgroups, G, of GLn(R). Setting g = fX 2
Mn(R) : 8t 2 R; exp(tX) 2 Gg, we have some major theorems like g is a Lie subalgebra of Mn(R),
i.e. X;Y 2 g =) [X;Y ] := XY � Y X 2 g. Also that in a neighborhood 0 2 g, exp is a
di�eomorphism onto a neighborhood of eG = I. Very important for our purposes, for each X 2 g,
t 7! exp(tX) is a 1-parameter subgroup of G.

So let G be any Lie group. Let � be a strongly continuous action (if your Lie group is not
compact, you don't need that the action be isometric or bounded, i.e. k�xk � K 8x) of G on a
Banach space A (or Frechet space), then for X 2 g, a 2 A, you can ask is a di�erentiable in the
X-direction, i.e. is x 7! �x(a) di�erentiable at 0 in the X-direction? In ordinary calculus, you can
spell it out to ask does

lim
t!0

�exp(tX)(a)� a

t
exist (in A, for k � k)?

If this exist for all X's, one would say it's once di�erentiable. Then if you have this much, denote
the limit by DXa. Then you can ask, does DY (DXa) exists for all X;Y 2 g? If so, then you can
say that your element is twice di�erentiable, and so on. Then set

A1 = fa : DX1
: : :DXka exists 8k � 1; 8X1; :::; Xk 2 gg

The point is that A1 is a linear subspace of A (not necessarily closed).

Theorem 20.2. A1 is dense in A.

Proof. (G�arding) For any f 2 C1C (G) and for any a 2 A, with �f (a) 2 A1. This sort of argument
is sometimes call smoothing. We'll continue this proof next time.

21 March 22

So rephrasing the theorem:

Theorem 21.1. Let � be an action of a Lie group G on a Banach (or Frechet) space A (not
necessarily uniquely bounded). Then A1 is dense in A.

Proof. Claim: for any f 2 C1C (G), �f (a) 2 A1. Once have that, let fn run through an approximate
identity for L1(G), i.e. an approximate �-function at eG. Then �fn(a)! a, so A1 is dense.
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Proof of claim: Let X 2 g. Then

�exp(tX)(�f (a))� �f (a)

t
=

1

t

�
�exp(tX)

Z
f(y)�y(a)dy �

Z
f(y)�y(a)dy

�

=
1

t

�Z
f(y)�(exp(tX))y(a)dy �

Z
f(y)�y(a)dy

�

=
1

t

�Z
f(exp(�tX)y)�y(a)dy �

Z
f(y)�y(a)dy

�

=

Z �
f(exp(�tX)y)� f(y)

t

�
�y(a)dy

�
inserting lim

t!0

�
=

Z
(Dxf)(y)�y(a)dy

Note: you can Taylor expand in t,

f(exp(�tX)y) = f(y) + (DXf)(y)t+
(D2

Xf)(yt)

2
t2 + � � �

so then we get
f(exp(�tX)y)� f(y)

t
� (DXf)(y) =

D2
Xf(yt)

2
t

and we get a bound j � j on the LHS to be � 1
2kD

2
Xf(y)kt.

To �nish the proof, we have that DX(�f (a)) exists and is �DXf (a), then DY (DX�f (a)) =
�DY DXf (a) so in fact, continuing this process we can see that it's in�nitely di�erentiable, so we're
done.

De�nition 21.2. Linear span of f�f (a) : f 2 C1C (G); a 2 Ag is called the G�arding domain.

But is it equal to A1? (we can ask all these questions for G acting on C1(G)) Then we have
the following theorem:

Theorem 21.3 (Diximer-Malhaven). For C1C (G) with convolution and for certain G's, connected
Lie groups, there are f 2 C1C (G) which can not be expressed as g � h for g; h 2 C1C (G). But �nite
linear combinations always work.

Let � be an action of T d on a Banach space A. For n 2 Zd, a 2 A, we de�ned an = �en(a),
en(x) = hx; ni. We had An = fa : �x(a) = hx; niag and that

L
An is dense in A. Thus,

Corollary 21.4 (Riemann-Lebesgue Lemma). For any a 2 A, n 7! kank is in C1(Zd).

Proof. For a 2
L
An, n 7! kank has �nite support. For any a; b 2 A, kan � bnk = k(a � b)nk �

ka� bk.

Now let's move on to this di�erentiability stu�. Then letting G = T d, given X 2 g = Rd,
exp(X) = im(X) 2 T d = Rd=Zd. If a 2 An, then

DX(a) = lim
�exp(�tX)(a)� a

t
= lim

htX; nia� a

t
= lim

e2�itX�n � 1

t
a = (2�iX � n)a
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with DyDXa = (2�iY � n)(2�iX � n)a. Thus An � A1, so
L
An � A1, and the in�nitely

di�erentiable elements are dense.
Often, when you get to this situation we write �X for DX We'll switch now to this notation.
Given a 2 A1, X 2 g, what is �X(a))n? Well this is �en(�X(a)). For any f 2 C

1(Tn), what
is �f (�X(a))? This is just

lim
t!0

�f

�
�tX(a)� a

t

�
= lim

1

t

0
B@
Z
f(y)�y(�tX(a))| {z }

�y+tX(a)

dy �

Z
f(y)�y(a)dy

1
CA

= lim
1

t
(�������) = lim

1

t

�Z
f(y � tX)� f(y)

t
�y(a)dy

�

= ��DXf (a)

and we get the relation �f (DXa) = ��DXf (a).
Similar things apply for compact Lie groups and instead of characters we use other representa-

tions.
Just to wrap it up, for a 2 A1, we have

(DXa)n = �en(DXa) = ��DXen(a) = �2�iX � nan

We'll see next time that the coe�cient an die faster.

22 March 24

So we have the T d action � on a Banach space A. For a 2 A, we have an 2 An and DXa for X 2 g.
(DXa)n = 2�ihn;Xian

k2�ihn;Xiank = kDXakn � kDXak

Use the standard inner product on g = Rd (or some other inner product allows you to choose a
Riemannian metric, or a norm on g leads to Finsler geometry). Choose orthonormal basis, e.g.
standard basis, Ej 2 g.

Aside: For g = Rd, T d = G, then DXDy = DYDX (or DXDY �DYDX = D[X;Y ]).
Now (D2

Ej
a)n =)2�i)

2hn;Xi2an. Set the Laplacian of a to be �a = �
P
D2
Ej
a. For a 2 A1,

(�a)n = �(2�i)
2
X
hn;Eji

2

| {z }
P
n2j=n�n

an

and we end up with
((I +�)a)n = (1 + 4�2n � n)an

and
k(I +�)ak � k((I ��)a)nk � (1 + 4�2n � n)kank;

so
kank � (1 + 4�2n � n)�1k(I +�)k:
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Now we can iterate to get
((I +�)pa)n = (1 + 4�2n � n)pan;

then
kank � (1 + 4�2n � n)�pk(I +�)pak; 8p � 1 for a 2 A1

Thus, for any polynomial P in n 2 Zd variables, and you take p > deg(P ), that means that
jP (n)kank j is bounded in n. By de�nition of S(Zd; fAng), fang is in here. This is simply the

counterpart of the well-known fact that if you look at C1(T d)
Fourier
 ! S(Zd), and our goal would be

to show this. There is no characterization of which functions in C1(Zd) arise as Fourier transforms
in C(T d) for C(T d) ,! C1(Zd). But what we're about to see for the in�nitely di�erentiable
elements in A, there is a very nice characterization, which is the Schwartz space.

For su�ciently large p, depending on d, the map n 7! (1 + 4�2n � n)�p 2 l1(Zd). (I think that
all you need is p=2 > d).

Then for p satisfying the above, we have that P (n)(1 + 4�2n � n)p+1 2 l1(Zd), for all lin-
ear polynomials P , i.e. sums of the form hn;Xi. So for a 2 A1, any sequence of the form
fkhn;Xiankg 2 l1(Zd). So suppose that we have any sequence fang 2 S(Zd; fAng). Then
fkankg 2 l1(Zd), so a =

P
an is well-de�ned. For any given X 2 g,

P
k2�ihn;Xiank 2 l1(Zd), so

bX =
P

2�ihn;Xian is well-de�ned. Then we claim that DXa exists and is bX . Well, to show this,
all we need to do is look at

lim
t!0

�
�exp tX(a)� a

t
� bX

�
?
= 0

Well then we have this becomes

lim
t!0

�P
�exp tX(an)� an

t
�
X

2�ihn;Xian

�
= lim

t!0

X
0
BB@e(n � tX)� 1

t| {z }
bounded

�2�ihn;Xi

1
CCA an

Given � > 0, can choose N so that k
P1
knk�N ( above )k < �=2. Then

k
X
n

( \above" )k � k
X

knk�N

( 00 )k+ k
X

knk>N

k:

Then we can �nd a � > 0 such that if jtj < �, then k
P
knk�N (

00 )k < �=2. Because of this rapid
decrease, all of this can be iterated. So we get the following theorem:

Theorem 22.1. The map a 7! fang gives a bijection between A1 and S(Zd; fAng).

There's been a lot of interest recently in the fact that if you take SO(n) acting on Sn�1, with
n � 4, you have a copy of T 2 in SO(n). What we'll see is that for CC(Z

d; c�) we've perturbed the
ordinary product by a non-commutative product and people have found in recent years that they
have very interesting properties that mimic the properties of spheres.
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24 April 5

25 April 7

A� = C(T�), action � of Td on A�, the dual action.
Let G be a compact group, � action of G on some A

A� := fa : �x(a) = a8x 2 Gg

De�ne P : A! A, Pa =
R
G
�x(a)dx\ = a000 ,

R
G
1 = 1.

Properties:

1. Pa 2 A�. For a 2 A�, Pa = a. So P 2 = P .

2. a > 0, then Pa > 0. If b; c 2 A�, a 2 A, then P (bac) = bP (a)c

3. P (�g(a)) = P (a) \P is �-invariant."

P is a \conditional expectation" of A onto A�. If P : A ! B � A is a conditional expectation,
then

ha1; a2iB = P (a�1a2)

Suppose I is an �-invariant ideal in A. Then for d 2 I, d > 0, then P (d) 2 I, P (d) 6= 0. So
I \A� � f0g.

For A�, a 2 A�, �x(an) = hn; xian where an =
R
hn; xi�x(a)dx.

De�nition 25.1. An action � of a compact group G on a unital C�-algebra A, is ergodic if
A� = C1A.

Proposition 25.2. The action of Td on A� is ergodic.

Proposition 25.3. Let � be ergodic action of a compact group on a unital C�-algebra A. Then A
has no proper �-invariant ideals (even non-closed).

Proof. If you have a non-closed proper invariant ideal, it's closure is invariant as well. So we only
need to look at closed ideals. For I \A� � f0g, so 1A 2 I.

Another ergodic action would be some G action on C(G=H). There are de�nitely some unsolved
questions in this area.

Theorem 25.4 (Olsen-Pedersen-Takesaki). Every ergodic action of Td is on an A�.

An open question would be: What are the ergodic actions of SU(3) (or SU(n), n � 3)? For
SU(2) it's known, due to Anthony Wassermann, but nothing exciting happens.

Proposition 25.5. For ergodic action ..., P (a) = '(a)1A. ' is a state, is �-invariant (because P
is), and in the only �-invariant state on A.
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Proof. If � is �-invariant state on A, then

�(a) =

Z
G

�(�x(a))dx = �(

Z
G

�x(a)dx) = �(P (a)) = �('(a)1A) = '(a):

Going back to Mackey, you can construct many irreducible representations, but you just can't
classify them.

Now we'd like to describe the center of A�. Notice, a 2 Center(A�) () �na = a�n for all
n 2 Zd. What �m's 2 Center(A�)?

�n�m = �n+mc�(n;m) = c�(m;n)c�(n;m)

= e(m � �n)e(n � �m)

= e(n � (� � �t)m)

= e(�tm � n)

= e(�n � �m)

The key relation is �n�m = ��(n;m)�m�n. We can rewrite this as a conjugation: �n�m�n
�1 =

��(n;m)�m. Thus �m 2 Center(A�) () ��(n;m) = 18n 2 Zd. Let

D� = fm 2 Z
d : �m 2 Center(A�)g = fm 2 Z

d : ��(n;m) = 18n 2 Zdg

For each n 2 Zd, m 7! ��(n;m) is in Ẑd = Td, � �n = (� � �t)n 2 Rd viewed in Rd=Zd = Td.
So 
 : Zd ! Td is a group homomorphism determined by �. So it gives you some subgroup,

not necessarily closed. Let H = closure of f�m 2 n 2 Zdg is Td. The point is that H acts on the
subgroup A� via Qa =

R
H
�S(a)ds.

We'll continue this in a week, and for the next two lectures, we'll here about K-theory.
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A� a non-commutative torus. � 2Md(R). � of T d on A�, �m �� �n � ��m = ��(m;n)�n = �
m(�n),
with

�theta(m;n) = c���t(m;n) = e2�im�(���
t)n

For �xed m, this is a homomorphism of Zd ! T , call it 
m, m;n 2 Zd. Then 
 : Zd ! T d, where

m = (� � �t)m 2 Rd=Zd. So we have the relation,


m 2 Z(A�) () n 2 D� = fn : ��(m;n) = 18m 2 Zdg = fn : �
m(�n) = �n8m 2 Z
dg

Let H = f
m : m 2 Zdg � T d be a closed subgroup whose nature strongly depends on �. One
can examine what the closed subgroups of Td look like, which are usually some lower-dimensional
torus times a �nite abelian group. De�ne Q(a) =

R
H
�s(a)ds, which is a conditional expectation,

with Q2 = Q, Q(1A) = 1A, also a > 0 =) Q(a) > 0 and kQk = 1. Then

a 2 Z(A�) () �m��a����m = a () �
m(a) = a8m 2 Zd () �s(a) = a8s 2 H () Q(a) = a

So what we have is the center Z(A�) = fa 2 A� : Q�(a) = ag, i.e. Q is a conditional expectation
onto the center of A�. Let a 2 Z(A�). Then given " >), we can �nd f 2 CC(Z

d) � A� with
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ka� fkA� < " (meaning we're just taking the completion). Then " > kQ(a)�Q(f)k = ka�Q(f)k.
But Q(f) =

P
f(n)Q(�n). If n 62 D�, then 9m so 
m(n) 6= 1, so n de�nes a non-trivial character

of H. So Q(�n) = 0. Thus Q(f) 2 CC(D�). Thus a 2 CC(D�)
C�

. To sum everything up, we have
the following theorem:

Theorem 26.1. Z(A�) = CC(D�)
C�

= fa 2 A� : an = 0 if n 62 D�g

More importantly,

Corollary 26.2. If D� = f0g, (i.e. if e2�im�(���
t)n = 18n =) m = 0 or if m � (� � �t)n 2

Zd8n =) m = 0, i.e. if 
(Zd) is dense in T d), then Z(A�) = C1A� .

Now let I be a (closed) ideal in A�, then for every m 2 Zd, certainly �m � I � ��m � I, i.e.
�
m(I) � I8m, i.e. �s(I) � I8s 2 H, and so Q(I) � I. So if I 6= f0g, choose d 2 I, d > 0. So
Q(d) > 0, where Q(d) 2 Z(A�) \ I.

Theorem 26.3. If Z(A�) = C1A� , then A� contains no proper ideal, i.e. A� is a simple C�-algebra.
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Just a few things on T , the circle, � the rotation by 2��, an action of Z. Then looking at C(T )��Z,
C(T ) is generated as a C�-algebra by e, e(t) = e2�it, unitary. Call its image in C(T ) �� Z by U .
Let V 2 C(T )�� Z be the unitary corresponding to o1 2 Z. Thus fU; V g generate C(T )�� Z. We
also have

V UV � = �1(U); �1(U)(t) = �1(e) = e(t� �) = e(��)e(t) = �e(�)U(t)

and V U = �e(�)UV , V kU = �e(k�)UV k, etc. C(T ) ��� Z is a 2d non-commutative torus. � =�
0 �
0 0

�
. This is simple for � irrational.

Vector bundles: Given a topological space M , a vector bundle over M is a topological space
B and a surjection B

�
!M , such that each �ber, ��1(m), has a vector space structure, in a locally

trivial way, i.e. each point m has a neighborhood Om, such that ��1(Om) �= Om � Rd, or Cd.
If M is not connected, the d's can vary so the dimension of the �bers vary. Let M be compact.
A = C(M). By compactness, there is a �nite collection of Omj

's, which cover M . It's useful on
each �ber to have a choice of inner product made in a continuous way. To proceed further, let f'jg
be a partition of unity subordinate to the cover fOjg, i.e. 'j � 0,

P
'j = 1, supp('j) � Oj . If M

happens to be a smooth manifold, you can certainly phrase everything in smooth terms. For each
m, consider the standard inner product on Rdm or Cdm .

De�nition 27.1. � is a continuous cross-section for B ! M if � : M ! B, �(�(m)) = m for all
m 2M .

Can add continuous sections, multiply them by scalars, but more importantly, you can multiply
them by elements of C(M). This works in the non-compact case as well. Mainly if you have some
scalar on M , (f�)(m) = f(m) = �(m). The space of continuous sections is often denoted �(B).

29



Thus �(B) is a C(M)-module. (In non-commutative case, this is actually a right module). First
pointed out by Swan, but they were antecedents in algebraic geoemtry by Grothendick.

Given �; � 2 �(B), set

h�; �iA(m) =
X
j

'j(m)h�jOmj (m); �jOmj (m)ij

with Ch�; �iA 2 C(M). Over R, resp. C, often called a Riemannian, resp. Hermitian, metric on
B. Over C take the above equality to be linear in second variable, so h�; �fiA = h�; �iAf , and
h�f; �iA = f�h�; �i, h�; �iA � 0, h�; �iA = 0 =) � = 0. Additionally, you need to pay attention to
for example, �(B) = C([0; 1]) = A, then h�; �iA(t) = t��(t)�(t). �(B) is self-dual for h�; �iA, i.e. if
' 2 HomA(�(B); AA), then there is �' so '(�) = h�'; �iA.

Now we certainly have that A � EndA(�(B)) = E, which is in general a non-commutative
algebra. The 1A acts as the 1End. Now you can do the following: for �; � 2 �(B), de�ne h�; �iE 2 E
by h�; �iE� = �h�; �iA (note that this in now linear in the �rst variable and conjugate linear in
the second). For T 2 E, hT�; �iE = T h�; �iE . From the self-duality, T � exists, and h�; T�iE =

h�; �iET �. Set k�k = kh�; �iAk
1
2

A is a norm, and it's straightforward to check that �(B) is complete
for this norm. Thus we have an operator norm on E, and we can show that E is a C�-algebra.

A lot of this works in more general situations, speci�cally the non-commutative case. The issue
is that if you look at the two properties:

1. h�; T�iE = h�; �iET �

2. k�k = kh�; �iAk
1
2

A

then the linear span of fh�; �iE 'sg, is a 2-sided ideal in E. To show, in fact is = E, with 1E =P�niteh�j ; �jiE . This is a property that characterizes �nitely generated projective modules.
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Note: If you look at the literature of vector bundles, you generally deal with principal bundles,
however in the non-commutative case, they seem to disappear, and thus the reason they aren't
mentioned here.

From last time, we had a vector bundle B over M , with M compact, A = C(M), �(B) the
module of continuous cross-sections, and h�; �iA. Finite open cover fOjg of M such that BjOj �=
Oj � Rd (or Cd). Partition of unity f'jg for fOjg, with 1 � 'j � 0. Let E = EndA(�(B)).
De�ne h�; �iE 2 E with h�; �iE� = �h�; �iA. Because A is commutative, A � E in an evident way

where 1A $ 1E . For each j, choose  j 2 A,  j =

�
1 on support 'j
0 outside Oj

Let �jk =  jek, fekg is

the standard basis for Rdj . Then
P
kh�

j
k; �

j
kiE � 'j1E . Now we have T :=

P
j

P
kh�

j
k; �

j
kiE �P

'j1E = 1E . Certainly T must be invertible, and it's positive so it must have a square root. Set
~
�jk = T�

1
2 �jk. So

P
h ~�jk;

~
�jkiE = 1E .

De�nition 28.1. Let A be a unital C�-algebra, � a right A-module with h�; �iA. By a standard
A-module frame we mean a �nite set f�jg of elements of � such that

P
h�j�jiE = 1E , where again

E = EndA(�), i.e. the \reconstruction formula" � =
Pm
j=1 �jh�j ; �iA holds for all � 2 �.
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You see this sort of thing a lot in the signal processing literature. In case you're worried about
errors in your data, you take extra vectors in say H to get a frame to obtain a redundant system.

Thus for the vector bundle case, �(B) has a standard module frame. One doesn't really have
bases in this case, but the standard frame provides a similar tool. A good question would be to see
what's the least number of elements needed in the frame. This de�nitely depends on how whether
you're over the complex or real numbers.

Theorem 28.2. If � has a standard module frame, f�jgmj=1, then � is a �nitely generated (in the
sense of the reconstruction formula above) projective A-module, i.e. � is isomorphic to a direct
summand of the free A-module Ak for some k. (We view this as a right A module in the obvious
way). In fact, if you de�ne P 2Mm(A) = EndA(A

m) by Pjk = h�j ; �kiA, then P 2 = P = P �, and
� �= PAm

Notice that very little uniqueness for the module frames, and therefore very little uniqueness
about the projections you obtain. The converse of the theorem also works. On Am, we have h�; �iA
where h(aj); (bj)iA =

P
a�j bj with standard basis ej = (0; :::; 1A; :::0). For a projective P 2Mm(A),

set � = PAm and �j = Pej . Then f�jg is a standard module frame for �.

Proof.

(P 2)ik =
X
j

PijPjk =
X
h�i; �jiAh�j ; �kiA =

X
h�i; �jh�j ; �kiAiA

Then h�i;
P
�jh�j ; �kiAiA = h�i; �ki = Pik. So P

2 = P and (P �)ij = h�j ; �ii�A = h�i; �ji = Pij
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M a locally compact Abelian group. We have M � M̂ , L2(M), h�; �iL2 linear in the �rst variable,
with

(�x;s�)(y) = hy; si�(y � x)

and �u�v = �(u; v)�u+v, �((x; s); (y; t)) = hx; ti, ��u = �(u; u)��u.
Let D be a (discrete) subgroup of M � M̂ . Want a right action of CC(D), � � f =

P
(��u�)f(u).

This gives a right representation of A = C�(D; ��). This � is a bi-character, so you certainly can
�nd a matrix � for which it's given by in the case where D = Zn. We're trying to construct a
projective module out of this A from this set up, and we don't want to take all of the L2 functions
so we look inside the functions of compact support. Even nicer would be to take the Schwartz
functions, but that requires many more things.

So for �; � 2 CC(M) � L2(M), u 2 D, set

h�; �iA(u) = h�; �u�iL2(M)
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Suppose we take h�; � � fiA(u) =
P
v2Dh�; � � �viA(u)f(v), the we need to look at

h�; � � �viA(u) = h�; ��v�iA(u)

= h�; �(v; v)��v�iA(u)

= h�; ��v�iA(u)�(v; v)

= h�; �u(��v(�)iL2�(v; v)

= h�; �(u;�v)�u�v�iL2�(u; u)

= h�; �u�v�iL2�(u;�v)�(v; v)

= h�; �iA(u� v)�(v � u; v)

and we want to check if this equals h�; �iA � �v. We need to then look at

(g � �v)(u) =
X
w

g(w)�v(u� w) ��(w; u� w)

= g(u� v) ��(u� v; v)

= g(u� v)�(v � u; v)

and \by George it works!"
Thus h�; � � fiA = h�; �iA � f , for f 2 CC(D) � C�(D; ��). There's more to check so we should

look at h�; �i�A and check to see if it's the same as h�; �iA. Then we look at

h�; �i�A(u) = h�; �iA(�u) ��(u; u)

= h�; ��u�iL2 ��(u; u)

= h���u�; �iL2 ��(u; u)

= h�u��(�u;�u); �iL2 ��(u; u)

= h�u�; �iL2

= h�; �u�iL2

= h�; �; iA(u)

Need: for � 2 CC(M), have h�; �iA � 0, and we can view it in the completed C�-algebra C�(D; ��).
On C�(D; ��) have the dual group action � of D̂. Also, on C�(D; ��) there is a unique �-

invariant tracial state, � , with �(f) = f(0). The GNS Hilbert space for � is l2(D), with the left
regular representation of C�(D; ��) by left multiplication (twisted convolution).

The kernel of this left regular representation � is f0g. Because the action � of D̂ on C�(D; ��)
is unitarily implemented on l2(D), �(�r(a)) = Ur�(a)U

�
r . So the kernel of � is an �-invariant ideal

by a, (clear from staring). But C�(D; ��) has no proper �-invariant ideal. The case we're really
interested in is where D = Zn, where we know all these facts, but it does work exactly in this
generality. Thus we know that � is a faithful representation of C�(D; ��). So the norm on C�(D; ��)
coincides with the norm from the action of l2(D).
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For �; � 2 CC(M), A = C�(D; ��)

h�; �iA(u) = h�; �u�iL2(M); u 2 D; u = (x; s)
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Why is the this inner product in A? First, this equals
R
M

��(x)hz; si�(x�z)dz. Looking at Schwartz
functions on M , S(M), �; � 2 S(M) =) h�; �iA 2 S(D) � l1(D) � C�(D; ��) = A. Now

why is h�; �iA � 0 in A? l2(D) = L2(A; �). For f 2 CC(D) � L2(A; �), hh�; �iAf; fiL2(A;�)
def
=

�(f�(h�; �iAf)) = �(h��f; � � f|{z}
�

iA). But for � 2 CC(D), �(h�; �iA) = h�; �iA(0D) = h�; �iL2(M) � 0.

Now when you see this, you certainly have for � 2 CC(M), S(M), h�; �iA � 0, then � � 0.

In this setting, de�ne the norm k�k = (kh�; �iAkA)
1
2 , and you can now complete S(M) for k � k

to get � to be a right module over this completion A and h�; �iA extends to �. Want to know if this
is a projective module. It's not with the hypothesis in place so far. We need to use this business of
module frames and look at E = EndA(�). The (�nite) linear span of the range of h�; �iA is an ideal
in A. For our case, with D discrete, this ideal is all of A, because you easily check that this ideal is
invariant under the dual action. We saw earlier that for this class of examples, there are no proper
ideals invariant under the dual action.

For u; v 2M � M̂ ,
�u�v = �(u; c)�u+v = �(u; v) ��(v; u)| {z }

�(u;v)

�v�u

So �u�v = �v�u () �(u; v) = 1. Let D? = fu 2 M � M̂ : �(u; v) = 18v 2 Dg. Each �u for
u 2 D? is in E. Once you've completed, if you look at the C�-algebra generated by all of these �u,
C�(D?; �D?) � E and ask if they're equal. But it's we can see that the left will certainly have an
identity element but the right will not. We'll �nish this up next time.
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So we have M � M̂ , D closed subgroup, with �((m; s); (n; t)) = hm; ti, �(u; v) = �(u; v) ��(v; u) =
�((m; s); (n; t)) = hm; tihn; si and you get any character of M � M̂ .

D? = fu 2M � M̂ : �(u; v) = 18v 2 Dg

= the character on M � M̂ which are � 1 on D

= ((M � M̂)=D)̂

This is de�nitely requiring that
^̂
M =M .

Proposition 32.1. D? is discrete () (M � M̂)=D is compact.
D is discrete () (M � M̂)=D? is compact.
Then A = C�(D; ��) and C�(D?; �) are unital C�-algebras.

So we want D to be discrete and cocompact, i.e. (M � M̂)=D compact.

De�nition 32.2. For G a locally compact group, a (uniform) lattice is a discrete subgroup D with
G=D compact.

So we want D a lattice, and thus D? is a lattice.

Theorem 32.3. For D a uniform lattice, EndA(�
�) = C�(D?; �) and � is a projective A-module.

Note that � means the completion of S(M).

33



In the case d = 2, D �= Z2. Let M = R � Zq. Already M = R is interesting. We propose
to carry it out in this simple case and then the reader can imagine it for the more complicated
case since bookkeeping is the only di�erence. Now M � M̂ �= R � R, hs; ti = �e(st). ' : Z2 �
D ! R � R. Given � 2 RR, � 6= 0, have '((m;n)) = (��m; n). In particular, the action on
CC(R) or S(R) � L2(R), gives (�(m;n)�)(t) = e(tn)�(t � (��m)). Just an aside, to check things,
��('(m;n); '(m0; n0)) = ��((��m; n); (��m0; n0)) = e(�m; n0) a cocycle on Z2. We want a right
action: � � �(m;n) = (��

(��m; n)| {z }
2R�R̂

�)(t) = �((�m�; n); (��m; n))�(�m;�n)�. So

(� � �(m;n))(t) = e(�mn)�e(tn)�(t+ �m) = �e((t� �m)n)�(t� �m)

with � 2 S(R). Then

h�; �iA(m;n) = h�; �'(m;n)�iL2(R) =

Z
��(t)�e(tn)�(t+ �m):

Note that �e((t� �m)n) is really a 1-periodic function on R, i.e. 2 C(T ) where T = R=Z. Then the
closed span of (� � �(m;n))(t) � C(T )��� Z = A. F 2 CC(Z;C(T )), with

(�F )(t) = F (�;m)�(�))(t� �m) = F (t� �m;m)�(t� �m)

Now if you have CC(G) with A = C�(H;G=D), B = C�(K;H=G), H = C(T ), then de�ning
inner products h�; �iA, h�; �iB on CC(G), you get a Morita equivalence between A and B. This is
basically a special case of having a locally compact group X, and H and K groups acting on X,
with the actions commuting, and the actions are free and proper.
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Let A = C(R=Z)��� Z, � = CC(R) be a right A-module, B � EndA(�) with B = C(R= 1
�
Z)��1 Z

and
h�; �iB(t; u) =

X
m

�(t� �m)��(t� �m� n)

Assume 0 < � < 1.
Claim: 9� 2 � such that h�; �iB = 1B .
So want h�; �iB(t; u) = 0 if n 6= 0. So if � is supported in an interval of length <1, then the above
holds. Then we need h�; �iB(t; 0) � 1C( ) =

P
j�(t � �m)j2 with � = �[0;�). Choose small " > 0,

" < 1� �, " < �. For �" � t � 1 we want j�(t)j2 + j�(t+ �)j2 = 1. Then h�; �iA is a projection, in
A, with

h�; �i2A = h�; �iAh�; �iA (1)

= h�; �h�; �iAiA (2)

= h�; h�; �iB| {z }
=1

�iA (3)

= h�; �iA (4)
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So what is p = h�; �iA? Well,

h�; �iA(s;m) =
X
n

��(s+ n)�(s+ n+m�)

Then p(s; 0) = h�; �iA(s; 0) =
P
j�(sn)j2. For � <

1
2 , if m = 1, we can certainly periodize ��(s)�(s+

�). The point is that p is supported on f�1; 0; 1g in Z. Just a few more points: for 1 � � < 2, need
2 elements for standard module frame and for 2 � � < 3, need 3 elements, etc. So if you look at
A� then it's the same rotation as A�+n so the algebra doesn't change. But the � for � is not �= �
for � + n.

So we have all this fuzziness with all the choices, but there's a way to systematize it all, which
is now taking us in the direction of K-theory. On A� = A have canonical T2 invariant tracial state:

F 2 CC(Z; C(R=Z)), tr(F ) =
R 1
0
F (s; 0)ds. So what's the tracial state on p? tr(p) =

R 1
0
j�(s)j2ds =

�. This is striking because if � is irrational, you have the trace of a function which is irrational,
something which is a novelty.

Now let A be a unital C�-algebra. We de�ned K0(A) and have the relation

S(A)! C(A)! K0(A)

and can redo it in terms of projections in the various Mn(A).
Any trace � on A gives a group homomorphism K0(A)! R for a tracial state, � , get �([1A]) =

1 2 R. Extend � to Mn(A), �((aij)) =
P
�(ajj). If p 2Mn(A), with

�
p 0
0 0

�
2Mn+m(A),

�(p) = �

��
p 0
0 0

��
:

If p and q 2 Mn(A) give �= projective A-modules. 9x; y 2 Mn(A), p = xy, q = yx, then �(p) =
�(xy) = �(yx) = �(q). Just to tie things up,

�

��
p 0
0 0

��
= �(p) + �(q)

This is essentially de�ning the map S(A)
�
! R and you get naturally homomorphisms from C(A)

and K0(A) to R as well. More speci�cally, C(A) is a positive cone in K0(A) and any trace must
take C(A) to R+. Suppose that for all traces on the algebra, you have this happening. Does it
come from a trace? This may be an unsolved problem. There's a lot of people involved in trying to
determine to what extent the K0, K1, etc. determine a C

�-algebra. Now the K data is certainly
expanding, but we always want the positive cone. There has been some success by supposing that
your C�-algebra A is simple. The topology starts to get interesting. Chris Phillips has a theorem
that if M is a compact manifold, and � is a di�eomorphism giving a minimal action on M , then
C(M)�� Z is a simple C�-algebra.

Now for C(R=Z) ��� Z, you have C(R=Z) � C(R= 1
m
Z). You also have C(R= 1

m
Z) ��� Z �

C(R=Z)��� Z and C(R= 1
m
Z)��� Z �= C(R=Z)��m� Z. You can get in C(R=Z)��m� Z a projection

p with tr(p) = fm�g, m > 0, a fractional part between 0 � fm�g < 1. You also get that 1� p is a
projection in A�.
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Let � be a projective right A-module. A� = C�(Z2; c�) = C�(C(T );Z; ��), � = CC(R) � S(R).

Let G = T2 = Ẑ2 have a dual action on A�. One copy of T acts by translation on C(T ), while the
other copy by pointwise multiplication by hn; ti. We can then de�ne A1� for �. The Lie algebra g

of G acts on A1� be derivations.
Given an algebra A, and a Lie algebra g, � : g ! Der(A). Chern classes over C are concerned

with how g relates to projective modules over A. So given a projective right A-module �, we
want r : g ! Lin(�). By Leibniz, for X 2 g, rX(�a) = (rX�)a + �(�Xa). Then r is called
a \connection", or \covariant derivative". Problem: In general, can't get r to be a Lie algebra
homomorphism.

But connections always exist. For a free module � = An, r0
X((aj))

def
= ((�Xaj)). Then r0 is

a Lie algebra homomorphism. Any projective module � is isomorphic to pAn for p a projection in
Mn(A). In general, there is no canonical choice for p. So what you do is for � 2 � = pAn, with
� = (aj), set rX� = p(r0

X�). This certainly gives you a linear map from your Lie algebra to linear
operators on �. We then have

rX(�a) = p(r0
X(�a)) = p((r0

X�)a) + �(�Xa)) = (rX�)a+ �(�Xa)

Often the connection we get here is called the \Grassmann connection" for p.
So now we have a whole lot of connections. So we need to look at the space of connections. If

r1 and r2 are connections for �, Then

(r1
X �r

2
X)(�a) = (r1

X�)a+ �(�Xa)� (r2�)a� �(�Xa) = ((r1
X �r

2
X)�)(a)

So r1
X �r

2
X 2 EndA(�) and r

1 �r2 : g! EndA(�). If H : g! EndA(�), then r1 +H is again
a connection. The set of connections is an a�ne space over Lin(g;EndA(�)).

Given a connection, r, on �, its curvature, !r, where !r(X;Y )
def
= [rX ;rY ]�r[X;Y ] a skew

2-form on g, with

!r(X;Y )(�a) = rX(rY (�a))�rY (rX(�a))�r[X;Y ](�a)

= rX((rY �)a+ �(�Xa))�rY ((rX�)a+ �(�Xa))� (r[X;Y ]�)a� �(�[X;Y ]a)

= (rX(rY �))a+ (rY �)(�Xa) + (rX�)(�Xa) + �(�x�Y a)� (rY (rX�))a

�(rX�)(�Y a)� (rY �)(�Xa)� �(�Y �Xa)� (r[X;Y ]�)a� �(�[X;Y ]a)

This gives that ([rX ;rY ]�)a� (r[X;Y ]�)(a) = (!r(X;Y )�)a, so !r(X;Y ) 2 EndA(�).

If on A we have a \special" trace � , we get a trace � on Mn(A). Then �((aij))
def
=
P
�(ajj). For

� = pMn(A), EndA(�) = pMn(A)p �Mn(A), so you can restrict � to E = EndA(�). It's not quite
so special because if you have chosen an A-valued inner product h�; �i on �, with h�; �iE� = �h�; �iA,
then

�(h�; �iE) = �(h�; �iA)

So now the point is that you can form �(!rX;Y 2 ^
2
g. It's a cycle by taking the boundary operator,

so it's a cohomology class, and doesn't depend on the connection.
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35 May 8

Let A� = C(T2�), � � S(R). Have a Dual action of G = T2 on A� by

(�(r;s)(F ))(t;m) = e(sm)F (t+ r;m)

G has a Lie algebra g = R2, and � gives the action � of g on A1� = S(Z; C1(T)) when we consider
the twisted product C(T)��� Z. Let X1; X2 be standard basis for R2. Then

(�X1
F )(t;m) = F 0(t;m); (�X2

F )(t;m) = 2�imF (t;m)

We want a connection r on �1 � S(R). So we just need rX1
, rX2

. Then de�ne rX1
by

(rX1
�)(t) = �0(t). So we have

(rX1
(�F ))(t) = rX1

(
X
m

�(t� �m)F (t� �m;m))

=
X
m

�0(t� �m)F (t� �m;m) +
X

�(t� �m)F 0(t� �m;m)

=
X

(rX1
�)(t� �m)F (t� �m;m) +

X
�(t� �m)(�X1

F )(t� �m;m)

= (rX1
�)F + �(�X1

F )

Now de�ne (rX2
�)(t) = 2�it

�
�(t). Then we have

(rX2
(�F ))(t) =

2�it

�

X
�(t�m�)F (t�m�;m)

?
= (rX2

�)F + �(�X2
F )

((rX2
�)F )(t) =

X
(rX2

�)(t�m�)F (t�m�;m) =
X 2�i

�
(t�m�)�(t�m�)F (t�m�;m)

(�(�X2
F )(t) =

X
�(t�m�)(�X2

F )(t�m�;m) =
X

�(t�m�)2�imF (t�m�;m)

For curvature,

(!X1;X2
�)(t) = rX1

(rX2
�))t()� (rX2

(rX1
�))(t)�r[X1;X2]�| {z }

=0

=

�
2�it

�
�(t)

�0
�
2�it

�
(�0(t))

=
2�i

�
�(t) +

2�it

�
�0(t)�

2�it

�
�0(t)

So !X1;X2
= 2�i

�
I� 2 EndA(�) implies constant curvature.

The �rst Chern class is: c�1 (X1; X2) =
1
2�i�E(!X1;X2

) = 1. We're saying Chern class here, but if
you look at the classical literature, it's not exactly the Chern class, though they are in a generalized
sense. Certainly, it belongs to ^g0 = 
1.

A general de�nition for a Lie group G acting on an algebra A, with g acting by derivations on
A, and projective module �, we �nd a connection r on � and its curvature ! 2 A 
 ^2g0. Note
that if !1; !2 2 A
 ^2g, then

[(!1 ^ !2)(X
1; X2; X3; X4) =

1

4!

X
�2S4

(sgn �)!1(X�(1); X�(2))!2(X�(3); X�(4))

Now c�k (X1; :::; X2k) =
1
2�i�E(! ^ ! ^ � � � ^ !(X1; :::; X2k)).
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Theorem 35.1. @!k = 0. The cohomology class of !k is independent of the choice of connection.
This class is precisely ck(�).

Recall that Hk = Zk=Bk with Zk = cycles = f! 2 
k : @! = 0g and Bk = f@! : ! 2 
k�1g.
All this generalizes to A;�, any di�erential calculus 
 = (

L

k; @) over A.
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