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“Some of the means I use are trivial-and some are quadrivial.”

J. Joyce

ABSTRACT. We discuss here a variational viewpoint common to three problems in nonlinear
PDE: the construction of optimal Lipschitz extensions, the Monge—Kantorovich problem, and
weak KAM theory for Hamiltonian dynamics. We establish also some interesting analytic
estimates.

1. Overview.

This expository paper discusses some viewpoints and estimates common to three related
singular variational problems, which turn out in asymptotic limits to have quite different
interpretations. These are: (I) the construction of optimal Lipschitz extensions of given
boundary data, (IT) the Monge—Kantorovich optimal mass transfer problem, and (III) a
form of weak KAM theory for Hamiltonian dynamics.

The above quotation from Joyce (cited in the book [J]) depends upon the Latin deriva-
tion of the word “trivial”, from “tri” (= three) and “via” (= road or way). It is interesting
that there is a “trivial” (three-way) variational principle behind these apparently rather
different problems. Perhaps a fourth application remains to be found, so that our method
would then be “quadrivial”.

I would like to reemphasize here that this is an expository paper. I have not yet written
up fully detailed proofs of some of the assertions herein, and consequently this should be
regarded as an informal research announcement.
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I presented some of these results at an meeting at RIMS in Kyoto, during September,
2002. I thank the organizers, and especially Professor Hitoshi Ishii, for their hospitality.

I also thank G. Aronsson for correcting an error in my definition of the term L for
Problem I.

1.1 Three variational problems.

First of all, fix a parameter k > 1, which we will later send to infinity.

Problem I: Optimal Lipschitz Extensions. Assume for our first problem that
we are given a bounded, smooth domain U C R” and a Lipschitz continuous function
g : R™ — R. Then define

(1.1) Liw] := / ezIPvl gy
U
for functions w in the admissible class
(1.2) A; :={w:U — R | w is Lipschitz continuous, w = g on U }.

We minimize I1[] over A;.

Problem II: Optimal Mass Transfer. Let U = B(0, R) denote the ball in R” with
center 0 and (large) radius R.

Assume f : R™ — R is summable and has compact support, lying within B(0, R). We
write f = f* — f~ and suppose the mass balance condition that

/(]f+da::/ljf_dy:1.

Then define
1 2
(1.3) Ir[w] ::/ —ez(IDw=1) _ ¢ dy
vk
for w belonging to
(1.4) Ay :={w: U — R | w is Lipschitz continuous,w = 0 on 0U }.

We minimize I5[-] over As.

Problem III: Weak KAM Theory. For our last example, let T™ denote the flat unit
torus in R™, that is, the unit cube with opposite faces identified. Suppose P € R" is fixed

and V : R" — R is a smooth, T"-periodic potential.
Define

wl?2
(1.5) Is[w] := / PV gy
on the admissible set
(1.6) Az :={w:R" — R | w is Lipschitz continuous and T"-periodic}.

Once again, we minimize I3[-] over As.



1.2 Euler—Lagrange equations.

For Problems I and II, let u; denote a minimizer and for Problem III, write u; :=
P - x 4 vi; where vy, is a minimizer. The Euler—Lagrange equations then take these forms:

Problem 1I:

(1.7) —div(oxDug) =0 inU
where

(1.8) o) 1= ek(%_%’%)
for

2 Epu? s\
(1.9) Ly = <—log/ e |Duxl dx) .
ko Ju

Problem II:

(110) - le(O’kDuk) = f in U

(111) O = e§(|Duk|2_1)

Problem III:

(1.12) —div(opDug) =0 in T"

for

(1.13) B A )

and

(1.14) H,(P) = %log/ HFOZBE V) g

Remark. We call (1.7),(1.10), (1.12) continuity (or transport) equations. Notice that
for Problems I and III we have normalized so that o5 > 0 satisfies

(1.15) / O'kd.rzl, / akdle
U n

respectively, but have not done so for Problem II.

Our goal is to understand for each of our problems what happens in the limit as the

parameter k goes to infinity.
3



1.3 Limits as k— oo.
We describe next the limiting behaviors of uy and oy:

Problem I: Optimal Lipschitz Extensions.

For our first problem, we assert this asymptotic behavior:
(i) As k — o0, ux, — u uniformly on U and u is the unique viscosity solution of

—Ug, Uy Uz, =0 m U
(1.16) ! !

u=g in OU.

(ii) Furthermore, Ly, — L for

o l9(z) — g(y)|
L.—SUP{W | z,y € U, x#?J}?

where dist(x,y) denotes the distance from x to y within U. That is,
dist(x,y) := inf{ length of v | v is a Lipschitz curve in U connecting x and y}.
(iii) Also, o}, — o weakly as measures, where o is a probability measure on U such that
|Du| =L o-a.e. in U.

(iv) We have
(1.17) —div(eDu) =0 in U.

The idea here is to construct an optimal Lipschitz extension into the domain U of the
given boundary values g, following Aronsson’s variational principle that for each subdo-
main V C U we should have

[Dullpo vy < || Dvl|pee (v

for each Lipschitz function v satisfying u = v on 9V. The PDE in (1.16) is in effect the
Euler-Lagrange equation for this sup—norm minimization problem. We sometimes write

Uz, Uy ; Uz, z; = Ac>ou7

the so—called “infinity Laplacian”. See for instance Aronsson [A], Barron [B], Barron—
Jensen—Wang [B-J-W] for more detailed explanations.
Problem II: Optimal Mass Transfer.

We examine next Problem II as k — oo:
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(i) As k — o0, ur — u locally uniformly on U, where
(1.18) |Du| <1 a.e.

(ii) Furthermore o, — o weakly as measures and
(1.19) —div(cDu) = f inU.

(iii) o(U) is the Monge—Kantorovich cost of optimally rearranging the probability mea-
sure du™ = fTdx to du~ = fdy.
(iv) We also have
~Ug, Uz Ug;z; =0 10 U —spt(f).

The basic Monge-Kantorovich problem asks us to find a mapping s to minimize the
cost functional

Cl] == / o~ x(@)] du* (2)

among one-to—one mappings r : R” — R" that push forward p* into u~. As explained
in Ambrosio [Am], Caffarelli-Feldman-McCann [C-F-M], [E1], [E-G1], etc., the potential
function v can be employed to design an optimal mass allocation plan s. The measure o is
called the transport measure (or the transport density, when it has a density with respect
to Lebesgue measure).

Problem III: Weak KAM Theory.

Finally, we address the asymptotic limit of Problem III:
(i) As k — oo, ux, — u uniformly on T™ and u is a viscosity solution of

(1.20) ~Ug Ug Ug,z; = Vo, Ug;, 0 T".

(ii) Furthermore Hy(P) — H(P), where H is the effective Hamiltonian in the sense of
Lions—Papanicolaou—Varadhan [L-P-V].
(iii) We have o, — o weakly as measures and

(1.21) —div(eDu) =0 in T".
(iv) In addition,

Dul? _
| 2u\ +V =H(P) o-a.e.

(1.22)

A full proof can be found in [E2]. As explained in Evans—Gomes [E-G2], we can regard
(1.22) as the generalized eikonal equation and (1.21) as the continuity equation correspond-

ing to the dynamics
X(t) = =DV (x(t)).

The support of the measure o is the projection of the Mather set onto T". See also Fathi
[F], Mather [Mt]|, Mather-Forni [M-F] for other viewpoints.
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2. L? and LP bounds.

An advantage of the common viewpoint set forth above is that we can at least hope to
find analytic methods applicable to several of the problems at once.

In this and the next two sections we illustrate some common PDE methods, which apply
variously to Problems I-III, for deriving useful estimates.

2.1 An L2-estimate (Problem III).

Consider from Problem III the Euler-Lagrange equation

(2.1) — diV(O’kDuk) =0 in T"
for
(22) o = ek(‘DHQkIQ“FV—H)

and ur = P - x + vy, vg periodic. Write

(2.3) hy, = ‘DZ’CP LV - .

Lemma 2.1. We have the identity

(2.4) / |D?ug|?* + k|Dhy|*doy, = —/ AV doy,,
and consequently

(2.5) / D2ug|? + k| Dhy2dor, < C,

for a constant C' independent of k.
Here we write “doy” for “opdx”.

Proof. To simplify notation, we henceforth drop the subscript k. Owing to (2.1) we have
0= / (OUg, )z Uz, dT = / (OUg, )z, Va2, dT
:/ OUgyz; Ugyz; T Oy Ug; Uy AT
Now 0y, = k(g Us,2; + Vi, )0 = khy,o. Therefore
0= / o|D*u|? + ko Dh - (Dh — DV) dx;
and this gives

/ |D?u|? + k|Dh|*do = | Do-DVdr=— | AVdo.
Tn Tn Tn



2.2 An LP estimate for the transport density (Problem IT).

We turn now to Problem II, for which

(2.6) —div(opDug) = f inU
and
(2.7) o = e (1Dul*=1),

We assume that ug has compact support, and |ug| < M for some constant M. The
following estimate is from the forthcoming paper [D-E-P].

Lemma 2.2. For each 2 < p < oo, there exists a constant C, depending on p but not k,
such that

(2.8) /O'deSC(/ |fIP dz +1).
U U
Proof. 1. We again omit the subscripts k. Let ¢ = p — 1 > 1. Multiply (2.6) by o%u to
discover
/ oy, (0%u),, doe = / foludz.
U U
Hence

/ o Dul? + qoDu - Doudr = / foludz.
U U
Since |Du|* > 1 if o > 1, owing to (2.7), we can deduce that

(2.9) /Jq+1d:c§0/ |f|q+1dx—|—C’/ c?|Du - Do|dx + C.
U U U

2. We must control the second term on the right-hand side of (2.9). To do so, we next
multiply our PDE (2.6) by — div(c?Du) and integrate by parts:

(2.10) /U(auwi)xj (0%Ug;)e, dv = — /U [0y, )y, dx.

(We are ignoring here a boundary term, which turns out to have a good sign: see [D-E-P]
for details.) The term on the left equals

/ (Uuwiwj + 0 Ua:i)(aquwimj + qaq_laxiuwj) dx
U

(2.11) = / o1 D?u|? + qo9 | Du - Do|* + (¢ + 1)090, Uy Uy, dx
U

1
- / o9 D?u|? + qo% | Du - Do|? + %aq_l\D(ﬂQ dx,
U

since (2.7) implies 0, = Kty 4, uz;0. The term on the right-hand side of (2.10) is
—/ f(aquxjxj—l-qch_laxjumj)dm
U
1
(2.12) < 3 / o1 D*ul? + g0 Y Du - Do|? dx + C’/ fPo?dx.
U U

We combine (2.10)—(2.12) and perform elementary estimates to arrive at (2.8). O
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3. Bounds and formulas involving Du.

3.1 Detailed mass balance (Problem II).

Interesting identities sometime result if we multiply the various transport equations by
®(Du), where
d:R" >R

is an arbitary smooth function. For example, turn again to Problem II:

(3.1) —div(oxDug) = f in U,
where
(3.2) o = e2(Durl*=1)

Lemma 3.1. We have the identity

auk

(3.3) %/ Dak-DCI)(Duk)dx—/ Jka—q)(Duk)dH”_l :/ f®(Duy) dx.
U ouU v U

Proof. We calculate

/qui‘I’(DU)mi dm—/ 0%@(Du}d7’["1:/ f®(Du)dx,
U U

oU v
and the first term on the left is

Oz,
OUg, Py, (DU)Ug 2, dv = ? ®,, (Du) d.

Remark. This formula suggests that in the limit k& — oo, we should have

/ ®(Du)f dx =0,

if 01 goes to zero on OU. Consequently,

(3.4) /n ®(Du)fTdx = /n O(Du)f~dy

for all smooth @ : R — R.

This is a form of detailed mass balance for the Monge—Kantorovich problem: see [E-G1].
The basic insight is that the mass of the measure du™ = fTdx is optimally rearranged
into du™ = f~dy by “moving each mass point in the direction —Du”. If we formally take
® = x,, where B is some set of directions in the unit sphere, the identity (3.4) reads

/A frdi = /A f~dy

for A:= {x € R" | Du(x) € B}, and this is consistent with the foregoing interpretation.
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3.2 Gradient bounds (Problem III).

For Problem III we can as in [E2] bound the term in the exponential:
Lemma 3.2. We have the estimate

|Duk|2

7 1
(3.5) 4V < Hy(P) + Clogk

k

Proof. Somewhat as in our proof of Lemma 2.2, we multiply the PDE by div(c?Du) and
integrate by parts:

/ (OUg, )z; (09U, ) e, dx = 0.

As before the term on the left is

/ o D?ul® + qo|Du - Do| + (¢ + 1)0%04, g, Us, o, da.

‘Du‘z i
Now o = "=~ +V=H) and so 04, = k(us, sz, + Vi, )o. Hence

1
E/ aq—1|Da\2dx§/ 09|Do - DV |dx

and therefore
(3.6) / o1 Y Do|?dx < Ck:Q/ ol dz.
Using Sobolev’s inequality, we deduce

(/ oD A+0) gy s < C/

A standard Moser iteration implies that

qg+1
Do 2

n n

2
+ o1t dr < C(q+ 1)2k2/ ol tdz.
o]z < CE®
for some power v > 0. But then

| Dul?
2

and estimate (3.5) follows. O

E( +V —H)=logo <C+ alogk

This estimate, combined with a minimax formula explained in [E2], implies

Clogk

H(P) < H(P) < Hy(P) + k

Therefore the normalization factor (1.14) provides an approximation to the effective Hamil-

tonian H.
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4. Monotonicity formulas.

4.1 Monotonicity (Problem I).

We write Problem I in the form

(4.1) —diV(UkDuk) =0 in U,
for
(4.2) o = e Pukl”,

Lemma 4.1. For each ball B(y,r) C U we have the identity

n Oug .o 1 4
(4.3) / (IDusl? — 2o di = 7«/ (222~ Lygy apnt,
B(y.r) k oBwr) Wk

Proof. The Euler-Lagrange equation (1.7) says —(e2 Py, ), =0, and therefore

(4.4) (€212 (81 — Kty g, )y = 0

i

for 7 = 1,...,n. Assume y = 0 and the ball B(0,r) lies within U. Multiply (4.4) by
zj¢(|z|) where ¢ =1 on [0,r —¢], ¢ =0 on [r,00) and ¢ is linear on [r —e,r]. We find

TjiTg

B(0,r) ||
Hence
1 Du - z|?
(4.5) / o(n — k|Dul?)¢ dz = ~ / o(la] — k22
B(0,r) € JB(0,r)\B(0,r—¢) |z|
Let € — 0 to derive (4.3). O

We can formally interpret this by first renormalizing so that o, (B(y,r)) = 1 and letting
o — o. Then (4.3) should imply

/ |Dul|? do = 7"/ (@)2 dr,
B(y,r) oB(y,r) OV

where 7 denotes the restriction of o to the sphere B(y,r). If for instance o(B°(y,r)) = 0,
then our passing to limits in (4.3) as k — oo, before sending € — 0, allows us to guess that
% = 0 almost everywhere on 0B(y,r) with respect to the measure 7.
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4.2 Monotonicity (Problem II).

The Euler-Lagrange PDE for Problem II reads

(4.6) —div(ogDug) = f in U,
for
(4.7) oy = S (DurlP-1),

Lemma 4.2. For each ball B(y,r) C U,

) 1
(4.8) / (|Dux|? — Doy, da = r/ (k2 _ 2y gpn—? +/ f - Duy da.
B(y.r) k oByr) Ok B(a.r)

Proof. We have —(e§(|D“|2_1)uwi)xi = f and so

(e%D“'Q*l)((szj — kg, ug;))a; = K fua,

for j =1,...,n. Again suppose y = 0 and take ¢ as above. Then

|Du - x|?

1
k:/ fx-Dugbdx:/ a(l{:|Du|2—n)¢>da:+—/ o(k—————|z|) dz.
B(0,r) B(0,r) € JB(0,r)—B(0,r—¢) |z

Let ¢ — 0 and divide by k. 0

At least formally, this identity in the limit k& — oo provides some analytic control over
the transport density, although we do not here attempt to provide any details.
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