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ABSTRACT

We define a quasilocal energy of a compact manifold-with-boundary, relative to a background manifold. The construction uses spinors on
one manifold and the pullback of dual spinors from the other manifold. We prove positivity results for the quasilocal energy, in both the
Riemannian and Lorentzian settings.

Published under an exclusive license by AIP Publishing. https://doi.org/10.1063/5.0172291

I. INTRODUCTION

The mass of an asymptotically flat initial data set is a quantity computed from the asymptotic geometry. It has the physical interpretation
of measuring the gravitational energy within the space. The positive mass theorem says that under an appropriate positivity assumption on
the curvature, the mass is posi‘[ive.l‘2

It is an old problem to localize the measurement of gravitational energy to a compact region, i.e. to give a good notion of a quasilocal
mass. Some survey articles are Refs. 3 and 4. In most of this paper we will refer more precisely to a quasilocal energy rather than a quasilocal
mass.

In view of Witten’s proof of the positive energy theorem for spin manifolds,” an attractive approach to define a quasilocal energy is to
use spinors. This idea has been considered by various people, notably Dougan-Mason® and Zhang.”” There are two basic issues with such
an approach. First, the quasilocal energy is always defined relative to some background space. For example, in the positive energy theorem,
the background space is Euclidean space. It is not clear how to incorporate the background space into the definition of the quasilocal energy.
The second issue is what boundary conditions to impose on the spinor fields. Witten’s proof used spinor fields that asymptotically approach
a constant spinor with respect to the model flat space. It is not evident what the analog should be for a compact manifold-with-boundary.

We show that both of these issues can be handled by the technique of pulling back (dual) spinors from the background space. This
technique has some history in the mathematical literature and has been applied to prove sharp comparison results about scalar curvature by
Llarull,”” Goette-Semmelmann,'” the author,'' and Wang-Xie-Yu.'? One advantage of the spinorial approach to the quasilocal energy is that
the nonnegativity of the energy, under some curvature conditions, falls out immediately.

In Sec. II we define a quasilocal energy in the Riemannian setting. Given compact connected n-dimensional Riemannian manifolds-
with-boundary (N, ON) and (M, M), suppose that f : (N,0ON) — (M, IM) is a spin map that is an isometry on ON. We think of M as the
background space and N as the manifold whose quasilocal energy we want to define, relative to M. There is a corresponding Clifford module E
on N. For simplicity, suppose that 7 is even dimensional and that N and M are spin, in which case E is the twisted spinor bundle Sy ® f * Sj;.
Let DY be the corresponding Dirac-type operator on C*(N; E).

On ON, we have the identifications

El = (Sv@(0f) " Sa)|,y 2 (SN@SY)|, = ATTHN|, = A" T*ON e A* T 0N, (1.1)

where the last isomorphism is a separation into tangential forms and forms with a normal component. Let 77 : A™ T* N | v A *T*ON be

projection onto the tangential component. There is a natural “Dirichlet” boundary condition for sections y of E given by 7T+( v aN) =0; let
D denote the ensuing self-adjoint operator. For simplicity, in this introduction we mostly consider the case when Ker(D) = 0.

To set up a boundary value problem, there is a canonical choice of section of A™ T* ON, namely the constant function 1. Let e, be the
inward-pointing unit normal on ON.
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Definition 1. If C is a nonempty union of connected components of ON, let y € C*(N; E) be the (unique) solution to DNy = 0 with
m( 1//|8N) = 1c, the characteristic function of C. The quasilocal energy associated to the boundary subset C is

o= f (v, VY y) dvoloy. (1.2)
ON
Here are some basic properties of the quasilocal energy. Let Ry and Ry denote the scalar curvatures of N and M, respectively. Define
|A%df|, the distortion of f on two-forms, to be the pointwise norm sup,, . *OW'

We recall that the boundary map Jf is an isometry on ON.

Theorem 1.

1. If f is an isometric diffeomorphism then Egyn = 0.
2. If M has nonnegative curvature operator and Ry > |A*df|(f* Ru) then Ec > 0.

Part 1 of Theorem 1 is consistent with the interpretation of £ as being a relative energy between N and M. Part 2 of Theorem 1 is an
immediate consequence of a Bochner-type formula. In particular, if M is flat and Ry > 0 then &c > 0.

Although (1.2) is an integral over the boundary of N, the solution y to the boundary value problem depends a priori on the interior
geometry of N and the map f. When M is a domain in R”, the quasilocal energy only depends on f through its boundary restriction 9f.

We give a formula for & indicating that in the weak field limit, i.e. when N is a perturbation of M, the quasilocal energy is approximately
equal to the Brown-York energy.'” We expect, but do not prove, that if one takes an appropriate exhaustion of an asymptotically flat manifold
by compact domains then their quasilocal energies will approach a normalization constant times the ADM mass. We compute Egy when N
is conformally related to M and find that it is exactly the Brown-York energy. We find a similar statement when N is rotationally symmetric.

In Sec. 111 we consider a Lorentzian quasilocal energy. That is, we have Lorentzian (# + 1)-dimensional manifolds N and M, along with
compact connected spatial hypersurfaces-with-boundary N ¢ N and M c M. Again, we use a comparison map f : (N,ON) — (M, M) that is
an isometry on ON and look at the Dirac-type operator DV acting on sections of the twisted spinor bundle Sy ® f * S3;. There is a new feature
that, in general, D" need not be formally self-adjoint on the interior of N. We first look at the case when M is a totally geodesic hypersurface
in M. Then there is no problem with self-adjointness and results from Sec. II extend. The curvature condition in part 2 of Theorem 1 gets

replaced by 2(T00 V-3 TOaTO“) > [A%df|(f * Rm), where Tap = RY; - %RﬁgJAT]B is the Einstein tensor of N.

We next look at the case when M is the flat Minkowski space R™', but the hypersurface M need not be totally geodesic. It turns out
that DV is formally self-adjoint on the interior of N if one uses an appropriate weighted L*-space. Regarding boundary conditions, there are
two natural choices. The first one does not give a self-adjoint boundary value problem but nevertheless one can use it to define a quasilocal
energy £c. The second one does give a self-adjoint boundary value problem and gives rise to a quasilocal energy £F. They have the following
properties.

Theorem 2.

1. If f is an isometric diffeomorphism then Egyn = 0.
2. If N satisfies the dominant energy condition Too > \/~X1_; TouT*® then Ec > 0 and EE > 0.

Comparing £c and EF, the first one Ec has the advantage, from part 1 of Theorem 2, of vanishing when C = ON and f is an isometric

diffeomorphism. On the other hand, £F has the advantage of coming from a self-adjoint boundary value problem.

Finally, we extend the results to the case when M is a more general Lorentzian manifold than Minkowski space. It turns out that it is
enough for M to be a product spacetime R x X for some Riemannian manifold X. This can be compared with Chen et al.’s construction of a
quasilocal energy when the background space is in a static spacetime."”

Regarding earlier work about a spinorial approach to quasilocal energy, Dougan and Mason used the complex structure on an oriented
surface to make an interesting choice of boundary condition.” Their approach is clearly restricted to n = 3. Zhang used the pure Dirac operator
to define a quasilocal energy when the background space M is a domain in R?> ¢ R>'.® His boundary condition came from using constant
spinors on R>Y compare with Proposition 12 of the present paper. He imposed geometric restrictions to ensure that the Dirac operator is
invertible; compare with Proposition 11 of the present paper. In Ref. 7 he also allowed M to be a domain in a hyperbolic submanifold of R**.

I thank the Fields Institute for its hospitality while part of this research was performed, and the referee for helpful comments.

Il. RIEMANNIAN CASE

This section is about the quasilocal energy in the Riemannian case. We begin with even dimensional spaces. Section IT A has background
information. Section II B has the definition of the quasilocal energy. In Sec. II C we prove its basic properties. Section II D computes the
quasilocal energy for conformally related manifolds. Section II E specializes to when the background space M is a domain in R” and also
treats rotationally symmetric manifolds N. Finally, Sec. IT F covers the odd dimensional case.
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A. Background

Let R denote scalar curvature and let H denote mean curvature. With our convention, OB" has H = n — 1.

Let N and M be compact connected n-dimensional Riemannian manifolds with nonempty boundary. Let f : (N,ON) — (M,9M) be a
smooth spin map, i.e. TN @ f* TM admits a spin structure. Equivalently, f* w,(M) = w2(N). Let 9f : ON — OM denote the restriction to
the boundary. We assume that for each component Z of ON, the restriction df|,, is an isometric diffeomorphism from Z to f(Z).

For simplicity, we assume that N and M are spin and that Jf is a spin diffeomorphism; the general case is similar. We assume first that
n is even. Then a spinor representation S* of Spin(#) has complex dimension 2>, while the Clifford algebra has a faithful representation
space $ = ST ® S~ of complex dimension 2>. We let $* denote the complex vector space of complex-linear functionals on S, i.e. no complex
conjugation involved. Let Sy denote the spinor bundle on N, and similarly for Sy,. Put E = Sy ® f *S ;[, a Clifford module on N. (This Clifford
module exists in the general case.) We take the inner product (-,-) on E to be C-linear in the second slot and C-antilinear in the first slot. As
End(Sy) 2 A™ (T " N), we can identify |,y with A* (T* N)|, (We require this property in the general case, which amounts to a choice of
spin structure on E|y.).

Let {eq }o-; be alocal oriented orthonormal framing on N, with dual basis {T“}Z:I. Let w4, be the connection one-forms with respect

to {ea}uo1- Let {€z}a_; of M be alocal oriented orthonormal framing of M. Let @ be the pullbacks under f of the connection one-forms
with respect to {€z}4_,

To make things more symmetric, it will be convenient to do local calculations on Sy ® f* Sy rather than Sy ® f ™ Sjyy. In the Riemannian
setting, Sy is unitarily equivalent to Sy and so we don’t lose anything this way. Let {y*}_; be Clifford multiplication by {eq }4.,, satisfying
Y9 + 9Py = 26%. Let {7 ¥ }2_, be Clifford multiplication by {7 }2_,. They both have an odd grading, in the sense that in calculations we
take y* to anticommute with 7 *

The covariant derivative on E has the local form

1 =
Vo =eo+ w,x/gg Y]+ = wwa[y 771 (2.1)
The Dirac operator on C*(N; E) is DY = —/=13"_,y°V».

We will take the orthonormal frame {e,} at a point in ON so that e, is the inward-pointing unit normal vector there. Let dvoly denote

the Riemannian density on N, and similarly for dvolgy. Given y,,y, € C(N; E), we have

f (DVyn, v )dvoly - f (v1, DVy2)dvoly = —v/—1 f (v1,7"v2)dvoloy. 2.2)
N N N
The Lichnerowicz formula implies
RN 1 P 1~ Tx‘,\?
(D) = (7 7+ B 2GR 7). 23)

We now extend some computations in Ref. 15, Proof of Lemma 4.1. Suppose that DYy = 0. In what follows, summations over Greek
letters will go from 1 to n and summations over Latin letters will go from 1 to n — 1. Equation (2.3) implies that

0=/\VN1/1|2 dvolN+/ (V/,V?’“l//)dvolaN+l/ RN|1//\2 dvoly— (2.4)
N AN 4 JN

1 ) 0 TI—~a AF

— | Rg (v,]y, , .

5 | Rl 15" 7 1)
Now DNt// = 0 implies that on ON, we have

n-1
Vev=-y"y. yViy (2.5)

i=1
nn71 i ON 1 n_j 1 g
=YY y(Vi Y @iy Yy + S0y w)
i=1
0. H@ T 2
=DMy + Ry - *V V7Y A,

where

n—-1
DBN _ _ynz yzv;?N (2.6)
is the Dirac operator on ON coupled to (f)* S;7, A is the second fundamental form of M and ZT;‘D = K(’é‘? (Of ) * (&)).

Remark 1. The factor of § in (2.5) corrects the ; that appears in Refs. 11 and 15.
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From Ref. 10, Sec. 1.1, if M has nonnegative curvature operator then
1 0 T~T ~P 1
55 Rag V177 T < LA (f " Ran) 2.7)

[The paper'” assumes that |A%df| < 1 but their argument shows the result stated in (2.7); cf. Ref. 16].

Proposition 1. If M has nonnegative curvature operator and Ry > |A*(df)|(f*Ru) then for any we C*(N; E), we have
—Jon (05 VN w)dvoloy > 0. If M has nonnegative curvature operator, Ry > |A*(df )|(f * Ru), v is nonzero and —Jon (0 Vo w)dvolay = 0 then

Ry = [A*(d)|(f* Rur).-

Proof. This follows from (2.4) and (2.7). ]

B. Definition of the quasilocal energy

Let ¢ be the Z,-grading operator on Sy. Put j° = ie. Let T be the involution on Sy|,y given by

Tn=9"y"n. (2.8)

Identifying f* Sy; | oy With S there is an induced involution T on

o
AT N, = End(S8)loy = (SN ® SN )|, 2 Silon ® F 7 S, (2.9)

We recall that an element of A* T* N acts on Sy by Clifford multiplication, realizing the isomorphism A* T*N =~ End(Sy). Then for

071

weA” T*N|3N and 7 € Sy, wehave T(w - 1) = T(w) - T(#). In terms of the orthonormal frame, T acts on T*N|8N as y°y"7'7
Let 7" be the dual covector to ej,.

Lemmal. Givenw € A™ T*N|8N, write w = wy + 7" A w_ for ws € A* T*ON. Then Tw = wy — 7" A w_.

Proof. Given an increasing multi-index I with entries between 1 and n — 1, and y € Sy, we have

T(y'y) = O"y)'v =y "y =yT() (2.10)
and
n I 0 ny n I n I, 0 n n I
Ty v) =Gy wyv==yyGy)v==yryT(y) (2.11)
Using the isomorphism A * T*N|8N = End(Sn)|,y» the lemma follows. ]

Let 7. denote orthogonal projection onto the +1-eigenspace of T, actingon A™ T* N ’ on SO Im(7 ) is isomorphic to A* T™* ON.
Consider the operator DV acting on elements ¢ € C*°(N; E). The boundary condition 7T+( v BN) = 0, which is an analog of Dirichlet

boundary conditions, defines an elliptic boundary condition for DV (Ref. 17, Sec. 7.5). One can check that with the given boundary condition,
DY is formally self-adjoint. Let D denote the ensuing self-adjoint operator, densely defined on L*(N; E) (Ref. 17, Chap. 7). It has compact
resolvent. The next proposition gives a sufficient condition for D to be invertible.

Proposition 2. Suppose that

M has nonnegative curvature operatot,

OM has nonnegative second fundamental form,

Ry 2 [A*df|(f Rm),

Hon 2 (0f) * Hom, and

Ry > |A%df|(f* Ry) somewhere or Hay > (Of) % Hay somewhere.
Then Ker(D) = 0.

Proof. Suppose that ¢ € Ker(D). From (2.4) and (2.5),

_ N 12 1 2 7i D 0 T ~T =B
0= [ 1V%yF dvoly + 5 [ RulyP dvoly - o [ Rz, (w7177 1) (212)

HN 1 2 1 " i
. D?Ny) dvol 7fH dl——f, T - 1) dvolay.
o [ D™ y)dvoloy+ 3 [ Hoxlyl dvolox = [ (w.y/'y7"7 Ay dvoloy

LL:¥G¥0 €202 Jequieoeq /2

J. Math. Phys. 64, 122502 (2023); doi: 10.1063/5.0172291 64, 122502-4
Published under an exclusive license by AIP Publishing


https://pubs.aip.org/aip/jmp

Journal of

i : ARTICLE i -
Mathematical Physics pubs.aip.org/aip/jmp

As T anticommutes with DY, we have

(v, D™y) = ~(y, D™V Ty) = (y, TD™y) = (Ty, D™ y) = ~(y, DMy),

(2.13)

so (¥, D?Ny) = 0. From Ref. 11, Lemma 2.1, (v, y" y”)?”"JAAu/) < (8f)* Hoyl|w|*. Then (2.7) and (2.12) imply that VNy = 0. Since ¥V

unitary, it follows that |y|? is constant on the connected manifold N. Then (2.12) implies that |y|* = 0.

Remark 2. 1f the Euler characteristic of M is nonzero and the degree of f is nonzero then Ker(D) # 0 (Ref. 11, Sec. 2.2).

We now discuss the boundary value problem. Given ¢ € Q* (ON) with 7, () = 0, we wish to find some ¥ € C*(N; E) so that
D"y =0 and 7, ( y|yy) = 0. Suppose that we can do this. If € Ker(D) then from (2.2), we see that [, (0,"y)dvolgy = 0 [Note that

flon € Im(7-), 50 y" 4|5y € Im(my).].

Conversely, given 0 € Q* (ON) with 4 (0) = 0, if [ ;(0,y")dvolgy = 0 for all 7 € Ker(D) then there is some y € C*(N; E) so that

DNy =0and 71+( vl aN) = 0 (Ref. 18, Lemma 14). The section y is unique up to addition by elements of Ker(D).

Let C be a nonempty union of connected components of ON. To define the quasilocal energy, we would like to take o to be the character-
istic function 1¢. To be sure that y exists, we may have to slightly modify this choice. Let Py ker( 1)), be orthogonal projection from Q *(ON)

to y" Ker(D)|yy- We put Ic = 1c — Py Ker(D)|,y, 1¢- We then take o = 1¢ and construct ¥ accordingly.

Definition 2. Put
Cc={yeC*(NM;E) : DYy = 0,7, (ylpy) = 1c}-

The quasilocal energy associated to the boundary subset C is

Ec = inf (_/aw (v, vﬁiw) dvolaN).

yeclc
Note that £ could be —oo.

Lemma 2. If Ker(D) =0 then Ec > —oo. In general, if Ec > —oo then it is realized by some Yin € Cc.

(2.14)

(2.15)

Proof. We know that Cc is a finite dimensional affine space modelled on Ker(D). If Ker(D) = 0 then C¢ has a single element and

Ec > —oo. If Ker(D) # 0 then as - [, (y, V. ¢) dvolsy is a quadratic function on Cc, the lemma follows.

O

In some statements that follow we may implicitly assume that £c > —co. We will see relevant examples where this is the case in

Propositions 4, 5, Lemma 4, and Proposition 9.

C. Properties of the quasilocal energy

Proposition 3. If f : N - M is an isometric diffeomorphism then Egy = 0.

Proof. If f is an isometric diffeomorphism then we can take E = A* T* N and identify D with d + d*. Letting » denote the Hodge

duality operator, if y € C*(N; E) then

fN (D) y, y) dvoly = f ((dd* +d* dyy, ) dvoly (2.16)
/N(dd*v//\ sy+d dyn «y)
= /N(dd*u//\ s+ wd dyn x(xy))
= /N(dd*v//\ sy+dd” sy a«(xy))
= /N(|d*u/|2+|d1//\2) dvoly + faN(d*y//\ sy+d  wya s (xy)).
Comparing with Eq. (2.4) shows
- LN(W,VZI//) dvolgy = ——/8N(d*1///\ sy +d  xyax(xy)), (2.17)
There is a solution y of DVy = 0 given by y = 1, with 77, (1) = 1. It follows that 1 is orthogonal to y" Ker( D),y 50 Lon = 1.
J. Math. Phys. 64, 122502 (2023); doi: 10.1063/5.0172291 64, 122502-5
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Ifi: ON — N is the boundary inclusion then an element of Ker(D) is a differential form p € Q* (N) satisfying (d + d™ )p = 0 and the
relative (Dirichlet) boundary condition i * p = 0. Applying i *, it follows that i * (d* p) = 0. Squaring d + d ™, it follows that (dd ™ +d* d)p = 0.
Hence p is a harmonic form a on N satisfying relative (Dirichlet) boundary conditions. In particular, dp = d* p = 0.

Hence elements y of Coy are of the form 1 + p for such p. As dy = d*™ v = 0, Eq. (2.17) gives —[on (¥ Vo ) dvolay = 0, which proves
the lemma. O

We now give the basic positivity property of the quasilocal energy in the physically relevant case.

Proposition 4. Suppose that M has nonnegative curvature operator. If Ry > |A*df|(f * Rm) then Ec > 0. If Ry > |A*df|(f* Ru) and
Ec = 0 then Ry = |A*df|(f* Ru).

Proof. This follows from (2.4) and (2.7). O
Proposition 5. If M is flat and Ry > 0 then Ec > 0. If M is flat, Ry > 0 and Ec = 0 then N is Ricci flat.

Proof. The first statement follows from Proposition 4. The second statement follows as in Ref. 11, Proof of Proposition 2.3. O

We now write £ more explicitly as a boundary integral. From (2.5), we have

1
Ec = _f <Wmin) DBNWmin) dvolgy - 7/‘ Halemi"‘z dvoloy (2.18)
ON 2 Jon

1 N it
+ E/@N (V/min;)/ Yy y]A'ﬁllfmin) dVOlaN,

We write Ymin|gy = Lc + 7" A ¢ for some ¢ € Q™ (ON). Let E' denote exterior multiplication by 7 and I' denote interior multiplication by e;,
when actingon A T*ON + 7" A A* T* ON.

Proposition 6. Iffc = 1¢ then
fo=—2 / Hon dvoloy + & f (8)* Hops dvolon (2.19)
2Jc 2Jc
1 ) 1- o
[ m lon+ [ S Rulg, (B =1)(E +7 low-
> [ Hoxlgl" dvolox + [ “Zy(g, (B = 1) (' + I)g) dvoloy
Proof. On 9N, we can represent y' by /=1(E' - I'), y" by /=1(E" = I"), 7 by E' + I' and 7" by E" + I"".

Lemma 3. We have
/;N (V/mim DaNllfmin) dVOlBN =0. (220)

Proof. As DN anticommutes with T, it follows that

f (16, D%V1¢) dvolgy = f (t" A ¢, DN (7" A ¢)) dvolgy = 0. (2.21)
ON ON
Next, since VaN restricts to the Riemannian connection on A ™ T™ N, we know that VaNlc =0, so
f (" A $,D?M1¢) dvolgy = 0 (2.22)
ON
and
f (lc,DaN‘r” A ¢) dvolgy = / (DaNlc, " A @) dvolgy = 0 (2.23)
ON ON
The lemma follows. o
Also
f H3N|l//m,‘n|2 dVOlaN = fHaN dVOlaN + / HQN‘¢|2 dVOlaN. (2.24)
ON c ON
Next, one can check that o ) S
(Ymins Y'Y TV Wmin) = 671 + (¢, (E' = I')(E' + I') ). (2.25)
Hence ) _ _ o o
(Ymins ¥"Y V"V Ajivmin) = (0F ) * Homlc +Aji(¢, (E' = T')(E' + F)¢). (2.26)
This proves the proposition. O
J. Math. Phys. 64, 122502 (2023); doi: 10.1063/5.0172291 64, 122502-6
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The first two terms on the right-hand side of (2.19) give the Brown-York energy. (We have taken a particular normalization of the
Brown-York energy.) In the case when N is a small perturbation of M, the function ¢ will also be small. Hence Proposition 6 shows that in
this weak field limit, to leading order the quasilocal energy £c is the Brown-York energy.

Remark 3. With reference to Proposition 6, in the asymptotically flat case the geometry on most of a large domain N will be a small
perturbation of the Euclidean metric. Furthermore, it’s known that the Brown-York energy of large spheres approaches the ADM mass
(Ref. 19 and references therein). This makes it plausible that under an appropriate exhaustion of an asymptotically flat manifold, the quasilocal
mass will approach the ADM mass. That this is true in the rotationally symmetric case follows from Proposition 9.

D. Conformal deformations

In this section we use the conformal covariance of the Dirac operator to say something about the quasilocal energy; cf. Ref. 6, Sec. 4.
Put (N, ¢') = (N, e*?g), where ¢|,,, islocally constantand ¢|. = 0. Let f : N — M be as before. Suppose that Ker(D) = 0. ThenI¢ = lc.

The pure Dirac operator Dirac™ "is related to the pure Dirac operator Dirac™ by Dirac™ = ¢ "3 *Dirac¥e'T ¢ (Ref. 20, Sec. II). Thinking of
Sy ® f ¥ Sp; as Hom(f ™ Sy, Sx), the same argument gives DN = TN T,

Let y be a minimizer for the quasilocal energy of N relative to M, with 7, ( y|,y) = 1c. Putting y' = e %y, it satisfies DV "y’ = 0 with
Tis (tp"aN,) = 1¢. As Ker(D') = 0, it follows that

ge=- [ (.Y )dvoly. (2.27)
N’ "
From Ref. 20, Sec. I,
! — 1 no_a
vy =e ¢(V51 + 4 (e®)ly'y ])- (2.28)
Applying this to (2.27), and using the fact that ¢|,,, is locally constant, one finds

n

’ -1
A f (exd) ] dvoloy. (2.29)
2 ON

We now specialize to the case when N = M, f = Id and C = ON. We no longer have Ker(D) = 0.

Lemma 4. If en > 0 then £y = "5 [ (end) dvolon. If enp < O then £, = —o0.

Proof. Note that ¢|,, =0. Given y' € C*(N'; E’) satisfying DYy’ =0 and 71+(1//'|8N) =15y, put ¥ = e%(’sl//'. Then DVy =0 and
rr+( v 8N) = 1gn.- The Proof of Proposition 3 implies that y = 1 + p for some harmonic form p satisfying relative boundary conditions. As in
the Proof of Proposition 3, we know that /[, (y, V3 y)dvol, = 0. Since

n—-1

- faz\f’ (v, vg'v/)dvolgr + _/BN (w, VY y)dvol, = T/(;N (en)|y]” dvolay, (2.30)

if x>0 then we minimize [, (exd)|y|* dvolgy by taking w=1. As dvoly € Ker(D), if e, <0 then we can make
2L [on (end)|y|” dvoloy arbitrarily negative by taking y = 1 + sdvoly with s large. ]

One can check that the mean curvatures of 9N’ and N are related by
Hyy = Hon — (n - 1)end. (2.31)
Hence if e,¢ > 0 then

1 1
Eon' = = f (Hon — Hyy) dvolay = = / (Hon — Hpyr) dvol gy, (2.32)
2 JoN 2 JonN

showing that the quasilocal energy equals the Brown-York energy.
In this conformal setting, we can also express the quasilocal energy as an interior integral. If n > 2 then

n-1 n-1 (=2)¢
2¢) dvol :—f ( : )d I 233
2 [é)N(e ¢) VoloN n—2Jo6N én€ VoloN ( )

n-—1 (n=2)¢
= Ae 2 dvoly

n-2Jn
1 (z2+1)¢ ~2¢
= Z/Ne 2 (Rg' —e Rg)dvolN.
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Hence if e,¢ > 0 then ) (541)
r 141)¢ —2¢
Eow = 4 fN %Ry Ry )dvoly (2.34)

One can check that this is also true when n = 2.

As |A%(dld)| = ¢, for Id : (N',g") = (N, g), Eq. (2.34) is consistent with Proposition 4.

As a special case, let (M, gg,, ;) be a compact connected codimension-zero submanifold of R? with nonempty boundary. If ¢ € C* (M)
vanishes on M and satisfies e,¢ > 0 there, put g’ = ** &ruq- Then the quasilocal energy of (M, g'), relative to (M, gg,q), is

L[ 1
Eou = 5 fM Ry dvoly,, = fM Ry dvoly. (2.35)

E. Background space in R"

In this section we make the quasilocal energy more explicit when the background space M is a domain in R". We also treat the case of
rotationally symmetric N.
From Corollary 5, if M ¢ R” and Ry > 0 then £¢ > 0.

Proposition 7. If M c R" then two choices of f : N — M with the same boundary restriction Of will give the same value for Ec.

Proof. This is because the construction of Ec only involves f through the boundary condition on Jf and the pullback of the connection
on Syy. Since Sy is a trivial bundle with trivial connection, the pullbacks of S5; under two choices of f will be equivalent. O

Of course, &£ still depends on the intrinsic geometry of ON, the extrinsic geometry of ON (resp. OM) in N (resp. M), and a priori the
interior geometry of N.

Proposition 8. Whenever Ker(D) =0, the quasilocal energy can be described as follows. Within the spinor module associated to R",

let {ea}iz;l be an orthonormal basis for Ker(y°y" —I) and let {e;}ﬁzl_l be an orthonormal basis for Ker(y°y" + I). Extending €, and € to
constant-valued sections of Sy, let y, € C*(N; Sy) be a harmonic spinor on N with boundary value in (9f) +€q - 1¢ + Ker(y°y" +I) and let

v, € C(N;Sn) be a harmonic spinor on N with boundary value in (3f) * €} - 1¢c + Ker(y°y" - I) Then

£

22
Ee=-2""Y faN ((Ya> Verya) + (V> Vo, ¥ia) ) dvolan. (2.36)
a=1

In particular, this is true under the hypotheses of Proposition 2.

Proof. Let ea* € Sj’} denote inner product with €,, and similarly for eZ;* . Under the isomorphism Sy ® Sj‘} ~ A*T* M, we claim that
Y (ea Qe +e,@el* ) corresponds to 2% € A* T™* M. This is because if I is a nontrivial increasing multi-index with entries from {1, .. ., n}

then Tr(ylm%yoy") + Tr(y”d%yqyn) = 0, while Tr( Idfzyoyn) + Tr( I‘szvyn) =22,
On the other hand, if 7, € Ker(y°y" +I) then T(7.®€, ) = —a ® €, , and similarly for an element of the form 7, ® €;™ with
#s € Ker(y°y" +I). Thus

Y=2""Y (yao frer +yiefr ™) (237)

a

satisfies DNV = 0 and 7, ( ‘P|8N) =1c. As Ker(D) = 0, it is the unique such solution. Hence

Eo=— f (¥, V¥ dvoloy (2.38)
N
227!
=" Z (far\l (va, ngu)dvola,\; + (v, Vﬁ’nt//;)dvolaN).
a=1
This proves the proposition. O

We now consider the case when N is diffeomorphic to a disk, with a rotationally symmetric metric gy. Then (N, g, ) is conformally
equivalent to a disk in R" and by rescaling the disk, we can assume that the conformal equivalence f is an isometry on the boundary.

Proposition 9. In the rotationally symmetric case, if Hon > 0 and the sectional curvature of ON is 1712 then

LL:¥G¥0 €202 Jequieoeq /2

1 -1
Eon=1 (” - HaN) dvolay. (239)
2Jan\ k
Proof. This follows from (2.32). ]
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F. Odd dimensional spaces
We now assume that # is odd. The Clifford algebra has a faithful representation S of complex dimension 2", which breaks up into

two isomorphic spinor representations S* @ S~ of Spin(n). Explicitly, we can write Clifford generators {y*}5_; on Sas y* = ( ° ‘L ), where

{0"}4=) satisfy the Clifford relations on 7 We again let e be the Z,-grading operator on S.
With this definition of the spinors S, put E = Sy ® f * Sy;. We can identify E|,y = End(Syl,y) with A™ (T* N)|8N & A*(T* N)|6N.

To realize this identification explicitly, put j° = ((1) _01) Let I be an increasing multi-index with entries between 1 and 7. Let 7° denote a new

odd variable. Then an element w; 7’ + 7° A {7’ acts on Sy|,, by sending y to (wry’ +y’wiy")y.
Define T as in (2.8). For w1, w, w, w5 € A* T*ON, we have

(0 + 7" Aw2) +7° A (@] + 7" A w}))y'y'y (2.40)

=9 (01 = 7" A w2) + 7" A (0] + 7" A @)y
Hence the induced action of T on E|5y = End(Sn)|5y is
T(w1 + 7" Awy, w1+ 17" A wg) = (w1 - " Awy, —0] + T A ws). (2.41)

We consider solutions to the Dirac equation D"y =0 on sections y € C*(N; E) with the boundary condition that if |,y
= (w1 + 17" A wy, w{ +1" A wg) then w; = 1¢ and w; = w{ = w; = 0, where the overline denotes an orthogonal projection as before. Then the
results of the previous sections have straightforward extensions.

lll. LORENTZIAN CASE

This section is about the extension of Sec. IT to hypersurfaces in Lorentzian manifolds. Section I1T A has background material. Section I11 B
discusses the case when the background space M is a totally geodesic hypersurface in a Lorentzian manifold M. Section 111 C deals with the
case when M is a compact spatial hypersurface-with-boundary in R™'. Finally, in Sec. I11 D we describe how the results of Sec. I11 C extend to
when M is a compact spatial hypersurface-with-boundary in a product spacetime R x X.

A. Background information

Let N and M be (n+ 1)-dimensional Lorentzian manifolds with signature (-1,1,...,1). Let N and M be compact connected
n-dimensional spacelike submanifolds of N and M, respectively, with nonempty boundary. Let f : N — M be a smooth spin map so that
for each connected component Z of N, the map 9Jf restricts to an isometric diffeomorphism from Z to (9f) (Z). By shrinking N and M

to suitable neighborhoods of N and M, respectively, we can assume that f is the restriction of a spin map f : N — M. For simplicity, we will
assume that N and M are spin and that 9f is a spin diffeomorphism on components of IN. We let S5 be the standard spinor bundle on N,
and similarly for Sg;.

We can identify Sﬁ|  With Sy, and similarly for Sg;.

Remark 4. We could phrase what follows just in terms of N, M and their normal bundles, but it seems more illuminating to include the
ambient spaces N and M.

Remark 5. To clarify the relation between the spinor bundle Sy considered here and that considered in Sec. II, we mention some facts
about spinors. Suppose first that  is odd. Then dim (Sgni) = 2" and dim (Sgm ® Sgn,l ) = 2"*!, which equals dim (A *R™"). We can identify
Sgr1 ® Sgn,l with A ¥ R™., Using a timelike unit vector e, the latter can be identified with A *R'@AFR. Compare with Sec. IT E.

Now suppose that # is even. Then dim (Sgn) = 2% and dim (Sym ® S];Z,,) =2". On the other hand, dim (A*R™") = 2"*!, It turns out
that one can identify Spn1 ® S{{n,l ,asa Spin(n, 1)-module, with A * (]R"‘1 )/(w ~ *w). Using a timelike unit vector ey, the latter can be identified

with A™ R". Compare with Sec. II A.

The restriction to N of the connection on Sy has the local form

1 « 1 o
V(‘;N =€+ gwaﬂa[y )yﬁ] + Ewmxayoy > (31)

LL:¥G¥0 €202 Jequieoeq /2
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where « and $ are summed from 1 to 1. Note that V" is generally not a unitary connection, because of the last term on the right-hand side of
(3.1). However, the ensuing Dirac-type operator

n
DY = /=13 Yy (32
o=1
is formally self-adjoint. To verify this, one can use the fact that in normal coordinates around a point of N, one has

[vo,9"] = woaoy’: (3.3)

The restriction of Sy; to M is isomorphic to Sy. There are corresponding connections on Sy;. As in Sec. 11, it will be convenient to use
the isomorphism of Spin(n, 1)-modules Sy; = Sy to transfer the connection from Sj; to Sy. There is a subtlety in that the isomorphism is
not unitary. If ¢ € Spin(#, 1) is a transition function for Sy then the corresponding transition function for S;; is = ". This is related to o by
o T = CoC!, where C is the charge conjugation matrix. In short, when written on Sy, one finds that the connection on SA"} takes the local
form . o

W =er+ 0 [77.70]-

s P? V- (3.4)

Note the change in sign in the last term as compared with (3.1).
Let VY~ be the connection on E = Sy ® f * S;I. It takes the local form

1 a 1 o 1 T ~f |
Ve = eo ooy YT+ Swney + (B, 777 ] - J0m7'7 (3:5)
The corresponding Dirac-type operator
DY = V=13 y'vy (3.6)
o=1

—~ =0

is formally self-adjoint except for the term /—1y7 - %wa%y 7.

B. Time-symmetric background space

Suppose that M is a totally geodesic subspace of M. Then @g, = 0. We are in a situation analogous to Sec. I1, except that N is now a
hypersurface-with-boundary in a Lorentzian manifold. We give the extensions of results from Sec. II.
Let C be a nonempty union of connected components of ON. We define the quasilocal energy Ec as in Definition 2.

Lemma 5. If f: N — M is an isometric diffeomorphism, and N is totally geodesic in N, then Ec = 0.
Proof. The proof is the same as that of Proposition 3. O
Define Tas = Ryg - 1 Ryghs for0< A,B<n.

Proposition 10. Suppose that M has nonnegative curvature operator. If

2(T00—\ ‘ —znj To,,,TO"‘) > |A*df|(f ¥ Ru) (3.7)
a=1

Proof. Using the calculations in Ref. 2, the analog of (2.3) is

then Ec > 0.

LL:¥G¥0 €202 Jequieoeq /2

1 o 1 o T 1~ T ~p

(DY) = (V)" V" + 2 (Too + Towy"y") = L[>y ](gRapﬁ[y ayﬁ])- (38)
If DVy = 0, we obtain
- f (v, VE y) dvol = f vV g dvol (3.9)
aN N
1 0 a 1. ¢ o ~0 A’ﬁ\ ))

2| 5 (Too + Toa -y R , dvol.

+ s (5 (T Tos) = 07 Y §Regnl75771) Jw) v
Using (2.7), the proposition follows. O
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We now give an analog of (2.19). If DNy = 0 then the analog of (2.5) is
H 1y im g+ 1 n 1 i
oy = DRy + 3 = DYV Ay = w0y + S wony’y'v, (3.10)
where DZY,, is the intrinsic Riemannian Dirac-type operator on ON. Then
1
- f (v, VE y) dvol = - f (v, DN ) dvoloy - - f Haonv[ dvoloy (.11)
ON N 2 JoN

1 n I/\TI/\TA
5 Lo (Y YT Ay dvolay

1 0. n
by > ii d 1
5 Jon (7Y woiy) dvoloy

1

"2 Jon (v, Voyiwoml//) dvolgy.

If y € Cc then the last term in (3.11) vanishes, as T anticommutes with yo yi,
To analyze the next-to-last term in (3.11), suppose that 7 is even and 1¢ = 1c. Writing Ymin| 5y = 1c + 7" A ¢ for ¢ € Q™ (ON), we have

yoy"wmin|aN = —y”yo(lc + 17" A ¢). The Z,-grading operator € of Sy, when acting on Sy ® Sy = A* TN, is a fourth root of 1 (depending on
the congruence class of n modulo 4) times

Y'Y Y = (-D)E - E-T).. . (E"-T1"). (3.12)

Applying both sides to 1c gives y°1¢ = clct' A... A 7" for a complex constant ¢ of unit norm, depending on n. Then y"y’1c = v/~1
(E"-T1")- clc(T1 AcooATh) = d1ctt A ... AT"7L, for another unit constant ¢’. In particular, the following terms vanish:

(16,9"y woiilc) = (7" A ¢,9°y " woilc) = (1¢, 7’y woit” A @) = 0. (3.13)
Asin (2.19), we obtain

g =~ [ How dvolax + 2 [ (9F)" How dvolax +Q(9), (3.14)

where Q(¢) is an explicit homogeneous expression of order two in ¢. There is a similar discussion when 7 is odd.
If K denotes the second fundamental form of N in N then the sum wo;; on ON, which will appear in the next proposition, equals
Tr(K) — K(en, en).

Proposition 11. Suppose that

o M is a convex domain in R",

o Too—/=Sis; ToaT™ 20,

o Hon — |woii| > (Of) * Hop, and
o Too— /=20, Tou T > 0 somewhere or Hay — |woi| > (9f) » Hop somewhere.
Then Ker(D) = 0.
Proof. The proof is similar to that of Proposition 2. O

Proposition 12. Whenever Ker(D) =0, the quasilocal energy can be described as follows. Within the spinor module associated to R",

let {eu}ﬁil be an orthonormal basis for Ker(y°y" —I) and let {e;}ﬁil be an orthonormal basis for Ker(y°y" + I). Extending €, and €, to
constant-valued sections of Sy, let y, € C*°(N; Sn)) be a harmonic spinor on N with boundary value in (Of ) x €4 - 1c + Ker(y°y" +I) and let
vl € C*(NSy) be a harmonic spinor on N with boundary value in (3f ) * €} - 1¢ + Ker(y’y" —I) Then

257!
fo=-2""% faN (o> VY i) + (0 V92 Y dvolon. (3.15)
a=1

In particular, this is true under the hypotheses of Proposition 11.

Proof. The proof is the same as for Proposition 8. O
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C. Background space in R™!

We now let the background space be a more general submanifold of Minkowski space. Let M be the Lorentzian R™ and suppose that
M is a compact connected spacelike hypersurface-with-boundary in M. In general, the term @Wg,, in (3.5) need not be zero and there is an
apparent problem with formal self-adjointness of D" on the interior of N. We can get around this by changing the inner product. We use the
fact that Sy is the restriction of the trivial bundle Sy; to M. Choose a constant timelike unit vector field 7 in M. There is a corresponding
inner product (-, -) 7 on the trivial bundle S3;. Namely, if (-, -) is the indefinite Spin(n, 1)-invariant bilinear form on Sy; then the inner product
on Sy; is given by (s1,52) 7 = (\/—_lc( T )s1,s2), where ¢( T) is Clifford multiplication by 7. We can then restrict (Sz;, () 7) to M, dualize to
get an inner product (-, -}, on S;; and pullback to N, to obtain an inner product (-,-}gs on E = Sy ® f ¥ Sj;.

In order to express the boundary conditions, it will be convenient to write things more intrinsically on M. Let U ¢ M be a connected
open subset on which an oriented orthonormal frame {@3}4_, is defined and let o € U be a basepoint. Since the connection on Sy; is flat,
we can locally write the expression é&)‘a\?&[?a,?ﬁ] ®7T% - %Am?ﬁ?a ®7° in (3.4) as g~ 'dg for some g : U — Spin(#n, 1). Let p : Spin(n,1)
— SO(n,1)" be the double cover. If €5(myo) is a unit normal vector to M at mo then we can partially normalize g by specifying that g(mj)
sends €g(mo) to T in Ty, M. The remaining ambiguity in g will be left multiplication by a constant element of Spin(n). On the other hand, a
change of oriented orthonormal frame corresponds to amap ¢ : U — SO(#) which lifts, using the spin structure, to a a map ?/? : U — Spin(n).
The effect of the new frame is to multiply g on the right by ¢ .

If Uy and U, are overlapping such domains then their corresponding orthonormal frames will be related by a map ¢, : Uy n Uz
- 80(n), which we lift using the spin structure to ¢12 : Ui n Uy — Spin(n). Then the maps g, : U; - Spin(n, 1) are related on U; n U,
by &1 = un2 gzzﬁle, for some constant element u1; € Spin(n). In effect, this uses the fact that e is well-defined on M. Similarly if U, n U,

intersects OM then using the fact that the unit normal @ is well-defined, we can assume that % 2‘ takes values in Spin(n — 1).

U NnU,NnOM
On the domain U, put A = g¢* g and define a weighted inner product (-, ~)S\>4k s DY (51,52)3; = <51,A52)S\>4k for 51,52 € Sy;. Left multi-
plication of ¢ by an element of Spin(#) doesn’t change A, so A is independent of choices. The connection (3.4) on Sj; is compatible with
() # o> since the ambient flat connection on Sy; is compatible with ()7
Given a smooth spin map f : (N,ON) — (M, M) which is an isometric spin diffeomorphism on each connected component of N, we
construct the Clifford module E = Sy ® f * Sy; on N, with the inner product {-,-)g = (- M, @ f o, >|S\>/[k o The analog of (2.2) is

St

f (DNll/bl//z)E,sa dvoly - f <1//1aDN1//2>E,sa dvoly (3.16)
N N
=~V [ (v s dvolo.

Proposition 13. If N satisfies the dominant energy condition Too > \/~Y"_| Toa T** then for any w € C™(N; E) satisfying DNy = 0, we
have

- fa y (¥, Vo ¥)5a dvolay > 0. (3.17)

Proof. On the interior of N, we can think of D" as D" ® Idczn/z . By the calculations in Ref. 2, in this representation we can write

1 p
(DY) = (@59 + 5 (T + Towy™") | ® 1d o (3.18)
As DV ¥ = 0, after integrating by parts we obtain from (3.18) that

- f (V> Vo, ¥)sa dvolon (3.19)
N
1 «
= /N ((VV/’ VV)Esa + 5(1//, (Too + Toa)"y )I/I)E,sa)dvol.

The proposition follows. o

0, 107

To follow what was done in Sec. I, we put T = y"y"9y" 3", acting on E|,y. We again have T1 = 1. Note that T may not be self-adjoint
with respect to (-, )£ sa-

Given ¢ € Q™ (ON) with To = o, there are two natural boundary conditions to impose on the equation D"y = 0; we could ask that
¥|gy €0+ Ker(T +1) or we could ask that y|,,, € o+ (Ker(T —1I))*. For concreteness, we take the second choice.

Consider the operator DV acting on elements y € C* (N E) that satisfy | oy € (Ker(T —1I))*. This defines an elliptic boundary con-
dition. Let D be the corresponding operator, densely defined on C™ (N; E). Here D may not be self-adjoint but it still has discrete spectrum
with eigenspaces of finite multiplicity.
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We wish to find some y € C*°(N; E) so that DNy = 0 and ¥|gy €0+ (Ker(T —I))*. This is an elliptic boundary value problem. Suppose
that we can do this. Note that y" v,y € y"o + (Ker(T +I))* Put

H={neC (N;E) : D"1=0,1|yy cKer(T+I)}. (3.20)

If € H then from (3.16), we see that [ 5 (g,y"n)dvolay = 0. Conversely, given o € Q% (ON) with To = g, Fredholm theory implies that
if [,y{0,y"n)dvoloy =0 for all # € H then there is some y € C*(N; E) so that DYy =0 and yl,y €0+ (Ker(T —I))*; cf. Ref. 21,
Theorem 2.4.5. The section y is unique up to addition by elements of Ker(D).

As before, C is a nonempty union of connected components of ON. We would like to take ¢ = 1¢. To be sure that y exists, we may have
to slightly modify this choice. Let P, be orthogonal projection from Q" (ON) to y"H. Weput I¢c = 1¢ — Py lc, take o = 1c and construct
y accordingly.

Definition 3. Put

Cc={yeC®(N;E) : DYy =0, y|,y € lc+ (Ker(T -1))"}. (3.21)
The quasilocal energy is
£ = iwgg(f | e dvolaN). (3.22)

Proposition 14. If N =M =R™" and N = M then Epy = 0.
Proof. In this case, the connection forms satisfy @ = w. Suppose that # is odd. We can identify E with A* (T*N) +° AA* (T*N).

Putting y* = V=1(E* - I*), 7% = E* + I, y° = v/=1(E° + I°) and ')76 = —(E’ - I"), when acting on Q* (N) @ 7° A Q™ (N) one can check
that

Vo = e + Wapo BT + woao (BT + E°I°). (3.23)

In particular, V5 1 = 0,50 DV1 = 0. It follows that 1 = 1,s0 1 € C, with —Jfon (1, VN 1)gsa dvolay = 0. Proposition 13 now implies that Egy = 0.
The proof when 7 is even is similar. O

For an alternative approach that maintains self-adjointness, if U ¢ M is an open set as before then on U n M, we put

“[@H)* )] VYT T [0 * g )]s (3.24)

which is now a self-adjoint idempotent with respect to (-,-)gs. To see that this is globally defined, as mentioned before on an overlap

U, n U, N OM we can assume that ’qglz commutes with ')70 and ')7ﬁ As

((u128673) “ui2gd1s ) = $12(¢* ) 612 (3.25)
we obtain

[0 @ ] 'yT7 (0" (& )] (326)
- @) Fe{ (00" @ ] YTTLON” @ )] 00 T

Taking into account that ¢, encodes how spinors transform, it follows that Ty, is globally defined on ON. We still have Ts,)" + y" Tss = 0.
Lemma 6. Consider the operator DV on elements w € C™ (N E) satisfying the boundary condition
(T +I) Y]y = 0. (3.27)

It is formally self-adjoint.
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Proof. Ify,,y, € C*(N; E) satisfy (Tsa +)y1|gy = (Tsa + I)y2|5y = 0 then
faN (¥1,7"¥2)E5a dvoloy = _faN (v1,y" Tsa¥2) Bsa dvolay (3.28)

= f <l//1’ Tsaynlllz >E,su dVOlaN
ON
= /(,;N (Ta1,y"¥2)Esa dvolay

= _f (v1,y"v2) B0 dvolay,
AN

$0 [5n {¥1,Y"¥2)Esa dvolgy vanishes. Using (3.16), the lemma follows. ]

With reference to Lemma 6, let D be the self-adjoint extension. It has compact resolvent.

To find the right boundary value problem, we want a section ¢ of E|,,, so that T,0 = 0. Identifying E|,, with End( S| aN)’ an initial
attempt would be the operator s¢ = 2_"/21c[(8f) * (g*g)]ﬁ when acting on Sy|5,. We note that (g*g)_% is an isometry from (S;;, {-,-))
to (Sap ()sa)-

More explicitly, at a point n € ON, let {v, 221 be an orthonormal basis of Sy and let v, denote inner product with respect to v,. Then
we put

1 2% 1
se=2""1(0)* (¢ g) 2 - 1d=27"""1cY va @ (9f) * (7 9) 2w (3.29)
a=1

If we divide {vu}ﬁzl into orthonormal bases for the +1-eigenspaces of yo y" then one sees that Tsc = sc.
Let 7, denote orthogonal projections onto the +1-eigenspaces of T, acting on sections of E|;,. As before, we may have to slightly modify
the boundary data sc to ensure that we can solve the boundary value problem. Put S¢ = s¢ = Py ker(p)|,,,, Sc- Then there is some y € C “(N; E)

so that DNy = 0 and 7+ (¥]5y) = Sc. The section y is unique up to addition by elements of Ker(D). We define £ as in Definition 2, using

('; ')E,su-

Proposition 15. If N satisfies the dominant energy condition then Ec > 0 and E¢ > 0.
Proof.This follows from Proposition 13. O

Proposition 16. Ec and EE only depend on f through its boundary value Of .

Proof. The proof is the same as for Proposition 7. O

The quasilocal energy £c depends on the choice of constant timelike unit vector field 7 in R™'. By minimizing over such choices, we
obtain the quasilocal mass.

Definition 4. The quasilocal mass is Mc = infr Ec.

D. Background space in a product manifold

In Sec. V, when the background space was a subspace of R™', we effectively performed a gauge transformation in order to make ¥ "
locally trivial. This had the effect of making the Dirac-type operator DV formally self-adjoint on the interior of N. Looking at the connection
(3.4), one sees that what one really needs is a gauge transformation to make ¥ " unitary. This can be achieved if the connection on the ambient
spinor bundle Sg; is unitary. The easiest situation in which this is guaranteed is when the Lorentzian manifold M is an isometric product R x X
for some n-dimensional Riemannian spin manifold X. Of course, this includes the case when M =R",

Let M be a spacelike hypersurface with boundary in M = R x X. As in Sec. V, we can find local maps g : U — Spin(n) on M so that

1. % 3 -7 1. - 7\ -1 -1
g(g“’aﬁ&[)’a:)’ﬁ] ®T — SWe? 7 ® T")g +gdg (3.30)
is a one-form with values in skew-Hermitian matrices (as opposed to its vanishing in Sec. V). We can assume that g(my) sends e5(mo) to
the timelike unit vector 0y in TmDM On an overlap Ui N Uy, the maps g, and g, are related by g1 = ulzgnglz for maps u12,¢12 Ui nU,
— Spin(n), where uy, is covariantly constant and ¢, comes from the change of local orthonormal frame.
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On the domain U ¢ M, we put A = g¢* ¢ and define an inner product (-, ')S;Ik DY (51’52>3Aj‘ = (sl,Asz)sj .

Proposition 17. Suppose that X has nonnegative curvature operator. If v € C= (N; E) satisfies D"y = 0 and

2| Too— | =, TouT* | > |Adf|(f " Rx) (3.31)
a=1
then — [o (¥, Ve, y) 2 0.
Proof. After making local gauge transformations, the proof is the same as that of Proposition 13. ]

We can define Ec and £ as in Sec. V. The analogs of Propositions 15 and 16 hold.

AUTHOR DECLARATIONS
Conflict of Interest

The author has no conflicts to disclose.

Author Contributions

John Lott: Conceptualization (lead); Formal analysis (lead); Investigation (lead); Methodology (lead); Writing — original draft (lead);
Writing - review & editing (lead).

DATA AVAILABILITY

Data sharing is not applicable to this article as no new data were created or analyzed in this study.

REFERENCES

'R. Schoen and S.-T. Yau, “Proof of the positive mass theorem. IL,” Commun. Math. Phys. 79, 231-260 (1981).

2E. Witten, “A new proof of the positive energy theorem,” Commun. Math. Phys. 80, 381-402 (1981).

3L. Szabados, “Quasi-local energy-momentum and angular momentum in general relativity,” Living Rev. Relativ. 12, 4 (2009).

“M.-T. Wang, “Four lectures on quasi-local mass,” arXiv:1510.02931 (2015).

SA. Dougan and L. Mason, “Quasilocal mass constructions with positive energy,” Phys. Rev. Lett. 67, 2119-2122 (1991).

5X. Zhang, “A new quasi-local mass and positivity,” Acta Math. Sin., Engl. Ser. 24, 881-890 (2008).

7X. Zhang, “On a quasi-local mass,” Classical Quantum Gravity 26, 245018 (2009).

8M. Llarull, “Scalar curvature estimates for (n + 4k)-dimensional manifolds,” Differ. Geom. Appl. 6,321-326 (1996).

M. Llarull, “Sharp estimates and the Dirac operator,” Math. Ann. 310, 55-71 (1998).

195, Goette and U. Semmelmann, “Scalar curvature estimates for compact symmetric spaces,” Differ. Geom. Appl. 16, 65-78 (2002).

7. Lott, “Index theory for scalar curvature on manifolds with boundary,” Proc. Am. Math. Soc. 149, 4451-4459 (2021).

2], Wang, Z. Xie, and G. Yu, “On Gromov’s dihedral extremality and rigidity conjectures,” arXiv:2112.01510 (2021).

13]. Brown and J. York, “Quasilocal energy and conserved charges derived from the gravitational action,” Phys. Rev. D 47, 1407-1419 (1993).

#P.-N. Chen, M.-T. Wang, Y.-K. Wang, and S.-T. Yau, “Quasi-local energy with respect to a static spacetime,” Adv. Theor. Math. Phys. 22, 1-23 (2018).
157, Lott, “A-genus and collapsing,” J. Geom. Anal. 10, 529-543 (2000).

oM. Listing, “Scalar curvature and vector bundles,” arXiv:1202.4325 (2012).

'7C. Bir and W. Ballmann, “Boundary value problems for elliptic differential operators of first order,” in Surveys in Differential Geometry XVII (International Press, 2012),
pp- 1-78.

185, Farinelli and G. Schwarz, “On the spectrum of the Dirac operator under boundary conditions,” J. Geom. Phys. 28, 67-84 (1998).

1QX.-Q. Fan, Y. Shi, and L.-F. Tam, “Large-sphere and small-sphere limits of the Brown-York mass,” Commun. Anal. Geom. 17, 37-72 (2009).

20]. Lott, “Eigenvalue bounds for the Dirac operator,” Pac. |. Math. 125, 117-126 (1986).

2YM. Agranovich, “Elliptic boundary value problems,” in Partial Differential Equations IX, Encyclopedia of Mathematical Sciences Vol. 79 (Springer-Verlag, New York,
1997).

LL:¥G¥0 €202 Jequieoeq /2

J. Math. Phys. 64, 122502 (2023); doi: 10.1063/5.0172291 64, 122502-15
Published under an exclusive license by AIP Publishing


https://pubs.aip.org/aip/jmp
https://doi.org/10.1007/bf01942062
https://doi.org/10.1007/bf01208277
https://doi.org/10.12942/lrr-2009-4
http://arxiv.org/abs/1510.02931
https://doi.org/10.1103/physrevlett.67.2119
https://doi.org/10.1007/s10114-007-7153-1
https://doi.org/10.1088/0264-9381/26/24/245018
https://doi.org/10.1016/s0926-2245(96)00025-3
https://doi.org/10.1007/s002080050136
https://doi.org/10.1016/s0926-2245(01)00068-7
https://doi.org/10.1090/proc/15551
http://arxiv.org/abs/2112.01510
https://doi.org/10.1103/physrevd.47.1407
https://doi.org/10.4310/atmp.2018.v22.n1.a1
https://doi.org/10.1007/bf02921948
http://arxiv.org/abs/1202.4325
https://doi.org/10.1016/s0393-0440(98)00013-8
https://doi.org/10.4310/cag.2009.v17.n1.a3
https://doi.org/10.2140/pjm.1986.125.117

