
Matrices and vectors

I Matrix and vector

A =


a11 a12 · · · a1n
a21 a22 · · · a2n

...
...

. . .
...

am1 am2 · · · amn

 def
=
(
aij
)
∈ Rm×n, b =


b1
b2
...
bm

 ∈ Rm.



Matrix and vectors in linear equations: example

E1 : x1 + x2 + 3x4 = 4,
E2 : 2x1 + x2 − x3 + x4 = 1,
E3 : 3x1 − x2 − x3 + 2x4 = −3,
E4 : −x1 + 2x2 + 3x3 − x4 = 4.

coefficient matrix A
def
=


1 1 0 3
2 1 −1 1
3 −1 −1 2
−1 2 3 −1

 ,

unknown vector x
def
=


x1
x2
x3
x4

 ,

right hand side vector (RHS) b
def
=


4
1
−3
4

 .



Gaussian Elimination for A ∈ R2×2, a11 6= 0.

A =

(
a11 a12
a21 a22

)
, b =

(
b1
b2

)
, x =

(
x1
x2

)
.

` =
a21
a11

(elimination: (E2 − `E1)→ (E2))

a22 = a22 − `× a12 (matrix overwrite)

b2 = b2 − `× b1 (RHS overwrite)

x2 =
b2
a22

(backward substitution)

x1 =
b1 − a12 × x2

a11



Gaussian Elimination: 2× 2 example

I random 2× 2 system

A = randn (2, 2) , b = randn (2, 1) .

I (1, 1) becomes inceasingly small in magnitude

B = A, B(1, 1) = randn/10k , k = 1, 2, · · · , 17,

x = B \ b, r
def
= b − B × x .

I
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General linear equations

E1 : a11x1 + a12x2 · · · + a1nxn = b1,
E2 : a21x1 + a22x2 · · · + a2nxn = b2,

...
...

...
En : an1x1 + an2x2 · · · + annxn = bn,

A
def
=


a11 a12 · · · a1n
a21 a22 · · · a2n

...
...

. . .
...

an1 an2 · · · ann

 , b
def
=


b1
b2
...
bn

 , x
def
=


x1
x2
...
xn

 .

I equation Ej maps to row j of A:
(
aj1, aj2, · · · , ajn

)
, 1≤j≤n.

I variable xk relates to column k of A:


a1k
a2k

...
ank

 , 1 ≤ k ≤ n.
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Gaussian Elimination with partial pivoting (I)

A =


a11 a12 · · · a1n
a21 a22 · · · a2n

...
...

. . .
...

an1 an2 · · · ann

 , b =


b1
b2
...
bn

 , x =


x1
x2
...
xn

 .

I equation Ej maps to row j of A, x1 relates to


a11
a21

...
an1

.

I pivoting: choose largest entry in absolute value:

piv
def
= argmax1≤j≤n|aj1|, (|apiv,1| = max1≤j≤n|aj1|)

exchange equations E1 and Epiv (E1 ↔ Epiv.)



Gaussian Elimination with partial pivoting (II)

A =


a11 a12 · · · a1n
a21 a22 · · · a2n

...
...

. . .
...

an1 an2 · · · ann

 , b =


b1
b2
...
bn

 , x =


x1
x2
...
xn

 .

I elimination of x1 from E2 through En:(
Ej −

aj1
a11

E1

)
→ (Ej) ,

∣∣∣∣ aj1a11

∣∣∣∣ ≤ 1, 2 ≤ j ≤ n.

I new row j of A(
aj1 aj2 · · · ajn

)
−

aj1
a11

(
a11 a12 · · · a1n

)
=
(

0 aj2 −
aj1
a11

a12 · · · ajn −
aj1
a11

a1n
)
, 2 ≤ j ≤ n.

I new j th component of b

bj −
aj1
a11

b1.



Gaussian Elimination with partial pivoting (III)

new A =


a11 a12 · · · a1n
0 a22 · · · a2n
...

...
. . .

...
0 an2 · · · ann

 overwrite
==== A,

where ajk = ajk −
aj1
a11

a1k , 2 ≤ j ≤ n, 2 ≤ k ≤ n.

new b =


b1
b2
...

bn

 overwrite
==== b.

where bj = bj −
aj1
a11

b1, 2 ≤ j ≤ n, 2 ≤ k ≤ n.

(bold faced entries are computed from elimination process.)



Gaussian Elimination with partial pivoting (IV)

A =


a11 a12 · · · a1n
0 a22 · · · a2n
...

...
. . .

...
0 an2 · · · ann

 , b =


b1
b2
...
bn

 .

I repeat same process on Es for s = 2, · · · , n − 1:
I pivoting: choose largest entry in absolute value:

piv
def
= argmaxs≤j≤n|ajs |, (|apiv,s | = max1≤j≤n|ajs |)

exchange equations Es and Epiv (Es ↔ Epiv.)
I eliminating xs from Es+1 through En:(

Ej −
ajs
ass

Es

)
→ (Ej) , s + 1 ≤ j ≤ n.

ajk = ajk −
ajs
ass

ask
overwrite
==== ajk , s + 1 ≤ j ≤ n, s + 1 ≤ k ≤ n,

bj = bj −
ajs
ass

bs
overwrite
==== bj , s + 1 ≤ j ≤ n.



Gaussian Elimination with partial pivoting (IV)

A =


a11 a12 · · · a1n
0 a22 · · · a2n
...

...
. . .

...
0 an2 · · · ann

 , b =


b1
b2
...
bn

 .

I repeat same process on Es for s = 2, · · · , n − 1:
I pivoting: choose largest entry in absolute value:

piv
def
= argmaxs≤j≤n|ajs |, (|apiv,s | = max1≤j≤n|ajs |)

exchange equations Es and Epiv (Es ↔ Epiv.)

I eliminating xs from Es+1 through En:(
Ej −

ajs
ass

Es

)
→ (Ej) , s + 1 ≤ j ≤ n.

ajk = ajk −
ajs
ass

ask
overwrite
==== ajk , s + 1 ≤ j ≤ n, s + 1 ≤ k ≤ n,

bj = bj −
ajs
ass

bs
overwrite
==== bj , s + 1 ≤ j ≤ n.



Gaussian Elimination with partial pivoting (IV)

A =


a11 a12 · · · a1n
0 a22 · · · a2n
...

...
. . .

...
0 an2 · · · ann

 , b =


b1
b2
...
bn

 .

I repeat same process on Es for s = 2, · · · , n − 1:
I pivoting: choose largest entry in absolute value:

piv
def
= argmaxs≤j≤n|ajs |, (|apiv,s | = max1≤j≤n|ajs |)

exchange equations Es and Epiv (Es ↔ Epiv.)
I eliminating xs from Es+1 through En:(

Ej −
ajs
ass

Es

)
→ (Ej) , s + 1 ≤ j ≤ n.

ajk = ajk −
ajs
ass

ask
overwrite
==== ajk , s + 1 ≤ j ≤ n, s + 1 ≤ k ≤ n,

bj = bj −
ajs
ass

bs
overwrite
==== bj , s + 1 ≤ j ≤ n.



Gaussian Elimination with partial pivoting: summary
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. . .
...
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Equations after Gaussian Elimination,
backward substitution

A =


a11 a12 · · · a1n
0 a22 · · · a2n
...

...
. . .

...
0 0 · · · ann

 , b =


b1
b2
...
bn

 .

I for s = n, n − 1, · · · , 1:

xs =
bs −

∑n
k=s+1 askxk

ass
.

matlab command x = A\b.
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Gaussian Elimination: cost analysis (I)
I for s = 1, 2, · · · , n − 1:

I pivoting: (n − s + 1 comparisons)

piv = argmaxs≤j≤n|ajs |, Es ↔ Epiv.

I eliminating xs from Es+1 through En:

ajk = ajk −
ajs
ass

ask , s + 1 ≤ j ≤ n, s + 1 ≤ k ≤ n,

bj = bj −
ajs
ass

bs , s + 1 ≤ j ≤ n.

Counting operations.

I compute piv for each s, and perform swaps Es ↔ Epiv

I for each s, compute ratios
ajs
ass

for each j ≥ s + 1.
I for each s, compute ajk for each pair of j , k ≥ s + 1.
I for each s, compute bj for each j ≥ s + 1.

Do not count integer operations; do not count memory costs
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Gaussian Elimination: cost analysis (II)

I for s = 1, 2, · · · , n − 1:
I pivoting: (n − s + 1 comparisons)

piv = argmaxs≤j≤n|ajs |, Es ↔ Epiv.

(total comparisons:
∑n−1

s=1 (n − s + 1) = n(n+1)
2 − 1 )

I eliminating xs from Es+1 through En:

ajk = ajk −
ajs
ass

ask , s + 1 ≤ j ≤ n, s + 1 ≤ k ≤ n,

bj = bj −
ajs
ass

bs , s + 1 ≤ j ≤ n.

(total cost for computing { ajsass
}:
∑n−1

s=1(n − s) = n(n−1)
2 )

(total cost for computing {ajk}:
∑n−1

s=1 2(n − s)2 = n(n−1)(2n−1)
3 )

(total cost for computing {bj}:
∑n−1

s=1 2(n − s) = n(n − 1) )



Gaussian Elimination: cost analysis (II)
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Gaussian Elimination: cost analysis (II)

I for s = 1, 2, · · · , n − 1:
I pivoting: (n − s + 1 comparisons)

piv = argmaxs≤j≤n|ajs |, Es ↔ Epiv.

I eliminating xs from Es+1 through En:

ajk = ajk −
ajs
ass

ask , s + 1 ≤ j ≤ n, s + 1 ≤ k ≤ n,

bj = bj −
ajs
ass

bs , s + 1 ≤ j ≤ n.

about 2(n − s)2 additions and multiplications for each s.

grand total, up to n3 term: 2
3 n

3 additions and multiplications.
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Gaussian Elimination: performance on mac desktop,

in octave, GEPPruntime ≈ 5.6× 10−5 × n3



NO scaled partial pivoting.



Gaussian Elimination with partial pivoting
I blue: A ∈ Rn×n, b ∈ Rn random

I red: A ∈ Rn×n is Wilkinson matrix

A =


1 1
−1 1 1
−1 −1 1 1

...
...

...
. . .

...
−1 −1 −1 · · · 1

 , b ∈ Rn random.



Gaussian Elimination with partial pivoting
I blue: A ∈ Rn×n, b ∈ Rn random
I red: A ∈ Rn×n is Wilkinson matrix

A =


1 1
−1 1 1
−1 −1 1 1

...
...

...
. . .

...
−1 −1 −1 · · · 1

 , b ∈ Rn random.



Gaussian Elimination with complete pivoting, A ∈ R2×2.

A =

(
a11 a12
a21 a22

)
, b =

(
b1
b2

)
, x =

(
x1
x2

)
.

I pivoting: choose largest entry in absolute value:

(ip, jp)
def
= argmax1≤i ,j≤2|aij |, (|aip,jp| = max1≤j≤n|aij |)

I exchange equations E1 and Eip (E1 ↔ Eip.)

I exchange columns/variables 1 and jp.

I perform Gaussian Elimination without pivoting on the
resulting 2× 2 system.



Gaussian Elimination with complete pivoting

A =


a11 a12 · · · a1n
a21 a22 · · · a2n

...
...

. . .
...

an1 an2 · · · ann

 , b =


b1
b2
...
bn

 .

I for s = 1, 2, · · · , n − 1:
I pivoting: choose largest entry in absolute value:

(ip, jp)
def
= argmaxs≤i,j≤n|aij |, Es ↔ Eip.

swap matrix columns/ variables s and jp
I eliminating xs from Es+1 through En:

ajk = ajk −
ajs
ass

ask
overwrite
==== ajk , s + 1 ≤ j ≤ n, s + 1 ≤ k ≤ n,

bj = bj −
ajs
ass

bs
overwrite
==== bj , s + 1 ≤ j ≤ n.

more numerically stable, but too expensive in practice
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Matrix Algebra
I Definition: Let

A =


a1,1 a1,2 · · · a1,m
a2,1 a2,2 · · · a2,m

...
...

. . .
...

an,1 an,2 · · · an,m

 def
= (aij) ∈ Rn×m,

B =


b1,1 b1,2 · · · b1,m
b2,1 b2,2 · · · b2,m

...
...

. . .
...

bn,1 bn,2 · · · bn,m

 def
= (bij) ∈ Rn×m, then

C
def
=


α a1,1 + β b1,1 α a1,2 + β b1,2 · · · α a1,m + β b1,m
α a2,1 + β b2,1 α a2,2 + β b2,2 · · · α a2,m + β b2,m

...
...

. . .
...

α an,1 + β bn,1 α an,2 + β bn,2 · · · α an,m + β bn,m


= αA + β B ∈ Rn×m



Matrix Algebra: example

I Let

A =

(
2 −1 7
3 1 0

)
, B =

(
4 2 −8
0 1 6

)
∈ R2×3, then

C
def
= A− 2B =

(
−6 −5 23
3 −1 −12

)
∈ R2×3.



Matrix Algebra

Let A, B, C ∈ Rn×m, and let λ, µ ∈ R



Matrix-vector product vs. linear equations

a11x1 + a12x2 · · · + a1nxn = b1,
a21x1 + a22x2 · · · + a2nxn = b2,

...
...

...
an1x1 + an2x2 · · · + annxn = bn,

A =


a11 a12 · · · a1n
a21 a22 · · · a2n

...
...

. . .
...

an1 an2 · · · ann

 , b =


b1
b2
...
bn

 , x =


x1
x2
...
xn

 .

A x
def
=


a11x1 + a12x2 · · · + a1nxn
a21x1 + a22x2 · · · + a2nxn

...
...

...
an1x1 + an2x2 · · · + annxn

 , for any A ∈ Rn×m, x ∈ Rm.

equations become: Ax = b
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A x
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=
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...
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equations become: Ax = b



Matrix-vector product is dot product

A x
def
=


a11x1 + a12x2 · · · + a1nxn
a21x1 + a22x2 · · · + a2nxn

...
...

...
an1x1 + an2x2 · · · + annxn

 .

(A x)j =
(
aj1x1 + aj2x2 · · · + ajnxn

)
=

(
aj1 aj2 · · ·
ajn

) 
x1
x2
...
xn

 .



Matrix-vector product, example

A =

 3 2
−1 1
6 4

 , x =

(
3
−1

)
.

A x =

 3 2
−1 1
6 4

 (
3
−1

)
=

 7
−4
14

 .



Matrix-matrix product
I Let

A=


a11 a12 · · · a1m
a21 a22 · · · a2m

...
...

. . .
...

an1 an2 · · · anm

 ∈ Rn×m, B=


b11 b12 · · · b1p
b21 b22 · · · b2p

...
...

. . .
...

bm1 bm2 · · · bmp

 ∈ Rm×p.

I Column partition:

B =
(

b1 b2 · · · bp

)
, bj

def
=


b1j
b2j
...

bmj

 ∈ Rm, j = 1, · · · , p.

I Definition:

AB = A
(

b1 b2 · · · bp

) def
=
(
Ab1 Ab2 · · · Abp

)
∈ Rn×p.

I entry-wise formula:

(AB)jk = (Abk)j =
(
aj1 aj2 · · · ajm

)
bk =

m∑
i=1

aji bik .



Matrix-matrix product
I Let

A=


a11 a12 · · · a1m
a21 a22 · · · a2m

...
...

. . .
...

an1 an2 · · · anm

 ∈ Rn×m, B=


b11 b12 · · · b1p
b21 b22 · · · b2p

...
...

. . .
...

bm1 bm2 · · · bmp

 ∈ Rm×p.

I Column partition:

B =
(

b1 b2 · · · bp

)
, bj

def
=


b1j
b2j
...

bmj

 ∈ Rm, j = 1, · · · , p.

I Definition:

AB = A
(

b1 b2 · · · bp

) def
=
(
Ab1 Ab2 · · · Abp

)
∈ Rn×p.

I entry-wise formula:

(AB)jk = (Abk)j =
(
aj1 aj2 · · · ajm

)
bk =

m∑
i=1

aji bik .



Matrix-matrix product
I Let

A=


a11 a12 · · · a1m
a21 a22 · · · a2m

...
...

. . .
...

an1 an2 · · · anm

 ∈ Rn×m, B=


b11 b12 · · · b1p
b21 b22 · · · b2p

...
...

. . .
...

bm1 bm2 · · · bmp

 ∈ Rm×p.

I Column partition:

B =
(

b1 b2 · · · bp

)
, bj

def
=


b1j
b2j
...

bmj

 ∈ Rm, j = 1, · · · , p.

I Definition:

AB = A
(

b1 b2 · · · bp

) def
=
(
Ab1 Ab2 · · · Abp

)
∈ Rn×p.

I entry-wise formula:

(AB)jk = (Abk)j =
(
aj1 aj2 · · · ajm

)
bk =

m∑
i=1

aji bik .



Matrix-matrix product
I Let

A=


a11 a12 · · · a1m
a21 a22 · · · a2m

...
...

. . .
...

an1 an2 · · · anm

 ∈ Rn×m, B=


b11 b12 · · · b1p
b21 b22 · · · b2p

...
...

. . .
...

bm1 bm2 · · · bmp

 ∈ Rm×p.

I Column partition:

B =
(

b1 b2 · · · bp

)
, bj

def
=


b1j
b2j
...

bmj

 ∈ Rm, j = 1, · · · , p.

I Definition:

AB = A
(

b1 b2 · · · bp

) def
=
(
Ab1 Ab2 · · · Abp

)
∈ Rn×p.

I entry-wise formula:

(AB)jk = (Abk)j =
(
aj1 aj2 · · · ajm

)
bk =

m∑
i=1

aji bik .



Matrix-matrix product, example

I Let

A =

 3 2
−1 1
1 4

 ∈ R3×2, B =

(
2 1 −1
3 1 2

)
∈ R2×3.

I

C = AB =

 12 5 1
1 0 3

14 5 7

 ∈ R3×3.


