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ABSTRACT. We discuss an idealized model for compression molding, had by taking an as-
ymptotic limit for highly non-Newtonian materials. We interpret the changing pressure dis-
tributions as being dictated by a Monge—Kantorovich mass transfer on a fast time scale, and
thereby derive a nonlocal geometric law of motion for the air/plastic interface.

1. Introduction.

The deformation of polymer plastic during compression molding is physically compli-
cated, entailing often complex and changing flow patterns, and moving free boundaries.
It is consequently interesting to model certain aspects of this behavior by means of sim-
plified mathematical equations. We study in this paper such a model, proposed by the
first author (Aronsson [A]) as an asymptotic limiting case of a Hele-Shaw type flow for
highly non-Newtonian fluids. The overall point is that the resulting equations, although
of course only caricatures of the true physics, nevertheless admit a rigorous and fairly
detailed mathematical analysis, displaying velocity and pressure distributions which seem
at least qualitatively correct.

Outline. Sections 2 and 3 below recount the derivation of our model from [A] and [B],
and in particular make clear the many simplifying physical hypotheses. The main idea is
to study the material behavior in an asymptotic limit of certain power-law behavior. We
as well “hide” explicit mention of the air/plastic free boundary I'y by introducing various
multivalued operators. These in fact make possible the subsequent rigorous mathematical
analysis.

In §4,5 we construct a weak or generalized solution to our transformed compression
molding problem, starting from an essentially arbitrary initial shape Uy. This general
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evolution allows for the merging of different parts of the flow, the disappearance of holes,
etc. To build this, we firstly find a sequence of approximations, had by discretizing in
time, and along the way carefully record properties of these approximations. In §5 we
send the time step to zero and extract a subsequence of the approximations converging
to a weak solution of the full problem. The point is that the corresponding evolution,
although highly nonlinear and highly nonlocal, nevertheless gives rise to contractions in
the L'-norm, provided we turn attention to w, the indicator function of the plastic region.
Theorem 5.1 records our main existence and uniqueness assertion.

The difficult mathematics of §4,5 done with, we turn in the remaining sections to working
out some further formal, unproved consequences of our theory, and most importantly derive
in §6 a nonlocal geometric law of evolution for the free boundary. This reads:

(1.1) v=y(1-3).

for

V = outward normal velocity of the free boundary I’
(1.2) ~ = ridge distance

k = curvature of I';,

the ridge being, roughly speaking, the set of points within the plastic region equidistant
to two or more closest boundary points. The term “ridge distance” is explained in §6.
Bergwall [B1, B2] earlier obtained (1.1),(1.2) by a different argument.

In §7 we specialize our rule (1.1),(1.2) to various special geometric situations, deriving
several nontrivial, and perhaps testable, predictions about the free boundary motion. The
concluding §8 provides some interesting geometric calculations for general, smooth flows
governed by (1.1),(1.2).

Remarks. Many of the subsequent calculations, both rigorous and formal, are inspired
by ideas originating with the Monge—Kantorovich mass transfer problem, as explained in
the survey [E] and the long paper [E-G1]. See also the recent papers Ambrosio [Am] and
Caffarelli-Feldman-McCann [C-F-M] for much more.

Some other related papers are Elliott-Janovsky [E-J], Folgar-Lee-Tucker [F-L-T], Jan-
falk [J1,2], King [K] and Osswald-Tucker [O-T] O

We thank the referee for carefully reading our paper.

2. Derivation of the model.

This section provides a recounting of the derivation in Aronsson [A] and Bergwall [B1]

of our model problem. There will be many simplifying assumptions.
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a. Geometric notation. We suppose that at each moment of time ¢, the compressed
plastic lies between two infinite horizontal plates, the lower at height zero and the upper
at height h = h(t) > 0.

Let us assume

(2.1) h(t) <0 for0<t<T,

T < oo being the time when the two plates meet.

For each 0 <t < T', denote by U, the open subregion above which the plastic lies. That
is, we assume that at time ¢ the plastic occupies the volume U; x (0,h) C R3, at least
approximately. Then

(2.2) T, := dU,

represents the projection of the air/plastic interface onto R2. A basic problem will be to
track {I';}:>0 as time evolves.

b. Velocity, pressure, strain and stress. We write v = (u,v,w) for the material
velocity and p for the pressure. The linearized strain rate tensor (or stretching tensor) is

_ Dv+Dvl 1 2ug Uy TV Uz F Wy

(2.3) > 5 =3 Uy + Vg 2uy Uy + Wy
Uy, + Wy Uy + Wy 2w,

The stress tensor T has the form

(2.4) T=—pIl+T,

and we hypothesize that the deviatoric stress T is given by the constitutive law
(2.5) T = n(|2)3,

where |X]? = tr(ZX7). We further assume 7 to have the power-law structure
(2.6) n(|Z[) = K=",

K and o denoting positive material constants.
The full flow equations read

Dv :
= =div(T) +
(2.7) { P b (T tre 0% (0.m),
divv =0
where p denotes the density and g = (0,0, —g) is the gravity vector. The operator D% =

8 8 8 8 . . . .
5 t Uz, + Vo, +wg is the usual material derivative.
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c. Averages. Since we will assume 0 < h < 1, we expect the first two components
of the velocity vector v = (u,v,w) to be physically most important. It therefore seems

appropriate to introduce the height averages:

(2.8)

u(zx,y,t) = (x,y,2,t)dz
{ g f() (I,y) € Ut'

o(z,y,t) = hfo r,y,2,t)dz

Physically we should have w = 0 along the fixed bottom plate {z = 0}, but w = h along
the moving top plate {z = h}. Consequently the identity divv = 0 transforms to read

h
(2.9) Uy + Uy = ~ in U;.

d. Hele-Shaw approximations. We next dramatically simplify the flow equations
(2.7) by additionally hypothesizing that viscosity effects and pressure gradient effects pre-
dominate, in accordance with the usual Hele-Shaw assumptions. In particular, we ignore
the acceleration term 2¥ and the body force g in (2.7). Then (2.3), (2.4) and (2.7) imply

(2.10) Dp = div(n(|Z)E)  in U, x (0, h),

D denoting the gradient with respect to the spatial variables. We further simplify by
assuming the pressure p does not depend on z and that w may henceforth be taken to be
zero in computing . Additionally, as the velocities u,v are 0 on {z = 0, h}, we predict
that the derivatives u,,v, are much larger than u,,u,, v, vy, and consequently that the
latter may be ignored within the stretching tensor 3. Incorporating all these simplifying
hypotheses into (2.10) yields the identities

{ pe = (Nuz).

Py = (n02)-.

As p, and so p;,py, do not depend on z, we conclude

w, =Pz (5 _ P
(2.11) { i @2)

vz:%y(z—

owing to symmetry about the level {z = h/2}. Now

n=n((u2+v2)Y?) = K(u? +v2)"7 by (2.6)

h o—1 oy
=5 |Dpl by (2.11);
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whence
1—1
o 1
|Dp|'~7.

n:K% z — —

2

We insert this equality into (2.11) and integrate, to deduce
u = _¢|Dp‘%_1px
1
v=—®|Dp|="1p,

for
®:=A (héﬂ ~h— 2z|%+1) (0< 2<h)

and A an appropriate material constant. Hence

%= —B|Dp|l7"1p,
(212) { |Dp|=~1p

N 1_
v = —B|Dp|="'p,

for another constant B. Recalling then the incompressibility condition (2.9) we conclude

h
(2.13) div <|Dp|%—1Dp> = = within U,

where we have rescaled to set all constants equal to one.

e. Rescaling time. We effect a further simplification by hereafter supposing

h
(2.14) n = -1, T = +o0.
Indeed if (2.14) fails, we can change variables in time by writing t = 0(s) (0 < s < ),

solving the ODE

" h(6(s))
6(0) = 0.

Then 6 > 0, lim,_.o 0(s) = T, and (2.14) holds provided we reinterpret "= <, h =
h(6(s)). In view of (2.14), our PDE now becomes

{ 0'(s) = — 106D (g < 5 < 0)

(2.15) —div (|Dp|%*1Dp> ~1 U,

f. Boundary conditions. Finally on the air/plastic interface I'y = Uy let us suppose
(2.16) p=0 only,
after our having subtracted atmospheric pressure. We also take

(2.17) V =|Dp|= onTy,
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V' denoting the outward normal velocity of the free boundary I';. Since the unit outer
normal field isv = — % on I'y, (2.17) simply asserts that the leading edge of the deforming
plastic moves with the velocity of the flow.

Remark. Let us pause here to check a consequence of our model thus far. We compute

1Dp

d / 1 1 1
—|U¢| = VdH = — Dp|~= -vdH
dtl ! T, rt| | | Dp|

= —/ div (|Dp|%*1Dp> dz = |Uy|.
U

In this calculation H! denotes one-dimensional Hausdorff measure. Therefore in view of
(2.14), we derive the conservation of mass assertion:

d
S (h()|U]) =0.

U

g. Sending o — 0. Our compression model thus far comprises the PDE (2.15), with
the free boundary conditions (2.16), (2.17). This is a “p-Laplacian” version of a particular
form of the Hele-Shaw flow.

We intend next again to simplify the structure by taking the limit o — 0, corresponding
to an extremely shear—thinning flow, supporting, as we shall see, “infinitely fast/infinitely
slow” mass transfer effects. Our rationale here is severalfold. First and foremost, we will
see that the resulting asymptotic problem is much simpler in structure than the corre-
sponding flow for o > 0. Roughly speaking, as ¢ — 0 in (2.15) the viscous effects become
“instantaneous” and consequently easier to monitor. Much of the analysis will therefore
drastically simplify, and we will accordingly be able to obtain various ODE and/or geo-
metric motion laws for I'; that exactly describe the limit flows. In addition the resulting
mathematics is fairly elegant. We will for instance find that the flows, although highly
nonlinear, correspond to contractions in L!. Lastly, taking the limit o — 0 is supported
by numerical and experimental evidence. For instance, Folgar, Lee and Tucker in [F-L-T]
report that the flow patterns do not much depend on o, once o is sufficiently small.

In the next section we scrutinize our problems (2.15)—(2.17) in the limit ¢ — 0.

3. Formal asymptotic limits as o — 0.

a. Asymptotics. Again following Aronsson [A], we propose now to analyze the limit
o — 0 of our compression problem (2.15)—(2.17). First of all, let us transform notation, so
as to be consistent with the mathematics references. Hereafter we introduce the parameter

p according to

1
——1=p-2,
g
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and then write u, = up(x1,29,t), for £ = (x1,22), to denote the pressure. Thus our
sending o — 0 is equivalent to letting p — oo.
Fix a time t > 0, and consider the PDE

(3.1) { —div(|Duy|P~?Du,) =1 in Uy

up =0 on I,
where for the moment we ignore the dependence of the free boundary I'; (and thus U;) on

p and we temporarily ignore as well the motion in time of I';. It is convenient to recast
(3.1) into abstract form, by writing

(3.2) Ol [up) =1

for

gl = { 7 o P € WO TIOD

(3.3) )
+00 otherwise.

The functional I[-] is convex and lower semicontinuous on L?*(U;). The precise meaning
of (3.2) is that

L] > Ifu(-, )] + /U v—u(-,t)de

for all v € L?(Uy).
The reformulation (3.2), (3.3) suggests that we can compute the limit p — oo of (3.1)
by setting

I [o] = { 0  ifve W, ;) and |Dv| <1 ae.

+00 otherwise.

Thus we interpret the problem resulting from (3.1) in the limit p — oo as saying
(3.4) 1 € oI’ _[u],

provided u, — u. This means that

It [v] > I! [u(-,t)] +/U v—u(-t)dx

for all v as above. We also expect
(3.5) |Du| <1 a.e.in U;.

Furthermore, according to the general mass transfer theory (as explained for instance
in [E]), there exists for each time ¢t > 0 a function a such that

(3.6) —div(aDu) =1 in U,
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in the weak sense, which means

/aDu-Dvd:E:/ vdx
Ut Ut

for each v € C}(U;). This function @ may be interpreted as the Lagrange multiplier
corresponding to the gradient constraint (3.5). In addition,

(3.7) a>0ae., spt(a)C {|Dul=1}.
The physical interpretation of all this is that in the limit o — 0:

u is the pressure,
(3.8) v = —aDu is the material velocity,

a = |v| is the speed.
Consequently we expect the conditions along the free boundary I'; to read
(3.9) u=0, a=V on I},

V' as before denoting the outer normal velocity.
We summarize: the formal limit as p — oo (i.e. 0 — 0) of our compression molding
problem is (3.5)—(3.9), where the pressure u, the speed a, and the free boundaries {I't };+>

are the unknowns.

b. The pressure as distance function. This is still a difficult generalized Hele—
Shaw type free boundary problem. However our central thesis is that in fact the structure
of problem (3.5)—(3.9) is not really so complicated: various simplifications have actually
occurred in the p — oo limit. We illustrate this principle by noting explicitly that

(3.10) u(z,t) = dist(z,I'y)  (x € Uy).

In other words, in the p — oo asymptotic limit the pressure u is recovered immediately
from the shape of the plastic region at each time ¢ > 0: wu is simply the shortest distance
to the air/plastic interface I';. To motivate (3.10) we note that (3.2) says u, minimizes

1
/ —|Dv|P —vdz
U, P

over all v € Wy P(U;). Consequently u = lim, . u, should maximize

/ vdx
Uy
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over all v € W, *(U,), subject to the constraint |Dv| < 1 a.e. The distance function u
defined by (3.10) is the unique solution of this maximization problem.

c. Free boundary motion. Next we modify the foregoing considerations, explicitly
taking into account the motion of the free boundary I';. Following, for instance, Elliott—
Ockendon [E-O], we continue to adopt an abstract viewpoint, but now consider in place of
(3.1) the full evolution in time:

—div(aDu) =1 in U,
(3.11) u(z,t) = dist(z, ;) in Uy
V=a onl}.

Let us extend u to be zero in R? — U;, and write
(3.12) W= Xy,

to denote the indicator function, equal to 1 on U; and 0 on R? — Uj.
We claim next that the evolution (3.11) can be formally rewritten as

(3.13) w —wy € 0lo[ul,

where now

0 if v e L*(R?), |Dv| <1 ae.
Io[v] =

+00 otherwise.
Observe there is no reference to the set U; in the definition of I.[-].

To confirm (3.13), let us suppose u,a,{I';}+>o comprise a sufficiently smooth solution
of (3.11) to justify the following computations. Take ¢ to be a smooth test function with
compact support in R? x (0,00). Then

(3.14) 0:/ %(/ gbd:v) dt:/ qbtdxdt+/ / oV dHdt,
0 Ut 0 Ut 0 Ft

H! denoting one-dimensional Hausdorff measure. But the first line of (3.11) implies for
each fixed time ¢ that

0
(3.15) ¢dr = — | ¢div(aDu)dz = / aDu-Dédz — | ¢a"e dH',
Uy Uy Uy r, Ov
v being the unit outward normal. Observe 9% = —1 on I'y, owing to (3.10). Since V =a

on I';, we can combine (3.14), (3.15), thereby obtaining the identity:
0:/ ¢+ ¢ —aDu - Do dzdt
o Ju,

= / / wor + we — aDu - Do dxdt,
0o JRr2
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the last equality holding since both v and w vanish outside U,.
As the foregoing equality is valid for each ¢ as above, we deduce that

(3.16) w; — div(aDu) =w  in R? x (0, 00)
in the weak sense. But if |[Dv| < 1 and v has compact support on R?, then formally at
least,
/ —div(aDu)(v — u) dx = / a(Du - Dv — |Du|?) dx <0,
R2 Uy
since @ > 0 and |Du| =1 a.e. in U;. Consequently w — w; = —div(aDu) € 0l [u]. Hence

our assertion (3.13) follows from (3.16).

d. Weak solutions. The advantage of the formulation (3.13) is that the regions U,
and their free boundaries I'; no longer explicitly appear. Furthermore, as demonstrated in
§4,5 following, the evolution (3.13) is well-posed in an appropriately weak sense, provided
we regard w, and not u, as the principal unknown. The mapping ¢t — w turns out to be
fairly well behaved, although the mapping ¢ — u need not be: see Example A in §7.

So, finally to rewrite (3.13) solely in terms of w, we introduce the multivalued graph

() itr <0
(—o00,0] ifr=0
(3.16) B(r):=< 0 ifo<r<1
[0,00) ifr=1
L0 ifr>1

Then for each time ¢, u € f(w), owing to (3.12).

4. Approximation.

To summarize, we have refashioned our compression problem into the multivalued evo-

lution
w—w; € 0lo|u
(4.1) {ueﬁ(we) Ioolu] 4 2 ),
with
(4.2) w=Yx, (=0).

Hereafter assume Uy is a bounded open subset of R?, with boundary Uy having two-
dimensional Lebesgue measure zero: |0Uy| = 0. We propose to build a solution of (4.1),
(4.2) as the limit as h — 07 of the discrete time approximations

{ wht + hoI [uf Y] > (1 + h)w”

uk—|—1 c ﬂ(wk—kl), uk+1 Z O
10
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where

(4.4) w’ = Xu, -

It will be convenient sometimes to rewrite (4.3) as

(4.5) a(uFtY) + hOI [uF Y] 3 (1 + h)w"

for the multivalued graph « := 37!; that is,

0 ifr<0
a(r) =< [0,1] ifr=20
1 if r > 0.

Proposition 4.1. (i) For each k = 0,1,..., there exists a pair (uFT1, w**1) of bounded,
measurable functions with compact support, which solve (4.3).

(ii) Furthermore,

(4.6) uk*tYis Lipschitz continuous, v >0, |Duf™ =1 a.e. on Uppy
and

(4.7) Wt =,

for

Uk+1 = {Uk+1 > 0}

(iii) We also have

(4.8) Ukt1 2 Uk,
(4.9) |OUk41| = 0,
and

(4.10) [Uk+1| = (1 + h)|Uk|.

(iv) If Uy € B(0, R), then

(4.11) U1 C B(0, (14 h)Y2R).
11



v) The pair (uF 1, wkt1) is unique among functions with the foregoing properties.
p q g

Proof. 1. The proof is by induction. Assume therefore for some nonnegative integer k
that

(4.12) w* =Xy, s

where Uy, is open, bounded, and |0Uy| = 0. We consider the problem (4.3) in the trans-
formed version (4.5), which in turn we recognize as the Euler-Lagrange equation for the

variational problem of minimizing the functional

(4.13) Jr+1[v] == / vt — (1 + h)vw® dz = / vtdr — (1 + h)/ vdz
R? R? Uy

among Lipschitz continuous functions v with |Dv| < 1 a.e.. It is not hard to show that
there exists a minimizer u**1. Replacing v**! by (u**1)* if needs be, we may suppose

(4.14) uFTt > 0.

Define the open set

(4.15) Upy1 = {u" > 0}.
2. We assert first that

(4.16) Uks+1 2 Ug.

To prove this, note that since u** > 0,

(4.17) Jpp1[uF ] = / ukb Tt da — h/ uF L de.
R2 U, Uy

Define
ub 1 () (x € R2 — Uy)

a*t(z) =
@) { minyegz g, {u* 7 (y) + [z —yl}  (z € Up).

Then |Du** <1 a.e., u**! = v**! on R? — Uy, and @*+! > w**+1 on Uy. Were a1 (z) >

uF+1(z) for some point & € Uy, we would derive from (4.17) the contradiction
Jk+1[ﬂk+1] < Jk+1[uk+1].

Consequently u**! = w**! > 0 on Uy,. Since Upyq = {uFT! > 0}, (4.16) follows.
3. Next we prove

(4.18) 10U 41| = 0.
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To confirm this claim, first define

uF () (z € Uy)
max, g, {1 (y) — |z —yl,0} (z € R* = Uy).

i (x) = {

Reasoning as above, we conclude that «**! = @**1, and in particular that Uy is bounded.
As we know by induction that |0Uy| = 0, we have

(4.19) |8Uk+1 N 8Uk| =0.

Set E := OUj41 — OUj, and suppose |E| > 0. Take x € E to be a point of density one for
E:
. |[EnB(z,r)|

(4.20) lim

=1.
r=0  |B(z,7)]

Since & € OUj41 there exist points {z;}52; C Uky1, with z; — x. But recall u*+1 = gF+1L.
This means there exist points {y;}2; C Uy with

uF T (2) = P () — o — ] (=1,2,..0).
We may assume y; — y € Uy. Then
0=u"*!(z) =" (y) - |z —yl, |z —y| > 0.
Thus u**1 increases linearly, with slope 1, on the line segment [z,y]. In particular

(4.21) max u" T =7
OB (x,r)
for small r > 0.

But since u*™ =0 on E and [Du*T!| <1 a.e., (4.20) implies max g, ) u" ™' < ir for
small 7 > 0. This is a contradiction to (4.21). So |0Uy41 —0Uy| = 0 after all, and assertion
(4.18) is proved.

4. Next we demonstrate that (4.10) holds and that the pair (u**! w**1) solves

k+1 k+1 k
w + hol(u 5 (14 h)w
o) S ROLe () 3 (14 )
uhtt e pwk ),
where
wk = Xu, 1 whtl = Xuy s -

Firstly, since w* ! = x 14150y € a(u*1), we have ! € g(wh*1).

13



Next, remember that Ji1[u*T1] < Jy41[0] for all © with |Dd] < 1 a.e.; which is to say,

(4.23) /ukHdaz—(l-{—h)/ u’”ldxg/ ﬁ+dx—(1+h)/ vdz
R2 U R2 Uy

for all such ©.
Now take 7 < 0 and set © := u**! + 7 in (4.23). Then

i(7) = / (W 4+ )T de — (1 + h)/ uF T 4 T dx
R2 Uy

has a minimum at 7 = 0. We compute:

0> Lim L) =H0)

T—0~ T

= U] = (1 + ) [Uk|.

Now let 7 > 0, and put ¢ := u**! 4+ 7 4+ ¢ in (4.23), where ¢ is smooth, ¢ = 0 on Uy, 1,
¢ < 0onR2?— Uy, ¢ = —1 outside some large disk, |D¢| < 1. Then

k+1 k4l
og/ W AT ) U (4RO
R2 T
_ +
:’Uk+1|—(1+h)‘Uk’+/ de.
R2—Ug41 T
Let 7 — 07 and recall |0Ug41| = 0, to deduce
(4.24) 0< ‘Uk+1|—(1—|—h)|Uk‘.

This proves (4.10).
Next, take any Lipschitz function v such |Dv| < 1 and v < 0. Select 0 < A < 1 and put
o= (1 = A\)u**! + Ao in (4.23). Then

(uFH + A(v — uF )T —uFtldy

(1+h)/ v—uk+1dac§/
Uk R2 A

Taking the limit as A — 0 yields
(4.25) (1+h) / v —uf T de < / v —uFt de
U Uk+1

This inequality holds if v < 0. Given then any bounded v with |Dv| < 1, replace v by v —¢
in (4.25), for ¢ := maxgn v. Then

(1+h)/ v—c—uk+1da:§/ v—c—uFtlde,
Uy Uki1
14



Since |Ug+1| = (1 + h)|U|, we conclude:

(1+h)/ v—u’”ldwg/ v — uf Tt da;
Uk Uk+t1

that is,
(4.26) / (1 + h)w® —w ™) (v — w1 de <0
R2

for all bounded v with |Dv| < 1. Since we can if necessary redefine v off Ugy;, the
inequality (4.26) is valid for each function v with |Dv| < 1. But this means precisely that

(1 + h)w® —wh € dI [uF 1] = hoI [uP 1.

5. Assume now that a*, 0¥, Us (k = 1,...) comprise another solution, corresponding
to a different initial set Uy. We establish next a comparison result, namely that

(4.27) U, DD Uy, implies Uy DD Upyr (k=0,1,...).

(The notation “U DD W” means U D W D W.)

To prove (4.27), define Jii1[] as above and set Jyy1[0] = [p, 07 — (1 + h)iowk da

k+1

for w* = Xp,- So u”" minimizes Jii1[], a*t1 minimizes Jy1[-], Ups1 = {u**1 > 0},

Uk_|_1 == {ﬂk+1 > 0}

Then
(4.28) { Tp1 [uF ] < Jpp [min(uF T aF )]
. jk+1[11k:+1] < jkﬂ[max(ukﬂ,akﬂ)]_

The first inequality implies

/ WP — (1 )k da < / At — (1 4+ h)ak Tt w* da,
{uk+1>qkt1} {uk+1>qgh+1}
and thus
(4.29) / ("t =@ de < (1+ 1) / wh (@ — @ e,
R2 R2

Likewise the second line of (4.28) says

/ A"t — (1+ h)a ok de < / uF T — (1 + h)u o da;
{uk+1>ﬁk+1} {uk+1>ﬁk+1}
whence
(4.30) (1+h) / (b1 — gk dy < / (WF ! = G g
R2 R2
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This inequality and (4.29) imply
(4.31) / (% — w") (kT — o) T dr < 0.
R2

That is,

/ (Tt —aF )T dx <0,
Up—Up

since Uk D Ug. Consequently

(4.31) uFt < aftt on Uy — U

Take now any point & € Uy, — Ui and write § := uf*1(z) > 0. Since uv**! = gkl

k+1

there exists a point y € U}, such that u increases at rate one along the closed segment

S = [z,y].
Observe that since Uy DD Uy, there exists a point z lying on the open segment (z,y)
with z € Uy — Ug. Let = |z — z| > 0. Then, since u**! increases at rate one along S,

uF L (2) =0 41

Thus (4.31) implies
W (z) > 5+

Since |DuFt1| <1 a.e., it follows that
B%(z,6 4+ r) c UM,

Thus
B (z,6) c U*+

So each point in Uy — Uy, is the center of a ball lying in Uk+1. The same is true for each
point in Uy, since Uy C Uk - Uk+1. Thus Ug41 C Uk—|—1-

Since Uy, DD Uy, the same conclusion holds with Uj replaced by a small translation in
any direction. Thus a small translation of Ukz—H in any direction likewise lies within U, k15
and so assertion (4.27) follows.

6. Suppose now that Uy ¢ B°(0,R) cC B%(0,R + ¢) =: Uy. By symmetry and (4.24)
(with ﬁk,UkH replacing Uy, Ui+1), we see that Uk+1 = BY0,(1 + h)l/Q(R +¢)). But
(4.27) says

U1 C Ugyr.

This containment holds for all £ > 0, and assertion (iv) of the theorem follows.
16



k+1 k+1
’

7. It remains to show uniqueness of the pair (u wh*1). So suppose w

= XUk+1
as above, and also

(4.32) WM hOI [R5 (1 + h)w”

for Upyq = {051 > 0}, wFt! = .

Uk+1

. Suppose |Dv| < 1. Then (4.32) implies

/ (14 h)w® — ") (v —aF ) da <0,
R2

and thus
(aFTHT — (1 + b wk de < / vt — (1 + h)vw" de,

n

RQ

since WEHLak Tt = (aF 1)+ and w*Ttv < vt. So @F*! minimizes Ji.y1[]. But also

k+1 ~k+1
U +u 1 1 .
5 :| S §Jk+1[uk+1] + §Jk+1[uk+1].

Jrt1 {

k1l ~ktl | ..
% is also a minimizer. But then we deduce as before that

(M) o {0

Consequently

Since |Du**!| < 1, |[Da*H1| < 1 a.e., this implies

DuFt! = DaF*1 ae. in R2.

k+1 = ak—&—l

As vt 4*+1 both vanish outside some large ball, we deduce that u
k1

9 Uk—|—1

Uk+1, and therefore wh*1 = @F+1, O

Remark. We note also

(4.33) uFTt >k (k=1,..0).
To see this, observe first that (4.31) implies

(4.34) uF Tt > uF on Uy — Up_y.

Now let w* = x,, , 4*t" = uF. Then (4.29), (4.30) (with the roles of u***,4**! and of

1)
wk, WF reversed) give:

{ Jon (@ — b Y dge < (14 h) [, @F ( Bl k) o
k+

(1+h) [(@F —uF )Yk de < fo, (6F T — uF )T da.
17



Combining, we deduce
/ (@51 — Y (wk — b da < 0.
R2

k:

Since w Xv, = Wk = Xuv,_y the integrand is in fact nonnegative. Thus we must have

had equality above; that is,

n

/ (aF T — M) T de = (1 + h)/ WP (T — MY d,
Rewriting, we deduce

/ (uk _ uk+1)+ dr = (1 + h)/ (uk . uk—!—l)—i— dx
R2 Uk_1

and so

/ (uf —uP )T de = h/ (uf — uF T d.
R2—Uk_1 Uk—l

But (4.34) says the term on the left is zero. Consequently u**! > w* on U,_;. This
implies (4.33). O

Remark. Observe also from (4.8), (4.10) that

k41 _ gk

(4.35) .

= ||wk||L1(R2) (k?:(),)

|
L1(R2)

Next recall that if E is a measurable subset of R", the perimeter of E is

Per(F) := |21|l£1 {/E div¢ da:} )

the supremum taken over C! vector fields ¢ with compact support, such that |¢| < 1 on
R"™. Let us hereafter assume:
Per(Uy) < oc.

Proposition 4.2. For k=0,1,...

(4.36) Per(Ui+1) < (1 + h) Per(Uy).

Proof. 1. Assume first f is smooth, with compact support, 2 < p < oo, and the pair u, w

solve

(4.37) { w — div(|DuP~2Du) = f in R?

u = fB(w)

18



where . : R — R is a smooth, strictly increasing function approximating [3.
Assuming u,w are smooth, we differentiate the PDE (4.37) with respect to xy:

(4'38) Wegy, — (‘Du‘p_Qul‘kxi + (p - 2)|Du|p_4u1‘ju$iu$kmj)l‘i = f$k

Take § > 0, multiply (4.38) by UDJ;%’ and integrate:

/ Dw - Du dx
r2 (|Dul? + 62)1/2

-2 —4 Uy,
0 = 2100 ) ()

_/ Df-Du__
= Jee (IDur 02172

Writing out < W;%) , we note that the integrand of the second term on the left is

pointwise nonnegative. Thus

Dw - Du
dx < Dfldx.
/Rz (IDul? + 82)172 “'”—/Rz‘ flde

Let 6 — 0: Dw.D
/ 202U g < |Df|dx.
{Dus0} 2

But since v = B.(w) and (. > 0, it follows that

(4.39) / |Dw|dx < / |Df]| dx.
R? R2
2. Next take f = f. to be a smooth approximation to (1 4 h)w® = (1 + h)Xy, » with

{ 0<f.<1, fo— (L+R)y,, inL!
Jpz |Dfldx < Per(Ug)(1+ h)(1 +¢);

cf. [E-G2, p. 172]. We fix p < oo and solve (4.37). Then (4.39) implies

|Dw|dz < (14 ¢€)(1+ h)Per(Uy).
R2

3. Now write w = w, , to display the dependence of the solution of (4.37) on €, p. Thus

(4.40) / Dl dz < (1+€)(1 + h) Per(T).
19



Then maximum principle implies
(4.41) 0<w.s <1
Owing to (4.40), (4.41) {wg’p}gffgfo is bounded in W,"!(R?); and so

loc

Wepp — We 0 Ligo(R?)

for some sequence pr — co. We have
BV (w:) < (1+¢)(1+ h)Per(Uy),

{ 0<w:. <1
Here BV denotes the bounded variation seminorm. From (4.37) it follows that

fe —we € Olo[us] in R?
{ Ue = fBe(we).

Now from the uniform bounds (4.42) we can select a sequence €; — 0 such that

(4.42)

(4.43)

We, — w in Li . (R?),

where
BV (w) < (14 h)Per(Uy), 0 <w < 1.

But [Du.| <1 a.e., and so we may also assume u.; — u uniformly. Then
u € fB(w), we a(u).
As (4.43) says
o= —uydr <o

for all v with |Dv| < 1 a.e., we deduce

(4.44) / (f—w)(v—u)dz <0
R2
for all such v, where f = (1 + h)x,, . Thus
w + hdlo[u] > (1 + h)w”
{ueﬂm)

This in turn implies that « minimizes

Jrs1v] = /2 vt — (14 h)vw” da.
R

(4.45)

Thus, by uniqueness of minimizers, v = u**!. Now w € «a(u) implies w = 1 on Ug,.

Additionally (4.44) implies w = 0 on R? — Uy 1. Since |0Uy 11| = 0, we deduce
w=Xy,,, ae
Therefore
Per(Ui+1) = BV (w) < (1 + h) Per(Uy).
0

Assume now we take a different starting set Uy, and define U, (k=1,...) as above.
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Proposition 4.3. We have
(4.46) U1 — Upia| < A+ R0)| U, = U] (k=0,...).

Proof. Consider in addition to the PDE (4.37) the PDE
W — div(|Da[P~2Da) = f  in R2
i a0
Let 7 : R — R be smooth, with 0 <~ <1, 4 > 0. Then from (4.37), (4.47) we deduce

(4.47)

/ (0 — w)y(t — u) + 7' (& — w)(|Da|P~2Di — |Du|P~?Du) - D(t — u) dx
R2

- [ G =mta—wa.

The second term inside the integral on the left is nonnegative and can be discarded. After
approximation we thereby obtain:
/ (W —w)sgn, (t —u)dr < / (f—f)sgn+(u—ﬁ)da:,
R2 R2

for
1 ifr>0

sen (r) = { 0 ifr<o.

Since [ is strictly increasing and u = S (w), @ = [-(w), we see that

sgn (4 —u) = sgn, (0 — w).

Thus
/ (W —w)" da g/ (f—f)sgn+(zi)—w)dx
R2 R?
< / (f = )t da.
Rn
Letting p — oo and then € — 0 as in the previous proof, we obtain estimate (4.46). O

Remark. A similar proof shows
|Upp18Uks1| < (1 + R)|UpaUs| (k=0,...)
for the symmetric difference
AaB:=(A—-B)U(B—-A).

To see this, take v above to be a smooth approximation of

1 itr>0
sgn(r):=¢ 0 ifr=20
-1 ifr <O.
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5. Weak solutions.

In this section we prove that the approximations (4.3), (4.4) converge as h — 0 to a
weak solution of (4.1), (4.2).

Theorem 5.1. There exists a pair (u,w) solving (4.1), (4.2) in the sense that:
(i) we C%([0,00); L} (R?)), w(0) = xy, -

(ii) wy is a nonnegative Radon measure.

(iil) w — wy € Ol o[u] for a.e. t > 0.

(iv) spt(wy) = 0U, =Ty for a.e. t > 0, where Uy := {u(-,t) > 0}.

(v) uw=dist(z,I'y) (x € Uy, t >0).

(vi) w = x,, for a.e.t>0.

(vil) |UpalUy| < et|UgalUy| (t > 0) for any other solution built by the algorithm in §4.

Proof. 1. Define for h > 0:

(5.1) { wh(z,t) == wk(z) if 2 €R2 kh<t< (k+1)h

ul(z,t) == uF(x) if 2 €R% kh <t < (k+1)h,

(k=1,...). According to estimates (4.35), (4.36) {w"}o<n<1 is bounded in BV (R?x[0,T7)
for each T > 0. Thus there exists a function w € BV (R? x [0,7]) and a sequence h; — 0
such that

(5.2) wh —w  in LYR? x [0,7T]), w -w ae.

for each T > 0. In addition, since U1 D Uy (k=0,...) and w* = Xu, » we have wh >0
in the sense of distributions. Consequently w! is a nonnegative Radon measure. Hence,
passing as necessary to a subsequence and relabelling, we have

(5.3) wfj — p weakly as measures,

where p is a nonnegative Radon measure on R? x [0, 00). Also estimate (4.35) implies

(5.4) { the mapping ¢ — w(-, t) is Lipschitz continuous

from [0, 7] into L'(R?)

for each T' > 0. For each continuous function f, we can therefore write

T T
/ Fdp = / F dwydt,
0 R2 0 R2

where w; is for a.e. time ¢ a nonnegative Radon measure on R2.
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Likewise, u**! > u* (k = 1,...) according to (4.33) and so u} is a nonnegative Radon
measure. Furthermore |Du*| < 1 a.e., D denoting here and later the gradient in the
variable x € R2. Consequently {u"}q<p<; is bounded in BV (R? x [0,71]) for each T > 0;
and thus, upon passing if necessary to yet a further subsequence and reindexing, we deduce

{ u —wu in LY(R? x [0,T))

h

(5.5) , .
u™ — u uniformly, for a.e. t > 0,

for each 7" > 0. In addition, |Du| <1 a.e.

Furthermore, we have
hj
(5.6) u,” — v weakly as measures,

where v is a nonnegative Radon measure on R? x [0, c0). In particular,

the mapping ¢ — u(+,t) is continuous from
(5.7) [0, 00) into C(R?), for all but at

most countably many times J = {t;}&_,

N < oo. This is so since v(R? x {t = s}) = 0 for all but at most countably many times s.
We can define then for each “jump” time ¢ € J,

(5.8) u(e, tg) == lm u(-, ).
t—t,
t¢J

Then w is defined now for all times ¢ > 0, and |Du| < 1 a.e. (We will see from Example A
of §7 that the mapping ¢ — u need not be continuous when “a hole disappears”.)
2. We assert

(5.9) w —wy € Ol [u] for a.e. t.

This means that

(5.10) / w(v — (- 1)) do < / (0 — u(-, £))dw
R2 R2
for each v with |Dv| < 1. To prove this, recall from (4.22) that

k+1 _ 0k
(5.11) wh (PP — T de < e (P — uh ) do
R2 R2 h

if |[Do* <1 for k = 0,1,2,.... Take ¢ : [0,00) — R to be smooth, with compact
support, fix v : R? — R with |[Dv| < 1 a.e., and set 0¥ = ¢((k + 1)h)v in (5.11).
Multiply by h and sum:

T T
(5.12) / /wh(ﬁh—uh)dxg/ /w{:(@h—uh)da;dt.
0 R2 0 R2
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Here " = o* if kh <t < (k + 1)h. According to (5.2), (5.5):

(5.13) / / hi —uhi) dedt — / / (0 — u) dxdt
R2 R2

where 0 := ¢v. Additionally, (5.3) implies

T B T
(5.14) / /wtﬂ‘@ha‘ d:z;dt—>/ / o du
0 R2 0 R2

It remains to analyze the limiting behavior of the term

T T
/ / Wiy da:dtz/ / Wy dzdt
0o Jr2 0o Jr2
5.15 T .
(5.15) +/ / wthj(uhj—u)d:cdt
0o Jr2

= A1 + AQ.

Estimate of A;: We have

T T
A1:/ / wfj(u—ﬂ)dxdt—k/ / wi u dzdt,
0o Jr2 o Jr2

for any function u € C([0,T] x R?) with compact support. Notice that

T . T
(5.16) Alim/ / wtjudq:dt:/ / adpy.
J7eeJo JR? 0 JR?

Next fix € > 0. Then
limsup [[u(-,t) — u(:, tx)|| oo (m2) > €

t—tr
for at most finitely many times {tx}*.,, M = M(e). Fix § > 0 so small that
(5.17) M < e.
We assert next that we can construct a € C([0, 7] x R?) so that

(5.18) [a(-t) = u(-s 1)L~ < 3e,

provided
M
t¢ |Jte—0,tn+0) = A
k=1
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To see this, observe that if I denotes any of the closed subintervals making up [0,7] —
A, then limsup, . [Ju(-,t) — u(-, 8)|| = @2) < € for each s € I. It follows by a simple
compactness argument that there must then exist 6 > 0 with the property that for all
s,t € I, the inequality [t — s| < ¢ implies ||u(-,t) — u(-, 8)||L®2) < 3. We subdivide I
into finitely many subintervals of length less than ¢, set u to equal v at the endpoints of
these subintervals, and extend u linearly. Since u is nondecreasing in the variable t, we
check that (5.18) follows.

Then
h; _ h; h;
wy” (u — u) dzdt Ss/ ||wt3||L1dt+C/ |w,” || 2 dt
R2 (0,T]—A A
< Ce+C|A| < Ce by (4.35), (5.17).
Thus
T
limsup [A; —/ / wdp| < Ce.
h;—0 0o JRr2

Similarly

T

/ / u—udyp < Ce,

0o JRr2

and so

(5.19) hm A = lim / / wt Tudrdt = / / wdjs.
h;— h;—0 R2 R2

Estimate of Ay: We estimate using (4.35) that

wfj (uhi — w) dadt

T
< C/ [uh — u e dt.
0

RQ

But
1 2
[u" = ufpee < Cllu™ —u||?,|DuM — Dul|}

for some constant C'. Consequently

T T 1 T
[t —udmdr<c [t - ulfide<e v e [ -l -
0 0 0

as hj — 0. Hence

(5.20) lim Ay = hm / / i — ) dedt = 0.
h;—0 ]R2



Combining estimates (5.15), (5.19), (5.20), we deduce

/OT/RQw(ﬁ—u)da:dtg/OT/Rz(f)—u)du

for v = ¢v. Thus for a.e. time ¢

/}sz(v—u)dxg/Rz(v—u)dwt

for all v with |Dv| <1 a.e.. This proves (5.10), which is assertion (iii) of the Theorem.
3. Next define
Ut = {U(,t) > 0}, Ft = (9Ut

for t > 0. Since |Du| < 1 a.e., Uy is open, and by construction U; is bounded.
We claim that for a.e. time t > 0,

(5.21) r; = ﬂ Upin — Us.
h>0

Indeed since Uiy 2 Up, Ty C (oo Uirn — U;. Conversely, suppose z ¢ U;. Then
there exists a ball B(x,7) C R? — U;. By comparison, for some small § > 0 we have
B(x,7/2) x {t + h} C R? — Uy, if 0 < h < §. That is, x ¢ Ugyp, for 0 < h < §. Thus
T € ﬂh>0 Ut+h implies € U,. In particular then ﬂh>0 (_Jt+h ~U, CU —-U =Ty
Assertion (5.21) is proved.

5. Note next that since wh € {0,1} a.e. and w7 — w a.e., we likewise have w € {0, 1}

a.e.. In particular for a.e. ¢:
(5.22) w=YXg aein R?,

where the set F, has finite perimeter, U, C E, C U,. Furthermore

E,DE, ifs >t Ey=Up,
(5.23) { = 0= "0

and |E;| = e!|Ey.
The last equality here follows from (4.35). In addition, we claim

To verify this, note that
Eiin — Ey C Uy, — Ut

and (5.21) implies (5.24).
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6. Now since w — w; € Ol [u] for a.e. t > 0, we have

(5.25) max {/ de—/ vdwt} :/ u(m,t)dx—/ u(z,t) dwy.
[Dv|<1 (JE, Ty E, T,

In particular since u(-,t) = 0 on I'; D spt(w;), (5.25) implies
(5.26) u(z,t) = dist(z, spt(wy)) (z € Ey).
But this in turn implies
(5.27) spt(wy) = T'y;
as otherwise u defined by (5.26) would not equal 0 on all of I';. Hence
u(x,t) = dist(z,T'y) on E;
and, in particular,
(5.28) u(zx,t) = dist(z,I'y) on Us.
7. We next assert
(5.29) |Ey — Uy =0 for ae. t >0,
and consequently
(5.30) w =X, a.e. in R?
We will confirm (5.29) by proving
(5.31) Uil = €'|Uo| (> 0).
For this, we note first that (4.27) implies that
E, CE, if UyccU,.

Suppose in particular Uy is compactly contained within Uy. Then for fixed ¢ > 0 sufficiently
small, the e-translate of Uy in any direction also lies in Uy. Consequently the e-translate
of E, in any direction lies within F,. Thus in fact E, C U,. But |E~Jt\ = et\ﬁol, and so
|Uy| > et\ffo| for each U, compactly contained in U,. Hence

’Ut| Z €t|U0‘.

But since U; C E; C U; and |E;| = €t|Up|, we deduce that |U;| = ef|Up|. This proves
(5.31), and so (5.29), (5.30).
8. Estimate (vii) follows from the Remark after Proposition 4.3. O

Remark. Notice from the example of an outward pointing corner, discussed in §7.B

following, that although spt(w;) = I'¢, this does not mean that each point of I'; is moving.
O
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6. Geometric motion of the interface.

Since w = x,,, and u = dist(-,I';) inside Uy, the entire evolution is determined by the
geometric motion of the free boundary I'; for ¢ > 0. In this section we derive heuristically
the law governing the changing shape of {I';};>¢. We will adapt some terminology and
methods from Bergwall [B1, B2] and [E-G1].

First, recall from §3 that we can formally interpret our evolution as saying

—div(aDu) =
{ wy — div(aDu) = w in R x (0.7)

u € B(w)

in some weak sense, where the function a is the Lagrange multiplier for the constraint that
|Du| < 1.

An ODE along transport rays. The idea is to turn attention at each fixed time
t > 0 to the Lagrange multiplier a, which as we have seen in §2 is the material speed.
Since
—div(aDu) =1 in Uy,

we have, formally,
(6.1) —Da-Du—aAu=1 in U;.

We can as follows regard this identity as an ODE for a, for any line segment along which
u is linear, with slope 1.

For definiteness suppose y € I'y and the outer normal to I'; at y is vertical. We wish
to compute the outward normal velocity V' at y. According to (3.11), V =a on I';. Now
suppose k is the curvature of I'; at y and r = 1/k is the radius of curvature (if x > 0).
Assume the origin is at distance r below y. Then u = dist(-,I";) will decrease at rate one
along some linear segment starting at a point x € U; and ending at y. We say that x
belongs to the ridge of Uy, which is the closure of the set on which the distance function is
not differentiable. The distance |x — y| is less than or equal to r. Let us now think of z,y
as lying in one dimension, and so 0 < z < y.

Our intention is computing V' = a at the boundary point y. We will do so utilizing an
ODE that we obtain upon writing a’ for —Da - Du in (6.1). We thereby convert the PDE
(6.1) into the ODE

(6.2) a—alu=1 (z<s<y)

holding along the ray connecting y to the ridge point x.
We also need a boundary condition for the ODE, and for this we impose the condition

(6.3) a(z) = 0.
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The equality (6.3) is motivated by Monge—Kantorovich mass transfer theory, and in par-
ticular by the papers Janfalk [J1, J2] and Evans—Gangbo [E-G1].

The idea in the current context is that the material motion is directly towards the closest
point on the boundary. So at a point z belonging to the ridge, for which there are two or

more closest points on the boundary, the velocity to be consistent must be zero.

But as u = dist(-,I';), we have —Au(s) = 1: see, for instance, Gilbarg-Trudinger [G-T,

page 354]. So our ODE reads

{a’%—%zl (x <s<y)

a(z) = 0.
Solving, we see
2
s
- - <s<
as)=3-2 (@<s<y)
and consequently
2
y
V=aly) = 9 —y
But y =r = %, rT=r—7y= % — 7, v denoting the distance along the ray from y to the

ridge. We hereafter refer to this length as the “ridge distance”: see Bergwall [B1, B2] for

more.

A nonlocal geometric evolution. Substituting above, we obtain the geometric law
of interface motion:

(6.4) Vz*y(l—ﬂ>,
where

V = outward normal velocity of I’
(6.5) v = ridge distance

Kk = signed curvature.

If k <0, the geometry changes, but a similar derivation leads also to (6.4), (6.5).

In summary, the free boundaries {I';};>o marking the air/plastic interface evolve ac-
cording to the nonlocal geometric evolution (6.4), at least provided that T';, u, etc. are
sufficiently smooth to justify the foregoing computations. A different derivation of formula
(6.4) is to be found in Bergwall [B1, p. 29].

A general discussion of the evolution governed by (6.4) may be found in Feldman [F].
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7. Examples.

We now utilize the rule V =~ (1 — %) to work out some simple cases. The following
selection of examples largely overlaps those in Bergwall [B1, B2], to whom we refer the
reader for more details.

A. Compressing a ring
As a simple but instructive first explicit example, suppose Uy is the annulus with inner
radius rg and outer radius Rg. Then for small time ¢ > 0, U; is also annular, with inner

radius r, outer radius R.
R

We have v = 5. Consequently the inward velocity of the hole is

= (-5) = (557) (5 (5)
:Rgr(3+§>,

which goes to infinity as » — 0. The velocity of the outer edge is

voutzv(l—%)Z(R;T) (“%(R;T»

-5 (k)

Assume the inner radius reaches 0 at time ¢,.. Then we have the ODE

P=—B 3+ 8), r(0)=rg
R=""(3+F%), R(0)=Ro

for 0 <t < t,. In particular

3
(71) lim ‘/out = gR*,

t—t,

R, denoting the outer radius at t,. Now for times t > t,, v = R and therefore

/17) R
out — l—— )=+
Vour =7 ( 2 2
Hence

) R,
(72) tli)% Vout = ?

Comparing (7.1), (7.2) we see that our model predicts a instantaneous increase by 1/3 in
the outer velocity, at the time ¢, when the inner hole vanishes. At this moment the pressure

u is discontinuous, as u(-,t) = disty (-,I";) at the center instantly changes from 0 to R..
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We are of course ignoring in this analysis the pressure of any air trapped within the
hole. U

B. Motion of corners
We next examine ramifications of the law V' =~ (1 — &) if the air/plastic interface has

a corner. There are two possibilities, depending upon which way the corner points.

Outward pointing corner. In this case we interpret our rule V=1 (1 — %7) as pre-

dicting simply V' = 0. To justify this, observe that an outward oriented corner corresponds
to k = +00, and so we can understand the motion of I'; at such a corner as the limiting
behaviour for kK — +00. But when 0 < Kk < 0o, we have 0 < v < % Thus the term w7 is
bounded, whereas v — 0, as kK — +o0.

Inward pointing corner. Here we predict V = +o00. Indeed, an inward pointing
corner corresponds to v > 0 and Kk = —oo; so that the law V = ~ (1 — %) predicts a
momentarily infinite outward velocity, which in turn immediately removes the corner.

Bergwall [B1] contains photographs of some experiments (for the compression of mar-
garine) that support these conclusions.

Motion of a wedge. The simplest case illustrating the first effect is
(7.3) Uo = {y > Mo|z|},

with A\g > 0 (although this unbounded region is not strictly speaking covered by the theory

before). We look for the subsequent plastic regions to have the form
(7.4) Up = {y > u(z, 1)},

and derive a PDE for the height function w.

First of all, we may assume that, at least for small times t > 0, the ridge of U; is
the positive y-axis. We locate the point (0, z) on the y-axis for which the line segment
connecting (0, z) to (z,u) is perpendicular to the tangent line to the graph of u at x. That

is,
u—z

(

. )u, = —1.

Then

The curvature is

(7.5) [N

Hence



and substituting above we discover

2upy  |z|(1 4+ u2)

We look for a solution of (7.6) which is linear for |z| for each time: u = A(¢)|z|. Plugging
into (7.6) yields the ODE
1+ 22
A

No=—

Therefore )
w=((14+X)e 1) [af

for 0 <t < t*:=1log(1+ A3).

So the intial wedge of plastic moves by simply opening up, keeping straight sides, until
it fills the entire upper half-plane at time ¢*. In particular, the corner at the origin does
not move at all until time ¢*. O

C. Compressing a square

A somewhat similar problem concerns the motion of the plastic/air interface when the
intial configuration Up is the square with vertices at (£1,+1). Inspired by the previous
example, we suppose that the vertices do not move during some initial time period, and
describe the upper, righthand edge of U, by the height function v = u(x,t) for 0 < x < 1.

We assume as well that at least for some time, the ridge of U; consists of the two
diagonals {(z,£2)] —1 < z < 1}.

Given then (x,u) € Ty, we look for the point (z,z) on the main diagonal for which the
line segment connecting to (x,u) is perpendicular to the tangent line to the graph of wu.
This means

u—z
(x_z)um:—l.
Then ) ) )
1 1 U — 1
Y= (@ =2 (= 2)) = (w=2) (14 d) = = (14 ug)?
Since

Uy Ky
ey (1
(1+u2) i 2)

and the curvature is given by (7.5), we derive after some substitutions the PDE

2
1l fu—x (u—2)(1 +u2)

holding so long as u, > —1. The corresponding boundary conditions are

(7.8) ue(0,8) = 0, u(1,t) = 1.
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We conjecture that the height function u obeys (7.7), (7.8), until a time t* > 0 at which
uz(1,t*) = —1. At this moment the corner at the vertex (1,1) should have straightened
out and the air/plastic edge there should begin to move. The reasoning above is not valid
after time t*. m

D. Compression near a flat obstacle
As an interesting variant of the foregoing examples, assume next that our compressed
polymer is constrained by an obstacle to lie in the upper halfplane. We assume also that

U ={0<y <u(z,t)};

so that U; lies beneath the graph of a nonnegative height function u. Supposing as well
that u is smooth, we suggest that the lower edge {y = 0} should act like the ridge set in
the dynamical law V =~ (1 - 51) .

Again the goal is finding a differential equation for u, and for this we follow Bergwall
[B1, §6.1]. As in our earlier examples, we seek (z,0) so that the line segment from this

point to (z,u) is perpendicular to the tangent line. Then

(

u

= -1
x—z>ux

Continuing as before, we eventually arrive at the PDE

1, 9 u?
(7.9) Up = —U Uz +uuy +u= | — +u

2 6 /) ..
This is a form of the porous medium equation, with an extra source term u on the right.
Bergwall [B1] contains this derivation, in the case of a free compression that is symmetric
across the z-axis. The reader should refer to [B1] for more about this analogy with the

porous medium equation. 0]

8. More geometric properties of the free boundary.

This concluding section provides some formal computations for general flows of smooth,
open subsets {U;}+>¢ in the plane, whose boundaries {I'; };>o move according to our non-
local law V = 'y( — %) It is an interesting open question to extend the following
calculations to the generalized flow built in §4,5.

A. A formula for area
To start, we first observe that if U is a smooth, bounded, open subset of the plane, we
have the geometric identity

K7y 1
8.1 U:/yl——dH.
(8.1) U W( 2)
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See Bergwall [B1, p.28] for a derivation of this formula.

B. Rate of change of area

If now U, represents a smoothly evolving region whose boundary I'; at each moment

moves according to our nonlocal law V' =~ (1 — %), we can compute
d 1 Ky 1

(8.2) Sl = [ van = [ 4 (1-51) an' = v,
dt U, U, 2

and so

(8.3) Ui| = €'|Up|  (t>0).

This deduction is consistent with the rigorous theory from §4.5.

C. Rate of change of boundary length
Remember that H! denotes one-dimensional Hausdorff measure, so that H*(I'y) is the
length of the boundary I';. Then

d 1
o (HM(T)) = /Ft VidH

(8.4) :/F K7y (1 — 2—7) dH*

1 1
= _—HNTY) — = [ |ye— 12 dH .
2 2 Jr,
Consequently,
(8.5) HYT,) < e?H'(Ty) (t>0).
D. Evolving isoperimetric ratios
Next we calculate that
d (HY(T;)? HY(T) d 1 HY(T)? d
— =2 — ry)) — —|U,
dt ( U] ol &) e g
H'(Ty) (1 1 1 2 1) H ()
8.6 =2 —H (I'y) — = k—1"dH" | —
( ) ‘Ut’ 9 ( t) 9 r, |P)/ | ‘Ut’
B _Hl(rt)2

vk — 112 dH!,
o e

where we employed (8.2), (8.4) and the slash through the integral means average:

1
k—1PdH!) = —— k— 112 dH!.
][nw | gy L e
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In view of (8.6),

1(7.)2 I
(8.7) H’gr) —H’JO exp( /][ —1|2dH1ds).
t ol

But the isoperimetric inequality states

Hl(]_‘\t)Z
—— >4,
U] —

whence (8.7) gives the estimate

t Hl(ro)2
8.8 —12dH1d)<7 t>0).
(85) e ([ £, pemparas) < RS i)

We interpret this inequality to imply that the (rescaled) boundaries {I';};>o converge to

circles as t — oo.
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