SOME NEW PDE METHODS FOR WEAK KAM THEORY

LAWRENCE C. Evans!

ABSTRACT. We discuss a new approximate variational principle for weak KAM theory. The
advantage of this approach is that we build both a minimizing measure and a solution of the
generalized eikonal equation at the same time. Furthermore the approximations are smooth,
and so we can derive some interesting formulas upon differentiating the Euler—Lagrange equa-
tion.

Our method is inspired by the “calculus of variations in the sup—norm” ideas of Aronsson,
Jensen, Barron and others.

1. Introduction.

This paper provides a new variational and PDE approach to Mather’s minimization
principle in dynamics, set forth in [Mt1-2], and to weak KAM theory, earlier developed in
Fathi [F1-3] and in [E-G]. An overall goal of this work is to identify a sort of integrable
structure within certain general classes of Hamiltonian dynamics and to understand how
dynamical information is encoded in a related “effective Hamiltonian”. See Mather—Forni
[M-F], Fathi [F3] or the introduction to [E-G] for more background.

We are motivated here by the min—max formula

(1.1) H(P)= inf maxH(P+ Dv,x),
veCi(Tr) z€T?

where the Hamiltonian H satisfies some conditions listed below, most notably periodicity
in 2 over the unit flat torus T". The term H denotes the effective Hamiltonian in the sense
of Lions—Papanicolaou—Varadhan [L-P-V] (which is equivalent in our setting to Mather’s
function «). Several authors, among them Fathi, Mané, Contreras—Iturriaga—Paternain
and Gomes, have independently derived this identity. For the reader’s convenience, we
reproduce in Appendix B (§6) a quick proof that Fathi recently found.

A sup—norm variational principle. Formula (1.1) suggests that we can compute
H(P) by trying to minimize the sup-norm of H(P + Dv,x) over T". This viewpoint is
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strongly reminiscent of “Aronsson’s variational principle” in the calculus of variations: See
for instance Aronsson [A1-2], Barron [B], Barron-Jensen—-Wang [B-J-W], etc. The idea is
that we should not just try to minimize the sup—norm of H(P + Duv, x) over all of T™, but
rather we should look for a function v which minimizes

[|H(P + Dv,)|| L),

relative to its boundary values, for each open subdomain U C T". We then call v an
absolute minimaizer.

The references cited above suggest also that we can search for absolute minimizers by
replacing the sup—norm by an LP-norm and letting p — oo. That is, for each 1 < p < 00
we should find v? € C*(T™) to minimize the functional

/ \H(P + Dv?, 2)|? da

and then study the limiting behavior of the functions v when p — oo. (Paternain [P]
discusses a somewhat related variational formulation, but without sending p — 00.)

It is however more elegant to employ exponentials rather than powers, and some of the
resulting computations resemble the formalism of statistical mechanics. We will therefore
for this paper first take a positive integer k, and look then for v* € C*(T™) to minimize

the functional

(1.2) Ii[v] == / ehH(P+Dv"a) o

Under the following assumptions on H, there exists a minimizer v* € C°°(T"), which is

/ vFdz = 0.

See Appendix A in §5 for more details.

unique once we require

Hypotheses on the Hamiltonian: We suppose H : R" x R” — R, H = H(p, ), is
smooth and satisfies these conditions:
(i) periodicity in x: For each p € R™, the mapping = — H(p, z) is T"-periodic.

(ii) strict convexity: There exists a constant v > 0 such that

(1.3) V€2 < Hpop, (0, 2)&i&;

for each p,z,£ € R™.



(iii) growth bounds: There exists a constant C' such that

ID2H(p,z)| < C
(1.4) |D2 H(p,z)] < C(1+[p|) (p,xz € R™).
|D2H (p,x)| < C(1+ [p|*)

These assumptions imply the following growth estimates for H and its first derivatives:

(L5) PP —C<Hpo) <CU+pP)  (paeRY),

| DpH (p, )| < C(1+|p|)

(16) DoH(pa)| < CL+ ) (o €RY).

The corresponding Lagrangian is

L(g,x) := mgX(p -q—H(p,x)) (¢,x €R").

PDE interpretations. The Euler-Lagrange equation for our minimizer of Ij[-] is
(1.7) div(eFHPv" 2 D H(DuF | 2)) = 0,
or, equivalently,

(Hyp, (Duk7 T)) e, +Hp, (Duk, z)H, (Duk> x)u]:;zacj

J

e

+ H,,(Du", z)H,, (Du*, x) =0,

i

where we have set
uf =Pz + o,

Define also
(1.8) oF = fo::{I;i::::)dx — FH DU 2)— AN (P))
for
(1.9) ok p) = %log (/n ekH(Du’“,a:)dm) .
Then
(1.10) ok >0, /T do® =1,



where do® := o¥ dz. Observe that the Euler-Lagrange equation (1.7) now reads
(1.11) div(e* D, H(Du*, 2)) = 0.

Overview. In the following sections we attempt to understand the limiting behavior
of u* and o as k — oco. In §2 we extract some convergent subsequences and in part
characterize their limits. We then in §3 lift into phase space, as a technical device to help
us refine our understanding of the limit function u and the limit measure o. Section 4
provides some formulas for the first and second derivatives of H*, and as an application
discusses consequences of a nonresonance condition.

Appendix A in §5 records a sup-norm estimate on |Du*| and discusses the solvability
of (1.7). Appendix B in §6 reproduces Fathi’s short proof of min-max formula (1.1).

As we will see, the technique of approximating by the PDE (1.11) is fairly elegant. It
is less clear however that this will lead to anything really new, although the structure
of (1.11) perhaps suggests that numerical methods for nonlinear elliptic PDE may prove
useful for computing H. There are several papers in the PDE literature that study vari-
ational problems with exponential growth nonlinearities. These include Duc—Eells [D-E],
Lieberman [L] and Naito [N] (which handles R™-valued mappings). I thank M. Giaquinta
and G. Lieberman for these references.

2. Convergence, approximating the effective Hamiltonian.

We propose to let & — oo, and will need some simple estimates. We may hereafter
suppose without loss of generality that

H > 0.
Lemma 2.1. For each 1 < g < 0o, there exists a constant C = C(P,q) such that

sup ¥l wra(rny < C.

k

Proof. Since v¥ is a minimizer of I[-], we can compare Ij[v*] with I3[0], to estimate

k
/ oRH(P+Dv*a) 4. S/ FH(P) qo < okC.

Hence

k k
LU0 gy <[P0 Ly < €



and, since H grows quadratically in variable p, this bound implies for each 1 < ¢ < oo that
|]Duk||Lq(Tn) < C.

Since the integral of v* is zero, we can then estimate the L9-norm of v*, and so to finish
the proof. 0

Utilizing this Lemma and if necessary passing to a subsequence, we have

u¥ - u=P-z4+v uniformly on T,

and for each 1 < ¢ < o0,
Du* -~ Du= P+ Dv weakly in LI(T™";R"),

where v € WH4(T").
In addition, in view of (1.10) we may also suppose that

o — o  weakly as measures on T,

where o is a Radon probability measure on T".

Theorem 2.1. (i) We have

_ _ 1
(2.1) H(P) = lim H*(P) = lim —log ( / ekH(D“k’x)dac>.

k—o0 k—oo k

(ii) The function u is a viscosity solution of Aronsson’s equation

(2.2) —Hp, (Du,z)Hp, (D, )ug,2; = Hy,(Du, x)Hp, (Du, x).

(iii) Furthermore,

(2.3) H(Du,z) < H(P) a.e inT".

Proof. 1. According to Lions, Papanicolaou, and Varadhan [L-P-V], there exists a periodic,

Lipschitz continuous function v solving

(2.4) H(P+ Dv,z) = H(P)
in the viscosity sense, and thus also almost everywhere. Then

/ ok H(P+Dv" ) 7. S/ okH(P+Dv,z) .. _ ek:FI(P),
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and consequently
lim sup — k: log (/ ekH(D“k’x)daj> < H(P).

k—o0

Suppose next that

hkm 1nf log (/ ekH(D“k’m)dac) <H(P)—c¢

—>OO]{;

for some € > 0. Let
Ae = {:c e T" | H(Du*,z) > H(P) — 5}.

Then for some sequence k; — oo, we have

1 _
~log Ay, | + H(P) -

< H(P) —e.
» < H(P) - <

This inequality implies
|As,kj | < eikj %

Hence for each measurable set A C T", with |A| > 0,

3

][HDU:L‘ dx<11m1nf][HDuﬂ r)dr < H(P) — o

the slash through the integral denoting an average, and so

H(Du,z) < H(P) — % a.e.

We now set ug := 15 * u, where 15 denotes a standard mollifier with support in the ball
B(0,6). Then
H(Dus,z) < H(P) — i in T
for sufficiently small 6 > 0. This however contradicts the min-max formula (1.1) since

= P - x 4 v for some smooth, periodic function vs. We have proved assertion (i).

2. Let u — ¢ have a strict maximum at a point 2o € T". Then u* — ¢ has a maximum
at a nearby point xy, with z — x¢ as k — oo. Then (1.7) implies

— div(e"Péex) D H (D, x3,)) < 0;

that is,
_(Hpj¢$j$i + qu)sz <
6

| =



at the point xx. Let k — oo, to deduce

Hy, (Do, x0)Hy, (Db, 20)Ps,0; < Hy, (D, x0) Hp, (D, x0).

The opposite inequality holds similarly, should u — ¢ attain a strict minimum at xy. This
proves statement (ii).
3. Let A C T™ be measurable, with |A| > 0. Then lower semicontinuity and Jensen’s

inequality imply

][HDux dx<11m1nf][HDu x)

< limsup — ? log (][ kH(Du*, m)da;) < H(P),
A

k—o0

and so H(Du,r) < H(P) almost everywhere in T". This is (iii). O

3. Minimizing measures.

To understand more about the structure of the measure o, it is convenient to lift into
R"™ x T™, as follows. Define

(3.1) Mk = 5{q:DpH(Duk,x)}0k;

that is,

(3.2) /n /n ®(q,x) du” = /T ®(D,H(Du*,2),z)do"*

for each C'! function ®.
Lemma 3.1. The family of probability measures {u*}22, on R™ x T" is tight.

Proof. 1. To simplify notation, we temporarily drop the various superscripts k. Multiply
the Euler-Lagrange PDE div(cD,H) = 0 by Au and integrate by parts over T", to find

0 :/ (0Hp,)z; Uz, z; dT
:/ 0(Hp,p,Uzyz; + Hp,o; Uz, + 0khy, Hp Uy, de,

for h := H(Du,x). Note that h,, = Hp uz,», + H,,. We substitute into the last term
above, and obtain

/ oHp,p Uz Uzia; + Okhy ey do
n

:/ 0 Hy gy, + Okhg, Hy, di.



Observe next that o,; = okh,, in the last expression, and integrate by parts. After some
rewriting, we derive the identity

(3.3) /T Hp,p, Uiz, Ue,0; + Kby Dy, do = —/ 2Hp, 0 Uz, + Hy o, do.

n

In view of our hypotheses on H, this formula implies the estimate

/ k|Dh|*dc < C+C | |Dul*doc <C+C | hdo.
mn 'H‘n ’Irn

2. Then
1 1 k2
/ |Da§\2+(a5)2dx:/ Z|Dh\%zo—+1 < k0+0/ khdo,

n

and so Sobolev’s inequality implies

o
(/ Jeda) <kC+C | khdo
n ']I‘n
0

for 0 = ﬁ if n > 3, 0 any positive number if n = 2. Define v := SIETR Then

T+ _
(/ aeda) <kC+C | k(h—H)ydo<kC+C | odo
mn Tn

Tn
PleEza)
Sk‘C’-l—C(/ O'GCZO') )
Therefore

(3.4) (/ o’ da) ﬁ < Ck.

3. Finally, we restore the superscripts k and estimate for a sufficiently large constant

m that i
pF{(x,q) | gl >m} <o®{x | h>H"+1}

as k — oo. O

Remark. In Appendix A we derive stronger estimates, showing that in fact the gra-
dients {DuF }72, are bounded in the sup-norm, uniformly in &, and hence the measures
{u*}22 | have uniformly bounded supports. O

Passing to a subsequence if necessary, we may suppose that
p* — 1 weakly as measures,

and p is a probability measure on R" x T", according to the Lemma. Note that o = proj, p,
the projection of y into T™. Define also the vector

(3.5) Q= [ [ adn.
8



Theorem 3.1. (i) The measure p is flow invariant; that is,

(3.6) /n/nq-Dqﬁd,u:O

for all p € CH(T™).
(ii) The limit

(3.7) klim H(Du", z)do" = H(P)

holds.
(iii) The measure p is a Mather minimizing measure, and in particular

(38) | [ tendi-L@. qeomp)
(iv) The function u is differentiable o-almost everywhere and

(3.9) q=D,H(Du,x) p-almost everywhere.

In particular,

Q= i D,H(Du, x) do.
(v) We have
(3.10) H(Du,r) = H(P) o-almost everywhere
and
(3.11) div(eD,H) =0 in T

The PDE (3.10) and (3.11) are, respectively, the generalized eikonal equation and the

transport equation, satisfied by u and o. Note we are only asserting that the PDE (3.10)

holds on the support of . This is the primary difference between our approach and that
of Fathi [F1-3], [E-G]. Recall however that Aronsson’s equation (2.2) is valid throughout
T", and so it remains an interesting question to understand what, if anything, this PDE

has to do with the underlying Hamiltonian dynamics.

Proof. 1. Let ¢ € C*(T™). Then

/ / ¢-Dpdyu = lim D,H(Du",x) - D¢ do® = 0,

— 00 Tn

9



since div(c¥D,H) = 0 according to (1.11). This proves (3.6).

2. As a first step towards establishing (3.7), let us show that

(3.12) H(P) <liminf | H(Du",z)do".

k—o0 Tn

To confirm this, we compute for each A > 0 that

HYP)= [ H*P)do"
-

:/ Hk(P)dak—k/ H*(P) do*
(h>HE -2} {h<H*—\}

< / H(Du*, z) + Ndo® + / HY(P)e " dx
{h>Hk -} {h<HF-)\}

< [ H(Du* z)do® + X+ Ce ",
Tn

where h := H(Du*, ). Thus

H(P) = lim H*(P) <liminf [ H(Du* z)do® + X,

k—oo k—oo Tn

and, since A > 0 is arbitrary, (3.12) follows.

3. We employ (3.12) to compute
/ / L(q,z)dp = klim L(D,H(Du*,z),r)do*
n n —00 JTn

= lim [ Du*.D,H(Du" z)— H(Du" x)do*

k—oo Tn

lim {P- [ D,H(Du*, z)do"

k—oo Tn
+ Dv* . D,H(Du"*, x)do" — H(Du"*, z)do*}
T T
<P-Q-H(P)<max{R-Q—- H(R)} = L(Q).

But Mather’s minimization principle asserts that

]_;(Q):inf{/n/nL(q,x)d,u|uis flow invariant, /n/nqdu:Q}.

Hence equality holds in each step of the foregoing estimate, and in particular Q € dH(P), P €

OL(Q). Furthermore, the limit (3.7) must hold.
10



4. To study the differentiability of u, we mimic a technique from [E-G]. Since H (Du, z) <
H(P) a.e. in T", the mollified function u® := 7. * u satisfies

(3.13) Be(x) + H(Du®,x) < H(P) + O(e)
in T™, for
(3.14) 6.0):= 3 [ (o= )IDuty) - Dur(w) Py,

See the proof of Theorem 4.1 in [E-G] for more details.
Because ¢ — L(q, x) is uniformly convex, we have

(3.15) q—r* < L(q,x) — L(r,z) — D,L(r,z)-(qg—r)

0|
2
for each ¢,r € R, x € T". We select

r = D,H(Du®(x),x)

and integrate with respect to u:

%/n /n lg — D, H(Du?, z)|2dp
/n/n (¢, @) — L(D,H(Du®, ), z)

(3.16) — D,L(D,H(Du®,x),x) - (¢ — DyH(Du®, z)) dp.

Now DQL(DPH(p7x)7w) =D and L(DpH(p,ZL’),ZE) :prH(pa .ﬁll') _H(pa .ﬁll') for aup € ]Rn’
x € T™. Substituting above, we find

// q— D,H(Du®, z)*du

/ H(Du®,z) — Du® - D,H(Du®,x) — Du® - (¢ — D, H(Du®, x)) dp.
n Tn
Hence (3.6) and (3.13) give

%/ / lg — DpyH(Due, x)|*du + B do
n n ’]I"n,

(3.17) < L(Q) // (P + Dv®)-qdu+ O(e)

—L(Q)+ H(P)—P-Q+0(c) = Oc).

5. We now show that this estimate implies u is differentiable o-a.e. (This was easier in

the earlier paper [E-G] where we dealt with a semiconcave function w.)
11



The inequality (3.17) implies

1/2
/ 6§/2das< / ﬁada) < Cet/?

for each e > 0. Let ¢ = 1/2* and sum, to deduce

/ Zﬂigk do < 0.
T

k=1
Hence
(3.18) > By (@) < 0o
k=1

for o-a.e. point € T”. Fix such a point . For some constant p > 0, we have

1/2
§£2<x>2p(7[3( )|Du—<Du>x,r|2dy) z,o][B( )|Du—<Du>x,r|dy,

where

(Du)y = ][ Du dy.
B(z,r)
Thus (3.18) implies
Zf Du— (D) 1 o dy < oo.

i1 B(z,1/2%)

Since

|(Du)z,1/2k+1 - (Du>m,1/2k| < C][ |Du — (Du)az,1/2k | dy,
B(z,1/2%)

the limit Du(x) = limy oo (Du), 1 /ox exists. Next, for each r > 0 we have the estimate

][ lu(y) — u(z) — Du(x) - (y — z)|dy < CT][ | Du(y) — Du(z)| dy = o(r).
B(z,r) B(z,r)

Since u is Lipschitz continuous, in fact

yergz(lic’r)ﬂu(y) —u(z) — Du(z) - (y —z)|} =o(r) asr—0,

and so wu is differentiable at .
6. The foregoing calculations show that

Duf(x) — Du(x) boundedly, o-almost everywhere.
12



Thus passing to limits in (3.17) gives

/ / l¢ — DpyH(Du, x)|* dp =0

and (3.9) follows.
7. If H(Du,z) < H(P) on a set of positive o measure, we set

r = D,H(Du(x),x)

in the inequality in (3.15) and integrate with respect to . Calculating as in step 4 above,
we deduce that
P-Q<L(Q)+ H(P),

a contradiction. Thus (3.10) is valid, as is (3.11) since
O:/ / q-Dodu = D,H(Du,x) - D¢ do
n n Tn

for each ¢ € C1(T™). O

Remarks. I do not see how to use PDE estimates based upon (1.11) to recover Mather’s
theorem that the gradient Du is Lipschitz continuous on the support of the measure o.
(However, see the PDE proof in [E-G].) O

4. Some formulas involving HX.
First, we establish a simple monotonicity property.
Theorem 4.1. For each P € R™, we have

(4.1) HYP) < HY(P) if k<L

Proof. We have

and so

Take the log of both sides to derive (4.1). O

Since the minimization problem (1.2) corresponds to a nonlinearity which is uniformly
convex in the variable p, the unique minimizer v* depends smoothly on the parameter
P € R™. Consequently H* is a smooth function, and we can compute its first and second

derivatives:
13



Theorem 4.2. Fork=1,... and P € R", we have the formulas

(4.2) DH"(P)= | D,H(Du* x)do"
’]I‘TL

and
D?*H"(P) =k / (D,H(Du" x)D2pu* — DH*(P))
(4.3) ® (DpH(Du" x)D2Pu — DH*(P))do*®

+ | D2H(Du",2)D2pu” : D2pu® do”.
’]I"n

In particular, H* is a convex function of P.

th

Remark. Our notation means that the (I,m)™ component of the first term on the

right hand side of (4.3) is
b [y (DU ) g, — H (P (H,, (Du )i, — 1, (P) do*
and of the second term is
/ Hy.p, (Du*, x)uﬁipl uﬁjpm do*.
Proof. 1. According to (1.9), we have
oRH"(P) _ / okH (D" x) 1.
Differentiate with respect to F;:
kekﬁkﬁﬁ :/ ekH(D“k’m)kaiulfgm dz
Tn
(4.4) — / DD L (6, + v ) do

= / eFHDu D) L .

The last equality holds since u* solves the Euler-Lagrange equation (1.7). We cancel the
k, rearrange, and derive formula (4.2).
2. As above, write out the I*" component of (4.2), and differentiate with respect to P,,:

eka(}_Iﬁle +kg.]l§)lf_{.];m):/ k (Du x)(H UP Pl:c —i—HZpJU]}i)lmzu];) x])dx

+/<;/ DD Ll Hyuly  d.
14



The integral of the first term on the right is zero, according to (1.7), and, recalling (4.2),
we can recast the remaining expressions into formula (4.3). O

Nonresonance and averaging. As an application of these formulas, we recast and
simplify some ideas from §9 of [E-G]. Assume that H is differentiable at P and that
Q = DH(P) satisfies the nonresonance condition:

Q@ -m #0 for each vector m € Z",m # 0.

Theorem 4.3. Suppose also that D2H*(P) is bounded as k — oo. Then

(4.5) lim @(Dpuk(P,x))dak:/ d(X)dX

k—oo Tn n

for each continuous, T™-periodic function ®.

Proof. Observe first that the function

627rzm Dpu _ e27T'Lm x627mm Dpv

is T"™-periodic. Hence we have
0= DpH(Duk,x) . -DJZ (627rim~Dpuk) do_k:
']I‘n

= 2m'/ e2mimDrat . DL H(DuF, ) D2 pu” do®
~omi / e2rim et L R (P) do®
+ 2mi / 2mimDe ) (D H (DU, 2)D2pu® — DpH*(P)) do*.
Consequently if m # 0, the identity (4.3) implies

(m - Dp*(P)) / e2mim De gok| <\l [ 1D, H(Dub, 2) D2 put — Dp H*(P))| do®
']I"I’L

n

< |m|(k—' AH*(P))?.
Since DH*(P) — DH(P) = Q and m - Q # 0, we deduce that

. k
lim eQﬂ'zm-Dpu da_k‘ =0,
k—oco Jon

and so

Jim ®(Dpu* (P, x))do" = / d(X)dX
— 00 Tn
15
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for each periodic function ® whose Fourier expansion contains only finitely many nonzero

terms. Such functions are dense in the sup—norm, and so we deduce (4.5). O

Remark. As explained in a different setting in [E-G|, Theorem 4.3 provides a partial
interpretation of the following heuristics.

Suppose that we regard v = u(P,z) as a smooth generating function, inducing the
canonical change of variables (p,z) — (P, X), where p = D,u(P,z),X = Dpu(P,z).
Then the corresponding Hamiltonian dynamics become

{X:DH(P)
P =0,

and consequently X (t) = Qt+ Xy. According to the nonresonance condition, we then have

o1t B
lim /O ®(X (1)) dt = / CB(X)dX.

T—ooT

5. Appendix A: Uniform estimates on Duk.

Theorem 5.1. There exists a constant C' such that

Clogk
k

(5.1) max H(Du",z) < H*(P) +

fork=2 ....

Remark. Since H grows quadratically in the variable p and H*(P) < H(P), this
implies the bound

(5.2) max |Du*| < C

for k = 1,.... Furthermore, the min-max formula (1.1) implies H (P) < max et H(Du", z);
and hence Theorems 4.1 and 5.1 provide the two—sided bounds

_ _ _ 1
(5.3) %) < i(P) < ¥ (p) + 1B
for k = 2,.... The constant C' is bounded for P in bounded subsets of R". O
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Proof. 1. To ease notation, we drop the superscripts k. Multiply the Euler—Lagrange
equation div(c D,H) = 0 by div(e?D,H) for p > 0, and integrate by parts:

0= / (UHPi)mj (JpHpj)xi dx
= / (J(Hpi)wj + awj Hpi)(ap(Hpj)mi + po_p—lo,minj) dx
- / O-p+1(Hpi)33j (Hpj)$i + pap_lﬂpi Uwinj ij + (p + 1>0-p0-winj (Hpi)mj dx

=: / A+ B+ Cdzx.
Recalling our hypotheses on H, we see that

A= 0p+1(HpiPmuxmxj +H iwj)(Hpjpluxzxi + Hpja:i)
> o712 D?uf? — C(1+ [Dul)| D?ul — C(1+ |Dul?))

> —CoPT (14 |Dul?).
Clearly B > 0, and we further calculate that
C= (p + 1)Upawinj (Hpipzuwzﬂﬂj + H, z‘ﬂcj)

p+1) _
= %O_p 1Hpipzawi01‘z + (p + 1)Up0$i(Hpj Hpiwj - HpiPzHIz)v

S p+1)
- k
since 04, = 0khy, = ok(Hp, Ug,e;, + Hy)).

vo? Dol — C(p + 1)o”|Do|(1 + | Duf?),

2. We combine the foregoing estimates, to compute

p+1

’ P~ Do|?dx < C'/ oPTH(1 + |Dul?) dz
Tn

n

+C(p+ 1)/ o?|Do|(1 + |Dul?) dz.
17



Hence
(5.5) / 0P~ Do|*dx < 0k2/ o’ (1 + | Dul*) dx.

Sobolev’s inequality provides the estimate

==
(/ a(p+1)(1+9)da:) <C \DapTH > + 0Pt dx
n Tn

<C(p+ 1)2/ ap—1|Da\2da:+C/ oP T du,

Tn

n

where 6 > 0 is the same as in the proof of Lemma 3.1.
Therefore (5.5) implies

1
4o
(56) (/ U(p+1)(1+9) dl‘) S C(p+ 1)2]{?2/ O_p+1(1 + |DU|4) de.
Write 8 := (1 + 9)1/2 > 1 and calculate
IDul* < C(L+h%) < C1L+(h—H)2)<Cl+0 7).

Consequently,

7 s
(/ U(p“)mdx)ﬁ §C’(p+1)2k2/ apﬂ(l—i—aﬁT)dm.

Since

+1 251 wrs, )" e v, )’
oPTro B dx < o'\P dx o dz = o'\P dx ,

we deduce ,

Ve 1/8
(/ o(P+1B dm) < C(p+1)%k? (/ U(pﬂ)ﬁdx) ;
that is,

1/8
(5.7) (/ Uqﬁd:r) < C’qwkgﬁ/ oldx
n Tn

for each ¢ = (p+1)8 > 5.
18



3. We next employ Moser’s method of estimating higher and higher L” norms. For this,
set ¢ = ¢, := ™ in (5.7):

1/qm+1 L 28 1/qm
(/ qu+1dx> < Cam gy kam (/ qudx) ,

for m =1,.... Iterating, we find

3

/8 o
aﬁdx> <Ck¥T,

n

HO_HLOO(Tn) < > g%ﬁz bﬁ—"ﬁlkzﬁm_z_l (/

where we used (3.4) to estimate the next-to-last term. But since o = e*(h—H) this implies

k(h— H) =logo <logC + 36

1 log &,

and so Clog k
h<H+ Zg

for another constant C. O

Solving the Euler—Lagrange equations. As an application, we discuss finding smooth
solutions of the Euler-Lagrange PDE (1.7).

Theorem 5.2. For each k =1,..., there exists a unique, smooth solution u* = P -x +vF

of the Euler-Lagrange equation (1.7), where v* is T" periodic and an vFdr = 0.
Proof. 1. Define for each 0 < X\ < 1 the Hamiltonian

Halp. ) == M (p, ) + (1~ )2
for p, x € R™; and for each k introduce the PDE

(5.85) div(eFHrPws) D Hy (Du, ) = 0

where v = P - & + v, v being T"—periodic with [, vda = 0.
Define
A:={X]0< A<, (5.8)) has a smooth solution}.

Clearly we have 0 € A, corresponding to the solution u = P - x; that is, v = 0.

2. We assert next that A is closed. This is a consequence of Theorem 5.1, since the
Hamiltonians H) each satisfy the basic assumptions. Consequently, we can bound the
first derivatives of solutions of (5.8), and elliptic regularity theory implies we can then

estimate their derivatives of any order. These bounds are independent of A € A.
19



So any convergent subsequence of elements of A contains a further subsequence whose
corresponding solutions of the PDE converge uniformly, along with all derivatives.

3. Finally, we claim that A is open. To see this, take any A € A and write out the
linearization of (5.8)) about the smooth solution u = P -z + v:

Lw = _(ekHA(Du’m) (H/\ypipj (Du7 :C) + kH)\:Pi (Du7 x)HA,Pj (Du7 x))wmj )361

This is a symmetric, uniformly elliptic operator, whose null space among periodic functions
consists of the constants. Using the Implicit Function Theorem, we construct a unique
solution for nearby values of \.

4. Since A is nonempty, closed and open, we have A = [0, 1] and in particular 1 € A.
Thus the Euler-Lagrange PDE has a smooth solution v = P -z 4+ v. It is unique since
any such solution gives the unique minimizer of Ij[], subject to the requirement that
Jpn vda = 0. O

6. Appendix B: A quick proof of the min—max formula.

The following argument is due to A. Fathi.

Let u be a viscosity solution of H(Du,z) = H(P) and let o be a corresponding Mather
measure, so that div(eD,H (Du,z)) = 0. Take @& = P - x + ©, where ¢ any T"-periodic, C*
function. Then convexity implies

H(Du,z) + DpyH(Du,x) - (Dt — Du) < H(Du, x).
We integrate with respect to 0 and deduce thereby that

H(P) = H(Du,z)do < H(Du,z)do < max H(Du,x).
Tn Tn zeTn

Thus H(P) < infscct maxgern H(P + Db, x).
On the other hand, if s is a radial convolution kernel, the smoothed function us :=
ns *u = P - x + vs satisfies
H(Dug,z) < H(P) + 0(0)

on T™. Therefore inf;ccr maxgern H(P + Do, z) < H(P). O
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