Gaussian Quadrature with Legendre polynomials
» Legendre polynomials: Py(x) =1, P1(x) = x,
(n+ 1)Ppr1(x) = (2n + 1)xPs(x) — nPp—1(x) for n > 1.
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Gaussian Quadrature with Legendre polynomials
» Legendre polynomials: Py(x) =1, P1(x) = x,
(n+ 1)Ppr1(x) = (2n + 1)xPs(x) — nPp—1(x) for n > 1.

» Gaussian quadrature
1
/ F(x) dx ~ c1F(x1) + G F(30) + - - + enf (xn),
-1

where x1,x2,--- ,xp € (—1,1) are distinct roots of P,(x).

» DoP = 2n — 1 with choice

1 1 oy
o L,-(x)dx:/ HX 5 dx fori=1,---,n.
-1 -1 J.#’.Xi—xj

> ’Next: Estimate error in quadrature‘




Hermite Interpolation, with Legendre polynomial P,(x)

» Given Legendre roots xi, x2, -+ , X, with
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Hermite Interpolation, with Legendre polynomial P,(x)

» Given Legendre roots xi, x2, -+ , X, with
(X17 f(Xl)a f/(Xl))a (X27 f(X2)7 f,(X2))7 T (Xna f(Xn)a f/(Xn))7
» Interpolating polynomial H(x) of degree < 2n — 1 satisfies
Hixa) = f(xa), H'(x)=f(x),

H(Xg) = f(Xg), H/(XQ):f/(XQ),

H(x,) = f(xn), H'(x1) = f'(xn).



Hermite Interpolation, with Legendre polynomial P,(x)

» Given Legendre roots xi, x2, -+ , X, with

(le f(Xl)v f/(Xl))’ (X27 f(X2)7 f,(x2))v Ty (X,,, f(X,,), f/(X,,)),

» Interpolating polynomial H(x) of degree < 2n — 1 satisfies

H(x1) = f(x1), H(x)=f'(x1),
H(Xz) = f(Xg), HI(XQ):f/(XQ),

H(x,) = f(xn), H'(x1) = f'(xn).

» Theorem: For each x € [a, b], a number {(x) between
X1, %2, ,Xn (hence € (a, b)) exists with

_ ()

f(x) = H(x)+R(x), R(x)= @n) 2

(x—x1)2(x—x2)% - - (x—xn)2.



Hermite Interpolation, with Gaussian Quadrature



Hermite Interpolation, with Gaussian Quadrature

/1 f)dx = /1 H(x) dX+/1 R(x) dx
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deg(H)<2n—1 !

aP(x1) + P(x2) + -+ caP(xn) + /_1 R(x) dx



Hermite Interpolation, with Gaussian Quadrature

/1 f)dx = /1 H(x) dX+/1 R(x) dx

-1 -1 -1

deg(H)<2n—1 !

aP(x1) + P(x2) + -+ caP(xn) + /_1 R(x) dx

magic

le(Xl) + sz(Xg) —+ -+ Cnf(Xn)

b Rn(¢(x))
*/1 (2n)!

(x — x1)%(x — x0)% -+ (x — xp)? dx



Hermite Interpolation, with Gaussian Quadrature

/_ 11 F(x) dx = /_ 11 H(x) dx + /_ 11 R(x) dx

1
deg(H)<2n-1 C1P(X1) + C2P(X2) 4+ 4 CnP(Xn) + / R(X) dx
-1

magic

le(Xl) + sz(Xg) —+ -+ Cnf(Xn)

R (2 ) (x ) i
+/1 (2n)! (x = x1)°(x — x2) ( ") d

)+ aaf(x2) 4+ -+ + caf (xn)

- af(x
2n)
T (2n§!) /_l(x_X1)2(X_X2)2"'(X—X,,)2 dx




Hermite Interpolation, with Gaussian Quadrature

1

/ Yty = / " ) o + /_ R(x) dx

-1
1

deg(H)<2n—1 C1P(X1) + C2P(X2) 4+ 4 CnP(Xn) + / R(X) dx
~1

magic af(x1) + af(x) + -+ caf (xn)

/11 f(Q()z(f)(IX)) X = x0)2(x — 30)2 -+ (x — xn)? dx
= af(x) + cf(x) + -+ caf(xn)

f((z;gf) /11(X X 2(x = x0)2 - (x — xp)? dx
el af(x) + f () + - + caf(xa) + R




Gaussian Quadrature Error Estimate

R =

(2n) 1
f(2n§!£) /1(X — x1)2(x — X2)2 s (x = x,,)2 dx



Gaussian Quadrature Error Estimate

(2n) 1
= f(2n§!§) /1(X — x1)%(x = x2)? - (x — x,)? dx

B 220 (p1)3 (n—1)! oo~ (AT FCE)
= GO =0 ( A




Gaussian Quadrature Error Estimate

(2n) 1
f(2n§!§) /1(X — x1)2(x — )<2)2 s (x = x,,)2 dx

_ 220 (n1)? (n —1)! | Fen(ey — 0 (4—n ‘f(2n)(§)‘> |

(2n+1)!(2n)! (2n—1) (2n)!

—n |£(2n)
/1 f(x)dx = af(x)+ ef(x)+---+ cf(xa) + O (4"(2(5)‘> '
-1

(2n)!

‘ Rapid convergence for smooth functions‘




Composite Simpson’s Rule
(n:2m,xj:a+jh,h:%,0 <j<n)

b m—1 m ,
/f(x)dx - g(‘(a) T2 flxg) +4) fxj) + f(b) (b1_82)h F®) (1)
a =

Jj=1

}
4= % X2 Ty Xyop Xy b=x, x




Limitations of Gaussian Quadrature

Simpson/Trapezoidal:
» Composite rules:
» Adding more EQUI-SPACED points.
» Romberg extrapolation:
» Obtaining higher order rules from lower order rules.
» Adaptive quadratures:
» Adding more points ONLY WHEN NECESSARY.

Gaussian Quadrature:

» points different for different n.

Gaussian Quadrature good for given n,
not as good for given tolerance.



Double Integral [ [.f(x,y)dA

/

x

R={(x,y)] a<x<b, c<y<d.}

o 5 = = E DA



Double Integral = Integral of Integral

[ [ e - |
/

where g(x) = [ f(x,y)dy.

» Approximate fI;g(x) dx with quadrature.

» For any given x;, approximate g(x;) with quadrature.



[ [af(x,y)dA= [Pg(x)dx, g(x)= [If(x,y)dy

» Approximate fI;g(x) dx with n-point quadrature:

b
/ g(x) dx = cg(x1) + cag(x2) + - + cag(xn) + R(g)



[ [af(x,y)dA= [Pg(x)dx, g(x)= [If(x,y)dy

» Approximate fI;g(x) dx with n-point quadrature:

b
/ g(x) dx = cg(x1) + cag(x2) + - + cag(xn) + R(g)

a

» For 1 < i < n, approximate g(x;) with m-point quadrature:

d —~
/ f(xi,y)dy = cif(x, y1)+Cf (xi, y2)+ - -+Cmf (Xi, ym)+R(F(xi, ))-

c



[ [af(x,y)dA= [Pg(x)dx, g(x)= [If(x,y)dy

» Approximate fI;g(x) dx with n-point quadrature:
b
/ g(x) dx = cig(x1) + c2g(x2) + - + cag(xn) + R(g)
a

» For 1 < i < n, approximate g(x;) with m-point quadrature:

d —~
/ f(xi,y)dy = cif(x, y1)+Cf (xi, y2)+ - -+Cmf (Xi, ym)+R(F(xi, ))-

[ [ fenoa = (éqgu,-))m(g)

= (Z ¢ ((Zé}f(xiayj)) +§(f(xi,'))>) +R(g)
i—1 =1



[ [af(x,y)dA= [Pg(x)dx, g(x)= [If(x,y)dy

» Approximate fI;g(x) dx with n-point quadrature:
b
[ gt dx = cglx) + gl + -+ crglx) + R(g)
a

» For 1 < i < n, approximate g(x;) with m-point quadrature:

d o~
/ f(xi,y)dy = cif(x, y1)+Cf (xi, y2)+ - -+Cmf (Xi, ym)+R(F(xi, ))-

[ [ fenoa = (éqgu,-))m(g)

= (Z ¢ ((Zé}f(xiayj)) +§(f(xi,'))>) +R(g)
i—1 =1

= (ZZC@f(x,-,yj)) + (Z c,-ﬁ(f(xh-))) +R(g).
i=1

i=1 j=1



[ [ofly)dA= [2g(x)dx, g(x) = [IF(x.y)dy
R={(x,y)] a<x<b, c<y<d.}
b
/ g(x)dx = ag(x)+ cglx)+---+ cg(xn) + R(g)

d
/f(Xi,Y)dy = af(x,y) + af(xi,y2) + -+ mf(Xi, ym)

+ R(f(x,"))



[ [af(x,y)dA= [Pg(x)dx, g(x)= [If(x,y)dy

R={(x,y)] a<x<b, c<y<d.}

b
[ sax = cgla)+ cgla) + + cagln) + Rlg)

a

d
/f(XhY)dy = af(a,y)+ af(xi,y2) + -+ mf (Xi, Ym)

C

+ f(x,,-
// f(x,y)dA = Zc (xi,¥)) <Zc, (xiy-) >+R(g)
kR i=1 j=1
~ Zc (xi,yj)-
i=1 j=1

» Double integral quadrature is a double sum.
» Need to work out total error for any given quadrature.



J [ RfCey)dA =320, S a6 (i) + o0y aR(F(xi, ) + R(g)

R={(x,y)| a<x<b, c<y<d}

Example, Simpson's Rule with m = n = 3:
» Simpson’s Rule on [a,b]:  (x1,%,x3) = (a, 252, b) .

» Simpson’s Rule on [c,d]:  (y1,y2,¥3) = (c, CJ2F ,d) .




J [ RfCey)dA =320, S a6 (i) + o0y aR(F(xi, ) + R(g)

R={(x,y)| a<x<b, c<y<d}

Example, Simpson's Rule with m = n = 3:

» Simpson’s Rule on [a,b]:  (x1,%,x3) = (a, 252, b) .

» Simpson’s Rule on [c,d]:  (y1,y2,¥3) = (c, CJQF ,d) .

2 Dimensional Simpson nodes

=
o 1 4
R
(c+dif 2 T e e 4
c 1 4
-2
-2 1 o 1 =

!

ta-+bd2 B



J [ RfCey)dA =320, S a6 (i) + o0y aR(F(xi, ) + R(g)

R={(x,y)] a<x<b, c<y<d.}

Example, m=n=3:

» Simpson's Rule on [a, b]:  (x1,x2,Xx3) = (a, %b, b) )

b
/ g(x) dx = cig(x1) + cag(x2) + cag(xa) — - g<“ ©).

a

b—a
2 b
» Simpson’s Rule on [c,d]:  (y1,y2,¥3) = (c, Cerd, d) .

h=

h
(C17 C, C3) - § (1747 1) .

d 5 o4
~ ~ ~ k> O
/ f(xi,y)dy = le(Xi7Y1)+C2f(Xi7Y2)+C3f(Xi7Y3)—% 784}/()("’77")’

c

d—c PN 5
3

(C17627C3) — (1>471)



//R (ZZ% Xi.Yj ) <§mjc,a4f . )

i=1 j=1
841"
— o [ Ty



//Rf(x,y)dA = (ZZC,CJ x,,yj) (zm:qa‘lf X:ﬂ%)

i=1 j=1
841"
— o [ Ty

n m 5 m "
= (ZZcf@f(xf,yj)> —go(z ) g4f(§, )

i=1 j=1 Py

h° O*f
o 90 (b_ ) 4X(£>77)



//Rf(x,y)dA = (ZZC,CJ x,,yj) (zm:qa‘lf X:ﬂ%)

i=1 j=1
84f
— o Sy
n m ~ 5 m grp
= (2;&%@;&0)) _90<,§_: )84 (&7
h° O*f
o 90 (b_ ) 4X(£777)
= > > agf(xiy)
i=1 j=1

- (b_i)ég) (k g4f(€ )+ f(é“ 77))-



J [ RfCey)dA =320, S a6 (i) + o0y aR(F(xi, ) + R(g)

R={(x,y)| a<x<b, c<y<d.}

Example: Composite Simpson Rules.



J [ RfCey)dA =320, S a6 (i) + o0y aR(F(xi, ) + R(g)

R={(x,y)| a<x<b, c<y<d}

Example: Composite Simpson Rules.
» Composite Simpson on [a, b], x; =a+(i—1)h,1<i<n, h=2=2

R(g = T 1an _ah / 84 (67 __(b_a)l(SdO_ C)h a (év )




J [ RfCey)dA =320, S a6 (i) + o0y aR(F(xi, ) + R(g)

R={(x,y)] a<x<b, c<y<d.}
Example: Composite Simpson Rules.

» Composite Simpson on [a, b], x; =a+(i—1)h,1<i<n, h:b_i’.

b—a)h* [9 O*f b— a)(d — c)h* 9*f
R(g) =~ [T ooy = - E e,

» Composite Simpson on [c, d], yj=c+(j—1)k,1< j <m, k:f,’qjcl.

R _ 4 54

R0 ) =~ )
SIS (A=Kt (&) 9 o
;CiR(f(Xi,')) -~ T 180 (; C:) %(5777)

b—a)(d — c)k* O*F ~
eI L @




Error Estimate, Double Integral with Composite Simpson

// f(x,y)dA = ZZc,gf(x,,yJ)
kR i=1 j=1
—2\d — ¢ dr ar
B (K €M+ h ().
h:b—a k:d—c




Example: [ [ log(x +2y)dAwith n=7,m=5

0.8 [

R={(xy)l

Simpson Rule for double integral, n =7, m =5

12<x<24, 02<y<1l.}

[N

0.4




Example: [ [ log(x +2y)dAwith n=7,m=5

R = {(x,y)| 12<x<24, 02<y<1,}



Example: [ [ log(x +2y)dAwith n=7,m=5

R = {(x,y)] 12<x<24, 02<y<1,}

2412 1-02
h = "2—7°=02 k =7 =02




Example: [ [ log(x +2y)dAwith n=7,m=5
R = {(x,y)] 12<x<24, 02<y<1,}
24 —-12 1-0.2
h —— =02, k =5 —-=0
o6 o
P*x o (x+2p)t Yy (x 2yt
O*f 6
— ~ 0.91 f R
x| = (12+2x0.2) 001553 for (x.y) € R,
O*f 96
y| — (1.242x0.2)* ~ 14.648.
— f ~ ald
Quad _Error (bal)8((c)l) k48 (f,A)—i- 48 (E n)
(2.4 —1.2)(1 - 0.2)

180

(0.2% x 14.648 4 0.2* x 0.91553)



Example: [ [ log(x +2y)dAwith n=7,m=5
R = {(x,y)| 12<x<24, 02<y<1}
h = % =02, k = 15*_0i2 =0.2.
A Of __ 9% _
&x (x+20)* 9y (x+ )"
gii < GaT 26>< 02 ~ 0.91553 for (x,y) € R,
4
24; - (12 +26>< 0.2)* ~ 14,048
Quad_Error (b_?égl) k48 f(faA)"‘ 484 (f n)
(24 = 1i253)(§1 — 0'2) (0.2* x 14.648 + 0.2* x 0.91553)

1.328 x 1074,



Example: [ [ log(x +2y)dAwith n=7,m=5

// log(x +2y)dA = 1.0360481 -
R



Example: [ [ log(x +2y)dAwith n=7,m=5

// log(x +2y)dA = 1.0360481---
R
7 5
// log(x +2y)dA =~ ZZCiEjf(Xh)’j)
R i=1 j=1

1.0360327 - - - .



Example: [ [ log(x +2y)dAwith n=7,m=5

// log(x +2y)dA = 1.0360481---
R
7 5
// log(x +2y)dA =~ ZZCiEjf(Xh)’j)
R i=1 j=1
= 1.0360327---

Therefore

7 5
// log(x + 2y) dA(ZZ ch(x,,yJ) = 1546 x 107°




Example: [ [ log(x +2y)dAwith n=7,m=5

// log(x +2y)dA = 1.0360481---
R
7 5
// log(x +2y)dA =~ ZZCiEjf(Xh)’j)
R i=1 j=1
= 1.0360327---

Therefore

7 5
// log(x + 2y) dA(ZZ ch(x,,yJ) = 1546 x 107°

< 1.328 x 107%.
(Error Estimate)



2 Dimensional Gaussian Quadratures

] senan = [[([fr009)



2 Dimensional Gaussian Quadratures

R = {(x,y)| a<x<b, c<y<d.}

//Rf(x,y)dA - /b </jf(x,y)dy> dx.

Perform change of variables

at+b b-—a c+d d--c
X= oyt Y E

v for wu,vel-1,1].

Double integral becomes

//Rf(x,y)dA _ W/llg(u)du, here

1
R b b— d d-—
g(U)dZEf/ f<a+ Looa e Cv)dv.
—1

2 2 2 2



[ [f(x,y) dA = =209 (1 2 (y)du

1
N at+b b—a c+d d-c
= dv.
g(u) /1f< Tttt v> v

» n-point Gaussian quadrature for filg(u)du:

1
/ §(u)du ~ c13(u1) + o8 (ua) + - - + og{un).
-1



[ [f(x,y) dA = =209 (1 2 (y)du

1
N at+b b—a c+d d-c
— f dv.
g(u) /1 < R e e V> v

» n-point Gaussian quadrature for filg(u)du:
1
| w)du~ aglon) + aglw) + -+ cr(wn)
-1
» For1 </ <n, let

X'_a+b+b—a _— ')_/1 f( C+d+d—cv dy
T p b sli= g T\ 2 '




[ [f(x,y) dA = =209 (1 2 (y)du

1
N at+b b—a c+d d-c
= dv.
g(u) /1f< Tttt v> v

» n-point Gaussian quadrature for filg(u)du:
1
| w)du~ aglon) + aglw) + -+ cr(wn)
-1
» For1 </ <n, let

b b-— N 1 d d-—
Xi:a;r + 2auia g(ui):/_1f<xi,ﬁ;+ 2Cv> dv.

» m-point Gaussian quadrature for g(u;),

d d-— =R d d-—
glu) = af (x;,c—i_—i— ¢ v1> + o+ Cmf (x,-,ﬁ_—i- ¢ vm>

2 2 2 2

~ ~ def c+d d—c
= af(iy)+ ot af(ym), %= 5+ v




[ [f(x,y) dA = =209 (1 2 (y)du

1
| e ~ ag(m)+ g+ + cglu)
-1
glu) ~ af(x,y)+ -+ Cnf (Xi,ym).
So we have Gaussian quadrature for double integral:

//Rf(x,y) dA ~ szci@f(xivﬁ)-

i=1 j=1



Example: [ [ log(x +2y)dA=1.036--- ,n=7,m=>5

» Gaussian quadrature approximation

_(b-a)(d - -y~ - -
//Rf(x,y) A = > cigf (xi,y;) ~ 1.03604817065 - - -

i=1 j=1

)d —
// (x,y)dA — ( ) ZZC,CJ (xi,yj)| = 6.4x10™ 10,

i=1 j=1



Example: [ [ log(x +2y)dA=1.036--- ,n=7,m=>5

» Gaussian quadrature approximation

_(b-a)(d - -y~ - -
//Rf(x,y) A = > cigf (xi,y;) ~ 1.03604817065 - - -

i=1 j=1
(b—a)(d—
// (x,y)dA — )( )ZZC,CJ f(xi,yj)| =~ 6.4x10 10,
i=1 j=1

» Simpson rule approximation

/ / (x,y) dA ~ ch,c, Xi, y;) ~ 1.03603270963 -

i=1 j=1

// Fox,y)dA =YD agf (xi,y)| = 1.5 x 107°.
R

i=1 j=1



Example: [ [ log(x +2y)dA=1.036--- ,n=7,m=>5

» Gaussian quadrature approximation

b— d o n m R
// f(x,y)dA = (b=a)d=c) Z Z ciGif (xi,yj) =~ 1.03604817065 - - -
R

4 s
i=1 j=1
(b—a)(d—¢) e~ _
//Rf(xa}’)dA4i§1j§1 C,'ij(X,',yj) ~ 6.4%x10710,

» Simpson rule approximation

// f(x,y)dA =~ Z Z ciGf (xi,yj) = 1.03603270963 - - - .
R

i=1 j=1

// Fox,y)dA =YD agf (xi,y)| = 1.5 x 107°.
R

i=1 j=1

’Gaussian quadrature much more accurate ‘




Gaussian Quadrature: how good is it?

» Gaussian quadrature

/_11 f(X) dx = le(Xl) + C2f(X2) + -+ C,,f(Xn)
40 |ree)
~ le(Xl) + C2f(X2) +--+ Cnf(Xn)a

where x1, x2, -+, x, € (—1,1) are distinct roots of Legendre
Polynomial Pp(x).

» Error tiny for large n and ‘f(z”)(f)| = 0(1).

Improper Integral: what if max,c[_1 ] ‘f(2”)(x)| > 17




Gaussian Quadrature for fjl f(x)dx, f(x)=—=

1—x2

n ‘ Quadrature Value

10 2.9758
50 3.1071
250 3.1346

1000 3.1399



Gaussian Quadrature for fjl f(x)dx, f(x)=

n ‘ Quadrature Value

10 2.9758
50 3.1071
250 3.1346
1000 3.1399
> f(x) = —-1= not smooth in [~1.1]

V1—x2

FCxD C1-x">

Vi




Gaussian Quadrature for fjl f(x)dx, f(x)=

n ‘ Quadrature Value

10 2.9758
50 3.1071
250 3.1346
1000 3.1399
> f(x) = —-1= not smooth in [~1.1]

F<d)  i-x7y 17




1
Improper Integral: [~ \/%dx
» Change of variable:

m™ T
=sinf, Oe[——, =]
x=sinf, 0¢€]| 5 2]
dx =cosf, +/1—x2=1+1-sin’0 = cosé.
> New integral becomes proper.

NP I
/1mx— i f(sin0) df.

s
2



1
Improper Integral: [~ \/%dx
» Change of variable:

x=sinf, 0¢ [—%, g]

dx =cosf, +/1—x2=1+/1-sin’) = cos¥b.

» New integral becomes proper.

/11 \/%dx = /gﬂ f(sin 0) d6.

» Example: for f(x) = x2, with 20-point Gaussian quadrature:

12 z
——dx = sin® 0 df ~ 1.57079632679490,
/;1 V1—x2 /—

jus
2

accurate to 15 digits.



Improper Integral: fabf( dx, f(x) =

¥ h

a

» Integral is improper if g(a) # O:
im | &%)
X—a

(x—a)|



Improper Integral: fab F(x)dx, f(x)= 2% forp<1

(x—a)P’

¥ h

» Integral is improper if g(a) # 0:

g(x)

(x —a)P

[im
X—a

> Integral is not defined for p > 1:

b by
/ ——dx = lim / ——dx
. (x—a)p M—at Jp (x — a)P



Proper Method for improper Integral fab (fg))p dx

» Assume a Taylor expansion on g(x):

g"(a) g

g(x) = g(a)+g'(a)(x—a)+ (x—a)?+-- -+

n!

(a)(x—a)"+- - .



Proper Method for improper Integral fab (fg))p dx
» Assume a Taylor expansion on g(x):

g"(a) g

(X_3)2_|_. ct

g(x) = g(a)+g'(a)(x—a)+ (a)(x—a)"+--- .

n!

» Choose a (k + 1)-term approximation:

g"(a) gM(a)
> (x—a)?+- -+ pr (x—a)k.

Pi(x) = g(a)+g'(a)(x—a)+



Proper Method for improper Integral fab (ff?)p dx

» Assume a Taylor expansion on g(x):

"(a (n)
g(x) = g(a)+g’(a)(x—a)+g ( )(x—a)2+. : '+gn! (a)(x—a)"+-- - .
» Choose a (k + 1)-term approximation:
g//(a) g(k)(a)

Pu(x) = g(a)+&'(a)(x—a)+ £ 2 (x—a) 4+ + & 1% (x-a)~

» Improper integral decomposition

/ab gx) . _ /ab Pel¥) s /a" g() = Pu(x) ,

(x —a)pP (x —a)p (x —a)p




» Assume a Taylor expansion on g(x):

ue (n)
6(x) = 8(2)+8/(2) () + 52 (a4 € Da) (xa)
» Choose a (k + 1)-term approximation:
ae (k) 3
Pex) = £(a) 18/ () a)+ £ ()t £ D ()

» Improper integral decomposition

b gl) [P R L [PE) P
/a —ap™ = / (—ap” +/a c—ap &

> First integral is a simple sum:

k

0 x—ay ),
/a<x—a dx ‘Z/ S i Sy G

=07




» Assume a Taylor expansion on g(x):

g(n)
n!

g(x):g(a)+g'(a)(x—a)—|—g”2(a)(x )+ A+ (a)(x—a)" -

» Choose a (k + 1)-term approximation:

g"(a) g (a)
2

(x—a)’4- -+ 7 (x—a)k.

Pi(x) = g(a)+8'(a)(x—a)+

» Improper integral decomposition

b og) [P P FOROM
L coap® = L(x—af“+ﬁ x_ap o

» Second integral is a proper integral for k > p:

Pg(x) = Pulx) bX_a k1 — gY(a) NEEAVA S Ry
f e )+p(H1ﬂ b )d'




Summary of Proper Method

» Choose a (k + 1)-term approximation:

Pi(x) = g(a)+g'(a) (x—a)+&

» Improper integral decomposition

b gl) [P P, [PE) P
/c., cap® = / (x—ap” +/a _ap O
k
— (a) _j 1-
B (JZ MGri-p "’ p) /G

0 If X = a,
where G(x) = M, if x> a.

(x—a)P

Only require g(a),g’(a), - ,g*)(a)




Example: fol j—;dx

> Take a 5-term Taylor expansion

2 X3 x4

X
P4(X):1+X+?+€+ﬂ.

B 3 5 21 108
~ 2.9235450.

» Composite Simpson's rule with n =4, h = % = 0.25 on
1 GO d ) c 0, if x=0,
| etdx, where G(x) - CR) it o



Example: fo < dx

X G(x)
0.0 0
0.25 | 0.0000170
0.50 | 0.0004013 °
0.75 | 0.0026026
1.0 | 0.0099485

» Composite Simpson rule, with n =4, h = % =0.25

1
0.25
/ G(x)dx ~ —2=(0+4 x 0.0000170 + 2 x 0.0004013
0
+ 4 % 0.0026026 -+ 0.0099485) ~ 0.0017691.



Example: fo < dx

X G(x)
0.0 0
0.25 | 0.0000170
0.50 | 0.0004013 °
0.75 | 0.0026026
1.0 | 0.0099485

» Composite Simpson rule, with n =4, h = % =0.25
! 0.25
G(x)dx ~ —2=(0+4 x 0.0000170 + 2 x 0.0004013
0
+ 4 x 0.0026026 + 0.0099485) ~ 0.0017691.

> Improper integral decomposition

1 X 1 P 1 x _ P

[ [Py [P,
0 VX 0o VX 0 VX

2.9235450 4 0.0017691 = 2.9253141.

Q



Improper Integral: fab f(x)dx, f(x) = = X))p, forp<1

» Change of variable: z = —x

> Left endpoint improper Integral
b —a _
[y i
a (b—x)P b (z—=(=b))P

¥ For z=-x ¥




Improper Integral: [~ f(x)dx, f(x) = g)((X) forp>1

> Integral is not defined for p < 1:

| M
/ —dx = lim / —dx
2 XP M—oo [, XP

> Left end improper integral:

1
) 3 1
/ g(X)dx:/ g(=)zP 2 dz.
a xP 0 z



sin(2)

Example: floo f(x)dx, f(x) = =37

» Change of variable z = %

> sin(1) /1 3 L sin(z2)
XL dx = sin(z) 232 27 2dz :/ dz.
/1 x3/2 0 (=) 0o Vz




Example: [~ f(x)dx, f(x) = S'X"3—(/Xi)

» Change of variable z = %

> sin(1) [t 302 -2 L sin(z2)
/1 32 dx = /Osm() dz /0 7z dz.

» Choose 5-term Taylor expansion on sin(z): Ps(z) =z — %f.




Example: [~ f(x)dx, f(x) = S'X"3—(/Xi)

» Change of variable z = %

> sin(1) [t 302 -2 L sin(z2)
/1 32 dx = /Osm() dz /0 7z dz.

2
=

» Choose 5-term Taylor expansion on sin(z): Ps(z) =z —

| 4
1 - 1, 2 1sin(z z—Z
/Sm(z)dz = /Z 6 dz—l—/ < 6)dz
0o VZ 0o Vz 0 Zz

1 sin(z z— %)
0.61904761 +/ dz.
0 ﬁ

%

» Composite Simpson'’s rule with n = 16:

3

1sin(z) — (z - %)
dz ~ 0.0014890097.
b




Example: [ f(x)dx,

Q

accurate to 8-digit.

sin(2)

f( ) — 3R
1,_z 1sin(z)—<z—%3)
/ ® dz + / dz
0o vz 0 z
1sin(z) — (z — %3)
0.61904761 +/ dz
0 vz
0.61904761 + 0.0014890097
0.62053661,



Initial Value ODE

» The motion of a swinging pendulum

=2
‘fﬂf 4 %smg — o,

» |nitial Value conditions

(9(1'0) =6y, and 0’(!‘0) = (96



Initial Value ODE

» The motion of a swinging pendulum

dre =
£ cine — 0

ErEEA T -

-

H

i

i

! \

q W, T

1 "y,

' Yy

i 8

(I

‘

:

]

» Initial Value conditions
0(1‘0) =6y, and Hl(to) = 96

When does ODE have a solution?



Initial Value ODE

» The motion of a swinging pendulum

dre =
E sin® = 0

ErEEA T -

-

H

i

i

]

i F

i

i

i &

P

i

i

]

» |nitial Value conditions

9(1‘0) =6y, and 9’(!‘0) = 96

When does ODE have a solution? How to compute it?




Lipschitz condition

Definition: function f(t, y) satisfies a Lipschitz condition in the
variable y on a set D C R? if a constant L > 0 exists with

’f(tayl) - f(t7y2)| < L ‘}/1 —)/2| )

whenever (t,y1), (t,y2) are in D. L is Lipschitz constant.

» Example 1: Show that f(t,y) = t|y| satisfies a Lipschitz
condition on the region

D={(t,y) | 0<t<T}.
Solution: For any (t,y1),(t,y2) in D,

If(t,y1) — f(t,y0)] = [tha] = thyel| < tlyr — yo| < Liy1 — yol,

for L=T.



Lipschitz condition

Definition: function f(t, y) satisfies a Lipschitz condition in the
variable y on a set D C R? if a constant L > 0 exists with

[f(t,y1) — f(t,y2)] < Liyr — yal,

whenever (t,y1), (t,y2) are in D. L is Lipschitz constant.

» Example 2: Show that f(t,y) = t y? does not satisfy any
Lipschitz condition on the region

D=A{(t,y) | 0<t<T}.
Solution: Choose (T,y1),(T,y2) in D with y; =0,y» > 0,

(T, y1) = £(T, )|
ly1 — yol

=Ty,

which can be larger than L for any fixed L > 0.



Convex Set
Definition: A set D C R? is convex if

whenever (t1,y1) and (t2,y2) € D
— line segment (1 — ) (t1,y1) + +A(t2,y2) € D for all X € [0, 1].

Convex Not convex



Theorem: Suppose f(t, ) is defined on a convex set D C R, If a
constant L > 0 exists with

of
’ay(t,y)‘ <L, forall (t,y)eD,

then f satisfies a Lipschitz condition with Lipschitz constant L.



Theorem: Suppose f(t, ) is defined on a convex set D C R, If a
constant L > 0 exists with

f
’gy(t,y)‘ <L, forall (t,y)eD,

then f satisfies a Lipschitz condition with Lipschitz constant L.

» Example 1: Show that f(t,y) = t y? satisfies Lipschitz
condition on the region

D={(t,y) | 0<t<T, -Y<y<Y}.

Solution:

of of
— =2 — <2TY forall D.
St =2y, |Se)| 2Ty foral (ny)e

so f(t,y) = ty? satisfies Lipschitz condition with L = 2T Y.



What is going on with f(t,y) = t y??
» f(t,y) = ty? satisfies Lipschitz condition on the region
D=A{(t,y) | 0<t<T, -Y<y<Y}.
» f(t,y) = ty? doesn't satisfy Lipschitz condition on region
D={(t,y) | 0<t<T}.
Initial value problem
y'(t) =ty3(t), y(to)=a>0
has unique, but unbounded solution

2«

y(t) = m,

the denominator of which vanishes at

2
t=1/—+1t3.
Oé+ 0



What is going on with f(t,y) = t y??
Initial value problem
Y(t)=ty(t), y(to)=a>0

has unique, but unbounded solution

(t) = 2«
i a@ =8y

the denominator of which vanishes at

2
t=1/—+ta.
Oé+ 0

» for |to| < T, ODE has unique solution on

D={(t,y) | 0<t<T, -Y<y<Y}.

» for \/2 + t2 < T ODE solution breaks down at t = /2 + 2

on
D={(ty) | 0<t<T}.



