> Will skip Section 5.8, extrapolation methods for ODEs.
> Notation and details for Chapter 5 messy and not all trivial.

» Brand new concepts to work through.
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Multistep Methods

b _

™ =f(t,y), a<t<b, y(a)=a.

» Choose positive integer N, and select mesh points

tt=a+jh, for j=0,1,2,---N, where h=(b—a)/N.

» For each 0 <j < N —1, integrate ODE:

W) =vi) = [ (L) ae= [ resenae

J J

» Approximate the integral with quadratures on function values
f(ti+1, (1)),

(4, y(8)),

f(ti-1,y(tji-1)),

v

v

v



Examples (1): Constant approximations
> £t y(t)) = £(4, ¥(8)), so

y(tjiv1) —y(t) = /:m F(t,y(t)) dt =~ hf(t;, y(t;)),

leading to Euler's method

M/J+1:V|/J+hf(tj"/vj)) for _/:0,1,



Examples (1): Constant approximations
> £t y(t)) = £(4, ¥(8)), so

Wigen) (o) = [ " ey dt ~ b (5 (1)

7
leading to Euler's method

M/J+1:V|/j+hf(tjvvvj)> for _/:0,1,

> f(t,y(t) = F(tis1, ¥ (tj+1)), s0

y(tji+1) — y(4) = /tj+1 f(t,y(t)) dt = hf(tir1, y(tit1)),

j
leading to backward Euler's method
M/J'-‘y-l:M/j—i_hf(tj-‘rlJVVj-ﬁ-l)? for J:O,].,

Implicit method, much harder to handle.



Examples: Linear approximation (Il)

» with f(t;, y(t;)) and f(tj—1,y(tj-1))

F(t,y(t)) ~ (t — ti-1)f(t, (1)) +h(tj ~ (51 y(5-1).

e vt = [

ﬁ(3f(tj, (1)) — F(5-1,9(5-1))

Q

leading to Adams-Bashforth two-step explicit method

Wjt+1 = VVJ+ (3f(tj7VVJ) (J 1, Wj— 1)) for J: L2,



Examples (111): Linear approximation

» with f(tj+1,y(i§'+1)) and f(tja}’(tj))

f(t,y(t)) ~ (t — tj)f(tj+1,y(tj+1))h+ (tir1— t)f(tj,y(tj))7

W) —v(s) = [ fleyte) o

~ D) + Ay (50))).

leading to implicit mid-point method

h .
wis1 = wj + o (F(t, w)) + (G2, wisa)), for j=0,1,--



Examples (IV): m-step Explicit Method

> P(t) interpolates f(t,y(t)) at f(t;,y(t;)), f(tj-1,y(tj-1)),
o F(Gemi1, Y (t-mr1))



Examples (IV): m-step Explicit Method

> P(t) interpolates f(t,y(t)) at f(t;,y(t;)), f(tj-1,y(tj-1)),
o F(Gemi1, Y (t-mr1))

y(ti1) —y(t) = /tltm f(t,y(t))dm/t‘tj+1 P(t) dt
& h(bm-1f(tj, y(t)) + bm—2f (tj-1, y(tji-1))
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Examples (IV): m-step Explicit Method
» P(t) interpolates f(t,y(t)) at f(t;,y(t;)), f(tj—1,y(tji—1)).
) f(tj—m+17y(tj—m+1))
ti1 tj+1
W) -x() = [ feyeydes [P ar
& £
= h(bm-1f(tj, y(t)) + bm—2f (tj—1, y(tj-1))
e bof (- my1, Y (t-my1))) s
leading to explicit m-point method
Wit1 = W+ h(bm-1f(tj, wj) + bm—2f (tj-1, wj-1)
+ o bof (Gomi1, Wimm+1))
for j=m—1,m,---



Examples (IV): m-step Explicit Method

> P(t) interpolates f(t,y(t)) at f(t;,y(t;)), f(tj-1,y(tj-1)),
(t—mr1, Y(t—my1))

ti1 tj+1
W) -x() = [ feyeydes [P ar
& £
= h(bm 11 (8, y(8)) + bm—2f (tj-1, ¥ (tji-1))
+b0f(j m+1, Y(J m+1))) 5
leading to explicit m-point method

Wit1 = W+ h(bm-1f(tj, wj) + bm—2f (tj-1, wj-1)

+-- bOf(tj—m-l—b V|/j—m+1)) )
for j=m—1,m,---
» m = 4: fourth-order Adams-Bashforth method

h
wir1=wj+ o (55F (8, wj)—59F (tj—1, wj—1 4 37F (tj—2, wj—2)—-9f(tj—3, wj-3)) .



Examples (V): m-step Implicit Method

» P(t) interpolates f(t,y(t)) at f(tj+1,y(tj+1)). F(t;, y(t)).
o F(Gemi1, Y (t-mt1))



Examples (V): m-step Implicit Method
> P(t) interpolates f(t,y(t)) at f(tj41, y(tjt1)). f(t, ¥ (1)),
Ty f(tj—m+17y(tj—m+1))
W) =oe) = [ feydes [P ar
= h(bmf(tjr1,¥(tj1)) + bm-1f (8, ¥ (1))
+ o+ bof (tj—m+1, Y(tj—m+1)))



Examples (V): m-step Implicit Method

» P(t) interpolates f(t,y(t)) at f(tj+1,y(tj+1)). f(t;,y(t))
o F(Gemi1, Y(t-mt1))

V() - y(t) = /f“f(r,y(r»dm /tt"“P(r)dr

j 7
def
= h(b F(t11, ¥ (tj11) + bm-af (8, y (1))
+b0f(j m+1, Y(J m+1))) 5
leading to implicit m-point method

Wit1 = Wi+ h(bmf(tiy1, wis1) + bm-1f (8, w))

+bm—of (tj—1, wj—1) + -

4 bof (tj—m+1, Wi—m+1)) s
for j=m—1,m,---



Examples (V): m-step Implicit Method

» P(t) interpolates f(t,y(t)) at f(tj+1,y(tj+1)). f(t;,y(t))
o F(Gemi1, Y(t-mt1))

V() - y(t) = /f“f(r,y(r»dm /:"“Pmdr

j 7
def
= h(b F(t11, ¥ (tj11) + bm-af (8, y (1))
+b0f(j m+1, Y(J m+1))) 5
leading to implicit m-point method

Wit1 = W+ h(bmf(tjit1, wjt1) + bm-1f(tj, W)

+bm_of (tji—1,wj—1) + -+ + bof (tj—m+t1, Wj—m+1))
for j=m—1,m,---
» m = 3: fourth-order Adams-Moulton method

Wit =wjt o (9F (i1, Wit 197 (8, wy) =5F (t—1, wj—1)+f(tj-2, wj—2))



» General m-step method

Wjit1 = am-1Wj+ am—1Wj—1 + -+ aoWj—m+1
+h (bmf(tj+1, Wjt1) + bm—1f(tj, wj)
+bm—2f (tj-1, wj—1) + -+ + bof (tj—m+1, Wj—m+1)) -

» explicit if b,, = 0; implicit if b,, # 0.



» General m-step method

Wjit1 = am-1Wj+ am—1Wj—1 + -+ aoWj—m+1
+h (bmf(tj+1, Wjt1) + bm—1f(tj, wj)
+bm—of (tj—1,wWj—1) + -+ bof (tj—m+t1, Wji—m+1)) -

» explicit if b,, = 0; implicit if b,, # 0.

’LTE: assume w; = y(t;), i SJ"

def  y(tjiv1) — (am—1y(t;) + am—1y(tji—1) + - + aoy(tj—m+1))

7_jJrl(h) = h
— (bmf(tir1, y(ti11)) + bm—1f(t;, ¥(t;))
+bm_2f(tj,1,y(tj,1)) +---+ bof(tjfm+17)/(tj*m+1))) :



example fourth-order Adams-Moulton method (1)

f(t,y(t)) = P(t) + R(t), with

P(t) = La(t)f(tir1, y(ti41)) + La(8)F (7, ¥ (1))
+L1(t)F(tj-1, y(tj-1)) + Lo(t)f(tj—2, y(tj-2)),

f(4)(£t7y(£t))

R = 41

(t = t12)(t = )(t = -1)(t = tj-2)-



example fourth-order Adams-Moulton method (1)

f(t,y(t)) = P(t) + R(t), with

P(t) = Ls(t)f(tira, y(tir1)) + La(t)F (L, y(t7))
+L1(t)F(tj-1, y(tj-1)) + Lo(t)f(tj—2, y(tj-2)),

f(4)(£t7y(§t))

R(t) = 41

(t = t12)(t = )(t = -1)(t = tj-2)-

ﬂmo—ﬂm:L“Vmwmw=[“%m0+mmdr

J J

=waJwH»AWAaMHmew»L%LaMr

J J

-0y(6-0) [ La(e)de+ 5o y(52)) [ Lo(o) ot
b [

4! (t=tipa)(t=t))(t—tj1)(t—tj2) dt

J



example fourth-order Adams-Moulton method (1)
» 4-point interpolation on f(t, y(t))

W)= v(o)+ [ (P +R) o
= y(t)+
%(97‘(%1,y(tj+1))+19f(tj»Y(fj))—5f(fjflaY(tjfl))Jrf(tjfzaY(fjfz))

RAI(S(9) /

4 (t=tjip)(t—tj)(t—tj—1)(t—tj—2) dt

J



example fourth-order Adams-Moulton method (1)
» 4-point interpolation on f(t, y(t))
W)= vo)+ [ (P +R()
= y(y)+
%(97‘(541,y(tj+1))+19f(fja y(£)) =5 (tj-1, y(Gj-1))+F (-2, y(tj-2))

(4) b+
" W/t (t—tjr1)(t—t;)(t—tj—1)(t—tj—2) dt

7
» 3-step fourth-order Adams-Moulton method

h
Wit = W+ o (9F (1, wj1)+19F (8, wy) =5F (81, wj-1 )4 F (82, wj-2))

(4) tjt1
e = EE) / (tti2)(Et)(E-t-1)(t-2) dt

19
_ 74 4



example fourth-order Adams-Bashforth method

> 4-step and fourth-order

Wit1 = wj+
h
o (557 (tj, w;)=59F (tj—1, wj—1)+37f(tj2, wj—2)—9f (tj-3, wj-3))
251

LTE = 2X69(e, y(e)) h.

720



example fourth-order Adams-Bashforth method
» 4-step and fourth-order
Wit1 = wj+

h
22 (55f(tj, WJ) 59f(t_, 1, Wj— 1)+37f(1.‘J 2, Wj— 2) 9f(tj,3, W_,',3))

251
LTE = - FO(E y(e)) b

‘To be explicit or not to be?‘

» Explicit methods cheaper than implicit.

» Implicit methods smaller LTE and more reliable.



example fourth-order Adams-Bashforth method

> 4-step and fourth-order

Wit1 = wWj+
h
24 (55f(tJ,WJ) 59f(t_, 1, Wj— 1)+37f(tJ 2, Wj— 2) 9f(t_,',3,Wj,3))
251
LTE =
B . ()

‘To be explicit or not to be?‘

v

Explicit methods cheaper than implicit.

v

Implicit methods smaller LTE and more reliable.

To be multistep or not to be?

v

Multistep methods cheaper than Runge-Kutta.

v

Multistep methods do not self-start.



experiment

dy
dt
exact solution y(t)

y—t?+1,

(t+1)°

—0.5¢t.



experiment

dy 2

— —t°+1, 0<t<L2

dt .y —"_ ? — — )
exact solution y(t) = (t+1)>—0.5e’

» N=10,h=02,t;=02/,0<j<N.



experiment

d
d% = y—t+1, 0<t<2, y(a)=05,
exact solution y(t) = (t+1)>—0.5¢".

» N=10,h=02,t=02,,0<j < N.
» Adams-Bashforth method

Wiy1 = W+

h

o7 (557 (tj, w;)=59F (tj—1, wj—1)+37F(tj-2, wj-2)~9f(tj-3, wj-3))
1

= (35wj—11.8w;_1+7.4w;_»—1.8w; 3-0.192/%-0.192j+4.736) .

» 4 initial values to start.



experiment

a y—t2+1, 0<t<2,
dt
exact solution y(t) = (t+1)>—0.5¢".

» N=10,h=02,t;=02/,0<j < N.



experiment

% = y—t?+1, 0<t<2, y(a)=05,
exact solution y(t) = (t+1)>—05e’.

» N=10,h=02,t;=02/,0<j < N.

» Adams-Moulton method
h
wirr = Wi+ o (OF (L1, wyea ) F19F (8, wy) =5F (81, wj—1)+(tj—2, wj—2))

1
= o (1.8wj11+27.8w;—w;_1+0.2wj_»—0.192;2~0.192+4.736)



experiment

dy y—t2+1, 0<t<2 y(a)=05,

dt
exact solution y(t) = (t+1)>—05e’.

» N=10,h=02,t;=02/,0<j < N.

» Adams-Moulton method

h
2 OF (1, Wy )F19F (8, wy) =5 (81, wj—1)+(tj—2, wj-2))

Wit1 = Wi+ 5
= g (18w 127 8wj—wj10.2wj2—0.192)°~0.192j+4.736)
1
= 555 (278w~ wj_1+0.2w;_—0.192/%-0.192j+4.736)

» 3 initial values to start.



experiment

ti  Exact | Bashforth Error Moulton Error
0.0 05

0.2 0.8293

0.4 1.2141

0.6 1.6489 1.6489 6.5e — 06
0.8 2.1272| 21273 8.28e—05 2.1272 1.6e—05
1.0 2.6409 | 2.6411 0.0002219 2.6408 2.93e —05
1.2 3.1799 | 3.1803 0.0004065 3.1799 4.78e — 05
1.4 3.7324 | 3.7331 0.0006601 3.7323 7.31e —05
1.6 4.2835| 4.2845 0.0010093 4.2834 0.0001071
1.8 4.8152| 4.8167 0.0014812 4.815  0.0001527
2.0 5.3055| 5.3076  0.0021119 5.3053 0.0002132




Solution plot

4
dt
exact solution y(t)

= y—t?41, 0<t<2, y(a)
= (t+1)?-05¢€

Exact solution vs. Bashforth vs. Moulton

—=— Exact
=& - Bashforth
-# - Moulton

0.5 1 1.5 2

0.5,



Error plot

d
di); = y—t’+1, 0<t<2, y(a)=05
exact solution y(t) = (t+1)°>—05e".

Bashforth Errors vs. Moulton Errors

le-2

—— Bashforth

- & - Moulton
le-3
le-4

o
o
le-5
o

le-&

o 0.5 1 1.5 2



Predictor-Corrector Methods (1)

» Adams-Moulton method is non-linear equation for wj

h
Wi = Wi+ o (OF (L1, wye1 ) H19F (8, wy) =5F (81, wj—1)+(tj-2, wj-2))
» Adams-Bashforth method explicit but less accurate:
Wit1 = W+

h
o (057 (4, wj)=59F (tj—1, wj—1)+37F(tj—2, wj—2) =9 (tj—3, Wj—3))

’Fixed—point iteration on Moulton, with Bashforth initial guess‘




Predictor-Corrector Methods (I1)

> Initialization: 3 steps of 4-th order Runge-Kutta.
» Adams-Bashforth Predictor:

def
Wiy = wit
h
og (95F (8, wj)=89F (tj—1, wj—1)+37F (tj—2, wj—2)—9F (tj—3, w;—3))

» Adams-Moulton Corrector:

def h
Wil = wit o (9f(fj+17 Wiy )AL (8, wy)=5F (t—1, wj—1)+f (2, Wj—2)>



function [w,t] = Adams4PC{FunFcn, Intwv, alpha, N)

a = Intw(l);
b Intw(2);
h = (b—alsN;
i = zeros(M+1,1);
t = a + h*(B:MN)";
wi{l) = alpha;
k3
% RK4 Ffor the first 3 steps
hz = h/2;
for i = 1:3
k1l = h#* FunFen{t{i),w(i));

k2 = h#* FunFen{t{(i)+h2,w{i)+kls2);
k3 = h¥* FunFcon{t{(i)+h2Z,w{i)+k2s2);
k4 = h#% FunFcn{t{i)l+h,w({i)+k3);

wii+l) = wii) + (kl+Z*xk2+2%xk3I+kd)/6;
end
3
% main loop
p = h¥[-9/24 37,24 59,24 55/24];
¢ = h*[ 1s24 5524 19,24 9,24 1;
f = FunFen{t(l:4), wil:4));
for i = 4:N
wp = wi{i) + p=*f;
fp = FumFen{t{i+1) ,wp);
wii+l) = wii) + c *=[T{Z2:end);Tpl;
¥ =[fl(2:end); FunFcn{t({i+1) ,wii+1))];

end



Adaptive Error Control (I)

Y Hepe), a<t<b ya)=a

Variable-step method based on Adams-Bashforth and Adams-Moulton




Adaptive Error Control (I)

Y _Heyle), a<t<b yi@)=o

Variable-step method based on Adams-Bashforth and Adams-Moulton

» Given tolerance 7 > 0,
» w; ~ y(t;) for all i <.



Adaptive Error Control (I)

Y _feyn), ast<b ya)=a

Variable-step method based on Adams-Bashforth and Adams-Moulton

» Given tolerance 7 > 0,
» w; ~ y(t;) for all i <.

» Make sure LTE |7j11(hjy1)| < 7



Adaptive Error Control (I)

Y _feyn), ast<b ya)=a

Variable-step method based on Adams-Bashforth and Adams-Moulton

» Given tolerance 7 > 0,
» w; ~ y(t;) for all i <.

» Make sure LTE |7j11(hjy1)| < 7

forj=0,1,---,

» run Runge-Kutta initially or if step-size changed,
> reset step-size h; = tj 1 — t; if tolerance requires,
» compute wj; with Adams4PC.



Adaptive Error Control (II)

» Adams-Bashforth Predictor:

p def
f+1 = Wit

h
2 (55f (tj, w;)—59f (tj—1, wj—1)+37f(tj—2, wj—2)—9f(tj—3, wj_3))

» Adams-Bashforth interpolation relation, y; def y(t):
Yit1 = yji+
2l1 (557 (t), yj)—59f (tj—1, yj—1)+37f(tj—2, yj—2)—9f(tj-3,yj-3))
o €y )

251
+22
251
Wi+ ﬁf( (& y(©) .



Adaptive Error Control (II1)

» Adams-Moulton Corrector:

h
Wirl = W+ o (9"(%17 w1 )+19f (7, wj)— 5f(fj—1aV‘/j—1)+f(fj—2aWj—2))

. . . def
» Adams-Moulton interpolation relation, y; = y(t;):

h
Yir1 = Yt oy (9f(fj+1,)ﬁ'+1)+19f(fj»)ﬁ')—5f(tj—1aYJ—1)+f(fj—2ayj—2))

— s FOE (@) 1

h
Wi+ o <9f(1+17 wi, 1) +19f(tj, wy)— 5f(tj—1vWj—1)+f(tj—2aWj—2)>

A9 @y N s
s FIE V(@) h

19 - o~
wit1 = oo FO(E y(©) .

Q



Adaptive Error Control (V)

» Predictor LTE:

251
yier @ wiyy + o F(E y(9) 1P

» Corrector LTE:
19 ~  ~
Yir1l & Wil — 2Of(4)(§,Y(§)) n

> Assume (¢, y(€)) = FA(E, y(€)):

19, 19 w1 — why

L (h Y+l — Wi EM/J."‘]-_VVJZ»].
Tj1(h) = h ~ 7270 h '




46 THEN A

MIRACLE |
OCCURS .-

“1 think you should be more explicit here in

step two.”




step-size selection (1)

LTE estimate: 7j1(h)

_ Vi1 — Wiy

h

19 Wit1 — WJPH
270 h




step-size selection (1)

) _ P
_ Ykt —Wipn 19 Wik — Wiy,

LTE estimate: 7j1(h) ; ~ =570 P

> Since  7j41(h) = O (h*),

assume |7j;1(h)| ~ K h* where K is independent of h.



step-size selection (1)

_ Y= Wi 19 Wik~ Wi
h 270 h

LTE estimate: 7j1(h)

> Since  7j41(h) = O (h*),

assume |7j;1(h)| ~ K h* where K is independent of h.

» K should satisfy

.
19 Wjt1 — Wi,

Kh* ~ | —
270 h

» Assume LTE for new step-size g h satisfies given tolerance 7:

|Ti+1(g h)] < 7, need to estimate q.



step-size selection (I1)

. _wP
19 W1~ Wiy

LTE estimate: K h* ~ |7j41(h)| ~ 570 -




step-size selection (I1)

. Y
19 Wjt1 VVJ'+1

LTE estimate: K h* ~ |7j41(h)| ~ 570 -

» Assume LTE for g h satisfies given tolerance 7:

Gaah)l ~ |K (ah)|=d* [Kn]
. P
~ q4 19 VV_]+1_VVJ'+]_ <r

270 h



step-size selection (I1)

. Y
19 Wjt1 VVj+1

LTE estimate: K h* ~ |7j41(h)| ~ 570 -

» Assume LTE for g h satisfies given tolerance 7:

Gaah)l ~ |K (ah)|=d* [Kn]
p
19 Wjy1 — w4
~ ¢ | I It <

7 1270 h =T
1
2707 h 4

new step-size estimate: gh < T b h
19(Wj+1 - Wj+1)




Review: Predictor-Corrector Methods

» Adams-Bashforth Predictor:
p def

h
57 (857 (tj, wj)=59F (tj—1, wj—1)+37F (tj—2, wj—2)—9F (tj_3, w;3))
» Adams-Moulton Corrector:

def

wivr % wy o (9F (b, WPy F19F (8, w)—5F (61, Wi+ (t-2, W 2))



Summary

» Adams-Bashforth Predictor:

def

h

o (O5F (4, wj)=B9F (tj—1, wj—1)+37F(tj—2, wj-2)—9f(tj-3, Wj-3))
» Adams-Moulton Corrector:

def h
i1 = wit o, (9f(1+1a wp 1) +19f (8, wj)— 5f(fj—17V'/j—1)+f(fj—27Wj—2)>

> new step-size g h should satisfy

1
2707 h 4

19(wjy1 —

gh=< h.

wPi1)



step-size selection procedure

» compute a conservative value for g:

h
g=15 T

P
Wi+1 — Wit

I



step-size selection procedure

» compute a conservative value for g:

Th

P
Wi+1 — Wit

I

g=15

» if g < 1, give up current w;j1; otherwise keep it and set
Jj=Jj+1



step-size selection procedure

» compute a conservative value for g:

I

Th

q == 1-5 7p
Wi+1 — Wit

» if g < 1, give up current w;j1; otherwise keep it and set
Jj=Jj+1
» make restricted step-size change:
h— 0.1h, ifg<0.1,
| 4h, ifqg> 4.



step-size selection procedure

» compute a conservative value for g:

I

Th

q == 1-5 7p
Wi+1 — Wit

» if g < 1, give up current w;j1; otherwise keep it and set
Jj=Jj+1
» make restricted step-size change:
h— 0.1h, ifg<0.1,
| 4h, ifqg> 4.

> step-size can't be too big:

h = min (h, hymax) -



step-size selection procedure

» compute a conservative value for g:

I

Th

q == 1-5 7p
Wi+1 — Wit

» if g < 1, give up current w;j1; otherwise keep it and set
Jj=Jj+1
» make restricted step-size change:
h— 0.1h, ifg<0.1,
| 4h, ifqg> 4.
> step-size can't be too big:

h = min (h, hymax) -

> step-size can't be too small:

if h < hmin then declare failure.



Adaptive Adams 4th order Predictor Corrector: solution
plots

d
Initial Value ODE d—{ —y 241, 0<t<2, y(0)=0.5,

exact solution  y(t) = (14 t)> —0.5¢".



Adaptive Adams 4th order Predictor Corrector: solution

plots

d
Initial Value ODE d—{ —y—f+1, 0<t<2, y(0)

exact solution  y(t) = (14 t)> —0.5¢".

Exact Solution vs. Adaptive Adams Solution

—=— Exact
-&- Adapt Adams

0.5,



Solution Data

tj hj y(t)) w; ILTE| ly(t) — wjl

0 0 0.5 0.5 0 0
0.1257  0.1257  0.70023 | 0.70023 4.05le — 05 5e — 07
0.2514 01257  0.9231 | 0.92309 4.05le — 05 1.le — 06
0.37711 0.1257 1.1674 | 1.1674 4.05le — 05 1.7e — 06
0.50281 0.1257  1.4318 | 1.4317 4.05le —05 2.2e — 06
0.62851 0.1257 17146 | 1.7146 4.6le — 05 2.8e — 06
0.75421 0.1257 2.0143 | 2.0143 52le—05 3.5 — 06
0.87991 0.1257  2.3287 | 2.3287 5.913e —05 4.3e — 06
1.0056  0.1257  2.6557 | 2.6557 6.706e —05 5.4e — 06
11313 0.1257 2.9926 | 2.9926 7.604e —05 6.6e — 06

1257  0.1257 3.3367 | 3.3367 8.622e —05 8e — 06

1.3827  0.1257  3.6845 | 3.6845 0.777e —05 9.7e — 06
1.4857 0.10301 3.9698 | 3.9697 7.029e —05 1.08e — 05
1.5887 0.10301 4.2528 | 4.2528 7.029e — 05 1.2¢ — 05
1.6917 0.10301 4531 | 4531 7.029e —05 1.33e— 05
1.7948 0.10301 4.8017 | 4.8016 7.029e —05 1.51le — 05
1.8978 0.10301 5.0616 | 5.0615 7.76e —05 1.72e — 05
1.9233 0.025558 5.124 | 5.124 3.918e —07 1.77e—05
10480 0.025558 51855 | 51855 39186 — 07 1.8le =05



Adaptive Adams 4th order Predictor Corrector: LTE errors

Initial Value ODE d—}; —y—t?2+1, 0<t<2, y(0) = 0.5,

exact solution  y(t) = (1+t)*> —0.5¢".



Adaptive Adams 4th order Predictor Corrector: LTE errors

Initial Value ODE d—}; —y—t?2+1, 0<t<2, y(0) = 0.5,

exact solution  y(t) = (1+t)*> —0.5¢".

Exact LTE vs. Estimated LTE

—=— Exact LTE
- &- Estimated LTE

a0

o 0.5 1 1.5 2



Circle of life: Predator and Prey/Boom And Bust

» Canadian Lynx and Snowshoe Hares in Canadian Boreal Forest
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Circle of life: Predator and Prey/Boom And Bust

» Canadian Lynx and Snowshoe Hares in Canadian Boreal Forest

» Boom And Bust




Predator and Prey Model

> Notation
def . def .
x = predator population, y = prey population.

» population dynamics,

b —ay + [ x
dt - y y?
dy

= = Ax—0xy.

dt



Predator and Prey Model
> Notation
x & predator population, y def prey population.

» population dynamics,
dx

E = _QY+ﬁXy7
Q = yx—0x
dt - 7 .y'

» Solution: Boom and Bust

BN

-“ predator

population size

time (t)



System of ODEs

single initial value ODE



System of ODEs

d
single initial value ODE d% = f(t,y), a<t<b,

System of m first-order ODEs:

duy

I - fi(ta uy,up,--- 7Um)7

duo

E — f2(t7 uy, uz,--- 7Um)’

du

T;n = fm(ta uy, uz,--- 7um)7 ast< b7

with m initial conditions

Ul(a) = Qay, u2(a) =, ,um(a) = Qm.

y(a) = a.



System of ODEs: vector form

uy fl(ta uy, uz,--- ,Um)

u» L(t,ui,un, -+ ,u
Udéf : f(t,u) déf ( ) ) .7 ’ m)

Um fm(ty uy, up, - ,Um)

System of m first-order ODEs:

d
d—lt‘:f(t,u), a<t<b,

with initial condition
u(a) =a.

am



Higher order ODEs

y(m):f(w,yg...’y<m—1)), a<t<bh

for some m > 1, with initial conditions

y(@)=a, y(a=d - y"D(a)=alm.



Higher order ODEs

ym = f (t,y,y’,-’- ’y(’”‘l)) , a<t<b
for some m > 1, with initial conditions

y(@=a, y(@=ad, -y @) =a

u y u2
1
/ uz
uz def y def .
u= = , f (t, U) ph :
, u
Um y(mfl) m



Higher order ODEs

ym = f (t,y,y’,-'- ’y(’”‘l)) , a<t<b
for some m > 1, with initial conditions

y(a)=a, y(a)=d,--- 7y(’"_l)(a) =«

un y 1
U2 | def y' def "
u= = , f(t,u) = ;
tm ylm=y f(t, ul,ul;r,n--~ , Um)
System of m first-order ODEs:
(0%
du def o

E:f(t,u), a<t<b, with u(a)=a =



Vector Lipschitz condition (1)

uy
u» .
Definition: The function f (t,u) for u = _ € R™ defined
Um
on the set
DE {(tu) | a<t<b —oco<u<oo, 1<j<m.}

satisfies a Lipschitz condition on D if

4

m 7
\f(t,u)—f(t,z)|SLZ]uj—zj|, where z = , ,

j=1 :

Zm

for a constant L and all (t,u),(t,z) € D.



Vector Lipschitz condition (II)

DY {(t,u) |

a<t<b, —oo<u<oo, 1<j<m}
Theorem: f (t,u) satisfies a Lipschitz condition with Lipschitz
constant L on D if

‘ of

—(tuw)| <L, j=1,2,---,m.
8UJ(7u)—7J = 7m




def |

D = {(t,u) a<t<b, —oo<u<oo, 1<j<m}

System of m first-order ODEs:

d

d—l: =f(t,u), a<t<b, with u(a)=a.
Theorem: Suppose that f; (t, u) satisfies a Lipschitz condition with
Lipschitz constant L on D for all 1 < j < m. Then the system of
initial value ODEs has a unique solution u = u(t) for all t € [a, b].



Recall a scalar method

single initial value ODE — =f(t,y), a<t<b, y(a)=a.



Recall a scalar method

single initial value ODE — =f(t,y), a<t<b, y(a)=a.

Runge-Kutta 4th order method:

> W():Oé
» for j=0,1,---
ki = hf(tj,Wj),
h 1
ko = hf(tj+§>wj+ak1)7
h 1
k3 = hf(tj+§>WJ+§k2)7
ko = hf(tj+1ij+k3)v

1
Wiyl = qu+6(k1+2k2+2k3+k4)



scalar method is vector method

vector initial value ODEs —



scalar method is vector method

vector initial value ODEs — =f(t,u), a<t<b

Runge-Kutta 4th order method:

PWOZQ
» for j=0,1,---
ki = hf(l:,',Wj),
h 1
ko = hf(tJ—I_vaJ_‘_Ekl)a
h 1
k3 = hf(t}+§7wj+§k2)a
ko = hf(tji1,wj+ks),

1
Wil = Wwj+ 5 (k1 + 2k + 2k3 + ka)



example: Lotka-Volterra predator-prey model

» matlab function lotka
!

= x—0.01xy,
= —y+002xy.

/

» matlab command

[t,y] = oded5(@lotka, [0,40], [2,1]);



Predator Prey dynamics

Predator Prey dynamics

le+3

le+z |

le+1 |

le+04¢

o 10 20 30 40



Predator Prey dynamics

Predator Prey dynamics

le+3

le+2 |

le+1 |

le+0 |

de-1
le-2 le-1 les0 le+1 1e+2 le+3



Stability Analysis for one-step methods

d
single initial value ODE d—}; =f(t,y), a<t<b, y(a)=a.



Stability Analysis for one-step methods

dy

single initial value ODE e f(t,y), a<t<b, y(a)=a.
one-step method:
> Wwyp =«
» for j=0,1,---
Wjt1 = wj + h¢(tja wj, h)
» LTE

() = XY o)),



Stability Analysis for one-step methods

dy

single initial value ODE e f(t,y), a<t<b, y(a)=a.
one-step method:
> Wwyp =«
» for j=0,1,---
Wjt+1 = wj + h¢(tja Wjs h)
» LTE

() = 2 Y o)),

» Definition: consistency
Iimhﬁomaxogg,\, ‘Tj(h)‘ =0, Xj=a +Jj h.

least of requirements of an ODE method:



Stability Analysis for one-step methods

d
single initial value ODE d—); =f(t,y), a<t<hb,

one-step method:
> Wwyp =«
» for j=0,1,---
Wjt+1 = wj + h¢(tja Wjs h)
» LTE

() = 2 Y o)),

» Definition: consistency
Iimhﬁomaxogg,\, ‘Tj(h)‘ =0, Xj=a +Jj h.

least of requirements of an ODE method:
» Definition: convergent

lim,_omaxg<j<py |)’(tj) - Wj| =0

y(a) = a.



Prior analysis on Euler's Method
Theorem: Suppose that in the initial value ODE,

Y _fey), a<t<h ya)=a



Prior analysis on Euler's Method
Theorem: Suppose that in the initial value ODE,

Y _fey), a<t<h ya)=a

» f(t,y) is continuous,
» f(t,y) satisfies Lipschitz condition

|f(t,y1) — f(t,y2)] < Lly1 —y2| on domain
D = {(t,y) | a<t<b, —-oco<y<oo}.



Prior analysis on Euler's Method
Theorem: Suppose that in the initial value ODE,

Y _fey), a<t<h ya)=a

» f(t,y) is continuous,

» f(t,y) satisfies Lipschitz condition

|f(t,y1) — f(t,y2)] < Lly1 —y2| on domain

D = {(t,y) | a<t<b, —oco<y<oo}.
Let wog, wy, -, wy be the approximations generated by Euler's
method for some positive integer N. Then for each j =0,1,--- | N,

Nl < MM i-a)
y(5) —wl < 2= (e 1),

where h=(b—a)/N, t;=a+jh M=max.[yly"(t)l-



Stability of Euler method

single initial value ODE % =f(t,y), a<t<b, y(a)=a.



Stability of Euler method

single initial value ODE % =f(t,y), a<t<b, y(a)=a.
Euler method:
» for j=0,1,---
Wit = wj + hf(t, wy).
» LTE

(e = [0 09| = 2|4 @) — o



Review: Well-posed problem

Definition in English: ODE is well-posed if
» A unique ODE solution exists, and

» Small changes (perturbation) to ODE imply small changes to
solution.



Review: Well-posed problem

The initial-value problem

% =flty), agigh ya)=q, (32)

is said to be a well-posed problem if:

® A unique solution, y(f), to the problem exists, and

® There exist constants &y = 0 and k > 0 such that for any ¢, withgg = £ = 0,
whenever 8(1) is continuous with |8(£)| < & for all £ in [a, k], and when |§| < &, the
initial-value problem

dz
E=f{f,z}+3{1), azt<h, za)=u+b, (5.3)
has a unique solution z(r) that satisfies

l2() = y(1)| < ke forall ¢ in [a,b]. [



Review: Well-posed problem
Definition in English: ODE is well-posed if
» A unique ODE solution exists, and

» Small changes (perturbation) to ODE imply small changes to
solution.

Theorem

Suppose D) = {(1,y) | @ <1 < hand -0 <y < oo}, f { is continuous and satisies a
Lipschitz condition in the variablz y on the set ), then the iniiel-value problem

d
d—f=f(r,y), astsh ya)=o

s well-posed. i



Well-posed problem vs. Stable method

ODE is well-posed if
» A unique ODE solution exists, and

» Small changes (perturbation) to ODE imply small changes to
solution.



Well-posed problem vs. Stable method

ODE is well-posed if
» A unique ODE solution exists, and

» Small changes (perturbation) to ODE imply small changes to
solution.

A method is stable

» Small changes (perturbation) to ODE imply small changes to
numerical solution.



dy

single initial value ODE e f(t,y), a<t<b, y(a)=a.
Theorem: Suppose a one-step method with wy = «,
» for j=0,1,---

Wjt1 = Wj + h¢(tja Wi, h)



dy

single initial value ODE e f(t,y), a<t<b, y(a)=a.
Theorem: Suppose a one-step method with wy = «,
» for j=0,1,---

Wjt1 = Wj + h¢(tja Wi, h)

Suppose that ¢(t, w, h) is continuous and satisfies Lipschitz
condition with Lipschitz constant L, for 0 < h < hg.

Ddg{(tjwjh) | a<t<b, —oco<w<oo, 0<h<hg}



d
single initial value ODE d—{ —f(t,y), a<t<b, y(a)=a.

Theorem: Suppose a one-step method with wy = «,
> for j=0,1,---
Wjt1 = Wj + h¢(tja Wi, h)
Suppose that ¢(t, w, h) is continuous and satisfies Lipschitz
condition with Lipschitz constant L, for 0 < h < hg.
Ddg{(t,w,h) | a<t<b, —oco<w<oo, 0<h<hg}

Then
> The method is stable
> The method is convergent <= consistent <=

o(t,y,0)=f(t,y) a<t<b.

T(h) jig-a) oy %
L )

() — wj| < (h) = maxogj<n |7i(h)| -



example: Modified Euler's Method

wo = «, and for j =0,1,---
h
wisr = w; + o (F(5, wy) + F(t1, wj + h (4, wy))) -
Solution: For Modified Euler's Method,

o(t,w, h) = g (F(t,w)+ f(t+ h,w+ hf(t,w))).



example: Modified Euler's Method
wo = «, and for j =0,1,---

h
wisr = w; + o (F(5, wy) + F(t1, wj + h (4, wy))) -
Solution: For Modified Euler’'s Method,

o(t, w, h) = gaumo+at+hw+hthm
o(t,w, h) — ¢(t, w, h)
1

= 5 (f(t,w) — f(t,w))

(F(t + hw + hf(t,w)) — F(t + h, W + hf(t, ).

N\I—\N

+



example: Modified Euler's Method

wo = «, and for j =0,1,---

h
wisr = w; + o (F(5, wy) + F(t1, wj + h (4, wy))) -
Solution: For Modified Euler’'s Method,

o(t,w, h) = g (f(t,w)+ f(t+ h,w+ hf(t,w))).
o(t, w, h) — ¢(t, w, h)

1 N
=§WLM—HnM)
+%(f(t+h,w+hf(t,w))—f(t+h,vT/+hf(t,vT/)).

6t w, )~ 6(t, @, ) < w7

L
5w Bt w) = — h (£, )]

1 N
(L—i— 2hL2> lw — w|.

IN



