Matrices and vectors

» Matrix and vector

a11 dai2 din
dp1 d22 -+ ap def

A=| = (a; ) €eR™" p=
dml  am2 amn

€ R™.



Matrix and vectors in linear equations: example

E - X1 + X 4+ 3x4 =
E;: 21 + xx — x3 + xa =
Es: 3x1 — Xy — X3 + 2x4 =
Es - -1 + 2x0 4+ 3x3 — x4 =
1 1 0
.. . def 2 1 -1
coefficient matrix A = 3 1 1
-1 2 3
X1
unknown vector xdg X2 ,
X3
X4
4
def 1

right hand side vector (RHS) b =



General linear equations

Eq: ailxi +  anxe
Es: agixy +  anx

E,: anx1 +  amxo

+  31nXn
+  anXp
+  apnXn

bla
b27



General linear equations

Eq: ailxi +  anxe
Es: agixy +  anx
E, : anx1 + amxo
ail ar - an
def | @1 ax -+ a
A= ,
dnl anp2 - dnn

+  31nXn
+  anXp

+  apnXn

bla
b27

X1
X2

Xn



General linear

equations
annxy + anxe
azrixy + axnx
aniX1 + apxe
a2 aln
az azp

)
an2 dnn

> equation Ej maps to row j of A: (aj1, ),

ailk
a2k

» variable x, relates to column k of A:

ank

Lajn ), 1<j<n.

IN
>



Gaussian Elimination with partial pivoting (1)

a1 ar - an by X1
al axp -+ a by X2
A= . b=  x=
anl an2 ***  ann b Xn
a1l
as1

» equation E; maps to row j of A, x; relates to

anl
> pivoting: choose largest entry in absolute value:

. def
piv = argmax;<plajil, (|apiv,1] = maxi<j<nlaji|)

exchange equations E; and Eyy  (E1 < Epiv.)



Gaussian Elimination with partial pivoting (I1)

air a2 - ain by X1

a1 ax - an by X2
A= . . . , b= . , X= .

dnl dn2 - @ann b Xn

» elimination of x; from E, through Ej:

aj aj )
(1—1151>—>(Ej), <1, 2<j<n
an a1
> new row j of A
a1
(ap ap - ajn)—jn(an aip -+ ain )
a; aj .
=(0 ap—an o ajn—jllaln), 2<;<n.
» new j* component of b
-—ﬂbl

)j
a1



Gaussian Elimination with partial pivoting (1)

a1 412 -+ din
0 a» - asy ,
overwrite
new A= == A,
0 dp2 -+ App

aj1 .
where ajk:ajk—ialk, 2<j<n 2<k<n
aii

by
b, .
ove, te
new b= ] T b,

b,
where bj:bj—ibl, 2<j<n 2<k<n.
ai1

(bold faced entries are computed from elimination process.)



Gaussian Elimination with partial pivoting (V)

ail ar - an by
0 ax -+ ao by

0 dn2 ' ann bn



Gaussian Elimination with partial pivoting (1V)

ail a2 o A b
0 ax -+ ao by
A= . . i . ; b=
0 an2 - dpn bn
> repeat same process on Eg for s =2,--- ,n—1:

» pivoting: choose largest entry in absolute value:

. def
piv = argmax$<J-§,,|ajs|7 (|apiv,s| = maxi<j<nlajs|)

exchange equations E; and Epy  (Es <> Epiv.)



Gaussian Elimination with partial pivoting (1V)

ail a2 o A b
0 ax -+ ao by
A= . . i . ; b=
0 an2 - dpn bn
> repeat same process on Eg for s =2,--- ,n—1:

» pivoting: choose largest entry in absolute value:

. def
piv = argmax$<J-§,,|ajs|7 (|apiv,s| = maxi<j<nlajs|)

exchange equations E; and Epy  (Es <> Epiv.)
» eliminating xs; from E;;; through E,:

aSS

ajs overwrite
djk =  djk — —— ask

aSS

djs overwrite .
bj = bj—ibs —bj S+1§j§n.

aSS

ajg, s+1<j<n s+1<k<n,




Gaussian Elimination with partial pivoting: summary

ail ar - an by

a1 ax -+ a by
A= . . . . ) b=

anl an2 - ann bn



Gaussian Elimination with partial pivoting: summary

dil d12 -+ din b

a1 ax -+ ax b
A — s b =

anl an2 - ann bn

» fors=1,2,---,n—1:
» pivoting: choose largest entry in absolute value:

. def
piv = argmax,;<,lail, Es < Epiv-



Gaussian Elimination with partial pivoting: summary

dil d12 -+ din b

a1 ax -+ ax b
e

anl an2 - ann bn

» fors=1,2,---,n—1:

» pivoting: choose largest entry in absolute value:

. def
piv = argmax,;<,lail, Es < Epiv-

» eliminating x; from Eg,; through E,:

ajs overwrite
Ak = djk — 7 dsk ——
SS
a; .
_ 'Js overwrite .
bj = j—fbs —bj s+1<;<n.

aSS

ajg, s+1<j<n s+1<k<n,




Equations after Gaussian Elimination,

backward substitution

ail  ar

0 ax
A= ]
0 0

din
azn

ann



Equations after Gaussian Elimination,
backward substitution

a1 a2 -+ an
0 ax -+ ao
A: s b:
0 0 - ap
» fors=nn—-1,.--,1:

n
bs — Zk:s+1 dsk Xk

aSS

Xs =

matlab command x = A\b. ‘




Gaussian Elimination: cost analysis (I)

> fors=1,2,--- ,n—1:
» pivoting: (n— s+ 1 comparisons)

piv = argmax,_;,|as|, Es <> Epiv-



Gaussian Elimination: cost analysis (I)

> fors=1,2,--- ,n—1:
» pivoting: (n— s+ 1 comparisons)

piv = argmax,_;,|as|, Es <> Epiv-

» eliminating x; from Eg,; through E,:

aj .
ajx = ajk—iask, s+1<j<n s+1<k<n,
dss
djs .
bj = j_7b57 s+1<;<n
ass

Counting operations.

compute piv for each s, and perform swaps Es <+ Epiy
for each s, compute ratios %2 for each j > s+ 1.
for each s, compute aj, for each pair of j, kK > s+ 1.

>
| 2
| 2
» for each s, compute b; for each j > s 4 1.

Do not count integer operations; do not count memory costs




Gaussian Elimination: cost analysis (I1)
» fors=1,2,--- ,n—1:
» pivoting: (n — s + 1 comparisons)
piv = argmax,;,|as|, Es <> Epiv-

(total comparisons: Zs;ll(n —s5+1)= % ~1)



Gaussian Elimination: cost analysis (I1)

» fors=1,2,--- ,n—1:
» pivoting: (n — s + 1 comparisons)

piv = argmax,;,|as|, Es <> Epiv-

(total comparisons: Zs;ll(n —s+1)= % -1)
» eliminating x; from Eg;; through E,:

ajk = ajk—ﬁask, 5+1§.j§na S—ﬁ-lSkSﬂ,
aSS
by = bj—Epb | s+1<j<n
aSS
(total cost for computing {j{i} Z;’;i(n —5) = n(n2—1) )

(total cost for computing {aji}: Z;’;ll 2(n—s)? = % )

(total cost for computing {b;}: S7-12(n—s) = n(n—1) )



Gaussian Elimination: cost analysis (I1)

» fors=1,2,--- ,n—1:
» pivoting: (n — s+ 1 comparisons)

piv = argmax,;,|ai|, Es <> Epiv-



Gaussian Elimination: cost analysis (I1)
» fors=1,2,--- ,n—1:
» pivoting: (n — s+ 1 comparisons)

piv = argmax,;,|ai|, Es <> Epiv-

» eliminating xs from Eg;; through E,:

a; )

ag = ap— Law, s+1<j<n s+1<k<n,
aSS
ajs .

bj = b——b;, s+1<;<n
355

about 2(n — s)? additions and multiplications for each s.

grand total, up to n® term: additions and multiplications.

2.3
3n




Gaussian Elimination: performance on mac desktop,
in octave, GEPPruntlme 5.6 x 107°

[ = P ] About This Mac

C—
'-_(/ I"\

‘\_7(,‘_4//

OSsS X

Wersion 1o.9.5

| Software Update_ .. |

Processor 2.5 GH= Intel Core iS5
Memory -4 GB 1333 MH= DDR3

Startup Disk Macintosh HD

5.6e-05 * n” vs. GEPP run time

o 1000 2000 3000 aocoo soo0



NO scaled partial pivoting.




Gaussian Elimination with partial pivoting
» blue: A€ R™", be R" random



Gaussian Elimination with partial pivoting

» blue: A€ R™", be R" random
» red: A € R™" is Wilkinson matrix

1
-1

1

1
1
1

A=| -1 -1 , beR"™ random.

-1 -1 -1 - 1

random equations vs. Wilkinson equations with GEPP

4
l1a213f = Rand
1e+12 § o - wilkinson -7




Gaussian Elimination with complete pivoting, A € R?*?.

a a b X
A— S Py 1 - 1)
a1 ax by Xo
> pivoting: choose largest entry in absolute value:

.. def
(ip,jp) = argmaxlging‘aU’a (aip,jp| = maxi<j<nlay|)

» exchange equations E; and E, (E1 + Ep.)
» exchange columns/variables 1 and jp.

» perform Gaussian Elimination without pivoting on the
resulting 2 x 2 system.



Gaussian Elimination with complete pivoting

ailr a2 - ain by

ax ax - axp by
A= . . . , b=

dnl dn2 - dnn bn



Gaussian Elimination with complete pivoting

ailr a2 - ain by

ax ax - axp by
A= ] ] ) ] , b=

dnl an2 - dnn bn

> fors=1,2,--- ,n—1:
» pivoting: choose largest entry in absolute value:

..\ def
(ip,jp) = argmax,; i |a;l, Es <> Ep.

‘swap matrix columns/variables s and jp‘




Gaussian Elimination with complete pivoting

ailr a2 - ain by

ax ax - axp by
A= ] ] ) ] , b=

dnl an2 - dnn bn

> fors=1,2,--- ,n—1:
» pivoting: choose largest entry in absolute value:

..\ def
(ip,jp) = argmax,; i |a;l, Es <> Ep.

‘swap matrix columns/variables s and jp‘
» eliminating xs from Eg;; through E,:

ER overwrite .
ag = ajk—fask—ajla s+1<j<n s+1<k<n,
ss
aj overwrite .
bj = b—Lb EEh, s+1<j<n.
aSS

more numerically stable, but too expensive in practice




Matrix Algebra

» Definition: Let

a1 412 - dlm
a1 d22 - aAm def
) ) ’ nxm
dn,1  dan2 dn,m
bii bip -+ bim
bo1 bap -+ bom
, s ) def
B = . = (bjj) € R™™,  then
bn,l bn,2 . bn7m
aay —I—ﬂbl,l Qa2 —I—ﬁbl’g BRI al,m—i—BbLm
c aax1+Bby1 aap+fBbp o aaym+Bbm
anp1+ B bn,l Qap> + B bn,2 -er Qapmt B bn,m

= aA+pBBeR™T"



Matrix Algebra: example

> Let
_ 2 -1 7 4 2 -8 2%3
A_<3 1 0>, B <01 6>eR , then

c % A—2B:(_6 -5 23 >€R2X3.

3 -1 -12



Matrix Algebra

) A+B=B44 i) (4B +C=A+(B+0)
i) A+0=044=4 (i) A4(-A)=-A4d=0
6 A+ =4I ) (e ph= A A

) 0t = M, () U=A



Matrix-vector product vs. linear equations

aiix1 + apxe -+ 4+ aixp = b,
agix1 + axnxy -+ + ayxp = by,
anixt + amxe -+ apXp = bna



Matrix-vector product vs. linear equations

aiixy + ampxe -+ aipXp =

arixy + axpxp - 4+ axyXxp =

anixt + amxe -+ apXp =
a1 aw - an by
a1 axp -+ an b

A= . . . . ) b= ’
dnl dn2 ' ann bn

bl )
b27
b,
X1
X2
X =

Xn



Matrix-vector product vs. linear equations

aiix1 + apxe -+ 4+ ainxp = by,
agix1 + axnxy -+ + ayxp = by,
anixt + amxe -+ apXp = bna
a1 aw - an by X1
a1 axp -+ an b X2
A= ; . } , b= ) , X=
anl an2 -  @ann bn Xn
aiixy + awxe -+ adinXp
def | 21x1 + axxo -+ 4+ X oxm m
Ax = , ) .|, forany Ae R ,X € R™,
anixy + amXxe -+ 4+ apXp

equations become: Ax=Db




Matrix-vector product is dot product

ailxy + awxe - 4+ ainXp
def agixy + axpXe -+ aanpXp
Ax = )
anix1 + amXxe -+ anppXp
x1
X2
(AX)J- :( aiix1 + apxe 0+ X ):( ajl a2 - apn )

Xn



Matrix-vector product, example



Matrix-matrix product

> Let

a11 a1

a1 a»
A=

dnl  an2

alm

am
€ R™™, B=

anm

b11
b1

bml

b12

bm2



Matrix-matrix product

> Let
ail a2 - aim bir b -+ bip
P R R™m B b1 bx -+ byp e

dnl an2 **°  anm bml bm2 e me

» Column partition: by

b .
def 2j .

Bz(bl b, --- bp), bj; _ €R™, j=1,--,p.



Matrix-matrix product

> Let
ail ar - aim bir b -+ bip
A a1 ax» - am € R™M B b1 b - by e

dnl dan2 °°  dnm bml bm2 bmp
» Column partition: b1

b.

def 2j .
B=(by by -+ b, ), b= : €eR™ j=1,---,p.

» Definition: bmj

AB=A(by by - b, )E (Aby Ab, --- Ab, ) e R™P.



Matrix-matrix product

> Let
ail ar - aim bir b -+ bip
P I P L
dnl dan2 °°  dnm bml bm2 bmp
» Column partition: b1
by;
B=(b by - by), b | 7 [eR" j=1.p
> Definition: brmj
AB=A(by by - b, )E (Aby Ab, --- Ab, ) e R™P.

> entry-wise formula:

(AB)j = (Abk);= (a1 ap -~ am ) b= abi.
i=1



Matrix-matrix product, example

> Let
3 2
A=| -1 1 | eR®*? B=
1 4
>
12
C=AB=| 1
14



Theorem: Let A€ R™™, B e R™P, C e RP*K,
Then A(BC)=(AB)C. [
Proof:

(A(BQC))y = Z asi (B C);

= i asi (Z bi; cjt)

i=1

J=1

= ((

>

B) C)st -



Special matrices

» square matrix A € R™",

d1
. . d>
» diagonal matrix D =
dn
1
- - - 1
> identity matrix | =
1
Uil U2 v Ul
! . up -+ U2p
» upper-triangular matrix U =
Unn
h1
b1 b2

v

lower-triangular matrix L =



