Simpsons Rule: n =3, xp = a,x; = %b,)Q — b h= %'
g (@)
/ f(x)dx = h (f(x0) +4f(x1) + f(x)) — FI(E) K.
a 3 90
‘-.
: T ;

Degree of precision = 3‘




Composite Simpsons Rule
(n:2m,xj:a+jh,h:%,0 <j<n)

b m
/a f(x)dx = Z /X . f(x)dx

Jj=1
m

4)(¢.
—Z( f(xo(j—1)) + 4f (x2j-1) + f( 2J)) f 9(()51) h5).

t
a=Iy X2 Xyop Xyog Xy b=x, x




Composite Simpsons Rule
(n:2m,><j:a+jh,h:%,0 <j<n)

f(x)dx

5 m
a)+2Zf(X2J +4foQJ QLOZf

j=1

f(a)+2 Z f(xo) +4 Z f(x0j-1 180 f(4>

a)+2Zf(xzj —|—4fo21 )»gm



Trapezoidal Rule: n=1, xp=a,x1 =b, h=>b — a.

b h
/a f(x)dx = > (f(x0) + f(x1)) —

f(€) |3

¥

Degree of precision = 1

[m]



Composite Trapezoidal Rule
(xi=a+jhh="220<;<n)

= fix)
/\;y/f

a=1x; X X, X X, b=x, x




Composite Trapezoidal Rule
(x=a+jhh=220<j<n)

n

b h n—1 h3
[Fede= 2 f@)+23 09+ £(0) |- 15> (6)
a =1

Jj=1

:g f(a)—l—QZf(xj)—i—f(b))» r ”f”( )

Jj=1

n—1 2
:g fa)+2)  fx)+ f(b)) (b_laz)h f(n)

j=1

FOR THE SAME WORK, COMPOSITE SIMPSON YIELDS
TWICE AS MANY CORRECT DIGITS.



Composite Simpsons Rule, example
Determine values of h for an approximation error < € = 107> when
approximating fgr sin(x) dx with Composite Simpson.



Composite Simpsons Rule, example
Determine values of h for an approximation error < € = 107> when
approximating fgr sin(x) dx with Composite Simpson.

Solution:
]f(4)( ) = |sin(p)| <1, |Error| = T t f(4)( )| < 77T5
e 180" V= 18004
Choosing
5 N
— < i > ~ 20.3.
180 = €, leadingto n>m <180e) 20.3

or h= 3= with m > 11.

2m



Composite Simpsons Rule, example
Determine values of h for an approximation error < € = 107> when
approximating fgr sin(x) dx with Composite Simpson.

Solution:
h* o
(4) — |ai < — T L(a) <
Choosing
5 . T \4
180 <e€ leadingto n>w <180e) ~ 20.3.
orh:ﬁwith m>11. For n=2m = 22,
10 . 11 )
L ™ . [y AV
2 = dx ~ 2 — 4 —
/0 sin(x) dx 3520 Zsm<11>+ Zsm( 7
j=1 j=1
~ 2.0000046.

/0 sin(x) dx ~ 5 :22 225in <J27;> ~ 1.9966. (Trapezoidal)



Composite Simpsons Rule: Round-Off Error Stability
(n=2m,x;=a+jh h="22

/lf)'(x)dx ~ - ( )+2 Z f(x2)) +4Z f(xoj—1) + f(b))

)

—2.0<j<n)



Composite Simpsons Rule: Round-Off Error Stability
(n=2m,x;=a+jh h="22

/lf)'(x)dx A~ ( —1—22 f(x21)+42f X0j—1 —|—f(b)>
= 1.

Assume round-off error model

f(xi) = F(x) + e,

—2.0<j<n)

‘ei|S€7 I:0717

, n.



Composite Simpsons Rule: Round—OfF Error Stability
(n=2m,x;=a+jh h="22

/a ?(X)dx ~

h m—1 m
3 (f(a) +2 ; f(xj) + 42 f(xoj—1) + f(b))
def

20<,j<n)

= I(f).
Assume round-off error model
f(xi) = F(x) + e,

lef| <e, i=0,1,--,n

m—1
(eo—|—2Zegj+4Z€21 1+en) .

(f) = I(F)+

Wl =

J=1 J=1

R h m—1 m
IZ(F) -Z(Al < 3 (eo+2zezj+4zezjl+en)
j=1 j=1

< hne = (b—a)e (numerically stable!!!)



Composite Trapezoidal Rule: Round-Off Error Stability
(xi=a+jhh="220<;<n)

b n—1
Jreoax ~ 3 (f(a) +23 1) + f(b))

().



Composite Trapezoidal Rule: Round-Off Error Stability
(xi=a+jhh="220<;<n)

b n—1
/a f(x)dx =~ g (f(a) + zz f(x;) + f(b))
def

= I(f).
Assume round-off error model:
f(xi) = F(x) + e,

lef| <e, i=0,1,---,n.



Composite Trapezoidal Rule: Round-Off Error Stability
(xi=a+jhh="220<;<n)

b n—1
Jreoax ~ Q(f(a)wzf(xj-)w(b))
def

= I(f).
Assume round-off error model:
f(xi) = F(x) + e,

lef| <e, i=0,1,---,n.

n—1
I(f) = I(?)—i—g (eo+22ej+e,,).

=1

~

n—1
Z(F) - Z(F)| < g(eo+zzej+en)
j=1

< hne = (b— a)e (numerically stable!!!)



Recursive Composite Trapezoidal: with h, = (b — a)/2¢71,

b n—1 5
/f(x)dx ~ g(f(a)+2zf(xj)+f(b)) - (b_l‘;)h (1)

j=1



Recursive Composite Trapezoidal: with h, = (b — a)/2¢71,

b n—1 5
/f(x)dx ~ g(f(a)+2zf(xj)+f(b)) - (b_laz)h (1)

j=1

n—1 oo
= 2 (f(a) +2) f0x) + f(b)) +;th2f.

j=1

oo
et Ri1+ Z thzj, for n=2k.
j=1



Recursive Composite Trapezoidal: with h, = (b — a)/2¢71,

b n—1 5
/f(x)dx ~ ’; (f(a)+2zf(xj)+f(b)) - (b_laz)h £ (1)

j=1

n—1 oo
2o 3 (f(a)+22f(xj)+ f(b)) +§th21.

j=1

def

oo
Ri1+ Z thzj, for n=2k.
j=1

Rui = %(f(a)+f(b)):b_a

(f(a) + f(b)),



Recursive Composite Trapezoidal: with h, = (b — a)/2¢71,

b n—1 5
/f(x)dx ~ g(f(a)+2zf(xj)+f(b)) - (b_laz)h (1)

j=1
book h n—1 00 )
E > F(a)+2) FOq)+F(b) |+ Kih™.
j=1 j=1
def Rk,1+Zthzj, for n=2k.
j=1
h b—a
Rit = - (f(a) + (b)) = == (F(a) + (b)),
h 1
Rot = o (f()+1(b) +2f(a+ b)) = 5 (Rix+hf(a+ h)),



Recursive Composite Trapezoidal: with h, = (b — a)/2¢71,

b n—1 5
/f(x)dx ~ g(f(a)+2zf(xj)+f(b)) - (b_laz)h (1)

j=1

n—1 o)
book g (f(a) +23" flx) + f(b)) + ; Kih™.

j=1

def

Ri1+ Z thzj, for n=2k.

j=1
Ria = 2 (f(a) + £(b) = 22 (F(a) + F(8)),
Ror = 2 (f(a) + £(b) +2f(a-+ ha)) = 1 (Ru+ huf(a+ ).

>

2k—2

1 .

Rk,l = 5 (Rkl,l + hy_1 Z; f(3+ (2_] — 1)hk)> , k=2, ’|0g2n.
J:



R, 7 =fx)




y=/ R, 7S

‘Romberg Extrapolation Table‘

O(hy) O(hy) O(hy) O(hy)

Ri1 ™\
_>
Roi ™\ Ropo™\
— =
R3s1\y R32\, R33™\

Rii— Rap— Raz— FRaa



Romberg Extrapolation for
foﬁ sin(x) dx, n=1,2,22 23 2% 2°

Rip = §(sm(0)+sm( 7)) =0,
1
Ri = 3 (Rl,l +wsin(%)) — 1.57079633,
2 .
1 T . (2j—D)r
Rai = 3 R2,1+2zlsnn(4 — 1.89611890,
J:
1 T . (2 — 1)
Rii = 3 R371+4j2:;5m(8 — 1.97423160,
Roi = ~(Riy+T Zsm M = 1.99357034
5,1 2 4,1 J - 16 . 5
1 2 (@2j-1)
_ T (2=
Roi = o | Rsa+ gD _sin(*= 1.99839336.




Romberg Extrapolation, [/ sin(x) dx = 2

0
1.57079633
1.89611890
1.97423160
1.99357034
1.99839336

2.09439511

2.00455976 1.99857073

2.00026917 1.99998313 2.00000555

2.00001659 1.99999975 2.00000001 1.9999999
2.00000103 2.00000000 2.00000000 2.0000000 2.0000000

33 FUNCTION EVALUATIONS USED IN THE TABLE.



Recursive Composite Simpson:

/lf)'(x)dx A~ ( )+2 Z f(x2)) +4Z f(xoj—1) + f(b))

_(ba)h*

(4)
T



Recursive Composite Simpson:

b m—1 m
[fga ~ 3 (f(a) +23 o) +43 Flya) + f(b))
a j=1 j=1

_(ba)h*

(4)
T
. h m—1 m
exists
== 3 (fa@+2 Z f(x5) + 42 f(x2j—1) + f(b)
j=1 j=1
+> K.
j=2

o
2L Ry + Y K, for n= 2%,
j=2



Recursive Composite Simpson: with h, = (b — a)/2K" 1.

b o0 .
/f(x)dx ~ Rii+ > Kih¥, for n=2~
a J:2



Recursive Composite Simpson: with h, = (b — a)/2K" 1.

b o0 .
/f(x)dx ~ Rii+ > Kih¥, for n=2~
a J:2
b—a

Rii1 = 5 (f(a) +4S1+f(b)), Si1="Ff((a+b)/2),




Recursive Composite Simpson: with h, = (b — a)/2K" 1.

b o0 .
/f(x)dx ~ Rii+ > Kih¥, for n=2~
a J:2
b—a

Rii1 = 5 (f(a) +4S1+f(b)), Si1="Ff((a+b)/2),

ok—1

T = D fla+(2— 1),
j=1

h
Rip = 5 (F(a) +28ic1 +4Ti + (b)),

Sk = Sy_1+Tg, k:2,-~,log2n.



Romberg Extrapolation Table, Simpson Rule‘

O(h}) O(h) O(h}) O(m°)
Ri1 ™\
_>
R ™\ Rop\
— 5
Rs1\y R32\, R33\,

Rii— FRap— FRaz—  FRaa




Tricks of the Trade, fab f(x)dx

» Composite Simpson/Trapezoidal rules:
» Adding more EQUI-SPACED points.
» Romberg extrapolation:
» Obtain higher order rules from lower order rules.

» | Adaptive quadratures: ‘

» Adding more points ONLY WHEN NECESSARY.

quad function of matlab: clever combination of all three.



Adaptive Quadrature Methods: step-size matters

3

y(x) = e sin4x.

» Oscillation for small x; nearly 0 for larger x.
» Mechanical engineering
(spring and shock absorber systems)

> Electrical engineering
(circuit simulations)

yix) =€ Yinax

w?

> y(x) behaves different for small x and for large x.



Adaptive Quadrature (1)
> b h5
| )= S(a.b) - 59O, ¢ (anb)

b—a
7

Simpson on [a, b] Composite Simpson

where  S(a, b) — g (F(a) + 4f(a+ h)+ F(b)), h—

s(a, 252) + 5252, 8)

2
¥ =fx)

u]
o)
1
n
it

DA



Adaptive Quadrature (1)

>

b h5
/ F(x)de = S(a.6) — oo FO(E), €€ (a,b),

atb

/a * f)dx = / )k + /:, F(x)dx

at+b at+b

(h/2° (hi2y
- ) - L&)

B 3+b a+b 1 h5 (4)/\
= s 220 s ,b>—16(90>f @

where

a+b
2

b ~
ae@) eeC2b), b



Adaptive Quadrature (I11)

b 5 R
[ s = s 230+ - 1 (55) 0@
h5
= S(a.b)— 0 A9



Adaptive Quadrature (I11)

g b b h "
/f(x)dx = S(a,a;r )+5(a42r ’b)_116<90) F4)(€)

h° R® 4y
= S(a,b)— %ﬂ )(€) ~ S(a, b) — %f( ().



Adaptive Quadrature (I11)

g b b h "
/f(x)dx = S(a,a;r )+5(a42r ’b)_116<90) F4)(€)

h5 4 B oy~

(B) o1 (w50 -s75%0).




Adaptive Quadrature (I11)

g b b h "
/f(x)dx = S(a,a;r )+5(842r ’b)_116<90) F4)(€)

I (9)(¢) ~ S(a, b) = T2 £ (@)
90 ’ 90 ’

(&j)fﬂ)@*ig(ﬂ b S(a. a—i—b) S(a—lz—bjb)>7

= S(a,b)—

/abf(x)dx— S(2. 750 - S5 20| = g (Q;) Q)

1 a+b a+b
< 5[s@n 6. 250 - s ).




Adaptive Quadrature (1V)

» For a given tolerance T,

>

a+b a+b

if ‘S(a,b)—S(a, 5) = S(—b)| =,

1
15

then S(a, 22) + S(252, b) is sufficiently accurate

approximation to fab f(x)dx;

> otherwise recursively develop quadratures on (a, 52) and
(252, b), respectively.



AdaptQuad(f, [a, b], T) for computing fab f(x) dx

» compute S(a, b), S(a, ZF2), S(2£2, b),
> if ) b
a—+ a+b
5 |5 b) = S(a, ——) = S(— ,b)’ST,
return S(a, Z52) + S(252, b).

> else return

AdaptQuad(f, [a ] 7/2)+AdaptQuad(f, [ b] T/2).



Adaptive Simpson (1)

function [Int,flg, fent,level]l = AdaptSimpson{FunFen,interv,tol,L)

a = interv(1);

b = interv(2);

%

% Evaluate the function at three nodal points
%

x = [a;la + b)/2:b];

f = FunFen(x);

fx = [x, 1}

simpson = {[1 4 1] * f)*(b-a)/6;

[Int,flg,fent, level] = AdaptSimpson2{FunFcn,tol,L, fx,simpson);
fent = fent + 3

level =1L = level + 1;



Adaptive Simpson (1)

function [Int,flg,fcnt, levell = AdaptSimpsonz2{FunFcn,tol,L, fx,simpson)
%

% Recursive Adaptive Simpson's Rule

% Evaluate the function at three nodal points

5%

xnew = [Fx(1,1)+fx{2,1);fx{2,1)+fx{3,1)1/2;
fnew = FunFen({xnew);

2;

hz = (fx(3,1)-Tx{(1,1))/4;
simpsonl = sum{[1 4 1] .x* [fx(1,2) fnew{l) fx(2,2)1)*xh2/3;
simpson2 sum{[1 4 1] .=* [Tx(2,2) fnew(2) fx(3,2)1)*h2/3;
Int simpsonl+simpson2;
level = L;
if {abs({Int-simpson)<=15%tol)

flg = 08;

fx1 = [fx(1,1) fx(1,2);xnew(l) fnew(l); fx(2,1) Tx(2,2)1;

Tx2 = [Tx(2,1) tx({2,2);xnew{2) frnew(2); fx(3,1) fx(3,2)]1;

[Int1,flgl, fentl, levell] = AdaptSimpson2{FunFecnIn,tol/2,L-1,fx1,simpsonl);
[Int2,f1g2, fcnt2, level?] = AdaptSimpson2{FunFcnIn,tol/2,L-1,fx2,simpson2);
Int = Intl + Int2;

flg = max(flgl, flg2):

fent = 2 + fentl + fent2;

level= min{levell, level2);



Adaptive Simpson, example

> Integral fl x) dx,

f(x) = @sn <10>

X2

X

» Tolerance 7 = 10~%.

275 3[.0

" ' A ——————}
10 125 1.5 175 20 225 25 x

—10 —+

—20

—30 +

—40 +

—s0 +

—60 +



function quad(f, [a, b], 7) of matlab

For a given tolerance T,
> composite Simpson: S(a, b), S(a, Z52) and S(ZF2, b).
Romberg extrapolation:

v

a+b a+b

Ql = 5(3, 2 )+5( 2 7b)7 Q Q1+ (Ql ( ))
> if
‘Q - Ql’ < T,
return Q
» else return

quad(f, [a, ° ] 7/2) + quad(f.[ 77 b] 7/2).



Gaussian Quadrature (I)
choices.

y

» Trapezoidal rule with x; = a, xo = b unlikely best node

a=1 n=h1

=1

n=h1

=1

> Likely better node choices.

) )

11=b1

DA



Gaussian Quadrature (I1)

» Given n > 0, choose both distinct nodes xy, -+, x, € [-1,1]
and weights ¢, -+ , ¢y, SO quadrature

RS N! (1)
1 =

gives the greatest degree of precision (DoP).



Gaussian Quadrature (I1)

» Given n > 0, choose both distinct nodes xy, -+, x, € [-1,1]
and weights ¢, -+ , ¢y, SO quadrature

/ F(x)dx ~ Y ¢f(x)), (1)
1 =1

gives the greatest degree of precision (DoP).

» 2n total number of parameters in quadrature, could choose 2n
monomials
f(x) = 1,x,x%, -+, x2nt

in equation (1).



Gaussian Quadrature (I1)

» Given n > 0, choose both distinct nodes xy, -+, x, € [-1,1]
and weights ¢, -+ , ¢y, SO quadrature

/ F(x)dx ~ Y ¢f(x)), (1)
1 =1

gives the greatest degree of precision (DoP).
» 2n total number of parameters in quadrature, could choose 2n
monomials
f(x)=1,x,x2--- x>t
in equation (1).

» directly solving equation (1) can be very hard.



Gaussian Quadrature, n =2 (1)

» Consider Gaussian quadrature

1
/_ ) dex af(a) + eaf ()



Gaussian Quadrature, n =2 (1)

» Consider Gaussian quadrature

1
/_ ) dex af(a) + eaf ()

» Choose parameters ¢, ¢ and x; < x» so that Gaussian
quadrature is exact for f(x) = 1, x, x?, x3:

1
/1 f(x)dx = af(x1) + cf (x2),



Gaussian Quadrature, n =2 (1)

» Consider Gaussian quadrature

1
/_ ) dex af(a) + eaf ()

» Choose parameters ¢, ¢ and x; < x» so that Gaussian
quadrature is exact for f(x) = 1, x, x?, x3:

1
/1 f(x)dx = c1f(x1) + cof (x2), or

1 1
2 = / ldx =c1 + o, 0:/ xdx = c1x1 + ¢ X2,
-1 -1
1 1
3 = /X2dX:C1X12—|—C2X22, 0:/ XBdx =cix + x5
-1 -1



Gaussian Quadrature, n =2 (Il)

> x1 < Xo,

3 3
X1 =—QX2, X =—0Xp,

implying X12 = x22. Thus x1 = —xp and ¢ = .



Gaussian Quadrature, n =2 (Il)

> x1 < Xo,
3 3
X1 =—QX2, QX3 =—0QX,
implying X12 = x22. Thus x1 = —xp and ¢ = .
>
-9 2 2 _ <
at+tao=2, axy —1—C2X2—3,

which implies c; = =1, xo =

Sl

» Gaussian quadrature for n = 2

/1 Fx) dx ~ F(——2) + F()
1 V3 V37

» exact for f(x) = 1,x,x?,x3, but not for f(x) = x*.



> Legend re

<O <Fr o«

it
v

Q>



> Legendre

» Legendre polynomials: Py(x) =1, P1(x) = x.
Bonnets recursive formula for n > 1:

(n+1)Ppi1(x) = (2n+ 1)xPn(x) — nPp_1(x).



> Legendre

» Legendre polynomials: Py(x) =1, P1(x) = x.
Bonnets recursive formula for n > 1:

(n+1)Ppi1(x) = (2n+ 1)xPn(x) — nPp_1(x).

n P,(z)
0 1
1 T
2 $(3a —1)
3 3(52° — 3z)
4 (352" — 302” + 3)
5 3(632° — 702° + 15¢)

[m] = =



» P,(x) has degree exactly n.

> Legendre polynomials are orthogonal polynomials:

1
/ Pm(x) Pn(x)dx =0, whenever m < n.
-1



» P,(x) has degree exactly n.

> Legendre polynomials are orthogonal polynomials:

1
/ Pm(x) Pn(x)dx =0, whenever m < n.
-1

> ’Let Q(x) be any polynomial of degree < n.‘
Then Q(x) is a linear combination of Py(x), P1(x),- -, Pa(x):

Q(x) = a Po(x) + a1 P1(x) + - - - + an—1 Pa—1(x).



» P,(x) has degree exactly n.

> Legendre polynomials are orthogonal polynomials:

1
/ Pm(x) Pn(x)dx =0, whenever m < n.
-1

> ’Let Q(x) be any polynomial of degree < n.‘
Then Q(x) is a linear combination of Py(x), P1(x),- -, Pa(x):

Q(x) = a Po(x) + a1 P1(x) + - - - + an—1 Pa—1(x).

1 1 1
/ Q(x)Pp(x)dx = ap /1 Po(x)Pn(x) dx + a1 /1 P1(x)Pn(x) dx

-1 —

1
B R / Pn_1(x)Pn(x) dx
-1



Gaussian Quadrature: Definition
» Theorem: P,(x) has exactly n distinct roots
—l<xy << - <x, <1,

» Define: Gaussian quadrature

1
/ f(x)dx = af(x1) + cf(x2) + -+ cnf(xn),
-1



Gaussian Quadrature: Definition
» Theorem: P,(x) has exactly n distinct roots
—l<xy << - <x, <1,

» Define: Gaussian quadrature

1
/ f(x)dx = ca1f(x1) + caf (x2) + - - - + cnf (xn),
-1

» Choose: fori=1,---,n,




Gaussian Quadrature: Definition
» Theorem: P,(x) has exactly n distinct roots
—“l<xp <X << xp<Ll.

» Define: Gaussian quadrature

1
/ f(x)dx = ca1f(x1) + caf (x2) + - - - + cnf (xn),
-1

» Choose: fori=1,---,n,

1 1 oy
o & Li(x) dx = / H X7 g,
—1 1 i X

> ’Quadrature exact for polynomials of degree at most n — 1.




Theorem: DoP of Gaussian Quadrature =2n —1

» Gaussian quadrature, with roots of P,(x) x1,x2, - , X

1
/ f(x)dx ~ af(x1) + caf(x2) + - - + cnf(xn),
-1



Theorem: DoP of Gaussian Quadrature =2n —1

» Gaussian quadrature, with roots of P,(x) x1,x2, - , X

1
/ f(x)dx ~ af(x1) + caf(x2) + - - + cnf(xn),
-1

» Let P(x) be any polynomial of degree at most 2n — 1. Then
P(x) = Q(x)Pn(x) + R(x), (Polynomial Division)

where Q(x), R(x) polynomials of degree at most n — 1.



Theorem: DoP of Gaussian Quadrature =2n —1

» Gaussian quadrature, with roots of P,(x) x1,x2, - , X

1
/ f(x)dx ~ af(x1) + caf(x2) + - - + cnf(xn),
-1

» Let P(x) be any polynomial of degree at most 2n — 1. Then
P(x) = Q(x)Pn(x) + R(x), (Polynomial Division)

where Q(x), R(x) polynomials of degree at most n — 1.

/_11 P(x)dx = /_11 Q(x)Pa(x) dx + /_11 R(x) dx

= 0+/ R(x) dx

-1
= R(x1) + @R(x2) + -+ chR(xs) (quad exact for R(x))

=caP(x1)) + aP(x) + -+ cnP(xn). (quad exact for P(x))



[ () dx ~ af(x) + af (o) + - + caf (xa)

» nodes and weights for n =2,3,4

n roots x; weights ¢;
2| 0.5773502692 | 1.0000000000
—0.5773502692 | 1.0000000000
3| 0.7745966692 | 0.5555555556
0.0000000000 | 0.8888888889
—0.7745966692 | 0.5555555556
4| 0.8611363116 | 0.3478548451
0.3399810436 | 0.6521451549
—0.3399810436 | 0.6521451549
—0.8611363116 | 0.3478548451




[ () dx ~ af(x) + af (o) + - + caf (xa)

» nodes and weights for n =2,3,4

n roots x; weights ¢;
2| 0.5773502692 | 1.0000000000
—0.5773502692 | 1.0000000000
3| 0.7745966692 | 0.5555555556
0.0000000000 | 0.8888888889
—0.7745966692 | 0.5555555556
4| 0.8611363116 | 0.3478548451
0.3399810436 | 0.6521451549
—0.3399810436 | 0.6521451549
—0.8611363116 | 0.3478548451

» Example: Approximate f_ll eXcosx dx with n = 3.

1
/ e*cosx dx ~ 0.5555555556e" 7749966692450 7745066692
—1

10.8888888889e%°c0s0.0 + 0.5555555556@ -/ 745906092 ¢q5(—(.7745966692)
= 1.9333904 (absolute error ~ 3 x 107°)



