Runge-Kutta methods

With orders of Taylor methods yet without derivatives of f(t,y(t))‘




First order Taylor expansion in two variables

Theorem: Suppose that f(t,y) and all its partial derivatives are
continuous on D % {(t,y)| a<t<b, c<y<d}
Let (to,¥0),(t,y) € D,Ar =t —to,Ay =y — yo. Then

f(t,y) = Pi(t,y) + Ri(t,y), where



First order Taylor expansion in two variables

Theorem: Suppose that f(t,y) and all its partial derivatives are
continuous on D % {(t,y)| a<t<b, c<y<d}
Let (to,¥0),(t,y) € D,Ar =t —to,Ay =y — yo. Then

f(t,y) = Pi(t,y) + Ri(t,y), where

of
Pi(t,y) = f(to, YO)+At (thYO)+A ay(thYO)7
A2 O*f 0*f A7 0%f
Rl(t,}/) = #atz(é M) )/a 8 (5 N)+7y87)/2(§7/j‘)7

for some point (&, 1) € D.



Second order Taylor expansion in two variables

Theorem: Suppose that f(t,y) and all its partial derivatives are

continuous on Ddg{(t,y)\ a<t<b, c<y<d.}

Let (to,¥0),(t,y) € D,Ay =t —ty,Ay =y — yo. Then

f(t,y) = Pa(t,y) + Ra(t,y), where



Second order Taylor expansion in two variables

Theorem: Suppose that f(t,y) and all its partial derivatives are

continuous on Ddﬁf{(ty)\ a<t<b c<y<d.}

Let (to,¥0),(t,y) € D,Ay =t —ty,Ay =y — yo. Then

f(t,y) = Pa(t,y) + Ra(t,y), where
of of
Pa(t,y) = f(to,y0)+ (Atat(t07)/0)+Ay8y(to,yo)>

AZ &°f O f A7 9°f
JAVIAN vz
+< 2 at2(t0>y0)+ yatay(thYO)‘f‘ 2 ayg(t():yO) 5



Second order Taylor expansion in two variables

Theorem: Suppose that f(t,y) and all its partial derivatives are

continuous on Ddﬁf{(ty)\ a<t<b c<y<d.}

Let (to,¥0),(t,y) € D,Ay =t —ty,Ay =y — yo. Then

f(t,y) = Pa(t,y) + Ra(t,y), where
of of
Py(t,y) = f(to, )+ (Atat(to,yo) + Ay@y(to’yo)>

A7 9*f O f A2 p2f
A A vz
+< 2 atZ(t07y0)+ yatay(thYO)‘f‘ 20 2(t07y0))7

3
Ra(t,y) = % (Z ( j )A3 JA;athgyJ(ﬁ M))

Jj=0



Runge-Kutta Method of Order Two (III)

» Midpoint Method

wp = q,

h h .
Wir1 = VI/J—|—hf<tJ—|—2,VI/J+2f(tJ,V|/J)), J:O71a

» Two function evaluations for each j,

» Second order accuracy.

| No need for derivative calculations




General 2nd order Runge-Kutta Methods
» wog=q; for j=0,1,--- ,N—1,
wiri1 = wj+h(af(tj, wj) + axf (8 + a2, wj + 62f (8, wj))) -



General 2nd order Runge-Kutta Methods
» wog=q; for j=0,1,--- ,N—1,

wir1 = wj+ h (a1f(t, w;) + af (4 + a2, w; + 52f (), wj))) -

» Two function evaluations for each j,
» Want to choose a1, a», ap, 9> for highest possible order of
accuracy.



General 2nd order Runge-Kutta Methods
» wog=q; for j=0,1,--- ,N—1,
wiri1 = wj+h(af(tj, wj) + axf (8 + a2, wj + 62f (8, wj))) -

» Two function evaluations for each j,
» Want to choose a1, a», ap, 9> for highest possible order of
accuracy.

local truncation error
()= EIE, o () anf (40, () 4021 0 (6))
= V(5)+ 5" (5) + O()
= (o 2 5 0(6) + s 5 (50(5)

bl y(B)5 (5.(5) + O(,,z)) |



local truncation error
mir(h)= y'(t) + Y”(f)+0(h2)
— ((31 + a2) (&, y(t)) + a2 a2 %(tja)/(tj))
+ 2df(5.0(5) g (59(5) + O ).

where y'(t;) = f(t;, y(tj)),



local truncation error

Ta(h)= Y(5)+ oy (1) + O()

- ((al + ) F(t, y(t))) + a2 2 %(U#(U))

+ 2df(5.0(5) g (59(5) + O ).
where /(1) = (& ¥(5).
V' (5) = SH(60(6) = 5 (5v(6) + F(5.7(6) 5 (5. (5)).

For any choice with

h
a1+ a =1, 32052:8252:5,

we have a second order method

7i1(h) = O().



local truncation error

Ta(h)= Y(5)+ oy (1) + O()

- ((al + ) F(t, y(t))) + a2 2 %(U#(U))

of
b a0 (G (6D 5606 + O(R)).
where y'(t;) = f(t;, y(tj)),
df of of
y'(t) = 7)) = (G y()) + f(tjv)/(tj))@(tja)/(tj))-
For any choice with
alta=1 aam=ad= >

we have a second order method

7i1(h) = O().

Four parameters, three equations‘




General 2nd order Runge-Kutta Methods
wo=q; for j=0,1,--- N —1,
Wis1 = wj+ h (af (5, wy) + axf (4 + a2, wj + 02£ (8, wj))) -

h
ai+a =1, 3204223252:5,

» Midpoint method: a; = 0,ap = 1,ap = 0 = g

h h
V|/j+1:v|/j—{—hf<tj+2,wj+2f(tj,Wj)>.

» Modified Euler method: a; = a, = %7042 = 0> = h,

B (5 w) + F (641, w; + B (55, w)))

VVJ+1 J+2



3rd order Runge-Kutta Method (rarely used in practice)

wo = «;
for j=0,1,--- ,N—-1,
h 2h  2h h  h
Wit = wj + 4<f(tjv wj) +3f<tj + 5wt ft 4 5w 3 (Y, Wj))))

i+ ho(t;, w)).



3rd order Runge-Kutta Method (rarely used in practice)

wo = «;

for j=0,1,--- ,N—-1,

h 2h  2h h h
Wit = wj + 4<f(tjv wj) + 3f<tj + 5wt ft 4 5w 3 (Y, Wj))»

def
= wj + hé(t, w;).
local truncation error

() = ZEE) G ) = o),



4th order Runge-Kutta Method
wo = «;
for j=0,1,---,N—1,
kk = hf(tj,Wj),
h 1
ky = hf(tj+2,Wj+2k1>,
h 1
ks = hf(tj+2,M/j+2k2>,
ky = hf(tj+1,Wj+k3),

1
= wj+ — (ki + 2ka + 2ks + ka) .

Wij+1
I+ 6

‘4 function evaluations per step‘




Example

Initial Value ODE d—); —y—t?2+1, 0<t<2, y(0) = 0.5,

exact solution  y(t) = (1+t)*> —0.5¢".



Example

dy

dt
exact solution  y(t) = (1+t)*> —0.5¢".

Initial Value ODE =y—t24+1, 0<t<2, y(0)=05,

Meodified Runge-Kutta
Euler Euler Order Four
i Exact h=0025 h=10.05 h=0.1

0.0 0.5000000 0.5000000 0.5000000 0.5000000
0. 0.6574145 0.6554982 0.6573085 0.6574144
0.2 (.8292986 (.825338% 0.8290778 (.5292983
0.3 1.0150706 1.0089334 1.0147254 1.0150701
04 1.2140877 1.2056345 12136079 1.2140869
0.5 1.4256394 14147264 14250141 1.4256384




Example

d
Initial Value ODE % —y 241, 0<t<2 y(0)=05,

exact solution  y(t) = (1+t)> —0.5¢€".



Example

Initial Value ODE

exact solution

dy

t
y(t) =1 +1t)?>—-05e€".

=y—t+1, 0<t<2

y(0)

le-1
—=— Euler Method
—# - Modified Euler
—& - 4th Order RK

Approximation Errors: First Order, Second Order, 4th Order

le-3 | E
[
o=
e -
e
le-4 *
le-5 |
le-6 | R -4
I T
e----
P P . . .
o 0.1 0.2 0.3 0.4 0.5

0.5,



Adaptive Error Control (I)

d
& =f(ty(e), a<t<b y@)=a

Consider a variable-step method with a well-chosen function
o(t, w, h):
> Wy = Q.
» for j=0,1,---,
» choose step-size h; = tj ;1 — tj,
> set wi1 = w; + h; ¢ (8, wj, hj).



Adaptive Error Control (I)

Y fey). a<t<h y@)=o
Consider a variable-step method with a well-chosen function
o(t, w, h):
> Wy = Q.
» for j=0,1,---,
» choose step-size h; = tj ;1 — tj,
> set wi1 = w; + h; ¢ (8, wj, hj).

Adaptively choose step-size to satisfy given tolerance




Adaptive Error Control (II)

» Given an order-n method
> Wy = .
» for j=0,1,---,

Wjit1 = Wj+h¢(tjawjah)v h:tj+17tj7
» local truncation error (LTE)

maty = EAE o )=o),

> Given tolerance 7 > 0, we would like to estimate largest
step-size h for which

(M < T



Adaptive Error Control (II)

» Given an order-n method
> Wy = .
» for j=0,1,---,

Wjit1 = Wj+h¢(tjawjah)v h:tj+17tj7
» local truncation error (LTE)

maty = EAE o )=o),

> Given tolerance 7 > 0, we would like to estimate largest
step-size h for which

(M < T

Approach: Estimate 7j;1(h) with order-(n+ 1) method

|7‘(/,H*l = W{j+h$(tjvﬁ/j’h)a for j>0.



LTE Estimation (1)

» Assume w; = y(tj), wj~y(tj) (only estimating LTE).



LTE Estimation (1)
» Assume w; = y(tj), wj~y(tj) (only estimating LTE).
> ¢(t,w, h) is order-n method

e y(t; -yl
e W) ZIE) Gy h).m)
w2y (5) y(ti11) — (W + h¢ (8, wj, h))
h
_ y(tm)h—Wm —0(h").

7j+1(h)




LTE Estimation (1)
» Assume w; = y(tj), wj~y(tj) (only estimating LTE).
> ¢(t,w, h) is order-n method

Tiv1(h) — ¢ (8, y(t), h)

h
w2y (5) y(ti11) — (W + h¢ (8, wj, h))
h
_ y(tm)h—Wm —0(h").

> &(t,w, h) is order-(n + 1) method,

) XX G

vty V(t41) = (% + 0 (5, %, 1)
- h

_ Y)W 5 et
_ . = 0 (k).




LTE Estimation (I11)

» Assume w; ~ y(tj), wj~y(tj) (only estimating LTE).



LTE Estimation (I11)
» Assume w; ~ y(tj), wj~y(tj) (only estimating LTE).
» ¢(t,w, h) is order-n method

t. _— .
ralh) ~ PN o)



LTE Estimation (I11)
» Assume w; ~ y(tj), wj~y(tj) (only estimating LTE).
» ¢(t,w, h) is order-n method
t; — W
ralh) ~ PN o)
> ¢(t,w, h) is order-(n + 1) method,

- tiy1) — w; n
Foa(h) ~ y(J+1)h J+1:O(h +1)‘



LTE Estimation (I11)
» Assume w; ~ y(tj), wj~y(tj) (only estimating LTE).
» ¢(t,w, h) is order-n method

t. — .
Tj+1(h) ~ y(J-‘rl)h WJ+1:O(hn).

» ¢(t, w, h) is order-(n + 1) method,

~ tiv1) — w
Fa) ~ MR o (pa).

h
> therefore
a(h) ~ y(tj+1) — Wi L Wi = Wi
h h
= o(hY) + w — 0(h").

Wit1 — Wjt+1

LTE estimate: 7j41(h) = -




step-size selection (1)

LTE estimate: 7j41(h) =

Wjt+1 — Wjt1

h




step-size selection (1)

Wjt+1 — Wjt1

LTE estimate: 7j41(h) = -

» Since  T7j;1(h) = O (h"), assume

Tj+1(h) = Kh" where K is independent of h.



step-size selection (1)

Wjt+1 — Wjt1
h

LTE estimate: 7j41(h) =

» Since  T7j;1(h) = O (h"), assume

Tj+1(h) = Kh" where K is independent of h.

» K should satisfy

Wjt1 — Wj+1
Kh”%ﬁihﬁ.

» Assume LTE for new step-size g h satisfies given tolerance e:

|Ti+1(qg h)] <€, need to estimate q.



step-size selection (I1)

Wjt1 — Wjt1
h

L

LTE estimate: Kh" = 7j1(h) =




step-size selection (I1)

LTE estimate: Kh" = 7j1(h) =

L

Wjt1 — Wjt1

h

» Assume LTE for g h satisfies given tolerance e:

|7541(q h)]

~
~

~
~

(K (gh)"I =q" [Kh"|

q

n

Wit1 — Wjt+1

h

<e.




step-size selection (I1)

LTE estimate: K h" = 7j11(h)

L

~

Wjt1 — Wjt1

h

» Assume LTE for g h satisfies given tolerance e:

Tra(am)l =~ K (qh)"|=q" |KA"

n

~ q

Wit1 — Wjt+1
h

<e€

new step-size estimate: gh <

Wi+l — Wi+l

eh

1

np




Summary
» Given order-n method
Wisr = wi+ho(t,w,h), h=tia—t, j=0,
» and given order-(n + 1) method
Wis1 = wi+ho(t,w,h), for j>0.
» for each j, compute
wir1 = wj+ho (L, w h),
W1 = wi+ho(t,w,h),

> new step-size g h should satisfy

gh s




Runge-Kutta-Fehlberg: ath order method, 5th order estimate

25 1408 2197 1

PPy S A ity
Wi+ Wit 216" T 25650 T 4104 T 570
N 16 6656 28561 9 2

1 = Wit —k k ke — — ks + —k h
Wi+t Wit 135" T 128257 T 564304 50" T 56 Where



Runge-Kutta-Fehlberg: ath order method, 5th order estimate

25 1408 2197 1

PPy S A ity
Wi+ Wit 216" T 25650 T 4104 T 570
N 16 6656 28561 9 2

1 = Wit —k k ke — — ks + —k h
Wi+t Wit 135" T 128257 T 564304 50" T 56 Where

kl = hf(tﬁWJ)v



Runge-Kutta-Fehlberg: ath order method, 5th order estimate

25 1408 2197 1

PPy S A ity
Wi+ Wit 216" T 25650 T 4104 T 570
N 16 6656 28561 9 2

1 = Wit —k k ke — — ks + —k h
Wi+t Wit 135" T 128257 T 564304 50" T 56 Where

kl = hf(tJaWJ)v

ko = hf

3h 3 9
k3 = hf tj+,vvj+k1+k2>,

32 32

(
(
( 12h 1932 7200 7296 > 7
(
(

ka = hf

Sl _ k k
13" T 5107 M T 2197 72 T 2197

ks = hf

439 3680 845
thrh’Wer216k1_8k2+513k3_4104k“>’

h 8 3544 1859 11
°Wf27k1+2k22565"3+4104"4mk5>

ke = hf



Runge-Kutta-Fehlberg: step-size selection procedure

» compute a conservative value for g:
1

4

eh

2(Wjt1 — wjy1)

-



Runge-Kutta-Fehlberg: step-size selection procedure

» compute a conservative value for g:

1

€h 4

2(Wjt1 — wjy1)

a=|

> make restricted step-size change:

,_[01h ifg<ol,
| 4h, ifqg>a4.



Runge-Kutta-Fehlberg: step-size selection procedure

» compute a conservative value for g:

1

€h 4

2(Wjt1 — wjy1)

a=|

> make restricted step-size change:

,_[01h ifg<ol,
| 4h, ifqg>a4.

> step-size can't be too big:

h = min (h, hmax) -



Runge-Kutta-Fehlberg: step-size selection procedure

» compute a conservative value for g:
1

€h 4

2(Wjt1 — wjy1)

a=|

> make restricted step-size change:

,_[01h ifg<ol,
| 4h, ifqg>a4.

> step-size can't be too big:

h = min (h, hmax) -

> step-size can't be too small:

if h < hmin then declare failure.



Runge-Kutta-Fehlberg: example

Initial Value ODE d—}; —y—t?2+1, 0<t<2, y(0) = 0.5,

exact solution  y(t) = (1+t)*> —0.5¢".



Runge-Kutta-Fehlberg: example

.. d
Initial Value ODE % —y 241, 0<t<2,
exact solution  y(t) = (1+t)*> —0.5¢".
Meodified Runge-Kutta
Euler Euler Order Four
i Exact h=0025 h=10.05 h=0.1
00 0.5000000 05000000 0.5000000 0.5000000
0.l 0.6574145 0.6554982 0.6573085 0.6574144
02 0.8292986 0.8253385 0.8290778 (.8292983
03 1.0150706 1.0089334 1.0147254 1.0150701
04 1.2140877 1.2056345 12136079 1.2140869
05 1.4256394 14147264 14250141 1.4256384

y(0)

0.5,



Runge-Kutta-Fehlberg: example

d
Initial Value ODE d—}t’ —y—t2+1, 0<t<2, y(0)=05,

exact solution  y(t) = (1+t)> —0.5¢€".



Runge-Kutta-Fehlberg: example

Initial Value ODE

exact solution

dy
dt

= =y —t*+1,

y(t) = (1 +1t)*>—05e".

0<t<2, y(0)

£

h:

y(t)

Wj

Wj

0.00000
0.25000
0.48655
0.72933
0.97933
1.22033
1.47933
1.72933
1.97933
2.00000

)
0.00000
0.25000
0.23655
0.24278
0.25000
0.25000
0.25000
0.25000
0.25000
0.02067

0.50000
0.92049
1.39649
1.95374
2.58642
3.26045
3.95208
4.63081
5.25747
5.30547

0.50000
0.92049
1.39649
1.95375
2.58643
3.26046
3.95210
4.63083
5.25749
5.30549

0.50000
0.92049
1.39649
1.95375
2.58643
3.26046
3.95210
4.63083
5.25749
5.30549

0.5,



Runge-Kutta-Fehlberg: solution plots

d
Initial Value ODE d% —y—t2+1, 0<t<2, y(0)=05.



Runge-Kutta-Fehlberg: solution plots

d
Initial Value ODE d% —y—t2+1, 0<t<2, y(0)=05.

Exact solution vs. RKF approximations




Runge-Kutta-Fehlberg: solution errors

d
Initial Value ODE d% —y—t2+1, 0<t<2, y(0)=05.



Runge-Kutta-

Initial Value ODE

Fehlberg: solution errors

dy

2
=y—t°4+1, 0<t<2
dt y +7 — — )

4th order error vs. 5th order error

—e— ath order
— - S5th order

0.5 1 1.5 2

y(0) = 0.5.



Runge-Kutta-Fehlberg: truncation errors

d
Initial Value ODE d—{ —y 241, 0<t<2, y(0)=05.
actual & M , estimate def | W — W
hj hj




Runge-Kutta-Fehlberg: truncation errors

L. d
Initial Value ODE d% —y—t2+1, 0<t<2, y(0)=05.
def | y(tj) — w; . def | Wj — w;
actual = y(t) = v , estimate = |2
hj hj
Truncation Error, estimate vs. actual




