General linear equations

Er: aixy +  anxe
E> : axy +  axnxs
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General linear equations

Er: aixy +  anxe
Es: asixy +  anx
En: anx1 + amxe
a1 a2 -+ a
ap1 a2 -+ axp
def

A= ,

dnl dn2 " dnn

+  A1nXp
+  anXp

+  annXn

X1
X2



General linear equations

E ainx1 + aexe -+ aipxn = by,
E: axixi + axxe -+ 4+ amxp = by,
En . apiX1 + amXe -+ appXp = bna
ajl a;x -+ ann by X1
def | @21 ax -+ azn def | b2 def | X2
A% . p% . x &
dnl dn2 -°° dnn b, Xn
> equation Ej maps to row j of A: (aj1, a2, ,ajn ), 1<j<n.
aik
. a2k
» variable x, relates to column k of A: ) , 1< k<n.
ank

» | will concentrate on A for now.




Gifts from Math God in GE (1), assuming aj; # 0

a1 di2 - din ai

a1 ax» -+ ap _ as
A= . . , ,  first column = .

dnl dn2 *°°  ann anl

» elimination in rows Ep through E,, on first column:

def dj1

lj = (Ej — lnE1) = (E), 2<j<n
a1 app -+ an
0 ax - a
new A= . : . : )
0 anpp - dnn

IN
>

1 .
where ajk:ajk—a—llalk, 2<j<n 2<k



Gifts from Math God in GE (Il), assuming a;; # 0

a1 a2 -+ an a1 aw - an
a1 ax -+ ax 0 ax --- a
A= . . . . ) new A=
dnl an2 " dnpn 0 dp2 -+ dpp
aj1 )
where aj =ay—l1awk, lh=—, 2<j<n 2<k<n
an

> Gift #1: Matrix-matrix product connection

A=L;-(new A), where L;=



Gifts from Math God in GE (Ill), assuming aj; # 0

1 a1 a2 -+ ain
h1 1 0 ax -+ ay

/nl 1 0 dp2 - dApp



Gifts from Math God in GE (Ill), assuming aj; # 0

1 a1 ae

h1 1 0 ax
A=L;-(new A)= . .

/nl 1 0 an?

> new step of elimination, assuming as; # 0,

an a 1 axp a3
R n N
def |32 1 0 das3
dp2 -+ App : ~
|,,2 1 0 an3

dln
azp

ann

a2
a3n

ann



Gifts from Math God in GE (Ill), assuming aj; # 0

1 a1 a2 -+ ain

h1 1 0 ax -+ ay
A=L;-(new A)= .

/nl 1 0 a2 dnn

> new step of elimination, assuming as; # 0,

an a 1 ax» ax3 -+ a
o ., < <
def | 132 1 0 a33 -+ azp
amp - ap ~ ~
|n2 1 0 an3 dnn

1 ajl a2 a3 - an
by 1 0 axp ax --- a
A=1| ht I 1 . 0 0 a3 -+ azn



Gifts from Math God in GE (1V), GE=LU factorization
» GE for n=2:

A — <a11 312>_<1 >_<311 312>
a1 a b1 1 0 a2
LU= k : 1 ,



Gifts from Math God in GE (1V), GE=LU factorization
» GE for n=2:

A — <311 312>_<1 >_(311 312>
a1 axp by 1 0 ax»
def U= k : 1 :

» GE for n > 3:
ail 4diz2 - dln
dp1 ax» - azp
A = . .
dnl dn2 ' ann
dil1 a2 - dln /21
1 0 ax -+ az def _
n—1 . . . : |
nl
0 anp2 dnn



Gifts from Math God in GE (V), GE=LU factorization

» Induction hypothesis:

= e

ap2 - app



Gifts from Math God in GE (V), GE=LU factorization

» Induction hypothesis:

= e

a2 - aAnp
» Gift #3: LU factorization

v = (0, )(“’al ),
< )gl app - 31n))



Gaussian Elimination as LU factorization

» In Gaussian Elimination: fors=1,--- ,n—1,
a:
js :
Ijs = —, l+s<j<n,
dss
overwrite

ajk ajk —lsask, 1+s<j, k<n



Gaussian Elimination as LU factorization

» In Gaussian Elimination: fors=1,--- ,n—1,
aj .
/_]‘5 = iv 1+s S./ <n,
dss
overwrite .
ajx —— ajk—lsask, 1+s<j, k<n

» A becomes upper-triangular after GE:

ﬂ uix U2 -+ Uip
GE def ,, notation i -+ U2n
A S, fef |y netatior o

Unn




Gaussian Elimination as LU factorization

» In Gaussian Elimination: fors=1,--- ,n—1,
aj .
/_]‘5 = iv 1+s S./ <n,
dss
overwrite .
ajx —— ajk—lsask, 1+s<j, k<n

» A becomes upper-triangular after GE:

ﬂ uix U2 -+ Uip
GE def ,, notation i -+ U2n
A— = U ) )

Unn

» LU factorization

1 AN
by 1
A=L-U, wherel® | 2 7 -



Gaussian Elimination as LU factorization, example

3

1 4x4
5 €R

1

0
-1
-1
3 —

1
1
-1
2

1
2
3
-1

-3 01




Row interchange vs. Permutation Matrix

» definition: A permutation matrix P = (pjj) is a matrix
obtained by rearranging the rows of the identity matrix /,,.



Row interchange vs. Permutation Matrix

» definition: A permutation matrix P = (pjj) is a matrix
obtained by rearranging the rows of the identity matrix /,,.

> 3 x 3 example

1 00 a1 d12 a3
Poz3=10 01|, A=| ax axn az
010 a3l a3 ass

» P>3-Ais A with interchanged rows:

411 412 a3
Py3-A= | a3 a3 as3
dp1 4 a3



Row interchange vs. Permutation Matrix

» definition: A permutation matrix P = (pjj) is a matrix
obtained by rearranging the rows of the identity matrix /,,.

» 3 x 3 example

1 00 a1 d12 a3
Po3=|( 00 1], A=| ax ax» ax
0 1 0 a3l as2 ass

» P>3-Ais A with interchanged rows:

411 412 a3
Py3-A=1| a3 azx as
dp1 4 a3

> Let Py s be permutation interchanging rows k and s of /,.
For any A = (a;) € R™",
Pks - Ais A with rows k and s interchanged.




Row interchange vs. Permutation Matrix

» definition: A permutation matrix P = (pjj) is a matrix
obtained by rearranging the rows of the identity matrix /,,.

» 3 x 3 example

0 a1 ax a3
1], A= axn ax» ax
0 a1 az ass

Py3 =

)

O O =
= O O

» P>3-Ais A with interchanged rows:

411 412 a3
Py3-A=1| a3 azx as
dp1 4 a3

> Let Py s be permutation interchanging rows k and s of /,.
For any A = (a;) € R™",
Pks - Ais A with rows k and s interchanged.

» Let P be a permutation, then P P, ; is also a permutation.



Gaussian Elimination with partial pivoting: review

dil d12 -+ dln

a1 axp -+ axn
A= . .

anl dn2 - ann



Gaussian Elimination with partial pivoting: review

di1 412 - din

dp1 a2 - azp
A= . . .

anl dn2 - ann

» fors=1,2,---,n—1:
» pivoting: choose largest entry in absolute value:

. def
piv, = argmax,.;,lasl, Es < Epiv,



Gaussian Elimination with partial pivoting: review

di1 412 - din

dp1 a2 - azp
A=

anl dn2 - ann

» fors=1,2,---,n—1:
» pivoting: choose largest entry in absolute value:

. def .
piv, = argmax,.;,las|, Es < Epv, (row interchange

. permutation).



Gaussian Elimination with partial pivoting: review

di1 412 - din

dp1 a2 - azp
A= .

anl dn2 - ann

» fors=1,2,---,n—1:
» pivoting: choose largest entry in absolute value:

. def . .
piv, = argmax,;,las|, Es <> Epv, (row interchange: permutation).

» eliminating x; from Eg;; through E,:

ajs .

/js = —, s+ 1 SJ < n,
aSS

ak = ax—lsask, s+1<j, k<n.



GEPP as LU factorization, example

N — N O

L B e R o B |

— O O




AN — N O

L B e R e B |

— O O -

— N~ —
SN—— .
O N 7 ~ i
i
— o —

| — |

P13



AN — N O

R B e R o B |

— O O

O AN M

_ .
7~
i i
— —
|
— O — -
f — O o
Il Il
A \)
o — AN O
—
DI — o
|
O O -
~

» Permutation



AN — NN O

— = o

[
o aNm™Mm
— O O
—
—
(‘\1
—
/
i —
— —
_
— O~
f — O o
Il Il
A )
o — AN O
s
Q — o~
_
oo -
N~

Pi3-

» LU factorization
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GEPP as LU factorization

Theorem: Let A = (a;;) € R™*" be non-singular. Then GEPP
computes an LU factorization with permutation matrix P such that

PR (RN NN



P-A=L-U, Proof by Induction

» GEPP for n=2,A= ( i a12 )
a1 a2

> pivoting:

iv. % arema 2|, P = / if piv; =1,
Plvy = aremaXigj<aldnl = Py, if piv, = 2.

» elimination:
P-A=1L-U.



P-A=L-U, Proof by Induction

air  an

a1 ax
» GEPP forn>3,A= ] ]

anl an2

> pivoting:

. def -
piv, = argmaxlggn|ajl|, P

» elimination:

dln
azn

ann

if piv; =1,
if piv; > 2.
b1
1<
/nl



» Induction hypothesis:

P.

a2

an?

azp

ann



» Induction hypothesis:

axp - azp
P- : : =L-U.
anp2 dnn
> putting it together,
a11 4di12 -+ din
1 — 1 1 a -+ azp
(Pe)ra-(Pe)(in )| T
ap2 - Ann
ail ( ar2 aln )
- 1 ax azn
— PP ) :
an2 Ann
ain (a2 ain )
- 1 ax azp
- Pl I, ) P
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Solving general linear equations with GEPP

Ax=b, P-A=L-U

> interchanging components in b
P-(Ax)=(P-b), (L-U)x=(P-b).
» solving for b with forward and backward substitution

x = (L-U)Y'(P-b)
= (U Peb)).



Solving general linear equations with GEPP

Ax=b, P-A=L-U

v

interchanging components in b
P-(Ax)=(P-b), (L-U)x=(P-b).
» solving for b with forward and backward substitution

x = (L-U)Y'(P-b)
= (U Peb)).

Cost Analysis

computing P- A= L - U: about 2/3n> operations.

v

v

forward and backward substitution: about 2n? operations.

v

most important to compute P- A= L - U efficiently




Strictly Diagonally Dominant (SDD) Matrices
» Definition: Matrix A = (a;;) € R"*" is SDD if

n

|aiil > Z lajj| holds for each i=1,2,---

J=Lii



Strictly Diagonally Dominant (SDD) Matrices
» Definition: Matrix A = (a;;) € R"*" is SDD if

n

|aiil > Z lajj| holds for each i=1,2,---

j=Li#i
72 0
» Example I: matrix A= 3 5 -1 | is SDD.
0 5 —6

7 > 12|+ 0], [5] > 3] +|=1[, |=6] > [0] + [5].



Strictly Diagonally Dominant (SDD) Matrices
» Definition: Matrix A = (a;;) € R"*" is SDD if

n

|aji| > Z laj| holds for each i=1,2,--- n.

j=Li#i
72 0
» Example I: matrix A= 3 5 -1 | is SDD.
0 5 —6

7 > 12|+ 0], [5] > 3] +|=1[, |=6] > [0] + [5].

7 5 0
» Example ll: matrix B=| 3 5 —1 | is NOT SDD.
0 -3 3

31 < [0] +|-3].



GE on SDD: succeeds without pivoting (1)
» Let A= (aj) € R™" be SDD, so

n

ja| > Y fayl > 0.

Jj=1#1



GE on SDD: succeeds without pivoting (1)
» Let A= (aj) € R™" be SDD, so

n

ja| > Y fayl > 0.

Jj=Lj#1
» elimination with a;1 # 0 :
A = Li-(new A)
1 a1 a2
b1 1 0 ax
/,,1 1 0 an?
a1 a
h==, ax=ax— LTan, 2<;<n,



GE on SDD: succeeds without pivoting (1)
» Let A= (aj) € R™" be SDD, so

n

ja| > Y fayl > 0.

Jj=Lj#1
» elimination with a;1 # 0 :
A = Li-(new A)
1 a1 a2 - an
b1 1 0 ax -+ az
pr— . y
I 1 0 ap -+ ap
aj a; .
/jl:i, ajkzajk_ialk; 2<j<n, 2<k<n
ai1 ail
ax -+ a2p
def .
» only do: show A = e remains SDD.

ap2 - aAnp



GE on SDD: only need to show A remains SDD

|a11]

>

n

> dayl, laal > D lagl, =2,

j=1j#1

ano

n

J=Lii

azn

al‘lﬂ

n,



GE on SDD: only need to show A remains SDD

n n
anl > D ayl, el > D lagl, i=2,--n,
J=Lj# J=Lj#
ax -+ aA2p
a1
A = , A =aj — — ay
a1l
dp2 -+ QApp
» fori=2,---n,
n n 3 n 3 n
i1 i1
D lagl =) Jai— ey < Y fal |+ S0 Y fau
ai a1l

J=2j#i j=2j#i J=2j#i J=2j#i



GE on SDD: only need to show A remains SDD

n n

ol > > layls laal > Y lagl, i=2---n,
j=1j#1 J=Lj#i
a -+ azp
ai
A = , A =aj — — ay
ai
anpp - dnp
» fori=2,---n,
n n 3 n 3 n
i1 i1
D lagl =2 Jai— ey < | D lagl | ||| D lal
=2 =2 H =2 j#i M \j=2zi
SDD aj1 a1
< (lail = lan]) + | == | (laws] — lavil) = laiil = |==] laui]
all a1




GE on SDD: only need to show A remains SDD

n n

ol > > layls laal > Y lagl, i=2---n,
j=1j#1 J=1g#i
azp -+ d2p
aj1
A = , A =aj — — ay
ail
anpp - dnp
» fori=2,---n,
n n 3 n 3 n
i1 i1
D lagl =2 Jai— ey < | D lagl | ||| D lal
=2 =2 H =2 j#i M \j=2zi
SDD aj1 a1
< (Jail = lanl) + | == | (|lana| — |avi]) = |aii| = | =] |auil
a1l ai
2
< ai— L ay| = Jail.-
ail




GE on SDD: example

72 0
A= 3 5 -1 is SDD.
0 5 —6
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GE on SDD: example

|

ONW = ONWw =
N

el

'—l

\_/

7 2
35
0 5

0
-1
—6

) is SDD.



