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Identities and Positivity Conjectures
for some remarkable
Operators in the Theory of Symmetric Functions

F. Bergeron (X), A. M. Garsia (JD, M. Haiman(T), and G. TeslerD)

Abstract. Let J,[X;q,t] be the integral form of the Macdonald polynomial and set H,[X;q,t] =
") 1, [X/(1 = 1/t);q,1/t], where n(u) =>_,;(i — 1)p;. This paper focusses on the linear operator
V defined by setting VFIM = t”(“)q”(”/)f[w This operator occurs naturally in the study of the
Garsia-Haiman modules M,,. It was originally introduced by the first two authors to give elegant
expressions to Frobenius characteristics of intersections of these modules (see [3]). However, it was
soon discovered that it plays a powerful and ubiquitous role throughout the theory of Macdonald
polynomials. Our main result here is a proof that V acts integrally on symmetric functions. An
important corollary of this result is the Schur integrality of the conjectured Frobenius characteristic
of the Diagonal Harmonic polynomials [11]. Another curious aspect of V is that it appears to encode
a ¢,t-analogue of Lagrange inversion. In particular, its specialization at ¢ = 1 (or ¢ = 1) reduces
to the g-analogue of Lagrange inversion studied by Andrews [1], Garsia [7] and Gessel [17]. We
present here a number of positivity conjectures that have emerged in the few years since V has been
discovered. We also prove a number of identities in support of these conjectures and state some of
the results that illustrate the power of V within the Theory of Macdonald polynomials.

Introduction

The study of V and some closely related variants relies on a number of important discoveries,
including the introduction of a family of plethystic operators with remarkable properties. This
amounts to an extension of Classical Symmetric Function Theory which should have a variety of
applications even outside of the Theory of Macdonald polynomials. These developments have been
emerging from several published and unpublished works. However, most of what is needed here is
given a detailed presentation in the paper “Explicit Plethystic Formulas for Macdonald ¢, t-Kostka
coefficients” [13]. The reader is urged to get a copy of that paper as an aid to reading the present one.
To avoid unnecessary duplications we shall limit ourselves to giving the most important definitions,
stating the basic results and refer the reader to the appropriate sources for the omitted details.

We shall work with the algebra A of symmetric functions in a formal infinite alphabet
X = 1,29, .., with coefficients in the field of rational functions Q(g,t). We also denote by Az[4)
the algebra of symmetric functions in X with coefficients in Z[g,t]. The space Azig s 1/q.q/4 18
analogously defined. We write A=¢ for the space of symmetric functions homogeneous of degree d.
Similarly we define AS? and A>?¢. We shall make extensive use here of “plethystic ” notation and we
need to recall its definition. Briefly, if E = E(t1,t2,ts,...) is a given formal series in the variables
t1,to,ts,... (which may include the parameters ¢,¢) and f € A has been expressed in terms of the
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power basis in the form
f = Q(p17p27p37"')

then the “plethystic substitution” of E in f, denoted f[E], is simply defined by setting

F[E] = Q(p1,p2,p3,---) . I.1

B 585,

This operation is easily programmed in any symbolic manipulation software which includes a sym-
metric function package. It is also very convenient to express, in a compact form, many of the basic
identities of Symmetric Function Theory.

We shall adopt the convention that inside the plethystic brackets “[]”, X and X,, respec-
tively stand for 1 + 2o + z3 + --- and x1 + 22 + - -+ + x,. We also need to introduce a plethystic
notation for the customary operation of replacing variables by their negatives. This is to be distin-
guished from the operation resulting from the “plethystic” minus sign. We will represent the former
operation in two ways. We may prepend the variable in question by a superscripted minus sign or
we may multiply it by a symbolic “ ~1” which for convenience will also be denoted by “¢”. For
example, the definition in I.1 requires that

pel=Xn] = (@ +ay - tan)
while this additional notation yields

Pl " Xn] =pe[ T X X = pr[eXn] = pr[Xn] = (D" (et +af -t ay)

@,

From this we easily deduce that the fundamental involution “w” acting on a symmetric polynomial
P of degree < n may be expressed in the form

wP[X,] = P[-"X,] . 1.2

Partitions will be represented and identified with their “french” Ferrers diagrams. Given
a partition g = (u1 > pe > -+ > pr > 0), we let the corresponding Ferrers diagram have p;
lattice cells in the i'" row (from the bottom up). It will be convenient to let |u| and I(1) denote
respectively the sum of the parts and the number of parts of p. In this case |u| = p1 + po + -+ - + pg
and [(p) = k. As customary the symbol “u - n” will be used to indicate that || = n . We shall also
adopt the Macdonald convention of calling the arm, leg, coarm and coleg of a lattice square s the
parameters a,(s),l,(s),a),(s) and [, (s) giving the number of cells of ;1 that are respectively strictly
EAST, NORTH, WEST and SOUTH of s in p.

We set

n

n(w) =3 Du = YU = 3 Iuls) -

i=1 sEW SEN

If s is a cell of y we shall refer to the monomial w(s) = ¢% (%) as the weight of s. We also set

Bu(q7t) = Z qau(s)tlu(s) and H#(q,t) = H (1 — qau(s)tlu(s)) . 1.3
SEW s€p/(0,0)
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It will be also convenient to set

T, = ") = [[¢@t® and D, = 1-t)(1-q)Bulg,t)~1. 14
sep

This given, our operator V is defined by setting
VH, = T,H, , L5

with
H,[X;q,t] :t"(“)JM[%l/t;q, 1/t] , 1.6

where J,[X;q,t] is the “integral form " introduced by Macdonald in [22. ch. IV (8.3)]. Note that
from 1.6 we derive the Schur function expansion

H,[X;q,t] Z S\[X] Kyu(q,t) L7

where IE',\M(q, t) = t™# K, (q,1/t) with Ky,(q,t) the Macdonald ¢, t-Kostka coefficient. We should
point out that in this paper S\[X] denotes the the ordinary Schur Function indexed by A. By
contrast, in Macdonald’s book [22], the symbol S\[X] represents what we would denote here by
“SAX(1 =)

The operator V played a crucial role in developments relating Macdonald polynomials to
Representation Theory [6], [8], [12] and to Geometry [5],[19]. Computer experimentation with V
revealed that it has some truly remarkable properties. In this paper we present a collection of
results and conjectures about V that have emerged in the few years since its discovery. As a matter
of example it is worthwhile having a look at the following beautiful matrices which express the action
of V on Schur functions indexed by partitions of 4:

Sy S31 S22 So11 S1111
3 3 3 3[1 0 3 g1 00 3 3 (1) ) 8
VS4— 0 —t°q —t°q [0 1] —t°q (1) } 2 ¢ |y 1 3
0 0 0
1 0 0 0 L0 00
2. 21 0 2 2 100 2 2|1 1 0 O 2 2 o 100
VS31— 0 t°q [0 1} t*gs|o 1 0 “¢* o 2 1 o tg°|o 1 1 0
0 0 1 oz 000 1 1
0 0 0
10 ;
VSQQH 0 *t2 q2 0 7t2 q2 {O 1 :| 7td q‘3
1 0 0 0 0
1 0 0 0 L0 000 01 0 0 0
L0 0 0 1 0 0 L1000 001 1 0 0
VS311— 0 —tglo 1 o0 —tq —tg|0o 2 1 0 0 —tq
01 1 0 000 1 1 0
0 0 1 00 2 1 0
00 0 1 o0 e 000 0 1 1
00 0 0 0
1 0 0 0 0 0
100 0 0 L0 00 00 01 0 0 0 0
1 0 0 0 1 100 0 0
01 0 0 0 001 1 0 0 0
1 1 0 0 1 210 0 0
VSiii— 1 1 1 1 0 0 01 1 1 0 0
11 1 0 002 2 1 0 0
6 1 1 001 1 1 0 R 00 1 1 1 0
000 1 0 1 P 00 0 1 1 1
00 0 0 0 0

=N =Ne=]
—_

—HOoOO0OOO
HOoOOOOO

HOOOOOO
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Here at the intersection of the row indexed by V.S, with column indexed by S) we have placed
the coefficient of Sy in VS,. These coeflicients are depicted by the convention that represents the
polynomial

?¢(a + bg + cq® + dt + etq + ft?)

by means of the symbol

f 0 0
2¢3 |d e 0
a b c

A close inspection of these matrices suggests a number of remarkable properties of the image of a
Schur function by V. To begin with we might infer that V of a Schur function is always totally
Schur-positive or totally Schur negative. We also might recognize that the coefficient of Si4 in VS;4
is the ¢, t-Catalan Cy(q, t) studied in [11]. Similarly, we discover that, up to a factor, the coefficient of
S14 in VS is C3(q, t). Now the first observation leads to a conjecture and the second is a particular
case of a general theorem that will be proved here. More precisely, we have the following:

Conjecture I
For any pair of partitions A\, u and for a every positive integer m we have

(1) (V™ Sy, S,.) € Nlg,t] 1.8

with < , > the Hall inner product and

() = (l(;)) + 03 i-1-X) .

)\i<(i71)

We should mention that the sign in 1.8 was identified by M. Bousquet-Melou [4] who gave
a combinatorial interpretation to the left hand side of 1.8 in the special case u = 1™. We should add
that in the case u = 1" there is a more explicit conjecture. More precisely, it was conjectured in
[11] that the bigraded Frobenius characteristic DH,[X; ¢, t] of the Diagonal Harmonics (rewritten
in terms of V), is given by the formula

DH,[X;q,t] = Ve, , 1.9

in fact, the simplicity of this expression for DH,,[X;q,t]| was one of the original motivations of the
first two authors for introducing this operator. We should also mention that the Schur-positivity of
all the successive powers of V on e,, was conjectured in [19] to have also a representation theoretical

explanation.

A variety of other beautiful identities and positivities have been discovered through computer
experimentation. Some of them can actually be proved but others appear out of reach to this date.
All of these results have remained unpublished for a number of years since no tools have been
available, until recently, to allow a direct study of V, other than the Macdonald polynomials, which
themselves are fraught with unsolved difficult conjectures.
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The specialization of V at ¢ = 1, denoted “V;—1”, can be shown to be a multiplicative
operator closely related to the g-Lagrange inversion problem studied in [7]. This connection, which
has already been pointed out in [11], shows in particular that a very recent result of C. Lenart [20]
is none other but a proof of the special case m = 1 and ¢,q = 1 of Conjecture I.

Our main result here is a proof that V acts integrally on Schur functions. In particular, by
way of the identity in 1.9, we obtain a proof that DH,,[X;¢,t] is in fact a Schur integral polynomial
and, a fortiori, we now have an elementary proof that the elusive g,t-Catalan c¢,(q,t) of [11] is a
polynomial with integer coefficients.

Our experience is that almost every expression or identity that arises in the connection
between Macdonald polynomials and Representation Theory may be simply formulated in terms of

V.

Our proof of the polynomiality of V hinges on the development of a theory of plethystic
operators which promises to play a central role in the theory of symmetric functions. The basic
ingredients of this theory are the operators Dy and D} defined for any integer —oco < k < 400 and
acting on a symmetric function F' in the alphabet X = 1+ x2 4+ 23+ ... according to the plethystic
formulas

Dy, FX] = (F (X + M]3 (—2) e X] ) ] D} F[X] = (F EEELDY zmhm[X]) 110

m>0 m>0

2k

“

Here * | .7 denotes the operation of taking the coefficient of z* in the preceding expression, e,, and
hy, denote the elementary and homogeneous symmetric functions indexed by m, and for convenience
we have set

M=0-t(1-q , M=Q0-1/1-1/q) . 111

These operators are connected up to V and the polynomials H . through the following basic identities:

(i)  DoH,=-Du(¢.0)H, ., (i) DiH,=-D,(1/q.1/t)H,

(i1) Dypey —ey Dy =M Dpyy (id)" Diey —e D= —MDp, 1.12
(ii1) Ve, Vol = —Dy (iii)* VDiV-l=¢ '
(ZU) v-1 oV = ﬁDfl (’L’U)* vl D*_lv =—-Mo

)

where e, is simply the operator “multiplication by e;” and 04 is its “Hall” scalar product adjoint.

A close study of the operators Dy, D} led to the discovery of a number of remarkable
symmetric function bases. The typical result here can be stated as follows.

Theorem 1.1
For A= (A1, A0, .., A6, 1%) with Ay > Ao > -+~ As > 2 and a > 0 set

Wi[X;q,t] = g?Di‘gi‘llei‘gi\Qﬂ---ngi‘sfl 1.13

This given, the collection
{MIX5 0,1}, 1.14
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is a basis for the homogeneous symmetric polynomials of degree k. More precisely we have the
expansion
PwoyX5q.t] = M" hy + <--- (for somer <k—1) 1.15

where the symbol “< ---7 is to express that the remaining terms involve homogeneous basis elements

which follow hy in a suitable total order.
Of course the same identities hold true with D7 replaced by D; in I.13.
At this point it is convenient to introduce, for a given quantity @, the “translation” operator

7o which acts on a symmetric function P[X] according to the plethystic formula

ToPX] = PX+Q].
This given, perhaps the most remarkable property of V is expressed by the following result, proved
in [13].

Theorem 1.2
Let
n= vtz 1.16

and for a given symmetric function F set

Mrp = IF = V!FIX-"1] .

Then we have
Op[Du(q,t)] = (F, HJX +1;q,t]), , 1.17

where < , >* is the scalar product defined by setting

o huhl, ifA=p ,
(Hy, H,), = L18
0 otherwise ,
with
hu(g:t) = [[ (@ =t and By (q,8) = T (¢ = g F1) 119
s seu

We should point out that, in particular, this implies that certain images of V have rather
surprising vanishing properties. More precisely, it follows immediately from 1.17 (M that

Corollary 1.1
For any given symmetric function F of degree k we have

0 if ul <k

r[D,(g,t)] = {<6:L_kp7gu> if lul=n>k 1.20

*

M See [13] Theorem 1.2
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where for convenience for any symmetric function F[X] we set

F*[X] = F| [.21

T
) -

This paper is divided into five sections. In the first section we state the basic identities we
need in our developments, prove Theorem 1.1 and derive from it the integrality of V. We also derive
there a number of other consequences of the identity in I.17. In the second section we work with the
special case t = 1 and relate the action of V;—; to ¢-Lagrange inversion. In the third section we state
a few positivity conjectures and establish a number of results in their support. In the fourth section,
as a by-product of the symmetric function identities developed here and in [13] we derive a new
formula for the g, t-Catalan introduced in [11] which makes it quite evident that it is a polynomial
in ¢ and . In the final section we prove a number of identities and derive a plethystic form of the
higher indexed Macdonald operators.

1. Basic properties of V.

Let us recall that the Hall scalar product “< , >” on A is defined by setting for the power

basis {p,},
Zp if p(l) = p(2) =p

<pp<1) ) pp<2)> = {

where for a partition p = (1%1,2% 3% ...) we set as customary

0 otherwise

2p=1%12923% ..o laglag! -+ .

We shall systematically use the symbol Q[X] here as in [13] to represent the symmetric

aAx] = Hl—lxi - eXp(Z%) '

i k>1

function

In the same vein we shall also set

ax] = wQx] = [[Q+2) = exp(Z%) . 1.1

i E>1

This given, we have the following basic expansions ([13] Theorem 1.3):

: _ pplX]p,[Y]
o o) = Z(_1).p|,l<p>zppp[<1_t)(l_q)]7

p
b) Q=) = ZSA o) v ZSA JSvlY 1.2
) Q=] = Z :

. <> <>
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In particular we see from 1.2 ¢) that Q [%] is the reproducing kernel of the x-scalar product

defined by 1.18. We also see from 1.2 a) that the x-scalar product may also be defined by setting

(=D 2, pp[(1 =) (1 = )] if p) = p®) = p,
<Pp<1> ) Pp<2>>* = 1.3

0 otherwise.

From this we derive that the Hall and the %-scalar products are simply related by the identity
(P,Q), = (PwpQ) , 1.4
where for convenience we set, for every F[X] € A,
¢F[X] = F[X(1-t)(1—q)]=F[XM]. 1.5

Here and after we shall denote by “S,” the operator “multiplication” by the Schur function S,.
Note that since the skew schur function S}/, is defined from the expansion

Sain = > 80 {(SuSu,Sx) 1.6

we see that the Hall scalar product adjoint of S, is the operator “Jg,” defined by setting for the
Schur function basis
aSuS)\ = SA/M . 1.7

We should point out that we have also set
O0s, = &

We shall also need some more general “translation” and “multiplication” operators defined
by setting set for every @ € A and any alphabet Y
a) Ty QX] = QX +Y]
b) Py QX] = QXY]QIX] .

1.8

It is easy to show (see [13]) that these operators have the following useful “Schur function” expan-

sions:

a) Ty = Y S,[Y]0s, ,
13

1.9
b Py = Y S.Y]S,
13

which show that Py is the Hall adjoint of 7y. Note that if X consists of a single variable u we have

T, = » u™ds, . 1.10

m>0
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It is also important to note that we have the commutativity relation (see [13])
TyPz = QYZ|PzTy . 1.11

Another useful ingredient which occurs in our developments is the involution “|” defined by setting
for any F' € Azq,t,1/9,1/1)
| FiX;q,t] = wF[X:1/q,1/t] 1.12

It can be shown (see [12]) that we have

. 1 -
| Hu[X5q,t] = — Hu[X;q,t] . 1.13
Ty

We also have

a) |Tl=T"
by | V]= Vvt 1.14
¢) 1Dyl = (-1)"Dj.
Finally, we should point out that by combining 1.5, 1.12 (¢) and (¢)* with 1.2¢) we deduce that the
operators V, Dy and D are all self-adjoint with respect to the x-scalar product.

This completes the collection of basic facts we shall need in our further developments.

Proof of Theorem 1.1
To show that the polynomials

WilX;q,t] = efDjet' 'Die* - Die 'l A== 2N >1

form a basis of A , it is sufficient to establish that those for which a =0 and A\ + Ao +-- -+ Xs = k,
span A=* modulo e; A=*~!. To this end note that for any m > 1 and F € A we have

Die'F = (el—M/z)mle[X—M/z]Q[zX] |,

= (—M/z)mle[X—M/z]Q[zX] |, (mod e;A)
= (=M)" S FX = M/E)|, QX |
E>0
— (= M)" 'h[X]FIX] + (terms in hyi1, hongas. .. ) -

Thus it follows that, when all A; > 1,

WalX;q,f] = D} 'Died ' Died ™t = (= M) Vhy by, by, + oo LI5

1 s

where the omitted terms involve complete homogeneous basis elements h, with y > A in lexico-
graphic order. This shows that the collection

B=F = {W\[X;q.t] : Ak &all\; >1}
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is an independent set in A=F/e; A=F~! . To complete our proof we need only verify that the cardi-
nality of B=* is equal to the dimension of A=F/e; A=F=1 . In other words we must show that

#OAAFE&N>1) = #{0:ark) — #{0:AFk-1).

However, this follows immediately by equating coefficients of ¢* in the power series identity

1 1
H 1—qm = (1-9) H 1—gm

m>2

Remark 1.1
Note that, since the definition in 1.12 gives that | 1 = 1 and | ¢; |= ¢;, from 1.14 ¢) we
derive that
L WalX;q,t] = (=1)*eiDie}' *Die}? - Dieps ' . 1.16

Thus, the invertibility of “|” yields that also these polynomials form a basis of A. In fact, more
than that is true. For a partition A= (A > Xy > -+ > Ay > 1%) set

Ur[X;q,t] = Dje,D} le,D}2™ . .eyD}"11 . 1.17

This given we have

Theorem 1.1
The operator V may be computed from the identity

VIL[X:qt] = (—1)* 2D g[X;q,t] 1.18

In particular, the collection
{OA[X; 0,11}, 1.19

is also a basis, and necessarily V is a polynomial operator, that is
VAZ[q,t] g AZ[q,t] . 120

Proof
Note that from 1.12 (i¢4) and (4i7)* written in the form

a) Ve, = =DV b) VDe; = ¢,V
it follows that
VW)\[X;q,t] = (*Dl)aél(*Dl))\lilél(*Dl)Arl"'§1(*D1)A57117

and this is 1.18. The fact that the collection in 1.19 is a basis then follows from Theorem 1.1 and
the invertibility of V. Note next that the triangularity expressed by 1.15, together with a closer
look at the later terms, yields that, at the very worst, the complete homogeneous basis {h,\[X ]} \
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admits an expansion in terms of the basis {Wx[X;¢,t]}, with coefficients in Z[g,¢,1/q,1/t, M~1].
Combining this with 1.18 and the definition of D; yields that

VAZ gZ[qvtal/qal/taMil]AZ

In other words, at worst, V introduces powers of ¢, ¢, (1 —t) and (1 — ¢), in the denominators. To
eliminate these denominators we must show that for ' € Az , VF hasnopoleat ¢ =0,t=0,¢=1
and t = 1. By symmetry, it is sufficient to deal with the cases ¢ = 0,1, and for these we can take F'
to be an element of any basis we choose of Z(t) Ay.

For ¢ = 0 we may take F = H,,[X;0,t]. In fact, it follows from 1.7 [22, ch VI (8.4) (ii)] that

H,[X;0,t] ZSA [ K\ (t) 1.21

with K an(t) the Kostka-Foulkes polynomials. We may write 1.21, for a particular degree d, in matrix
form as

(H[X;0,t]), = (S[X]),Ka(t) . 1.22
In the same vein we may write 1.7 in the form
(H[X:q,t]), = (SIX]),Ka(q,t) . 1.23
Now 1.22 and 1.23 may be combined into
(H[X;q,t]), = (H[X;0,t]), K(t);" Kala,t) -

Thus the polynomiality of the Ky, (q,t) ([14], [15]) yields that the entries of the matrix

Apkd = f((t);lf(d(q, t)

llaxu(g,?)]

are necessarily polynomials in ¢ with coefficients rational functions of ¢; in particular they have no
poles at ¢ = 0. Since ||ax,(q,t)||x,u-a tends to the identity matrix as ¢—0, its determinant does not
vanish at ¢ = 0. This implies that, by inverting ||ax, (g, t)||,u-d, we will obtain an expansion

Hy\[X;0,t] wa G OHL[X;q,t] 1.24

with the by, (g,t) rational functions in ¢ and ¢ with no poles at ¢ = 0. Now L5 gives

VHLX;0,t] = > baulg,t) t"We" WV H, (X1 q,t] .
“w

Since nothing on the right hand side has a pole at ¢ = 0, this completes our argument for the case
q=0.
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We can treat the case ¢ = 1 in an entirely analogous manner using the basis {EIM [X;1, t]}#.
In fact, it follows from [22 ch VI 8.4 (iii)] that

U(u")

H,[X;1,1] H

i=1

X1 1.25

u-

Now it is well known that for any integer m > 1 we have the Schur function expansion

(t: ) [ 155] ZS)\ > e 1.26

TEST(N)

where the inner sum is over all standard tableaux of shape A and “co(T")” denotes cocharge. Thus
using 1.26 in 1.25 we obtain the Schur function expansion

H,[X;1,1] ZSA 105, (1) 1.27

with coefficients 6y, (¢) polynomials with positive integer coefficients. Writing this in matrix form
as we did before gives

(H[X;1,1)), = (SIX]),0a(t) .

So we may combine it with 1.23 and obtain
<I—~I[X7 q, t]>d = <EI[X7 17 t]>d ed(t)_lkd(q7 t) P

and the argument proceeds precisely in the same manner as before since the matrix 64(t) 'K, a(q,t)
again approaches the identity as ¢g—1. This completes our proof.

Corollary 1.1

The operator V1 is a Laurent polynomial operator, i.e. V~1Az C Z[q,t,1/q,1/t|A
Proof

Theorem I.1 guarantees that the matrix of V with respect to any basis of Az has entries in
Z[q,t] . Since the eigenvalues of V on A;d are t”(”)q"(“/) with |p| = d, the determinant of all these
V matrices consists of a monomial in ¢ and ¢. Thus all their inverses have entries in Z[q,t,1/q,1/t].
Corollary 1.2

The image of a Schur function under V has a Schur function expansion with coefficients in
Z[q,t]. In particular formula (15) of [11], conjectured to give the Frobenius characteristic of diagonal
harmonics, is a polynomial in q and t.
Proof

The first assertion is a particular case of Theorem I.1. The second assertion follows from
(15) of [11] which essentially states that this Frobenius characteristic is Ve, [X].

There is an interesting family of operators which are closely related to V and have similar
properties. More precisely, for any symmetric function F' € Az, ;4 we let Ar be the operator defined
by setting on the {H,}, basis

ArpH, = F[B,H, 1.28
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It is easily seen, from the definition of plethystic substitutions, that when |u| = n, V itself may be
viewed as A., . Most interesting special cases of these operators are obtained by setting F' = e.
For instance we see from 1.4 and 1.12 (i) that Dy = —MA,, + I. Moreover, we have the following
basic extensions of the table in 1.12.

Theorem 1.2
(U) Aelgl = QlAel - Dy ) (U)* AGIDT = DTASI +e
1.29
(vi) Acper = e1Ae, — DilAe, , (v))" A DY = DiAc, +¢,A,
Proof
It will be convenient to set, for a variable u:
~ |l _ ) ) ~
U A, = > Ao, = ([T +uthgh) ), . 1.30
k=0 sEp
It follows from the Macdonald Pieri rules [22] that for any partition v we have the expansion
e H, = Z H, du,(q,t) 1.31

H—v

where the coefficients dx,(q,t) are rational functions in ¢ and ¢ which may be explicitly computed
(see [9]). Their true nature is immaterial for us here. The important element is that the sum in 1.31
is carried out only over the partitions g that immediately follow v in the containment order. This
given, we immediately derive from 1.30 that we have

U(u)e, W) H, = Y (14uwy)H,duw(gt) 1.32
pe—v
where w,,, is the weight of the cell we must add to v to get u. Now from the definition in 1.4, we

see that we must have w,, =T, /T, Thus 1.32 may be rewritten in following equivalent forms

U(u)e; U(u) ' H, Y (A +uT/T)Hydu(a,t)

pe—v
_ H,d,(qt H,duw(q.t) /T,
; pdu(g:t) + “v; pwduw(q,t) / 1.33

= Qlﬁ,u, + uv§1gy/Tu

= e H, + uVe Vﬁlﬁy = e I:I,, —u Dlﬂ'l,
where the last equality is due to 1.12 (¢i¢). Since v is arbitrary we must conclude that

V(u)e, ¥(u)™ = e —uDy .

Better yet we must also have

U(u)ey, = eP(u) —u D1U(u) . 1.34
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In particular, equating coefficients of u* for k > 1 gives

1) Ael € = QlAel - Dl ) k) Aek € = Q1Aek - Dlvek,1 .
This proves 1.29 (v) and 1.29 (vi). Now, using 1.12 (4i7)* we may eliminate e¢; from these equations
and obtain
1) A, VD:iV! = VD;V'A, -D; , k) A, VD;V™! = VDiIV'A., - DV, , .

Since V necessarily commutes with any of the operators A g, these two relations may also be rewritten
in the form

1) AEIDT = DTAel - V_IDIV ) k) Aek‘DiK = DrAek - v_lDlvvek_l 3
and a use of 1.12 (4i%) finally simplifies them to 1.29 (v)* and 1.29 (vi)*, completing our proof.

It develops that the argument that yielded the integrality of V can be applied also to the
operators Ap. In fact, the identities in 1.29 are precisely what is needed to compute the action of
any of the operators Ap without resorting to expansions in terms of the basis {ﬁ wh

Theorem 1.3
For each F' € Agjq4 we have

AFAZ g Z[q7t]AZ . 1.35

Proof

Note first that since the map F—Ap is linear and multiplicative in F' it is sufficient to prove
1.35 for all the factors occurring in an integral multiplicative basis of Az, ,]. In particular, we may
choose the “elementary” symmetric function basis. This reduces us to verify 1.35 when F' = ¢, . We
have seen in the proof of Theorem 1.1, that the expansion of the complete homogeneous basis {hy }
in terms of the basis {W,[X; ¢, t] }» has coefficients whose denominators only contain powers of g,
t, 1 —q and 1 —t. To follow the same strategy we used in the proof of Theorem 1.1, the first part
of our proof will be to show that the action of any of the operators A., on the basis {W\[X; ¢, ] }a
introduces no other kinds of denominator factors. To this end, note first that for ¢ > 1 in [.13, using
1.29 (vi) we get

Ao WalXiq,t] = eie e, ' Dieg™ ' Die ™™ Digg ™!
— DiA., e, 'Die M DRe Ml D Mo
On the other hand, if a = 0 then 1.29 (vi)* gives
A, Wi[X;q,t] = DiA. e 'Die 2. Die Mt
+oeA., e Die el Die M

From these two relations we immediately see that, by means of the relations in 1.29 and a double
induction argument based on k and the size of A\, we can establish that A., W\ [X; ¢, t] always results
in a Z-linear combination of polynomials of the form

0,05---0,, 1 with each O; = ¢ ,DyorDy.
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This completes the first part of the proof since e; and D are clearly integral (see 1.10) and D7 at
worst introduces only denominator factors which are powers of ¢t.

We are now in the same position as before to show that the image by A, of any hj contains
no polesat g =0,t =0, ¢ =1 and t = 1. In fact, for the case ¢ = 0, for instance, we may use 1.24
again and derive that

A H)\X 0 t Zb)\# qa ek ( »t)}gﬂ[X;(Lt] P

which shows that the action of A, on the basis {Hx[X;0,¢]}x produces no poles at ¢ = 0. Similar
arguments eliminate poles at t =0, ¢ = 1 and ¢t = 1, completing the proof of 1.36.

Our next and final task in this section is to derive some interesting applications of The-
orem [.2. We shall see that formula 1.17 with II given by 1.16 encodes a remarkable amount of
combinatorial information. To this end we recall that the coefficients ¢, (g,t) which occur in the
identity

6 H uX;q,t] = ZCW q,t)H,[X;q,t] 1.36

V*?‘LL
have the following important property.

Proposition 1.1

3l [Dula, t)/ta] ifk>1,
Cul/(qa t) (Tu/Tu)k = 1.37
EL B,(q.1) ifk=0.

We should mention that it follows from the Macdonald Pieri rules [9] that for v—p we have
thu(s) — gan(s)+1 ap(s) _ tlu(s)+

_ q
C,ul/(qat) - H th (s)_qa,,(s)—i-l H al,(s — th (s)+1

SER,. s€Cuy

, 1.38

where R, and C,, denote the collections of cells of v that are respectively in the row and the
column of the cell p¢/v. Similarly, the coefficients d,,,,(¢,t) occurring in 1.31 are given by the formula

a,(s) — v (s)+1 tl,,(s) _ qa,,(s)+1

B q
duw(at) = ]] PO TR () — gl i1 139
SER,, s€Cpy

The identity in 1.37 was proved in [15] by taking full account of the combinatorial informa-
tion contained in 1.38. An analogous argument may also be used to prove the following analogue of
1.37.

Proposition 1.2

1.40

S dula,t) (T,,/T,)"

pH—v

o {(—1)’“‘1ek1[DV(q7t)] ifE>1,
1

iftk=0.
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Now it develops that both 1.37 and 1.40 can be derived with considerably less effort directly from
1.17 without resorting to 1.38 or 1.39. To illustrate this type of argument we shall carry out the
derivation of 1.40.

To begin with we should point out that 1.37 and 1.40 follow from two master identities that
are interesting in themselves.
Theorem 1.4

For any P € A we have

> (@ t) P[Dy(g,t)] = 47 P[Du(e,t)] + 15 (DiP)[Du(q,1)] 1.41
> du(a,t) P[Dyu(q,t)] = P[Dy(q,t)] + (D-1P)[Dy(q1)] 1.42

Proof

For convenience let

F=0IO'P = r.VP. 1.43

This given, we may write the left hand side of 1.41 in the following equivalent forms

ZCMV(‘]J)P[DV(QJ)} = ZCMV(Qvt)HF[DV(%t)]

v—u v—p
(byL17) = > cule.t)(F, TH,),
v—p
(by1.36) = (F,Ti61H,) = (by110)=(F, & TH,),

(byld) = (owF,0Till,) = (eowF, TWHl,) = 5 (&F , Tuf,),

Thus one further application of 1.17 yields us

ZC#V(Qat)P[DU(Q7t)] = ﬁnelF[D,u((Lt)] . 144

v—p
However, using 1.16 and 1.43 we get
M.r = V7%, T.VP = V(e +1)VP .

This enables us to rewrite 1.44 in the form

> (@) P[Du(a)] = 5 P[Dula.D)] + 47 (V'er VP)[Du(a,0)]

v—p

which, in view of 1.12 (44¢)*, is just another way of writing 1.41.
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To prove 1.42 we can again start with 1.43 and get

Z dMV(CL t) P [DM(Q7 t)] Z d/lW(qv t) HF [Dll (qv t)]

=V ne—v

(byL17) = > du(qt)(F, TiH,),

H—v

(byl13l) = (F,Tie,H,)), = (F, (e +1)TiH,),
= M(&F,TH,), + (F, TH,), ,

and another application of 1.17 gives

> duw(q.t) P[Du(q.t)] = P[Dy(q,t)] + MILs,r[Dy(q.t)] . 1.45

pe—v

Now, using 1.43 again we have
Oy p = V' '6T.VP = V6, VP

and 1.12 (iv) transforms 1.45 into 1.42, completing the proof of the theorem.
Proof of Proposition 1.2
Note first that setting P = 1 in 1.42 gives

> dul(gt) = 1, 1.46

H—v

as desired. Next, for k£ > 1, we choose P to be the power symmetric function pg in 1.42 and get

3" du(a.t) Du(db, 1) = Dy(¢",t%) + (D_ipi)[Dulg.t)] - 1.47

pe—v
Since the definition in 1.4 gives

Du(d,t*) = Dy ¢") + (1—t)(1-¢")(T,/1)" 1.48
using 1.48 and 1.46 in 1.47 we obtain

(1 - tk)(l - qk) Z dm/(q7t) (TM/TV)k = (Dflpk:) [DV(CI7t)] . 1.49

H—v

Now, the first of 1.10 for kK = —1 gives

D_opr = (pr+ (l_tki#) Z (—2)"em[X] = 1-t")1-¢") (1) Tera[X] .

m>0

-1

z

Using this in 1.49 and carrying out the necessary cancellations completes the proof of 1.40.
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The remarkable fact that the identity in 1.17 permits us to evaluate these sums without
explicit knowledge of the coefficients c,.,(¢,t) and d,., (q,t) suggests that this idea may be extended
to cases where such explicit knowledge is not available. To be precise, for a homogeneous symmetric
function f € A= let us denote by 5;2 the operator which is the x-adjoint of multiplication by f.
From the Macdonald Pieri rules we derive that there are certain rational functions ¢, (g,t) giving,
for every uFn >k

6f uXiq,t] = Z cil,(q,t)f{,,[X;q,t] , 1.50
vCpp
where the symbol “v Cj, 1 is to represent that the sum has to be carried out over partitions v C p
where the difference p/v consists of precisely k cells. Similarly, we have rational functions clf“,(q7 t)
giving
FIXVH[X;q,t] = > dl,(q.t) Hu[X;q,t] . 1.51
v
Without explicit knowledge of these coefficients, the method illustrated above yields identities which
are entirely analogous to 1.41 and 1.42. The result for the cf ,(g,t) is the nicest in this case and it
can be stated as follows.

Theorem 1.5
For any P € A we have
> elula,t) P[Dy(g,0)] = (V7f[X =€ VP)[Dulg, )] 1.52
vCpp
Proof

Proceeding as before we use 1.43 and write

> (e P[Du(g. )] = > ¢l (a,t)Tr[Dy(g,1)]

vCrp vCpp

= 3 an(F, T, 153

vCrp
(P T ).~ (5T ),
= (fF. T H,), = Ir[Dye.1)] .

Now we have
Mjp = VI7'fT.VP = Vf[X-€]VP.

Using this in 1.53 yields 1.52 and completes our argument.

2. Nabla at t =1 and g-Lagrange inversion.
A natural integral basis for the space Az, is given by the symmetric functions

{H,[X;q,1]}, - 2.1
This given, we simply define V| ,—, to be the operator V obtained by setting

VH,X;q1] = (Vﬁu[X;q,t])tzl = ¢")H,[X;q,1] . 2.2
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Now we have the following basic fact.

Theorem 2.1
The operator ¥ is multiplicative on Aziq and may be computed by setting for all m >0

Vin 2] = ¢ ha ] 2.3
Proof
It follows from [22] (p. 364 ex. 7) that the symmetric functions in 2.1 are given by the
formula
~ ()
H(X:q,1) = [[(@ @b [15] - 2.4
i=1

Since we may write
U(p)

¢ =TT, 2.5
i=1
we see that the combination of 2.2, 2/4 and 2.5 yields

U(p) Up)

ﬁ];_[(C];Q)/H}ALM[IXTq] = H(q;q)ﬂiq(;)hﬂi [li{_q} ?

i=1 i=1

or better
U(p) ()

VI = Hq(‘;i)hm[gq] .

i=1 i=1

=

This proves the multiplicativity as well as 2.3.

Theorem 1.2 has a number of truly remarkable consequences. To begin with let us recall
that, the reformulation in terms of V, of the conjectured Frobenius characteristic DH,[X;q,t] of
the module of S,, diagonal harmonics reduces to the formula

DH,[X;q,t] = Ve, . 2.6

In particular, since we have the expansion

en = O ([Thules)) full —dl

pEn %

(with f,, the forgotten basis element indexed by u), setting ¢ = 1 in 2.6 and using Theorem 2.1 we
immediately obtain that

DH,[X;q,1] = Ve, = Z(Hq(g)hm[ﬁ])fﬂ[lfq] . 2.7

pEn 7

This result leads to the following beautiful corollary of Theorem 2.1.
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Theorem 2.2

For any A F n we have

1(\)

VS\[X] = det HDH,\;H,Z-[X;q, il 2.8
Moreover, equating coefficients of Sin in the Schur function expansion of both sides gives
~ 1(\)
VS\X]| = det Hckﬁj_i(q) HH . 2.9
where {Cp,(q) }m 1s the g-analogue of the Catalan sequence defined by the recurrence
m
Cnl(q) = Z " 1Cr-1(q) Cr—1(q) (with Co,=1) 2.10
k=1

Proof
Applying V to both sides of the Jacobi-Trudi identity

()
SAX] = det "6A2+j7i[X}

i=1
immediately gives 2.8 because of 2.7 and the multiplicativity of V. Now 2.8 and the Pieri rules yield
I\

VS [X] o = detHDHAHj_i[X;q,l]‘

2.11

S i =1
IR

and 2.9 follows from the fact (proved in [11]) that for each m

DH[X;q,1] = Cnl(q).

1m

Remark 2.1

We should point out that it was precisely the relation in 2.9 that permitted M. Bousquet-
Melou to identify the sign occurring in formula 1.8 of Conjecture I. More recently, C. Lenart (see
[20]), using formula 2.8 was able to obtain a combinatorial proof of the Schur positivity of the
symmetric function (—l)b(’\/)@ S thereby establishing the case t = 1 and m = 1 of Conjecture I.

Another curious consequence of Theorem 2.1 is the relation that V has to Lagrange inversion.
But before we can proceed we need to recall some notation.

The ¢-Lagrange inversion problem studied in [1], [7] and [17] may be stated as follows. We
are given a formal power series

F(z) = Fiz + F2° + F32° + - (with Fy # 0)
and we are to construct the formal power series

f(z) = fiz + f22° + f32° + - (with f; #0)
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which solves the equation

2 = Ff(z) + B f()f(za) + Bf(2)f(za)f(z¢®) + - . 2.12

We should note at the onset that equating coefficients of z™ in this equation, the coefficients f,
may be uniquely recursively constructed. Thus existence and uniqueness of the solution is not in
question. The problem is to find a useful explicit closed form for the solution. The solution was
given a closed form in [7] in terms of two operations roofing and starring which may be defined as
follows. Given a formal power series ®(z) = Zkzo D,,2", the “roofing” and “unroofing’ of ® are
respectively defined by setting

n

ANP(z) = Z@n q7(2)z" and VO(z) = Zfl)n q(g) 2" . 2.13
k>0 k>0

In the same vein, when ®g = 1, “left” and “right stars” of ®(z) are obtained by setting
*B(2) = B(2)P(2/q)®(2/q%)--- and  D*(2) = O(2)P(2¢q)P(2¢%) - - - 2.14

This given, it was shown in [7] that when F(z) is of the form

z z
F = = 2.15
(Z) R(Z) 1 + Rlz + R222 + R3Z3 + -

then the solution f(z) of 2.12 is given the expression

V *R(zq)

—_— 2.1
2 VRG) 0

flz) =
This rather mysterious formula was difficult to use at the time in that there was no method to
derive from 2.16 an actual expression for the coefficients f,,. These coefficients were given explicit
expressions in [11] by means of the theory of symmetric functions. The reader may also find there a
lattice path interpretation of 2.12 as well as its solution f(z). Our purpose here is to show that v
is intimately related to this g-Lagrange inversion problem. In fact, a number of the manipulations
carried out in [7] and [11] will be seen to acquire an entirely new light by means of V and plethystic
notation.

To begin with we should note that the reason we can use the theory of symmetric functions in
this context is due to the fact that, given an infinite alphabet X = x1 +z2+x3+ - - -, the elementary
symmetric functions e;[X], ea[X], e3[X], ... are algebraically independent. Thus any formulas we
may derive in the special case that R, = e,[X] in 2.4, will remain valid when, upon expressing
everything in terms of the elementary basis, we make the substitutions e, [X]—R,. This idea will
perhaps be better understood after we illustrate it by some examples.

An important ingredient in this development is that the roofing operator untangles certain
“tangled” products of g-series. More precisely, we have the following basic identity
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Proposition 2.1
For any two q-series A(z) =Y, <o Am(q)z™ and B(z) =Y, <o Bm(q)z™ we set

(AxB)(z) = > Au(@Bm(@)q"™z""™ = Y Au(q)2" B(¢"2) . 2.17

n,m>0 n>0

This given we have
A(A*B) = (AA) x (AB) . 2.18

This identity follows routinely from 2.17 and the definition in 2.13. A proof may also be
found in [7].

Keeping this in mind, we can prove the following surprising result.

Theorem 2.2

When
z z
F(z) = = = 2.19
( ) ZmZO en[X]Zn Q[ZX]

the solution of 2.12 is simply given by the formal series

f(z) = 2VQ [zqX] . 2.20
In particular the coefficients of f(z) may be computed from the formula

fao = @ Veur = ¢ 3 (TTahuley)) full —al - 2.21

pkEn—1 i

Proof
Substituting 2.20 in the right hand side of 2.12 and using the multiplicativity of V we obtain

Z F.f(z)--- f(zq"_lz) = Z F, 2" q@) vQ [qu]Q[quX] . -Q[zq"X]

n>1 m>1

= Z F, 2" q(g) vQ [zq 11__‘3; X]
n>1

= Z F, 2" q(g) \%4¢) [zqﬁX]/Q[qu’f;X}
n>1

= (@Q [zqﬁX] ZF” 2" q(2) /@Q[ququz]X] .

n>1
Thus to show 2.12 we need only verify that
z F, =" q(;)
vQ [zqﬁX] 7; vQ [quqTqX]

Now the multiplicativity of V allows us to rewrite this relation in the form

z@@[—zqﬁX} = ZFnz"q(g)@Q[—zq%X] .

n>1
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Or better yet, since for any alphabet ¥ we have Q[—Y] = Q[eY] we are reduced to showing that

Z@Q[equ 7 ZF 2" q VQ[equ qX] .

n>1

We can now “roof” both sides and obtain

2VA @z X)) = (Y Faz") VAQ[ezardX]

n>1

Recalling the definition of V, this is simply

z Z(ez)mhm[TXq] = (ZFnz”)(Z(ez)mhm[%D ,

m>0 n>1 m>0

which may also be written as

= Q[—zX]

and this is in complete agreement with the choice we made in 2.19.

Another curious result established in [7], whose nature is better understood by means of V,

can be stated as follows.
Theorem 2.3

If F(z) and f(z) are two formal power series related by 2.12, then for two sequences of
constants { P }n>0, {¥n}n>0 we have

Z‘I)nf(Z)f(zq)'--f(zq"_l) = Z v, 2" 2.23

n>0 m>0

if and only if
ZCD 2" Z U, F(2)F(2/q)---F(z/q" ") . 2.24

n>0 m>0

V-Proof
Using 2.20 we may write the left hand side of 2.23 in the forms

Z@ 2" q @Q[qu]@Q[zfX]-~~@Q[zq"X} = ZCI) 2" q @Q[ qu]
n>0 n>0
= Y @, VO[T X] VO L 2X]
n>0

Thus 2.23 is equivalent to

3 @, 2qBVA[ ] = (VO[L2X]) Y W2 2.25

n>0 m>0
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Using again the fact that for any A we have Q[—A] = Q[eA], roofing both sides of 2.25 yields
(Z@nz”) /\@Q[ﬁer] = /\((@Q[ﬁer]) Z \Ilmzm) ) 2.26
n>0 m>0

Now we have

((VQ [1LezX]) 3 W,z ) = Y (On,[E] e v, ()

q

m>0 n,m>0
= > =€) g g (32
n,m>0
(M) —m 2.27
= Y Ung (B)em ez 0]
m>0
- X b
m>0
and ) n ﬂ
/\VQ[&EZX} = Z q(é)hn[%]q*(g) (e2)"
n>0
= 2 haliigl ()" 2.8
n>0
= Q[t5%] = Q=] -

Using 2.27 and 2.28 in 2.26 gives
—(T) .m & "X
(Z@ z ) = l/q] = Z L\ (%), Q[z—l_l/q]
n>0 m>0

and this can be rearranged to

n—1

no_ ) P : o _zla 2
SOt = Y g ) = Z‘I’mg[zx} Q[zX/q]  QzX/q"1]

1
n>0 m>0 Qfz 1_—1/q] m>0

proving the equivalence of 2.23 and 2.24.

It will be good to illustrate how these symmetric function identities can be used in g-enumeration.
To this end let us recall that a “Lukaciewicz” path of length n is a lattice path which starts at the
origin and ends at (n,0), always remaining weakly above the the z-axis. Its steps are also restricted
to be the vectors
vy = (1,k—1) (for k > 0).

Calling £ the collection of all such paths, we associate to each path m € £ the “weight”

w(ﬂ') = A(ﬂ') ”(7") m1(7r) ;nz(ﬂ)$?3(ﬂ)...

where A(m) denotes the area between the path and the z-axis, n(7) is the number of steps of m and
my(m) denotes the number of times 7 takes the step v. Now it is well known and easy to show that
the formal power series
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satisfies the following equation:
L(z) = 1+za1L(z)+ z2q(§)x2L(z)L(zq) + -+ qu(g)ka(z)L(zq) cL(zg" Y 4
Setting g(z) = zL(z), we are led to the equation

9(2) = z2(1+219(2) +229(2)9(2q) + -+ + weg(2)g(zq) - g(z¢" ") +---) . 229

Note next that if we apply Theorem 2.3 to the equation 2.12, we derive that we must also have

Y [ F()F(z/q) Flz/g"") = =

n>1

Now in the case that F(z) is given by 2.15 we can rewrite this as

N faF(zf)F(z/q"Y) = R(z) = 14 Riz+ Roz® 4+ Re2® +

n>1

The replacement z—qz then gives

anF(Z)"'F(Z/qWQ) = R(z) = l+Rigz+Rog®* +- -+ Rp g2 -

n>1

and a further use of Theorem 2.3 yields the equivalent equation

Dot = Y Redt f(2)f(za) - fzd¥TY)

n>1 £>0
This is
f(z) = 2(1+Rigf(2) + Ra®f(2) f(2q) + -+ + Rud"f(2)f(zq) - flzg" ) +---) .

Comparing with 2.29, we see that the g-enumerator L(z) of Lukaciewicz paths by area may be
obtained by solving 2.12 when F(z) is given by 2.15 with

Ry = 1 /q" (for k>1).

To be precise we have
L(z) = f(2)/= .

Thus if we denote by L,, the collection of Lukaciewicz paths with n steps, formula 2.21 gives that

> A= e 3 ([T D halegl) fll=al| o 230
TELy ukn i ¢i—Ti/q
where it is to be understood that the replacements indicated by the symbol “|e’__%_ Jq ” should be

carried out after the preceding symmetric function has been expanded in terms of the elementary
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basis. We should also mention that it can be shown (see [11]) that for pu = 1%12%23%3 ... a k-part

partition of n we have
k

i =g = (B S Ggy 231

[Tioat =
The special cases where the paths are restricted to have only certain selected subsets of steps can be
obtained from 2.30 by setting to 0 the appropriate subset of z. For instance, the polynomial below

x + (q4+2q3—|—3q2—|—4q+5)qm2x14
+(®+¢°+3¢" +3¢* +5¢° +3q+4) PPrz32,®
+(®+2¢°+5¢" +4¢° +6¢° + 6+ 6) ¢°zr°x,”
+(®+¢°+2¢* +3¢* +3¢% +2q+3) Cryxi?
+ (" +3¢"+2¢ +6¢" +4¢° +4¢> +4q+6) ¢*vo a3 1y
+(®+a" +2¢2+1) P2® + (¢ +1) (P +2) "z 24 + (¢° + ¢* + 1) ¢°3?

was obtained from 2.30 by setting n = 6, e; = x1/q, es = 22/q¢?, e3 = x3/¢%, es = x3/q* and
e5 = eg¢ = 0. Accordingly it g-enumerates by area the collection of Lukaciewicz paths of length 6
which only use steps vy, v1,v2, v3 and vy. Of course such polynomials may also be readily computed
via the recursions that they necessarily satisfy. What is interesting is that the theory of symmetric
functions provides the tools for constructing them quite explicitly.

Remark 2.2

It stands to reason that V itself must yield some ¢, version of Lagrange inversion. In fact,
starting again with F(z) = z/Q[2X], we might call the g, t-inverse of F(z) a power series f(z) of the
form

f(z) = =z Z en(q,t) Vey 2" 2.32
n>0

for a suitable choice of the coefficients ¢, (q,t). Of course, since V is symmetric in g,t, whatever
we showed for the specialization at t = 1 goes through verbatim (by interchanging ¢ and t) for the
specialization at ¢ = 1. So in the former case we take ¢,(q,t) = ¢™ and in the latter ¢, (q,t) = t".
Curiously enough, we find that the specialization at ¢ = 1/q of 2.32 can also be related to Lagrange
inversion if we take ¢, (q,t) = q(;) In fact, it was shown in [11] that

¢)ve, _ elXOrgttqn)] 2.33
t=1/q I+q+-+4q"
Thus the formal series in 2.32 with this specialization becomes
en[X(14+q+--+q"
fz) = 2] [X(1+g ) 2.34

s Ltateewd

To recognize the nature of the connection with Lagrange inversion in this case, we need only point

out that we may write

en[X(14+q+-+q¢")] = QX|Qz¢X] - Qzq"X]

n
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Thus 2.34 may be viewed as

)
Zn

f(z) = z;{)m@[zﬁf]ﬂ[zm Q2" X]

or better yet (equating 2.15 and 2.19) this is simply

)
zn

1) = =3 Trer o RERGE) - Re)
which is easily seen to reduce to the classical Lagrange inversion formula for ¢ = 1. In summary V
offers a way of interpolating, by means of the interplay between g and ¢, between two quite different
yet natural g-analogues of Lagrange inversion, namely, between the one which affords a combinatorial
interpretation of the solution and one which simply exhibits a g-analogue of the solution formula.
Only time will tell if there is a “natural” explanation for this curious fact.

3. Positivity properties.

In this section we shall present a variety of conjectures which resulted from experimenting
with V and related operators. To simplify the statement of our results we need to introduce some
terminology. Here and in the following when we say that a certain symmetric function F' is “Schur
integral” we simply mean that it has a Schur function expansion with coefficients in Z[g, t]. If the
coefficients are in NJg,t] then we shall say that F is “Schur positive integral’ or briefly “Schur
positive”. If F' or —F is Schur positive, we shall say that F is “virtually positive”. If the elementary

[13 b2

basis expansion of F has coefficients in NJg,t] we shall say that F is “e-positive Of course
e-positivity is stronger than Schur positivity. The results of last sections essentially state that
q"@en is e-positive. In this particular case the result could be established by giving a combinatorial
interpretation to the coefficients. However, this is one of the very few positivity findings that can
be actually proved. In most cases the best we can do is offer a “proof” based on some stronger
and more general conjecture. For instance, there is relatively simple algorithm which constructs the

polynomials H u[X;q,t], based on the fact that for any p we have the triangularity relations:

]ZIM[XvQ7t} - h (Q7 ) % ZSA % a)\u(%t)
A 3.1
Hu[X;q,t] = hu(g,1)S, + >SS baulat)
A>p

If we program this on the computer we would quickly be led to the “discovery”, without explicit
knowledge of any the coefficients ax,(g,t) or bx,(g,t), that the ffﬂ ’s are in fact Schur positive. This
is essentially what is now referred to as the “Macdonald q,t-Kostka conjecture”. However, after a
decade of efforts in proving this conjecture, considerably more refined information concerning the
polynomials ﬁu has emerged. To begin with, Garsia-Haiman have conjectured in [8] that these
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polynomials are the Frobenius characteristics of certain bigraded S,, modules. More precisely, for
whnset
lu
Au(ziy) = deta Pyt licpm 32
sEp

and let M, be linear span of the derivatives of A, (z;y); in symbols
M, = Ls[020% Au(x;y)] - 3.3

Moreover let H,. s[M,,] denote the subspace of M, consisting of its bihomogeneous elements of degree
rin x and degree s in y. Since H,. s[M,] is invariant under the diagonal action of S, we can set

() n(w")
C.lX;q,t] = t"q® Fch'H, s [M,] 3.4

T

3

E
=

I
<
I
=

S

where the symbol “Fch” denotes the operation of taking the Frobenius image of a character, that
is, the map that sends the character xy* onto the Schur function Sy.

Now it was conjectured in [8] that for all y we have

CulXiq.t] = Hu[X;q,t] . 3.5

Of course the Macdonald ¢, t-Kostka conjecture would then follow, since under this equality the
coefficients K (g, ) in 1.21 would have to encode the manner in which the irreducible S,,-character
¥ is distributed among the components H,.s[M,,]. We shall refer to 3.5 as the “C' = H” conjecture.
We should mention that 3.5 has been verified for all u - n < 8 by computer, for p a hook in [12],
for two row partitions and for any partition obtained by adding an inner corner to a hook [23]. It
can be shown by an elementary combinatorial argument that for any p b n we have (see [12])

dim M,, < n! 3.6
Since Macdonald in [21] showed that
Kyu(g,t) ‘t.q:l = fi (the number of standard tableaux of shape \) 3.7

it would immediately follows from 3.5 that we must have equality in 3.6. Surprisingly, even this
tantalizingly simple assertion, which has come to be referred to as the “n!-conjecture”, has also
escaped proof after more than ten years since its formulation in [21]. What is even more surprising
is the fact that Haiman in [19] proved that the validity of the n! conjecture for any given u forces 3.5
to be true for that same p. In [3] and [2] the reader may find a variety of conjectures that strengthen
and extend the n! conjecture. We shall recall here those that are most intimately related to our
operator V.

Let u be a fixed partition of n + 1 and let

Pred(p) = {1/(1) RV N } 3.8
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be the collection of partitions obtained by removing one of the corners of p. For a pair v—p, it will
be convenient to denote by p/v the corner cell we must remove from p to get v. To be specific,
we shall assume that the partitions in 3.8 are ordered so that the corner u/v*) is northwest of the
corner 11/v*+1) . For two subsets T C S C Pred(p) set

o () (L2 ) ()

where the symbols “()” and “>_” denote intersection and sum (not usually direct) of vector spaces,
and “1” denotes the operation of taking orthogonal complements with respect to the natural scalar
product of polynomials in z1,...,Z,;y1,. .., Yy, that makes monomials into an orthogonal set. Since
this scalar product is invariant under the diagonal action of S,, , we see that ML is a well-defined
Sp-module. We shall denote its bivariate Frobenius characteristic by ¢L. One of the assertions of
the SF-heuristics in [3] is that in the linear span

LIH, : a €8]
we have m = |S| Schur positive symmetric polynomials
1 2 m
g) ) ¢g) y * ¢,(S’ )

such that for any T' C S of cardinality k we have

P o
Ps o
HaGSfT TO‘
It is also a consequence of the SF-heuristics that for K =1,...,m — 1 we can set
k m— m
&= (omrel 3.10

while qégm) itself can be computed from the formula

o = 3 (11 ﬁ)ﬁazz<n ﬁ)ﬁa. 3.11

a€S BeS/{a} acs peS/{a}

To be consistent with the notation we adopted in [3] we shall use the symbols ¢,, or (b,(f) to denote
(bfgm) or ¢gk) when S = Pred(p). In this vein, it will also be convenient to set, for any subset

S C Pred(u),
€S = Pred(u)—S .

Now it is shown in [3] that

™ = ( 11 (1%» Sy - 3.12
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In particular, when S consists of a single partition (¥ € Pred(u), this reduces to

H, (z;q,t) = ( ﬁ (1*Tvv )) bu s 3.13

j=1:j#i v

which may also be rewritten in the form (see 3.19 of [3])

d 1 1 1 1
i : (k) [ bt - B 3.14
v (34,1 ;% Cd=k T,y T,o T, T,

Finally note that if (¥ = o € S then by combining 3.12 and 3.13 we can also write

Auwiat) = ] @%)ﬁgs(l%)% -] (1%) o

BES; B#a BES ; B
or equivalently, for S = {a(l), a® a(m)} and o = o
m
1 1 1 1
Ha(l) an ¢ Cm— k:|: + + -+ - :| . 3.15
Z T,o The Tl m) T

To complete the picture we need to recall that in [3] the weights of the corners

p/v D @
were respectively called
L1, T2y «cv y g .
Moreover, if
T = tl(iqa; 3.16
then we also set
w; = thigs (for i=1,2,...,d—1) 3.17

We shall refer to the u; as the weights of the “inner corners’ of p. Finally we set
uw = th/)q , ug = ¢“/t and xo = 1/tq . 3.18

It was shown in [15] that the products in 1.38 giving the coefficients ¢, (¢, t) undergo massive
cancellations which reduce them to relatively simpler expressions in terms of the corner weights. This
results in the formula

d
11 T (wi —uy)
Cp) = —= — — 3.19
M x; Hj:l;j;éi(‘ri — ;)
Taking account of the fact that x; T, =7, , formula 3.13 can then also be written in the form
d .
Hyo(wat) = H ( 1— vT—;) bu - 3.20
J=1;j#i
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This given, from 3.19 and 3.20 we can derive the following beautiful identities: ()

~ 1T d Us
a) OpH, = MVN (H (1_vf )) Pu
s=0 o

3.21

: emt1-k[To+ -+ Ta] — emq1-pfto + -+ ud
b) ale“ o ZTm k M .
1

We should note that one of the consequences of 3.11 is that for any two predecessors « and (3 of a
partition g F n + 1 the symmetric function
T, HQ[X;qat] - Ta -Hﬁ[Xaqvt]

PaplXigt] = - Cy— 3.22

is the conjectured Frobenius characteristic of the intersection of the two S,-modules M, and Mg
and therefore it should always be Schur positive. It is another consequence of the Science Fiction
heuristic that we should have

PapXiqt][ iz = SpS777 .
In particular for all such pairs we should have
n!
dim MaNMj = o . 3.23

It may be shown that this identity implies the n!-conjecture.
In the same vein, by combining 3.10 with 3.11, we derive that the symmetric function

Hs[X;q,t] — HolX;q.1]

VaplX5q,t] = —VOup[Xiq,t] = To T 3.24

Ty — T,

must also be Schur positive since
V.51 X;q,t U,.5X;q,t
8[X3q.1] 0d 8[X:q,1] 3.95
Ts Tps
should respectively give the Frobenius characteristics of the two S,-modules
1L 1

M0 (ManMg)  and  Mgn (ManMg) 3.26

Further refinements of these Schur positivity conjectures may be obtained by means of the general
forms of 3.10 and 3.11. But even the latter are but very special cases of the general positivity
conjectures that are formulated in [2]. To keep our presentation to a reasonable size we shall only
mention one example that we find most interesting. Namely, that with - n + 1, and Pred(u) as
given in 3.8, and the corner weights as defined above, the symmetric function

Z H”xs ) H. . 3.27

r=1 T;és(xS - mT)

(1) See Theorem 3.3 of [3]
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should always be the Frobenius characteristic of a bigraded left regular representation of S,,. The
reader is referred to [2] and [3] for further examples and the arguments justifying all these assertions.

Experimenting with our operators V, Dy and D} we quickly run into polynomials in ¢,
with positive integer coefficients. Although we may usually find a representation theoretical “reason”
for this, the actual proof invariably eludes us. In most cases the best we can do is derive the result
from the positivity of the g, t-Kostka. The following result is a good instance in point.

Theorem 3.1
On the Macdonald positivity conjecture, for any integer k > 1, we have:
o\ Nig,t] if lul > k
1+D ) s
((T) 1) [Du(q.t)] € 3.28
{0} otherwise .
Proof

From I.12 (iii)* we derive that
V(I@+DHFV = (1+e)”
and since V™11 = 1 we may write
VA+DH*1 = (14e)r . 3.29

Note further that from the definition of ¢ it follows that

and 3.29 can be converted to
VA+DH*1 = 7716}

or, better yet
(1+DHF1 = v ITteh .

In view of [.16 we may rewrite this as
(1+D)H*1 = M eb

so we can use the identity in 1.20 and obtain

0 if |p| <k,

14+ Dr\"
<< M1> 1) [Du(%t)] = E
(er_pei”, Hy), iflul=n>k .

This establishes the result for |u| < k. Now for n > k the identity in 1.4 yields that

1+ D7\" . .
(( = 1> 1) [Du(a,)] = (hxh®, H,) = 680, , H, . 3.30
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Recalling that we have the expansion

Os, . S\X] = > S[X],
AvEH

where the symbol “\/v € H,_;” is to denote that \/v is a horizontal (n — k)-strip, we see that
substituting 1.7 in 3.30 gives (for utn > k)

Nk
((ﬁfl) 1) Patat) = 8 Y Fulan) T 80

ANvEHn—k 3.31
= Z f{)\p(q,t) Z fv
A X/VEH,,L,)C

where f, denotes the number of standard tableaux of shape v. This completes our proof.

Remark 3.1
We should point out that for ¢ = ¢ = 1 the polynomial on the left hand side of 3.28 reduces
to a very familiar number. In fact, since H,[X;q,t]|;=q=1 = €}, from 3.30 we derive that for n > k

<<%>k 1) [Dyu(q,t)]

We may thus view this polynomial as a ¢, t-analogue of the descending factorial. It would be

= 0g, ,0Fet = nn—1)---(n—k+1) . 3.32

1
1

t
q

interesting to find a combinatorial interpretation for this. The identity in 3.31 reveals that this
should be a challenging task. Here, we can only suggest a very interesting representation theoretical
interpretation.

Recall that if M is a bigraded S,,-module and H,;(IM) is the subspace consisting of the
elements of M which are of bidegree (r, s) then the “bigraded” Hilbert series Fn(g,t) of M is given
by the formal sum

FPul(g,t) = Y t'¢° dimH,(M). 3.33
78>0
It is well known and easy to show that if ®[X; g, ¢] is the Frobenius characteristic of M then F(g, t)
may be computed by means of the formula

Pum(g t) = 0 @[X5q,1]. 3.34
Now for &k > 1 let
M = L[onon - 9% opA,] 3.3

be the linear span of all polynomials obtained by differentiating A, (z;y) in all possible ways but
only with respect to the first k& of the x; and y;. For convenience let Fﬁk)(q,t) denote the Hilbert
series of M&k) and set

GP(qt) = T, FM(1/q,1/t) . 3.36
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It develops that the polynomial in 3.28 should be none other than the Hilbert series of M&k). More

precisely

Theorem 3.2
On the n!-conjecture, for |u| > k we have

N\ k
((1‘;\41)1) 1) [Du(g,t)] = GP(q.t) . 3.37
Proof

In view of 3.30 we need only show that

GP(q.t) = ot0s, H, . 3.38

To this end, we start by noting that the space M,(Lk) may also be obtained by antisymmetrizing all the
elements of M, with respect to the symmetric group Sjx41,...n). More precisely, let B = [k+1,...,1n]
and, using Young’s notation, let P[B] and N|[B] respectively denote, the formal sums of all the
elements and all the “signed” elements of Sy, ). Our claim is that

MP = N[BIM, . 3.39
To see this note that since we can factorize any monomial m(z,y) = m(z1,y1,...,%n,yn) in the
form
m = my(T1, Y1, Tk Yr) X M2(Tht1, Ykt 1s - - - Ths Yk)
we shall have
NI[B] (m(9.;0y) Au(z;y)) = ma(0z;0y) (P[Blm2)(0x;0y) Ap(zsy) 3.40
Since the polynomial P[B]ma(Tk41, k41, - - -, Tk, Yx) is invariant under the diagonal action of Spy 1, ),

it follows from a theorem of H. Weyl (see [24]) that we can express it as a polynomial in the polarized

n
T,,S
E Z;Y;

i=k+1

power sums

However, starting from the definition in 3.2 we can easily show that for » + s > 0 we have

> 0r08 Au(zsy) = 0.
1=1
In other words
Za;m y>=—26;5 1Y) -
i=k-+1

This given it follows that for some polynomial Q.,(x1,y1,- .., %k, yr) We have

(P[B]mg)(a 8yk+1,...,axny,ﬁyn)A“(x;y) = Qm, (8x1,8y1,...,6xk,8yk)Au(x;y) . 3.41

Tk41
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Substituting 3.41 in 3.40 gives
N[B] (m(0z;0y) Ap(w;y)) = ma(0ay, Oyys - - s Onpr O ) Qs Oy s Oyys -+ -, Oy, O ) A (s y)
This proves that
N[BIM, C M . 3.42

On the other hand, for any monomial mj(x1,y1,. .., 2k, Yk ), we clearly have

1
ml(ﬁml,ayl,...,Gmk)A#(x;y) = HN[B] (ml(ﬁ‘ml,ayl,...,5‘mk)A#(x;y))

Thus the reverse inclusion
M C N[B]M,,

is trivial, proving 3.39.

Now it may be shown, (see [10] Proposition 6.1) that if M is a bigraded S,-module with
bivariate Frobenius characteristic ®pg(X; ¢, t), then the bivariate Frobenius characteristic of N[B]M,
as an S|y, x-module is given by the simple expression

Os., »Pm(X;q,t) .

in—k

In particular, the Hilbert series of N[B]M, may be computed from the formula

Fnipm(gt) = 6f 05, Pm(X5q,t) .
Applying this result to the case M = M,,, we see that, on the n!-conjecture, we must have

FM(q.t) = Fyw(@t) = Fypm, (¢:1) = 85 0s,,_, Hu(X;q,t) . 3.43

Finally, we observe that 1.13 gives

. 1 .
H,[X;1/q,1/t] = T—wHH[X;q,t] .
o

Thus combining 3.36 and 3.43 we derive that

GP(q.t) = T,0%0s, , Hu[X;1/q,1/t]

1
n—k TM
87 s, _, Hu[X;q,t]

=171, 5’1“851 wH,[X;q,t]

This proves 3.38, completing our argument.

We should note that both Gﬂc) (¢,t) and F, ,E’“) (g, t) satisfy the same recursion. More precisely,



(Preliminary Version) Some remarkable symmetric function operators August 31, 1999 36

Theorem 3.3
For |pu| > k > 1 we have

a) G (qt) = Y cunle.t) GF(g1)

. 3.44
b FP(q,t) = > el t) FF(g,t) .
V—?M
with the initial conditions
a) GP(q,t) = Bulg,t) , 55
b) FV(qt) = TuBu(1/q,1/t) .

Proof
Note that from 3.43 and 1.36 we immediately get that for k£ > 1

FF(q,t) = 677" 0s,,_, 61 Hu(X3,t)
= Z cur(q:1) 5f71 asln—kﬁV(X§Qat) .

v—u

This proves 3.44 b). The recursion in 3.44 a) is proved in exactly the same way by means of 3.38.
Note next that 3.37 gives

6 = (S57) Dute)]

Now from the definition in I.10 we immediately get D} 1 = e;. Thus, recalling 1.4, we obtain

1+e
GP(gt) = Tl[Du(q,t)] =

1+e
vr MBu(a.t) ~1] = Bu(a.t) ,

as desired. The identity in 3.45 b) follows from 3.36.

Remark 3.2

It would seem that we should be able to construct a proof of the positivity of the polynomial
Ggﬂ)(q, t) by an induction argument based on the recursion in 3.44. In fact, we shall see that can do
this for £ = 2. The question remains whether a similar argument can be carried out in full generality.

Recalling the definitions of corners weights given in 3.16, 3.17 and 3.18 let us denote by
Bi;(g,t) the portion of the polynomial

Buat) = A0

sEp

that is contributed by the rectangle

Rij = {(U'd) : i, <lU'<lj,a;_,<d <aj} .
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Note that we must have then

Bi(g,t)= >, t'¢"

’

= tl_/j+1qa§_1 (t RS tl;‘*l;‘-u) (q NI qa;*a;q)

(I",a”)ER;
LG ai=a;_y
g (A 27) (1= ) y
1-1/t 1-1/q
= tl;+lqa2—1 (1 _ mj/uj)(} - mi/uifl)
M

Next call Rj; the rectangle obtained by lifting R;; so that its top side lies on the boundary of the
Ferrers dlagram of u. We can easily see that we must have

Bji(q,t) = Z t'q" = t5Bi(g.t) -
SER];

This given, combining with 3.46 and using the definitions in 3.16 and 3.17 we obtain that

lq
II?jM

Bij(q,t) = (uj — ) (w1 — ) 3.47

Now note that for a given 1 < j < d the rectangles R}; are disjoint as i varies from 1 to j. Thus

B,(q.t ZBU q,t) >> 0

where the symbol “A >> B” is to mean that the difference A — B has non-negative integer coeffi-
cients. In particular we derive that

d J d
> a; » Bjgt) >> Bl — B, Y z; >> 0.
j=1 =1 j=1

Taking this into account we see from 3.47 that the positivity of Ggf) (g, t) is an immediate consequence
of the following explicit formula .

Theorem 3.4
d J
lq
GE)(Q»t) = M ZZ(% - Uiﬂ)(%‘ - Uj) 3.48

Proof
Combining the recursion in 3.44 a) with the initial condition in 3.45 a) we get that

G(2 Qa Z C,uz/ Q7 q, )

V=

Now since B, = B,, — T},/T, we may rewrite this as

G;(f) (Qat) = Z C;w(%t) n Qa Z C;u/ q,t

v— v—u
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But then 1.37 gives
lq
G(a.t) = Bila.t) — 57 ha[Dula,)/al] -

Now it is shown in [15] (Proposition 2.3) that
DH((Lt)/qt = .’L'1+"'+.’L'd — Uy — - — Ug

This given, 3.48 follows from the simple symmetric function identity

hole1 4+ +xq — up— -+ —ug) —ui—1)(zj —uy) .

M=
M‘L

=1 j=1
We terminate this section with three remarkable V-positivity conjectures.

Conjecture II
For any partitions \, p we have

(—D)=1 (T, (2;0,t), Sa(z)) € Nlg, {] 3.49

Remark 3.3

The fact that Vﬁu(x;ﬂ,t) appears to be virtually positive was discovered by computer
experimentation by A. Lascoux, after learning of the virtual positivity of VSy. However, the iden-
tification of the sign must be as stated in 3.49 to be consistent with Conjecture I. To see this note

that since we have
H {E 0 t ZS)\ K)\;L

with f{)\ﬂ(t) the Kostka-Foulkes polynomials, it follows that for u = (1, po, ..., fg)

H (2;0,1) ZSA o) Kay = hphyy - hy,

with K, denoting the ordinary Kostka number. This given, from the multiplicativity of V| g We
immediately derive (using the notation of section 2)

VH,(2;0,t)|,_, = Vhuy,Vhy,Vh,, . 3.50

However, setting t — 1, m — 1 and A\ — (m) in 1.8 we derive that, on the validity of Conjecture
I, the expression (—1)*0")Vh,, must, for all m, evaluate to a Schur-positive symmetric function.
However, we see that

(—=1):0") = ("21>+ > (i-1-1) = 142+--+m—140+1+---m—2 =m—1 (mod 2) .
1<i—1

Using this in 3.50 yields that, according to Conjecture I, the symmetric function

(—=1ypat—tm=k gp, Vh,,---Vh,, = (_1)M*Mvﬁr“(g:;o,t)|Hl
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must be Schur positive. This forces the choice of sign in 3.49.

Our next conjecture is truly surprising and fraught with tantalizing combinatorial implica-
tions.

Conjecture III

For every partition i the symmetric function
VwH,(z;0,1/t)

is integral in q and t and Schur positive. Moreover, for any pair of partitions v and p with > v in
dominance, the difference

walﬂ(x;o, 1/t) — wa[,,(a:;O, 1/t)

is always Schur positive as well.

Remark 3.4
We should note that for u = (u1, g2, . - ., k) we have the specialization

VwH,(z;0,1/t) . = Ve, Veu, Ve, = DH, (v;¢,1)DH,,(z;q,1) - DH,, (x;9,1) .

—1

It develops that with this specialization, it is not difficult to show that the difference

VwH,(z;0,1/t) — VwH,(z;0,1/t)

t—1 t—1

is always Schur positive. Neveretheless, it should make quite an interesting and challenging research
problem to give a combinatorial proof of this positivity based on the Parking Function interpretation
of DH,,(z;q,1) described in [11].

Surprisingly even the monomial symmetric functions have virtually Schur positive V-images.
More precisely
Conjecture IV

For any pair of partitions A\, utn

(=1)""' (Vm, , S\) € N[q,1] .
Moreover these polynomials have coefficients that are doubly unimodal in q and t.

For the benefit of the reader we have displayed in the following page the Schur function
expansions of the polynomials Vw H, u(2;0,1/t) for all 4 F 4. We can clearly observe from this
display the monotonicity with respect to dominance as well as all sorts of triangularities.
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54 831 822 5211
1 0
1 0 0 0 O L0 00 00 0 1
1 0 0 1 1 0 0 0 O
] 1 1 0 O o 1 0 00 1 2 1 0 0 O 0 1
VwH ) (2;0,1/t) 11 1 0 11100 002 2 1 0 0 o1
0O 1 1 1 0 0 0
1 1 1 0 0 0 1 0 1 o 1 2 2 1 0 0 0
o 0 o 1 1 1 0 0
1
_ _ 1 0 0 O
1 0 0 L0 0 1 0 0 O 0
] 1 0 0 o 00 1 1 0 0 0
VWH(?),I)(x? 0,1/t) — (1] 1 1 0 Lo 0 2 0 0 0
0O 1 0 0
o 1 1 0o o0 1 o 1 2 0 0
- - o 0 0 1
0
~ - 1 0 O
10 100 1 0 0
2 10 v o0 11 0
VwH39)(2;0,1/t) — 1] 1 1 1 0 o 2 o
0O 1 0
0 1 0o o0 1 o 1 1
B - 0O 0 O
1 0
10 1o 10
> 10 v o 10
VWH(2,1,1)(93§0a t) —  [1 10 1o 0 1
0 1
0 1 0 0 0 1
0 0
1
1 é 1
r7 . 1 1
va(Ll,l,l)(%Ovl/t) ’ [1} 1 é 0
0 0 0
0
Remark 3.5

We should note that our positivity conjectures can be used to deduce further ones through
the use of 1.14 b) and the self-adjointness of V with respect to the *-scalar product. This is easily
seen from the proof of the following simple identities.

Theorem 3.5

For A\ n set

VS, =Y Syaxulat), 3.51

AFn

then
X X

VS, {M} => Sy [M}aww (¢, 1), 3.52

AFn
VIS, =) Siax ,(1 1) 3.53

o A CGEN q; n 3 .

AFn

CORKHEFEOO

[=NeNeNoNeRaim

51111

OO HOO

[eNeNeNeNoNeim

OO~ HFHOO ORMFHMFHOOO

SO O OO OH

OO+ OOOO

oo rRrOOO

O FEFOOOO

OO OOOOCO

O+ OO0 OO

HHRFOOOOO

(=N el NNl
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X X 11
V_15M [M:l = ZS)\ |:M:| Oéu,)\(a,g) y 354
AFn
ak,ﬂ(qat) = a)\,u(t7q) . 355

Proof
It follows from 1.2 b) that

anulg,t) = (VSu, %),
and *-self-adjointness of V gives

axulgt) = (Su, VS;'>* = (VS , Su)

*

and 3.52 follows immediately since, again from 1.2 b), we have

VS = > S5 (VS Sa)e -

AFn

Note further that applying the operator “|” to both sides of 3.51 and using 1.14 b) gives

_ 11
\Y% 15#«/ :ZS)\I Oé,\hu(57z)

vkn

and 3.53 immediately follows by the replacements pn — p’ and A — X. The identity in 3.54 can then
be deduced from 3.53 in the same way we deduced 3.52 from 3.51.
Finally it is shown in [9] that we have

H,[X;t,q] = Hy[X;qt] .
Note further that from the definition of 7}, in 1.4 we get that

Ty | = Ty

tq

b2

where the symbol “| terg is to represent the operation of interchanging ¢ and ¢ in the preceding

expression. This given, from 1.5 we immediately derive that

(v|t<—>q)ﬁ# = (V‘th) (E[M'|t<—>q) = Vﬁu’

tq

In other words we have
V|t<—>q = V
and this is equivalent to the validity of the identities in 3.55 for all A and pu.

In the same vein we can easily see that Conjecture III may be restated in the following

equivalent form.
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Conjecture 11T’

For every pair of partitions pu, A we have

VL H,(x;0,t)

S

]

Moreover, for any pair of partitions v and p with p > v in dominance, we have

]

GN[E,
S q

vt ﬁ“(x; 0,t) — V~'H,(x;0,1)

S

€ N[l,
S q

for all X.

The stated equivalence is another consequence of 1.14 b) which gives that

| Vo H,(2;0,1/t) = V™V H,(2;0,t) 3.56

Remark 3.6
In the case u = (2,1"72) we can give a representation theoretical proof of the Schur positivity
of the polynomial walu [X;0,1/¢]. Let us recall that if

{V17V27"'5Vd,}

are the predecessors of a given partition p, then ¢,[X;q,t] denotes the Frobenius characteristic of

d
A M.,
i=1

Now, using the “Science fiction” heuristic, it is shown in ([3] Theorem 3.2) that the Frobenius

the intersection

characteristic of the join

is given by the polynomial

(—1)*'V99,[X; g, 1]
T, Ty T, :

In the case of a partition u with two predecessors «, 3 this result reduces to (see 3.10 and 3.22)

1 TsH, — T, H H,—H
Feh Mo VM, = — 2( 5 3) - yoe— S8
T, Ts Tg— 1T, T, — 13
Using 1.14, this relation may also be rewritten as
H,/T, — Hs/Ts TsH, — T, Hpg
Fch Mo VMg = V| =22 = V| Fm—0m"
¢ o Y T L

In summary we see (again from 3.11) that in the two corner case we must have

FchM,VMg = V | Fch M, AMg . 3.57
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It has been shown in [2] that all of the assertions of the Science fiction heuristics do hold true when
w is a hook. Note further that, in the particular case p = (2,1"*1), a = (1*) and 3 = (2,1"2) we
must have

Fch M, AMg = Hyn2[X;0,t] . 3.58

To see this, observe that from 3.15 we get the equations

N ) 5 1)
W Heo= 6 + o n) Hy o= 6?4 T 3.59

Now in this case
Hy=Hin = hy[$5]0 -1 %) (1—1t") . 3.60

Moreover, since the polynomials in My~ have no y;’s, the Frobenius characteristic of M, A Mg,
namely ¢(®), can have no ¢’s. Thus, combining this observation with 3.60 and the fact that T =
Toin-2 = qt( ), we derive from 3.59 a) that #M) must have ¢ as a factor. This given, by letting
g — 0in 3.59 b) we finally get that

¢? = Hs[X;0,t] ,
and this is 3.58. Substituting this result in 3.57 yields
Fch M,VMg = V| Hg[X;0,t] = VwHyn2[X;0,1/t] .

This establishes the Schur positivity of VwHan-2[X;0,1/t]. Incidentally, this also shows the Schur-
positivity of the difference

VwH,(2;0,1/t) — VwH,(z;0,1/t)

for = (2,1"72) and v = (1").

4. The ¢,t-Catalan revisited.
We recall that in [11] Garsia-Haiman conjecture that the symmetric function

Tﬂﬁu[X; Qat] MB#(Qat) H,u(qat)

DH,[X;q,t] = = - 4.1
I;L hu(qv t) h;t(Q7 t)
should give the Frobenius characteristic of the Diagonal Harmonic alternants in the variables x1, ..., xn;y1, - - -
Since it can be shown (see [12]) that
HM[X§qat] Sin = Ty
we see that the rational expression
T? MB,(q,t) I1,(q,t
Colgt) = DHXiqt)| = 0 e MBu@ LD 12
Sin pukn hu (Qa t)hu (qa t)

» Yn-
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should give the Hilbert series of the diagonal harmonic alternants and in particular it should evaluate
to a polynomial in ¢, ¢ with positive integer coefficients. It is also shown in [11] that

a) Cu(q,1)=Cu(q) and b) q3)Co(q,1/q) = ﬁ [2:] K 43
For these reasons C),(q,t) has come to be referred to as the “q,t-Catalan’.

Computer experimentations with C,,(q,t) always yield a beautiful polynomial, symmetric
in ¢,t. Moreover, the specialization in 4.3 a) suggests that there must be a pair of statistics on Dick
paths, both having marginal distributions g-counting paths by area, with joint distribution given
by C,(gq,t). The construction of these statistics should make a challenging combinatorial problem.
In fact, although the polynomiality of C,(q,t) can now be easily derived by combining 4.2 with
Corollary 1.2, even the mere positivity of C,(q,t) has remained an open problem to this date.

In this section we shall show that the identities in 1.12 lead to a relatively simple formula
for Cy,(gq,t) which does not involve V or the Macdonald polynomials. We include this result here in
the hope that it may be helpful in further study of this remarkable polynomial.

To begin with we should note that a formula for C,,(q,t) with the desired properties should
come out of the identity in 2.6 by means of Theorem 1.1. In fact, expanding e, in terms of the basis
in .13 and then using 4.2 and 1.18 we should obtain an entirely new expression not only for C,,(q, t)
but for Ve, as well. Unfortunately, computer experimentation quickly reveals that the resulting
expansion of Ve, is of forbidding complexity even for relatively small values of n. Nevertheless, a
perusal of the tables of Schur function images by V revealed that certain coefficients of Ve, may
be indirectly obtained from corresponding coefficients of Vh, ;1. In particular we can prove the

following general identity:

1

Ven ‘Sln = (_q—t) th+1 ’31”L+1 . 4.4

This turns out to be a breakthrough since h,,y; itself happens to have a relatively simple expansion
in terms of the basis in 1.13. More precisely we have

Theorem 4.1
Forn >0

1 & . . )
Pyt = —Z(7> (=1)'er'Diel 1, 4.5

and consequently
1
th_H = =

n

n
<T,‘) (—~1)" D' Di 1 . 46
i=o \!
Proof
Note that 1.12 (i4)*, for k = n, can be written as

* 1 * *
Dn+1 = ﬁ(ean - Dn 61) . 4.7
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A simple induction argument then yields that

* 1 = n T n—
Di,, = WZ(Z)< 1)ier'Drel | 4.8

=0

and 4.5 follows from 4.8 because 1.10, for k =n + 1 and F = 1, reduces to
Dy 11 = hpy .

This given, 4.6 is obtained from 4.5 by repeated applications of 1.12 (¢iz) and (iii)*.
To prove 4.4 we need a few auxiliary identities.

Proposition 4.1

o — Z Hu[qujt]Mfzﬂ(q J,.(g, 1) 4.9
ukn h#(Q»ﬂh;L(qat)
h, = L]tn 12 X)qvt MB/L(l/Q71/t) /L(q7t) 4.10
pEn H(Q7t) ( )

with 11,,(q,t) as given by I.5.
Proof

Formula 4.9 was first derived in [11], but for sake of completeness we will sketch the proof
here. We start with 1.2 a) and ¢) for Y =1 —u and get, by equating the homogeneous components
of degree n:

H,[X;q,t sen 1 —u e (9) g (s)
I R L boo
p Z p [M] m_n h‘u(Q7t)hu(Q7t)
where we have used the specialization
Ayl —uqt] = J] (1 —utuque) 4.12

sep

a proof of which may be found in [12].
Now dividing both sides of 4.12 by (1 — ) and passing to the limit as u—1 we obtain

Pn N HulXia (e t)
(=) Tpa[M] Z hu(a. O (a.t) A

Next, from the definition 1.10 of Dy, we get
(1—Do) pn = (_1)n_1pn[M] €n -
At the same time 1.12 (i) and 1.4 give

(1= Do)H,[X;5q,t] = M By(q,t) Hy[X;q,t] .
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Thus 4.8 follows by applying (1 — Dg) to both sides of 4.13.
To obtain 4.10 we start with the observation that h,, = we,, and, using 1.13, derive from 4.8

that ~
T,H,[X;1/q,1/t] MB I
hn _ Z M M[ ) /f]v /t]~ H(qvt) H(Q7t) ) 4.14
et hy(q, t)h),(q,t)
Making the replacements t—1/t and ¢—1/q and using the simple identities
- h(q,t) - h,(q,t)
h,(1/q,1/t) = == h,(1/q,1/t) = E2—=
#( /qa /) Tutn ’ ;L( /qa /) Tuq"
formula 4.14 becomes
tq)" VT, H,[X;q,t] MB,(1/q,1/t)11,,(1/q,1/t
h, = Z(q) M H[ 76{7] ~//t(/q7/) H(/Q7/)7 4.15
/J,Fn h#(q,t)hu(qvt)
and since
Ty Hu(l/Q» 1/t) = (_1)n_1 I0,.(q, t)
we see that formula 4.15 is equivalent to 4.10, and the proof is now complete.
This places us in a position to establish the following general identity.
Theorem 4.2
Forn > 1 we have
(Vhp)[1 —u] = —u(—qt)" Ve,_1[1 —u] . 4.16
In particular we derive that for 1 <k <mn
n—1
Vhn |Slk.n,k = (=¢t)" (Ven_1) {SIHM . 4.17
Proof
Note first that 1.37 for k = 0 gives
Bu(1/g,1/t) = > cun(1/g,1/t) .
v—
Now from 1.38 we easily derive that
T,
CM,V(l/%l/t) = Cu,u(‘]at) T_ .
I
Using this and 4.12 in 4.10 yields
Ty T, (1 — 59 ) ML, (g, ¢ T
(th)[l —u] = (—gt)"! L osen Cun(a,t) =5
TR MCLE
T, 1 — th(®)gau()) MTL, (g,
— (_qt)nfl Z HSEV( _ ? ) (q ) ~
= h.(q,t) hi,(q,)
hy(q,t) 1, (q,t T T
<Y enlany PEOBED G Ty Ty
P o (,1) 1 (g, 1) ) y
T, Le, (1 — v qu ) 0, (g, t) T, T
= (—qt)"? sev ~ i (gt (1—ui)( ——“) 418
(~dt) mz,l hu(a,t) B, (.1) ;; (07 T, T,
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where we have used 1.38 and 1.39 to get that
- du,u(qa t) .

Simple manipulations which use formula 1.40 for k = 0,1 &2 finally give

Zd%y(q,t) (17u§—’:)(17%> = —uM B,(g,t) .

pev

Substituting this in 4.18 yields

)

TV 1— tlL(S) a;(S) MBI/ at Hl/ 7t
(h)[l—u] = —u(gy Y Dlle =070 MB, (g, Oll(21)
vkEn—1 hV (qa t) h/y(q, t)
which is easily seen to imply 4.16 via 4.8, 4.12 and the definition of V.

Now it is well known and easy to show that

(—u)*(1 —u) if A= (n—k,1F)
Sl —u] = {

0 otherwise .

This given, formula 4.17 immediately follows by dividing both sides of 4.16 by (1 — u) and equating
coefficients of u*.

As corollary of 4.17 we obtain our desired formula for the g, t-Catalan.
Theorem 4.3
Culgt) = —— zn: ") (~1)iDr e, Dl 1 4.19
nid o M o 7 1 1 Sin+1 '

Proof
We can clearly see from 4.1 and 4.8 that DH,, = Ve,,. Thus from 4.2 we get that
Cn(q,t) = Ve, |Sln .

On the other hand 4.17 with n—n + 1 and k = 0 specializes to 4.4 giving

Crnlg,t)

(27) Thia I,

~“1\m 1~ (n n—i yn—i i
- @ s () erpania],
=0

Sin+1

n+1

where the last equality is due to 4.6. This proves 4.19 since qtM = M.

It is worth noting that the same idea can be used to obtain a recursive way of computing
the g, t-Catalan. More precisely we have
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Theorem 4.4

Let T',, be a sequence of operators defined by the following conditions:

a) Ty =Dy,
b) T L (o1 T,1D 20
) n*M(ln—lf n—1 1)~
Then
Cn(g,t) = T'y1 4.21
S1n+1
Proof
Conjugating 4.7 by V we get (using 1.12 (i44)* and (iii))
1
VD; VTt = = (-D\)VD V™' — VDiV~H(-Dy)) . 4.22
This given, note that if we set
—1\n
r, = <E> VD, V! 423

then (since V™11 = 1) we get

and this gives 4.21.
On the other hand 4.23 converts 4.22 into

r, — (;—j)ﬁ((—pl)rm S )

which is simply another way of writing 4.20 b). Finally note that 4.23 gives
Iy = VDVt = ¢

and from 4.21 b) we get

Thus 4.20 a) follows from 1.12 (44).

5. Plethystic form for Macdonald operators of higher index.

The main goal of this section is to show that the operators A studied in section 1, and in
particular V itself, may also be given a plethystic form. We believe that the arguments of the proof
may be as interesting as the result itself, since the latter, because of its inherent complexity, may
be only of theoretical significance.
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To begin we need to review notation and introduce some auxiliary variables. Recall that it
is customary to set (see [16] p. xiv)

n n

(a;t)n = H(l_ati_l) (tt)n = H(l_ti)-

i=1 i=1

This given, for an alphabet Z,. = z; + -+ + z, set

- — 1-1t Zj
AZiat) = [[Ea50. [ 1022550 = Q{_—Z_j} 5.1

1_
itk itk @izn 7k
where here and after, j # k runs over 1 < j k <.
We shall also make crucial use here of the constant term scalar product introduced in [22,
Chapter VI.9] by setting, for any two polynomials f and g,

1 _ _
<fag>:«,q,t = Ff(zla"'azr)g(zl 1;---;27" 1)A;(Zr;%t)}zo> 5.2

”

where the symbol “|z0 represents the operation of taking the constant term in the preceding ex-
pression.

For any composition A, define the alphabets

A N A N
0 5 ST ) s 5
i=1 j=1 i=1 j=1
Also let Xl =T[, Al n(N) =37, (’\21) and set
e -D,(q,t 1
Eugt) = ) g¢“t™! = —1’{ p )~ - VBuan + T 5.4

i>1

Our main result may be stated as follows.
Theorem 5.1

Let X\ be a composition and P[X] a symmetric function. Define the linear operator Ay by
setting

tn()\')

AP = S —m

PIX + (¢ — 1)t - 12,19 X 23]
xQ[—(t—n(q—nZ(zal+--~+z;;i><zﬂ+-~-+zj,xj>
i<j 5.5
(N .
_ Zij
xQ{(t 1)_2 Z Zik}
=1 1<4,k<X;
i#k

20

Then for all partitions p and \ we have

ANH,[X;q,t] = exlEu(q,t)] Hu[X;q,1] . 5.6
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The proof will be obtained by combining some of the basic identities satisfied by Macdonald
operators together with a number of auxiliary propositions we are about to establish.

Let us recall that in [22, Chapter VI.3], Macdonald defines an operator D}, that we will call
Dﬁn). Using plethystic notation, it may be written as

DI (g, t) P[Xy] = > Ar(Xnit) P[Xp + (¢ — 1)X4],
[I|=r
where X, is an n letter alphabet and for any r-subset I of {1,...,n}, we set X; =3, ; x; and
te; —x;
Ap(Xpit) = Wiy
(X3t 11 .

P
iel;jer Y

We will present another form of these operators that does not require us to take subalphabets of
Xn.
A generating function for these operators is

DM (u;q,t) = ZurDﬁn)(q,t).
r=0

Macdonald shows [22, p. 324] that for [(x) < n, we have

D (u; q,t)Py(w5q,t) = (H(1+uq“it"_i)> Pu(z;q,t) .

i=1

By taking the coeflicient of u” on both sides, we obtain

Dﬁn)(qﬂf)PN(:p;q, = e, [Z gt i (z; q,t) . 57

These operators depend on n, the size of the alphabet. We will “stabilize” them with respect to n
by reexpressing them in terms of E,(g,t). To this end let

E/(¢,t) = Eu(g,t™"). 5.8

Note that we have

er[E,/,,(%t)] = e, [unitl—i] — (n— 1)7" [unltn z+ Z = 1]
=1

i=n-+1

—(n—1)r Zer—k [Z t_l‘| ek [Z qyitn—i] 5.9
k=0 = =1
e Gt D
=t )TZ( ek Zq’“t” i

k=0
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We may therefore stabilize the Macdonald operators by setting

B(n) _ t—(n—l)ri (_1)7"_le(€71) ) 5.10
k=0 (t;t>r—k

This will produce eigenvalues that only depend on p and r, but not n. More precisely we have

~

DMP[Xniq,t] = e [ElL(q,1)] PulXniq.t] - 5.11

For example, Macdonald’s one stable operator E [22, p. 321] may be expressed E = lA)l + ﬁ To

recover the D,(«")’s from the ﬁﬁ”)’s, we need the following well-known and easily derived variation of
Mo6bius inversion:

Lemma 5.1

Let f, gr be sequences, r =0,1,...,n. Then

T fk
o= S Ik =0,..., 5.12
g Z CoNn forr n
k=0
if and only if
" (—1)Re(B)g, " (1) k(72 gy
fr = ZHT — % forr=0,...,n. 5.13
;=0 Rl k=0 Pk

It follows that the original Macdonald operators may be recovered from the stabilized ones via

r t(Tgk)—i-k(n—l)

p®)  _
" Z (t;t)rfk

k=0

DM 5.14

For any symmetric function f, we are now in a position to construct operators D ¢ such that
for any partition g,

Dy P,X;q,t] = fIE,(¢,1)] Pu[X;q,1] . 5.15

12

Indeed, when f = ey, --- ey, and the alphabet is of the form X = X,,, we may take
DY — DU — DW..pW .

Since the elementary symmetric functions are a basis of all symmetric functions, we may form ﬁ}n)

as a linear combination of these.

We shall find new plethystic forms of the operators lA)E\") that do not depend on n.
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Proposition 5.1

Let X\ be a composition and P[X] a symmetric function. Set

1
Al(1 = t=1)RAlgn(Y)

x Q[(l — g =D (e )zt )
1<J 5.16

DyP[X] = PX + (¢ —1)Z71 Q[0 — 71X 2]

1\

xQ[(t_l—l)Z 3> z_i]

20

i=11<j,k<A;
itk
Then for allm > ||,
DyP[X,] = D\P[X,], 5.17
and in particular, for all partitions p and A,
DyPuX:q.t] = ex[El(q,t)] Pu[X;q.1] . 5.18

The operators ﬁf satisfying 5.15 are then Bf => a,\lA),\, where the coefficients a) are
given by f =", axex.
Proof

We first do this for the case A = (r). The general case will follow by composing the resulting
operators. The definition 5.16 in terms of the alphabet Z,. is

~ 1 ,
D.PIX] = ————————P[X+(¢—-1)Z Q1 -t"HX Z,]Q [(tl —1) Z Z—J] , 5.19
rl(1 — t—l)rt(Q) 1<iksr K]0
J#k
and we are to show that D, P[X,] = D\™ P[X,,] for all n > r.
Consider the modified Macdonald kernel
1—t!
Q{ X, Y} = Z Pu[Xniq.t7] Qu[-Yiq,t7Y] .
qg—1
pl(p)<n
Apply 137(0") to it:
~ 1—¢1 ~ (—1)rFk 1—¢1
D§”>Q[ X, Y] ===y ) D,g")g[ X, Y}
q— k=0 (ta t)’l‘—k: -
(—1)F 1—t?
ey O S x| 2 (x, 1 g - nxn) Y
(t; t)'r‘fk q—- 1
k=0 |I|=k
o —t! X, Y im Z Ar(Xp )Q[(1 -t X, Y]
q _ 1 n t; t),r & ny .

1=k
5.20
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To evaluate the inside summation

S AKXt -t X Y] = > Af(Xpst) Z (X 150,67HQu(Y;0,t7Y) 5.21
|I|=Fk |I|=Fk

we apply Proposition 3.1 of [15]: for k < n and all p,

Z AI .’If t X[,O t~ } _ t(§)+(n_k)l(ﬂ) |:n_l(/,6):| Pu, I:Xn70;t_1] .
|I|=k k— Z(M) t

(The right side is 0 when I(u) < k < n fails to hold.) This gives that 5.21 equals
Zt(g)ﬂn*k)l(u)
k—
o
=Y i)t ["m] > Pu[Xn; 0,71 QuY;0,¢71
¢

k—m
pl(p)=m

— () - 1
()] [ Xn; 0,671 QLY 0,67

o~

5.22

m=0

The m summation may be restricted to 0 < m < k because the t-binomial coefficient vanishes
otherwise. Plugging 5.22 back into 5.20 and then reversing the order of the k, m summations gives

A(n) [14*1 }
DiMa X, Y r .y
r g—1 “n C(n— (—=1)" k - n—m - -

_ ety H(5)+n k>m[ ] P [X0: 0,671 QulY:0,¢71]

o[ 3] 2 @i 2 el 2 “
¢ br i( 1)7=m4(5)+m(n=—m) SV (g [ m
(t;t)r—k k—m],
m=0 k=m

X > Pu[Xn;0,t71QuY:0,67Y
s ()

5.23
The details of evaluating the parenthesized sums in 5.23 will follow this proof. The k-sum may be
simplified by 5.42 to
r \k—m m r—m _ (r—m)(n—m)
e - Sl -
h—m (t5t)r—k 5—0 t t r—m—k k t (t5t)r—m

so that the right side of 5.23 equals

r (_1)r—mt(";)—mr

v Z (t5t)r—m

m=0

> Pu[Xa;0,471QuY;0,671 .
wi l(p)=m
We will evaluate this sum in 5.34. It is a long computation involving the scalar product 5.2, and it
equals

! Q1 -t HX,Z] 1 -tHy Z'] {(tl -0y ﬁ} 5.24

rl (1 — t‘l)’"t(2) 2k R

20
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Equating the left side of 5.23 with 5.24 and rearranging gives

(n) 1—¢t1 1 1—t! 1
DM X, Y| = 0 (Xn+(@—-1)Z Y
q—1 rl(1—¢-1yres) [ g—1
4l -1 Z
x Q[1—-t"HX, Z.] Q[(t 1)ZZJ 5.25
J#k 20
=R -1
_DTQF ! XnY}
q—1

From this we conclude that D{" P [X,] = D, P[X,] for any symmetric function P[X], so 5.17 holds
for A = (r).

Now for an arbitrary composition A = (Aq,...,\;), we must check that lA),\ = lA),\1 ---B,\l.
We induct on I. Set p = (A1,...,N—1), r = A, and verify that ﬁpBTP[X] = lA),\P[X]. We break up
the alphabet Zy = U, + V,. where U, = Zi(:p% Zj‘zl zi; and V, = Z;:1 Z,,j- Then by 5.19,

~ 1 j
Dwmq:-—————TPW+@—Uwﬂgm—rwxmgw*—n X:ﬁﬂ 5.26
rl(1 = t=1)rt(z) 1< ksr 0
j#k
so by 5.16,
PN PIX +(¢q— 1)U ' +V!
D,D,P[X] = X+ (= 1, - r”QKlft*UL¥4f@4*UU;5Vﬂ
(L — t-lelr )
xalt -1 Y ﬁ}g[u —tHX U,
- 1<j,k<r ik
J#k
xQ(1—t"Y(g-1) Z (zi_ll+~-‘+Zi_7pli)(2j1+"'+Zj,pj)

1<i<j<l(p)

- l(p)
1 Zij
x Q| (t 1) Z Z Zk]
- i=11<4,k<p;
j#k
PX + (¢—-1)(U+ V)

TN )Rl Q1 -t X (U, + V7))

kal—t”)@—-U(U;1M”+ 2: @“1+”.+zmix%¢+”._+%wﬂ>}

u0 00

1<i<j<I(p)
L(p) . .
x Q=1 - =
ooy X2 w2
1=11<5,k<p; 1<j,k<r u v0
ik j#k

and on combining the alphabets into Zy = U, + V., it simplifies to 5.16 as required.
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Proof of Theorem 5.1

Since Macdonald’s J,(x; ¢,t) is a scalar multiple of P,(x;q,t), it follows from 5.16 and 5.18
that

~ 1
D)\J/J[X; Q7t} =

Al(1 == 1) RAlgny)

x ﬂ[(l Y= ) S o) (e 2

JJX +(q—1)Z ¢, 001 -t X Z,]

i<j

LX) 5.27

-1 _
<oft-ny B 2
i=11<j,k<\; %
J#k
=ex[E(¢,1)] Ju[X;q,1] .
We will transform this from .J,, to H,, using 1.6. Replace X by X/(1 —t) in 5.27:
1 X+(g-1)(1-t)zy"
N(1 = 1)) Jﬂ{ -1 1.t Q=X 2]
(1= 00— ) Y e )b+ )
1<j
{ Z Z ] 5.28
imL1<jhen L
J#k
X
Replace t by ¢t~!, multiply both sides by t"(#), and express it in terms of HM via I.6:
e H,[X DA -tz g, 10—t X Z
mu[ +(g- DA —t7HZ 4,19 A
<0~ = Dl = )+ k)t )
i<j
[ -y Y }
i=11<5,k<)\; Zik

J#k ~
= e)\[Eu(Qa t)] H/J«[X; q, t] .
Replace Z) by tZ,. The constant term with respect to Z is unaffected, and 5.29 is transformed to

(X))
S g e+ (= D~ 120,10 -X 2]
XQ{_(t ==Y (2t + oz )+ )
1<j
(N
=Y }
{ =1 1<) k<, R L0
i#k

=ex[Eu(g,t)] ﬁu[X? q.1]
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so that 5.6 holds.

Proposition 5.2
Define a linear operator

Ve = 2 6"”'[(1—%)1(1—@}”A {qil} =

[A<n

Then if P[X] is a symmetric polynomial that is homogeneous of degree n,

V,.P[X] = VP[X].

Proof.
Since

T, = eyBy = en

1
E/tfl——t
g—1 |’

an operator equivalent to V on homogeneous polynomials of degree n is Ay, where

= aaat)e

[Al<n

where the coefficients a) (g, t) are defined by
X —
en[ q—l ‘| ZaAlL 6)\
We expand this as follows.
X- - X 1
—t
en|———| = Cr|— | en—r |77 (7
[ qg—1 ] Z::O {ql} [(lt)(lq)}
= 1
n— X
3 e e PR B

AT
= 5 (en|gmpm=g ™ 771 ) o

We now evaluate the sums used in the proof of Proposition 5.1.

Proposition 5.3
Forr >0, and any alphabets X, Y,

T

Z(t; ST BX:0,1] QulY;0,¢]

t),—
m=0 ‘"’ )7 ™ l(p)=m

- ;Q[(l X Z,]Q[(1-t)Y Z'] Q[(t -1) Z Zj]
2k

(1 —=1¢)"
i ) J7#k

20

56

5.30

5.31

5.32

5.33
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and
() _ .
S EVSE Y Rl Qo
m=0 p: l(p)=m
1 25
= ——— —Qu-tHxz|Qa-tHy z! Q[(tll) —7}
T!(t—l)’"t('z) [ J9l ) #Zkzk 0
5.34
For m >0, and any alphabets X, Y,
Z P#[X,O,t] Q}L[Y,Oat]
p l(p)=m
m m_rt(m,;m) 5
Q1 -HXZ]Q[1 -ty zZ Q-1 e
- > el - ox zl el -0y z ol - T
r=0 JF#k 20
5.35
Proof.

Macdonald shows that under the scalar product 5.2, the symmetric functions P,[Z,;q, ]
and Qx[Z;;q,t] are orthogonal when p # A, and

(PulZr3 0,8, QulZria 1)), = Q[_(l—t)(l—qt—l) > tj_i] . .

1— qa;(s)tr—l' (s)

_ s)+1r—1U/ (s)—1 °
1 q 1<i<j<r SEW q G t w(9)=
5.36
On setting ¢ = 0, the Q term simplifies to
Q {(1 —t) Z tj’] =Qt-DE" + 2" 2+ (r = 1)t)]
1<i<j<r

=Qt" +t" 2 = (r = 1) 5.37

_ (1-0)r

(1),

Additionally, on setting ¢ = 0, the product term of 5.36 restricts to s € p for which aj,(s) = 0, that
is, to the cells (4,0) (for i = 0,1,...,I(u) — 1) of the first column, giving

I(p)—1
(1-1¢) _; (1=t
P,[Z;0,t],QulZ; 0,1 1—t"7) = —————. 5.38
a0, = Y 0 =
For arbitrary alphabets X, Y, we now evaluate
Q. [X;75t) = QA -6)XZ.],Q[(1-t)Y Z, ]>r0t 5.39

in two ways. By expanding these as Hall-Littlewood kernels, we obtain

O [X; Vit = <ZP [X;0,t] Qu[Z;0,1] ZPA Z;0,1] QAY;0 t]>
r,0,t

“w
= ZP XO t] QM[Y70at] ' <Q/L[Z7‘a0 t] [ZT‘a() tDrOt 540

T

_Z -t Z PL[X;0,4 QulY;0,4]

t t m
&EDr—m i U(p)=m
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On the other hand, by evaluating 5.39 via 5.2, we obtain

O [X; Y3t = L Q1-1)X 2] Q[1-t)Y Z'] Q[(f -y ﬁ]

ol

5.41

Equating 5.40 with 5.41 gives 5.33. On replacing t by 1/t, using (t= 1t ~1) = (= 1)kt~ FEED/2(¢: 1),
and simplifying, we obtain 5.34. Finally, applying Lemma 5.1 to 5.33 gives 5.35.

Lemma 5.2
For0<r<n,

== 5.42

Proof
We specialize the “g-binomial theorem” [16, p. 20]

T

(absq)r = Zm 0" (a; @)1 (b; @)r—k 5.43

k=0 q

by setting ¢ =t, a = 0, and b = ¢t~", and then manipulating it.

r S

r
1 = (O;t)'r :Z k tink(tin;t)r—k

L'Vt

k=0
" [r
— E tfn(rfk) 1t
k ( I’ )k
5.44

Multiplying by t""/(¢;t), gives 5.42.

To terminate we should mention that even the operators A g have some surprising positivity
properties. In fact, we have strong computer evidence that Ag, ey, is always Schur positive. More
precisely we are led to the following

Conjecture V

For any integer m > 1 and for all pairs of partitions v, \ with m > 1l(v) and A\ F m we have

) SylBy(g K0, )(1 = )(1 = ) By(g, T (g,1) Ng, 1]

Hkm B#(qat)ﬁ,/u(qat)
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