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0. Introduction

Let p be a prime, Cp the completion of an algebraic closure of thep-adicnumbers

Qp and K a �nite extension of Qp contained in Cp. Let v be the valuation on Cp

such that v(p) = 1 and let j j be the absolute value onCp such that jxj = p� v(x )

for x 2 Cp.

SupposeN is a positive integer prime to p. Let X 1(Np) denote the modular

curve over K which represents elliptic curves with � 1(Np)-structure and let Up

be the Hecke operator on modular forms onX 1(Np) which takes a form with q-

expansion
P

n an qn to the modular form with q-expansion
P

n anp qn .

A modular form F is said to have slope� 2 Q if there is a polynomial R(T)

over Cp such that R(Up)F = 0 and such that the Newton polygon of R(T) has only

one side and its slope is� � .

For simplicity of notation, now suppose p is odd.

Now (Z=NpZ)� acts on modular forms on �1(Np) via the diamond operators

and we identify (Z=pZ)� with a subgroup of (Z=NpZ)� in the natural way. If � is

a C �
p-valued character on (Z=pZ)� , we will say a modular form F is of (Z=pZ)� -

character � if F jhdi = � (d)F for d 2 (Z=pZ)� . Let � : (Z=pZ)� ! � (Qp) denote the

Teichm•uller character.

We prove in xB3:

Theorem A. Suppose� 2 Q and � : (Z=pZ)� ! C �
p is a character. Then there

exists anM 2 Z which depends only onp, N , � and � with the following property:

If k 2 Z, k > � + 1 and there is a unique normalized cusp formF on X 1(Np)

of weight k, (Z=pZ)� -character �� � k and slope � and if k0 > � + 1 is an integer
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congruent to k modulo pM + n , for any non-negative integern, then there exists a

unique normalized cusp formF 0 on X 1(Np) of weight k0, (Z=pZ)� -character �� � k 0

and slope� . Moreover, this form satis�es the congruence

F 0(q) � F (q) modpn +1 :

Both F and F 0 must be eigenforms for the full Hecke algebra of the respective

weight because these algebras are commutative and therefore preserve the space of

forms of a given slope. It is (a slight generalization of) a conjecture of Gouvêa-

Mazur [GM-F] that M may be taken to be zero as long asn � � . When � = 0

this is a theorem of Hida [H-GR]. In this paper, we obtain no information about M

(except in one example, discussed in Appendix II). However,using recent results

of Daqing Wan, we have been able to give an upper bound, quadratic in � , on the

minimal allowable M for �xed N and p. We are also able to obtain results in the

case when there exists more than one normalized form of a given slope, character

and level in xB5. That is, we prove, Theorem B5.7, the existence of what Gouvêa

and Mazur call \R-families" in [GM-F].

For example, let � be the unique normalized weight 12, level 1, cusp form. Write

�( q) =
X

n � 1

� (n)qn :

Then � (7) = � 7 � 2392. The above theorem implies, for any positive integerk

divisible by 6 and close enough 7-adically to 12, that there exists a unique normalized

weight k, level 1, cuspidal eigenformFk over Qp such that Fk jT7 = a(k)Fk for some

a(k) 2 Z7 with valuation 1. Moreover, for any positive integer n, if k is su�ciently

large and close 7-adically to 12,

Fk (q) � �( q) � � �( q7) mod 7n

where � is the root of X 2 � � (7)X + 7 11 in Z7 with valuation 10. (We prove a

similar, more precise, statement forp = 2 in Appendix II.)

The following is one important ingredient in the proof of Theorem A:
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Theorem B. For integers 0 � i < p � 1 there exist seriesPN;i (s; T) 2 Zp[[s; T]]

which converge for allT and s such that jsj < p (p� 2) =(p� 1) such that for integers k,

PN;i (k; T ) is the characteristic series of Atkin'sU-operator acting on overconvergent

forms of weight k and (Z=pZ)� -character � i � k .

This considerably strengthens the main result of [GM-CS].

Now let M k;cl denote the space of classical modular forms of weightk on X 1(Np)

de�ned over K . Then the eigenvalues ofUp on M k;cl have valuation at most k � 1.

For a character � on (Z=pZ)� we also letM k;cl (� ) denote the subspace of forms of

weight k and (Z=pZ)� -character � and set d(k; �; � ) equal to the dimension of the

subspace ofM k;cl (�� � k ) consisting of forms of slope� .

As a corollary of Theorem 8.1 of [C-CO] we obtain:

Theorem C. With notation as above, the set of zeroes ofPN;i (k; T � 1) in C �
p with

valuation strictly less than k � 1 is the same as the set of eigenvalues with valuation

strictly less than k � 1 of Up acting on M k;cl (� i � k ) (counting multiplicities in both

cases).

We are able to deduce from this, inxB3, another result conjectured in more

precise form by Gouvêa and Mazur:

Theorem D. If � is a C �
p-valued character on(Z=pZ)� , and k and k0 are integers

strictly bigger than � + 1 and su�ciently close p-adically

d(k; �; � ) = d(k0; �; � ):

Moreover, the closeness su�cient for this equality only depends on� .

Wan's result implies a lower bound, quadratic in � , of how valuation of k � k0

must be for the equality in the above theorem to be true. SinceZp is compact this

implies what is called a \control theorem," that is, for a �xe d � 2 Q, the dimension

of the space of forms of a given weight and slope� is bounded independently of the

weight. We are also able to deal with the prime 2.
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We show, in xB.3, that the set of slopes of modular forms on �1(N ) (and ar-

bitrary weight) is a discrete subset of the real numbers which is a consequence of

the Gouvêa-Mazur conjectures. In the Appendix I, we show how to use the trace

formulas of Eichler-Selberg and Reich-Monsky to prove thatthere exist overconver-

gent forms of any given integral weight of arbitrarily large slope. In a future article

with Barry Mazur, we will begin to develop the connections between the results in

this paper and p-adicrepresentations of the Galois group of�Q=Q.

What foreshadows our proofs is the study of thek-th Hecke polynomial (see

Eichler [E], Sato [Sa], Kuga [Ku] and Ihara [I]),

det((1 � Tpu + pk � 1u2)jSk );

where Sk is the space of weightk cusp forms of level one de�ned overC and Tp is

the p-th Hecke operator. It was used to relate the Ramanujan-Petersson conjecture

to the Weil conjectures (see the introduction to [I] for more history). Ihara applied

the Eichler-Selberg trace formula to this e�ort. This line o f research was continued

by Morita, Hijikata and Koike ([M], [Hj], [Ko1] and [Ko2]). D work began another

approach to the study of these polynomials using what is now known as the theory

of overconvergentp-adic modular forms and also the Reich-Monsky trace formula

([D1] and [D2]). This work was continued by Katz [K] and Adolp hson [A]. Both of

these lines of research seem to have stopped in the mid-seventies. Hida [H1], [H2]

developed to great utility the theory of \ordinary" modular forms which in this

optic are modular forms of slope zero. In particular, he proved what may now be

interpreted as the slope zero part of the aforementioned conjectures.

Our approach is a continuation of that introduced by Dwork. I n fact, the in-

spiration for this paper arose in an attempt to interpret Dwo rk's paper \On Hecke

polynomials" [D1] in terms of the point of view developed in [C-CO]. The key idea

in Gouvêa-Mazur's paper \On the characteristic series of the U operator" [GM-CS]

provided the bridge between [D1] and [C-CO].
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We will now give an outline of this paper. It naturally breaks into two parts.

In Part A, which we entitle \Families of Banach Spaces," we show how Serre's

p-adicBanach-Fredholm-Riesz theory [S] works in a family, i.e., may be extended

over complete, normed rings, which we call Banach algebras.We de�ne and prove

some basic results about these algebras, Banach modules over them, orthonormal

bases for these modules and completely continuous maps between Banach modules

in Section A1. In Section A2, we show that a completely continuous operator on a

Banach module has a \Fredholm determinant" which behaves well under a contrac-

tive base change (such as the restriction to a residue �eld).We de�ne the resultant

of a monic polynomial and an entire series and prove some basic results about it

in Section A3. This will be necessary for us to extend Serre'sRiesz theory to this

more general situation, in Section A4. I.e., given a factorization of the Fredholm

determinant into relatively prime factors, one of which is polynomial with unit lead-

ing coe�cient, we will be able to �nd in Theorem A4.3, a corres ponding direct sum

decomposition of the Banach module. In Section A5, we specialize our theory and

consider Banach modules over reduced a�noid algebras (which are Banach alge-

bras). In Subsection A5.i, we show, Proposition A5.2, that ahomomorphism of

a�noid algebras over an a�noid algebra A can be interpreted as a completely con-

tinuous map of Banach modules overA, when the associated map between a�noid

spaces overA is what we call \inner." We also indicate how our Riesz theory can

be strengthened over an a�noid algebra. In Subsection A5.ii, we prove our main

technical result, Proposition 5.3, about quasi-�nite morphisms from an a�noid to

the closed unit disk. As a corollary of this result we may conclude that if Z is the

zero locus of the characteristic power series of a completely continuous operator

over the ring of rigid analytic functions on an a�noid disk B , then for each z 2 Z

there exists an a�noid open neighborhood X of z in Z whose imageY in B is an

a�noid disk and is such that the morphism from Z to Y is �nite.

In Part B, which we entitle, \Families of Modular Forms," we a pply the results
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of Part A to elliptic modular forms. In Section B1, we recall or derive some basic

results on Eisenstein series and de�ne the weight spaceW (which is the union of a

�nite number of open disks). The rings of rigid analytic func tions on a�noid open

subspaces ofW will be our Banach algebras. In Section B2, we introduce the basic

set up notation and explain how to extend the results of [C-C0] and [C-HCO] to

all primes and levels. Section B3 is the heart of the paper. Multiplcation by an

appropriate Eisenstein seriesEk of weight k gives an isomorphism from the space

of overconvergent forms of weight 0 to the space of overconvergent forms of weight

k. Thus one can study theU-operator on weight k forms, U( k ) by studying a twist

of the U-operator on weight 0 forms,U(0) . The key observation is that this twist

can be viewed as an \internal multiplication." I.e., there i s an overconvergent rigid

analytic function ek so that, if F is a weight 0 form (i.e. a function),

(Ek )� 1U( k ) (Ek F ) = U(0) (ek F ): (1)

Moreover, these functionsek vary analytically in k, for k in a subspaceW � of W

(as we point out in Section B4, with a more judicious choice ofEk (and more work

which we will carry out in another article [C-CPS]) one can replace the ek with

functions which vary analytically over all of W). This will allow us to consider the

family of operators (1) as one completely continuous operator on a Banach module

over the rigid analytic functions on any a�noid disk in W � (the ring of rigid analytic

functions on W � is not itself a Banach algebra.) This allows us to prove Theorem

B3.2 and its re�nement Theorem B3.3 (which is Theorem B aboveextended to the

prime 2), and this implies that the Fredholm determinants of the U-operator act-

ing on weight k overconvergent modular forms, for integersk, are specializations

of a Fredholm determinant of a completely continuous operator over the Banach

algebra of rigid analytic functions on any su�ciently large closed disk inW � . This,

combined with Theorem C and the corollary to Proposition 5.3 discussed above,

yields Theorem D. We are also able to prove Theorem A, as well as its extension
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to p = 2, Theorem B3.5, in this section. In Section B4, we give a de�nition of the

q-expansion of an overconvergent modular form of non-integral weight as well as of

a family of such objects which is forced on us by the considerations of Section B3

although we do not have a geometric interpretation of either. We also show that

the q-expansionsof Eisenstein series, introduced in Section B1, live in an overcon-

vergent family. In Section B5, we de�ne a Hecke algebra whichacts on families

of q-expansionsof overconvergent modular forms and use it together with our Riesz

theory and a basic duality result, Proposition 10.3, to prove a qualitative version of

Gouvêa-Mazur's R-family conjecture. We discuss further results, includinggener-

alizations of some of our results to higher level and the connections of our families

of modular forms with Galois representations, which will beproved elsewhere (eg.

in [C-CPS] and [C-HCO]), in Section B6. Appendix I conta.ins explicit formulas

for the Fredholm determinants of our operators as well as a proof of the existence

of in�nitely many non-classical overconvergent eigenforms of any integral weight.

We point out that we have not been able to prove any of TheoremsA-D using

these formulas. Finally, in Appendix II, we show, by considering the special case

p = 2 and N = 1, how our general results combined with the explicit formulas of

Appendix I can be used, in speci�c cases, to make the estimates in our theorems

explicit.

We are grateful to the following people who provided comments helpful in writing

and revising this paper: de Shalit, Iovita, Liu, Mazur, Serre, Stevens and Teitel-

baum. We thank Brady Kahn for providing the illustration dis played in xA5 and

we also thank the referees whose careful reading of the manuscript and insightful

remarks helped make the paper substantially more readable.
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Part A. FAMILIES OF BANACH SPACES

A1. Banach algebras and Banach modules

SupposeA is a commutative ring with a unit element, complete and separated

with respect to a non-trivial ultrametric norm j j (see [BGRx1.2]).

I.e., j1j = 1,

ja + bj � Maxfj aj; jbjg; jabj � j ajjbj;

for a and b 2 A, and moreover, jaj = 0 if and only if a = 0. We will call such a

ring, a Banach algebra . We will call an ultrametrically normed complete module

E over A, such that jaej � j ajjej if a 2 A and e 2 E a Banach module over A.

An element a in A is called multiplicative if jabj = jajjbj for all b 2 A. We say

j j is a multiplicative norm if every element in A is multiplicative (in [BGR] such

a norm is called a valuation). Let Am be the group of multiplicative units in A,

A0 denote the subring ofA consisting of elementsa such that jaj � 1 and E 0 the

A0 submodule in E consisting of all e such that jej � 1. Let I (A) denote the set

of �nitely generated ideals I of A0 such that f I n : n 2 Z; n � 0g is a basis of open

neighborhoods of the origin in A0. We will suppose throughout this article that

I (A) 6= ; . Clearly, if there exists an a 2 Am such that jaj < 1, then aA0 2 I (A).

(We also point out that ( A0)� = f a 2 Am : jaj = 1 g.) SupposeN is a closed

submodule ofE . Then by the induced norm j jN on E=N , we mean

ja modN jN = Inf fj bj: b � a 2 N g:

It is clear that E=N is complete with respect to this norm. We will also frequently

make the following hypothesis:

Hypothesis M (for multiplicative).

jAm j [ f 0g = jAj:

Sincej j is non-trivial, it follows from this hypothesis that jAm j 6= 1.
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Examples. (i) The ring A = Qp with its standard norm is a Banach algebra

which satis�es hypothesis M while the subringA0 = Zp is a Banach algebra which

does not. (ii) If A is a Banach algebra, we letAhT1; : : : ; Tn i denote the ring of

restricted power series overA, i.e., power series overA whose coe�cients tend to

zero in A with their degree. Then, if F 2 AhT1; : : : ; Tn i , we set jF j equal to the

supremum of the absolute vales of the coe�cients ofF . (This is called the Gauss

norm.) Then AhT1; : : : ; Tn i is a Banach algebra with respect to this norm and

satis�es hypothesis M if and only if A does. (iii) While we will later see many more

examples of Banach algebras satisfying hypothesis M, one which does not and which

will be very important for us in the future is the Iwasawa algebra, � := Zp[[Z �
p]].

Some complete norms on� may be described as follows: Suppose� : Z �
p ! C �

p is a

continuous character. Then � extends by linearity and continuity to a continuous

ring homomorphism of � into Cp. For 0 < r < 1 2 R and � 2 � , let

j� jr = sup
�

j� (� )j

where � runs over the set of continuous characters onZ �
p with values in the closed

ball of radius r around 1, where q = 4 if p = 2 and q = p otherwise. For example,

if r 2 j Cp j, j1 � [1 + q]jr = r . Then j j r is a complete multiplicative norm on � ,

� 0 = � , j� m jr = 1 and (p;1 � [1 + q]) 2 I (� ). All these norms can be shown to

be equivalent and induce the \adic" topology correspondingto the maximal ideal

of � , as we will verify in [C-CPS].

If K is a multiplicatively normed �eld and A is a K -algebra such that the

structural morphism from K to A is an isometry onto its image, we will call A a

K -Banach algebra .

An orthonormal basis for a Banach moduleE over A is a set f ei : i 2 I g

of elements ofE , for some index setI , such that every element m in E can be

written uniquely in the form
P

i 2 I ai ei with ai 2 A such that lim i !1 jai j = 0 (this

means that for any � 2 R > 0 there exist a �nite subset S of I such that jai j < � for
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i 2 I � S) and

jmj = Supfj ai j : i 2 I g:

We say E is orthonormizable if it has an orthonormal basis. Clearly, if E is

orthonormizable jE j = jAj and jaej = jajjej if a 2 A is multiplicative.

Lemma A1.1. If E is orthonormizable, and I 2 I (A), I n E 0 is a basis of open

neighborhoods of the origin inE 0.

Proof. For � 2 R , � > 0, let E (� ) = f e 2 E : jej < � g. What we must prove is that

the collections f E (� )g and f I n E 0g are co�nal. Since the collection f I n gn � 0 is a

basis of neighborhoods of 0 inA0, it is clear that if � > 0, there exist an n 2 Z,

n � 0 such that I n E 0 � E (� ). Now supposen 2 Z, n � 0. Then there exists an

� > 0 such that A(� ) � I n . Claim: E (� ) � I n E 0. Supposea1; : : : ; am generateI n

over A0 and f ei : i 2 J g is an orthonormal basis forE . Let e 2 E(� ). Write,

e =
X

J

bi ei :

Then bi 2 I n for all i . In fact, since jbi j ! 0, bi 2 I n + m ( i ) where m(i ) � 0 and

m(i ) ! 1 as i ! 1 , so we may write

bi =
mX

j =1

cij aj

where cij 2 I m ( i ) . It follows that jcij j ! 0 as i ! 1 . Hence

e =
mX

j =1

aj

X

i 2 J

cij ei

and the inner sums converge inE . Thus e 2 I n E 0.

Using this, we see that if B = f ei g is an orthonormal basis for E and I 2

I (A) then the reduction of B modulo I n E 0 is an algebraic basis forE 0=I n E 0 over

A0=I n A0.

One has, using the same line of reasoning as in the proof of [S,Lemma 1],
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Lemma A1.2. Suppose(A; j j ) satis�es hypothesis M and jAj = jE j. Then a

subsetB of E is an orthonormal basis for E if and only if B � E 0 and the image

of B in E 0=aE0 is a basis of this module overA0=aA0 for somea 2 Am , jaj < 1.

SupposeM and N are Banach modules overA. Then we put a semi-norm on

N 
 A M by letting jcj, for c 2 N 
 A M , equal the greatest lower bound over all

representationsc =
P

i ni 
 m i of

Max i fj ni jjm i jg:

We then let N 
̂ A M denote the completion ofN 
 A M with respect to this semi-

norm.

If B is a complete normedA algebra such that the structural morphism from A

to B is contractive, then B is a Banach module overA and it is easy to see that

B 
̂ A M is, naturally, a Banach module overB .

Proposition A1.3. If f ei : i 2 I g is an orthonormal basis forM over A, for some

index set I , then f 1 
 ei : i 2 I g is an orthonormal basis forB 
̂ A M over B .

Proof. First, every element n in the image of B 
 A M in B 
̂ A M can be written

in the form
P

i 2 I bi 
 A ei where bi 2 B and bi ! 0. We claim jnj = Supjbi j =: P.

We have, for each� 2 R > 0, there exists a �nite subset T of I such that

jjnj � j nS jj < �

for all �nite subsets S of I containing T, where

nS =
X

S

bi 
 ei :

It follows that jnj � P . Now, �x j 2 I and let h: M ! A be the A homomorphism

which takes
P

I ai ei to aj . Then h is continuous, in fact jh(m)j � j mj. Let hB

denote the extension by scalars ofh to a morphism from B 
 A M to B . SupposeS
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is a �nite subset of I and j 2 S. Then h(nS ) = bj . If nS =
P

i ci 
 m i whereci 2 B

and m i 2 M . Then bj = hB (nS ) =
P

i ci hB (m i ): Hence, using the contractivity of

A ! B ,

jbj j � Maxi fj ci jB jhB (m i )jB g � Max i fj ci jB jh(m i )jA g � Max i fj ci jB jm i jg:

Since this is true for all representations ofnS , all j 2 S and all S, it follows that

P � j nj. This establishes the claim. The proposition follows easily.

If J is a closed ideal ofA then we call the induced norm onA=J the residual

norm . Then (A=J; j j J ) is a Banach algebra. We setEJ = ( A=J )
̂ E . We note

that, since A is complete, maximal ideals are automatically closed [BGR 1.2.4/5].

Since the mapA ! A=J is contractive, as a corollary of the previous proposition,

we obtain:

Corollary A1.3.1. If J is a closed ideal ofA and E is orthonormizable, EJ =

E=J . Moreover, if f ei : i 2 I g is an orthonormal basis for E , f ei modJE g is an

orthonormal basis for EJ over A=J .

Proof. By the proposition, we know f 1
 ei g is an orthonormal basis forEJ overA=J .

Clearly, E=JE = ( A=J ) 
 E � A=J 
̂ E . On the other hand, if x =
P

i 2 I ai 
̂ ei 2

(A=J )
̂ E where jai jJ ! 0, we can choose� i 2 A such that � i � ai modJ and

j� i jA � 2jai jk . Hencee :=
P

i 2 I � i ei 2 E . Let y = 1 
 e 2 E=JE . Then jx � yj < �

for every positive � . Hencex = y and soE=JE = EJ . The last part of the corollary

follows immediately.

Continuous homomorphisms.

If M and N are Banach modules overA, and L : M ! N is a continuous A-

homomorphism we set

jL j = sup
m 6=0

jL (m)j
jmj

:

13



This determines a topology on the set of continuousA-homomorphisms. The

homomorphismL is said to becompletely continuous if

L = lim
j !1

L j

whereL j is a continuousA-homomorphism from M to N whose image is contained

in a �nitely generated submodule ofN . If f : M 0 ! M and g: N ! N 0are continuous

A-homomorphisms ofA-Banach modules then it is easy to see thatg � L � f is also

completely continuous. Let CA (M; N ) denote the Banach module of completely

continuous A-homomorphisms fromM to N .

It is also easy to see:

Lemma A1.4. If A ! B is a contractive map of Banach algebras,M and N are

Banach algebras overA and L 2 CA (M; N ), then 1
̂ L 2 CB (B 
̂ M; B 
̂ N ).

Remarks A1.5. (i) When A is �eld, j j is multiplicative and jA � j 6= f 1g the above

is the theory discussed by Serre [S]. However, Serre's theory works without change

even whenjA � j = f 1g. It's only easier. Indeed, in this case, an orthonormal basis

is a basis and a completely continuous linear map is a linear map of �nite rank.

(ii) When A is a �eld, j j is multiplicative, jA � j 6= 1 , and V is a �nite dimensional

subspace ofM , then Serre proves that there exists a continuous projectorfrom M

onto V with norm less than 1 whose kernel is orthonormizable. We cannot prove

this in our more general context.

Supposef ei gI is an orthonormal basis forM and f dj gJ is an orthonormal basis

for N . Suppose

L(ei ) =
X

j

ni;j dj :

Then, as in [S], we have the following useful lemma:

Lemma A1.6. The linear map L is completely continuous if and only if

lim
j !1

Supi 2 I jni;j j = 0 :

14



or equivalently, for S � I , let � S : E ! E be the projector

X

i 2 I

ai ei 7!
X

i 2 S

ai ei :

Then, L is completely continuous if and only if the net f � S � Lg, where S ranges

over the directed set of �nite subsets ofI , converges toL .

Proof. First suppose the matrix for L is as above. Then for each �nite setS of J

let

L S (ei ) =
X

j 2 S

ni;j dj :

It is clear that the L S converge toL .

Now supposeL is completely continuous. Then for each� > 0 there exists anA-

linear map L 0: M ! N whose image is contained in a �nitely generated submodule

N 0 and is such that jL � L 0j < � . SinceN 0 is �nitely generated there exists a �nite

subset T of J such that if � T is the projection from N onto the span of f dj gj 2 T

j� T jN 0 � idN 0j < � . It follows that

jL � � T � L 0j < �:

This implies jni;j j < � for j 62T which concludes the proof.

For an orthonormizable Banach moduleE , let E _ denote the continuous dual

of E with the norm j j_ de�ned by

jhj_ = supfj h(x)j: x 2 E 0g

for h 2 E _ . This is well de�ned and if B is an orthonormal basis for E , jhj_ =

supfj h(e)j: e 2 Bg.

Lemma A1.7. If M and N are orthonormizable Banach modules overA, M _ 
̂ N

is naturally isomorphic to CA (M; N ).

Proof. Supposef ei gI is an orthonormal basis for M and f dj gJ is an orthonormal

basis for N .

15



We can write any y 2 M _ 
̂ N , uniquely, as

X

J

hj 
 dj

where hj 2 M _ , jhj j_ ! 0. Now if m 2 M , we set

y(m) =
X

J

hj (m)dj :

This clearly well de�nes a linear map from M to N and, sincejhj j_ ! 0, is com-

pletely continuous by the previous lemma.

Now let e_
i be the element ofE _ such that e_

i (ej ) = � i;j . We can represent any

h 2 M _ as
P

I ai e_
i where ai 2 A and the set fj ai j: i 2 I g is bounded. If, on the

other hand, L 2 CA (M; N ) has the matrix (ni;j )I ;J let y =
P

J (
P

I ni;j e_
i ) 
 dj

which, using Lemma A1.6, we see is an element ofM _ 
̂ N . Clearly, y maps to L .

The map M _ 
̂ N to CA (M; N ) is independent of the choice of the bases because

it is the natural map on M _ 
 N and is continuous.

We say a normed ringA satis�es hypothesis J (for Jacobson) if:

Hypothesis J. The intersection of the maximal ideals of A is 0 and if m is a

maximal ideal, the residual norm on A=m is multiplicative.

Examples. (i) If A is a reduced a�noid algebra over a complete multiplicatively

normed �eld and the norm on A is the supremum norm [BGR Def. 3.8/2], then A

satis�es hypothesis J (see [BGR Prop. 6.1.1/3 and Cor. 6.1.2/3]). It also satis�es

hypothesis M. (ii) The ring � with any of the norms described above does not

satisfy hypothesis J.

Probably, the hypothesis on residual norms in hypothesis J can be weakened,

for our applications, to the assumption that that the residual norms are equivalent

to a multiplicative norm (two norms on a ring are said to be equivalent, if they

induce the same topology), as George Bergman has shown, based on results in [B],
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if a norm j j1 on a �eld is equivalent to a multiplicative norm j j2, then there exists a

positive constant c such that j j2 � cj j1. We do not know an example of a complete

normed �eld whose norm is not equivalent to a multiplicative norm.

A2. The Fredholm determinant

SupposeA is a Banach algebra andE is a Banach module overA with an

orthonormal basis B . If L is a completely continuous operator onE , and

there exists ac 2 Am such that jcLj � 1, (� )

one can translate the discussion in Serre to produce a characteristic seriesPL (T) of

L , with respect to B , which we will also denote by det(1� TL) (which it morally is).

The key point is: By means of (*) we may supposejL j � 1 and observe, ifI 2 I (A),

Lemma A1.6 impliesL(E 0) mod I n E 0 is contained in a free direct factor ofE 0=I n E 0

of �nite rank over A0=I n A0. We will suppose all completely continuous operators

mentioned in this section satisfy property (� ) (which is automatic if jAm j 6= 1). We

can also prove:

Theorem A2.1. If L has norm at most jaj wherea 2 Am then PL (T) is an element

of A0[[aT]] and is entire in T (i.e. if PL (T) =
P

m � 0 cm Tm , jcm jM m ! 0 for any

real number M ). Also, PL (T) is characterized by:
(i) If f L n gn � 0 is a sequence of completely continuous operators onE , and L n ! L

then PL n ! PL coe�cientwise.
(ii) If the image of L in E is contained in an orthonormizable direct factor F of

�nite rank over A of E such that the projection from E onto F has norm at most

1 then

PL (T) = det(1 � TLjF ):

Proof. This follows by translating the arguments in [S]. E.g. suppose the hypotheses

of (ii). Let � : E ! F be the projection. After changing L by a homothety in Am , if

necessary, we may assumejL j � 1. Let F 0 = f x 2 F : jxj � 1g. Let I be an element
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of I (A). Then, sincej� j � 1, FI =: F 0=IF 0 injects onto a free direct factor of �nite

rank of E 0=IE 0 over A0=I . It follows that

PL (T) � det(1 � TLjFI ) mod I:

Assertion (ii) follows upon taking a limit.

Remark A2.2. It follows from (i) and (ii) of the theorem that PL (T) does not

depend on the choice of the orthonormal basis but, as far as weknow, it may

depend, in general, on the norm onE and not just the topology. However below,

Corollary A2.6.2, we show that, whenA satis�es hypothesis J, it does only depend

on the topology.

Just as in [S, x5] (see the remark afterCorollaire 1), one may deduce from the

theorem,

Corollary A2.1.1. If u and v are completely continuous operators onE ,

det(1 � Tu) det(1 � Tv) = det((1 � Tu)(1 � Tv)) :

Also, one may deduce similarly to the proof ofCorollaire 2 of [S,x5],

Proposition A2.3. SupposeE1 and E2 are orthonormizable Banach modules over

A. Supposeu is a completely continuous homomorphism fromE1 to E2 and v: E2 !

E1 is a continuous homomorphism. Then

Pu � v (T) = Pv� u (T):

Lemma A2.4. SupposeN is a closed orthonormizable Banach submodule ofM

over A such that the quotient module F := M=N , with the induced norm, is also

orthonormizable and moreover that there is an isometric section  : F ! M of

M ! F . Then M is orthonormizable and if L is a completely continuous operator

on M stabilizing N , its restriction to N and the induced operator, L F , on F are

also completely continuous and

PL (T) = PL j N (T)PL F (T):
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Proof. Let E := f ei : i 2 I g be an orthonormal basis forN and D := f dj : j 2 J g be

an orthonormal basis for F . Then, we claim,

B := f ei : i 2 I g [ f  (dj ): j 2 J g:

is an orthonormal basis forM . First, it is clear that if m 2 M , there exist unique

ai ; bj 2 A, for i 2 I; j 2 J , such that

X

i

ai ei +
X

j

bj  (dj ) = m:

Since is an isometry,

jmj � Max i 2 I ;j 2 J fj ai j; jbj jg =: K:

Supposejmj < K . It follows, from the fact that the norm on F is the induced norm,

that j
P

j bj dj j < K . From the fact that D is an orthonormal basis forF , we see that

jbj j < K for all j 2 J and hence thatK = Max i 2 I fj ai jg. SinceE is an orthonormal

basis for N , this latter equals j
P

i ai ei j. Now, since j
P

i ai ei j > j
P

j bj dj j, we

deduce that jmj = K , a contradiction. Thus, B is an orthonormal basis.

Now we know we can computePL (T) with respect to B . For a subsetS of an

orthonormal basis for a Banach algebraW over A, let � S be the projection of W

onto the span of S, as described in the last section, and for an operatorU on W ,

let let US = � S � U. Now, for a subsetS of B , let ES = S \ E and DS =  (S) � D.

Now, sinceL jN = lim S (L jN )E S and L F = lim S L D S
F as S ranges over �nite sets,

these operators are completely continuous. It is elementary algebra to check, for

�nite subsets S of B , that,

PL S (T) = P(L j N ) E S (T)P
L

D S
F

(T):

The lemma follows from the fact, which is a consequence of Theorem A2.1, that

PL (T) = lim
S

PL S (T); PL j N (T) = lim
S

P(L j N ) E S (T) and

PL F (T) = lim
S

PL D S
F

(T);
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as S ranges over �nite subsets ofB .

We remark that the hypothesis of this lemma about an isometric splitting is

automatic when the absolute value onA is discrete (by this we mean that the

subset of the real numbersf logjaj: a 2 A; a 6= 0 g is discrete). Indeed, in this case,

with notation as in the proof of the lemma, for each j 2 J , there exists ane0
j 2 M

such that e0
j = ej modN and je0

j j = 1. Then we can de�ne  as follows,

 (
X

j

bj ej ) =
X

j

bj e0
j :

We will see below that we can also eliminate this hypothesis when A satis�es hy-

pothesis J.

It follows easily using Proposition A1.3 and Lemma A1.4 that

Lemma A2.5. Suppose� : A ! B is a contractive map of Banach algebras, then

� (det(1 � TLjE )) = det(1 � T(1
̂ L )jB 
̂ A E):

Proposition A2.6. SupposeA satis�es hypothesis J, E is an orthonormizable

Banach module over A and L is a completely continuous linear operator onE

whose image is contained in a free submodule of �nite rankF such that there is a

continuous projector from E onto F . Then PL (T) = det(1 � TLjF ).

Proof. Let f ei g be an orthonormal basis for E . Let m be a maximal ideal of

A, k = A=m and j jm the residual norm. Then the natural map from A to k is

contractive so 1
 ei is an orthonormal basis fork
̂ E by Proposition A1.3. Also, if

� : E ! F is a continuous projector, id 
 � : k 
 E ! k 
 F is a continuous projector

and the elements 1
 � (ei ) are bounded in k 
 F . We also knowk 
 E = k
̂ E by

Corollary A1.3.1. The result now follows from Lemma A2.5 applied to B = A=m

and Remark (1) of [S,x5] and [S, Prop. 7d)].

This proposition together with part (i) of the theorem impli es that
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Corollary A2.6.1. When A satis�es hypothesis J, PL (T) only depends on the

topology of E .

We do not know whether or not this is true more generally.

Corollary A2.6.2. When A satis�es hypothesis J andM is orthonormiable, the

conclusion of Lemma A2.4 remains true even without the assumption that there is

an isometric section fromF to M .

Proof. Let E = f ei : i 2 I g and D = f dj : j 2 J g be as in the proof of Lemma A2.4.

Let � 2 R such that 0 < � < 1. For each j 2 J let d0
j be an element ofM which

maps to dj such that jd0
j j < (1 + � ). Let � be the unique continuous section of

M ! F which takes dj to d0
j . Let C be the setE [ f d0

j : j 2 J g. Clearly, if m 2 M ,

m can be uniquely written in the form,

X

i

ai ei +
X

j

bj � (dj ):

We now let j j0 be the unique absolute value onM such that C is an orthonormal

basis. Then since� is an isometric section with respect toj j0, we may apply Lemma

A2.4 to the characteristic series ofL with respect to this absolute value. But it is

clear that for m 2 M ,

jmj0 � j mj � (1 + � )jmj0:

Thus j j and j j0 induce the same topology onM and so by the previous corollary,

the characteristic series ofL de�ned with respect to j j0 is the same as that de�ned

with respect to j j , PL (T). Thus the conclusion of Lemma A2.4 applies toPL (T).

Remark A2.7. The Fredholm determinant may be de�ned and many of its prop-

erties proven when the condition \orthonormizable" is replaced by \locally or-

thonormizable."

Example. SupposeA is a Banach algebra,M is an orthonormizable Banach mod-

ule over A and u and v are two completely continuous operators onM over

21



A. Then if AhX; Y i is the ring of restricted power series overA, the operator

Xu + Y v is a completely continuous on ~M =: M 
̂ AhX; Y i over AhX; Y i (which

is given the Gauss Norm). Hence we have a characteristic series Pu;v (X; Y; T ) =

det
�
(1 � T(Xu + Y v)) j ~M

�
such that

Pu;v (x; y; T ) = det
�
(1 � T(xu + yv)) jM

�

whenever x; y 2 A and both jxj and jyj are at most 1. Clearly when jAm j 6= 1 ,

P(X; Y; T ) continues to a series entire inX and Y .
Now supposeA is an algebraically closed �eld with a multiplicative norm. Then

if u and v commute

Pu;v (X; Y; T ) =
Y

i

�
1 � (ai X + bi Y)T

�

where ai and bi are elements ofA which tend to zero. This is a consequence of the

fact that the generalized eigenspaces ofu are stabilized by v and vice versa.

A3. Resultants

In this section we extend many of the classical results aboutresultants (see [L-A,

Chapt. IV x8]) to our analytic situation. This is necessary for us to be able to prove

analogues for completely continuous operators over a Banach algebra of Serre's Riesz

theory results [S, x7] for completely continuous operators over a complete normed

�eld.

Suppose (A; j j ) is a Banach algebra andjAm j 6= 1.

Lemma A3.1. If G(T) is a polynomial whose leading coe�cient is multiplicative

and H (T) 2 AhTi such that G(T)H (T) 2 A then G(T) 2 A or H (T) = 0 .

Proof. Let a 2 Am , jaj > 1. ReplacingG(T) by G(aM T) for some positive integer

M we may assume that the absolute value of the leading coe�cient c of G is greater

than all its other coe�cients. Suppose n = deg(G) > 0 and H 6= 0. Suppose
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H (T) =
P

k bk T k and m � 0 is such that jbm j � j bk j for all k with strict inequality

for k > m . It follows that the coe�cient of Tn + m has absolute value equal to

jcbm j = jcjjbm j 6= 0.

For I = ( i 1; : : : ; i n ) 2 N n , s(I ) = i 1 + � � � + i n and if (T1; : : : ; Tn ) is an n-tuple

of elements in a ring, we setT I = T i 1
1 � � � T i n

n . Let Aff T1; : : : ; Tn gg be the ring of

power series
X

I

B I T I

over A in (T1; : : : ; Tn ) where I ranges overN n , such that

jB I jM s( I ) ! 0

as s(I ) ! 1 for all M 2 R . This is the ring of power series overA which converge

on a�ne N -space overA. In particular, if P(T) is the characteristic series of a

completely continuous operator on a Banach module overA, P(T) 2 Aff Tgg.

Remark A3.2. The above lemma is also true if we suppose instead of the hy-

pothesisG(T) 2 A[T] that G(T) 2 Aff Tgg and either all the coe�cients of G are

multiplicative or A satis�es hypothesis J.

Supposee1; : : : ; en are the elementary symmetric polynomials inT1; : : : ; Tn .

Proof. For an elementI = ( i 1; : : : ; i n ), let t(I ) = i 1 +2 i 2 + � � � + ni n . Now if I 2 N n ,

eI is a linear combination of T J where s(J ) = t(I ). Since

s(I ) � t(I ) � ns(I );

it follows that if
X

I

A I T I =
X

J

BJ eJ ;

where the the sums run overN n and the A I and BJ are elements ofA, then

Maxs(J )= m fj BJ jg � Maxm � s( I ) � nm fj A I jg (1)

and
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Maxs( I )= m fj A I jg � Maxm=n � s(J ) � m fj BJ jg: (2)

The containment of rings Aff e1; : : : ; en gg � Aff T1; : : : ; Tn gg follows from esti-

mate (2). It is clear that elements of Aff e1; : : : ; en gg are invariant under permu-

tation of the Ti . If f 2 Aff T1; : : : ; Tn gg is invariant under permutation of the Ti

it follows that f equalsg(e1; : : : ; en ) for some g 2 A[[X 1; : : : ; X n ]]. It now follows

from estimate (1) that g is in fact in Aff X 1; : : : ; X n gg which completes the proof.

Let

Q(T) = Tn � a1Tn � 1 + � � � + ( � 1)n an

be an element ofA[T].

Lemma A3.4. If S(e1; : : : ; en ) is in

� nX

i =1

Q(Ti )Aff T1; : : : ; Tn gg
� \

Aff e1; : : : ; en gg

then S(a1; : : : ; an ) = 0 .

Proof. First, supposeC is a ring and K (T) =
P n

i =1 (� 1)i ci Tn � i and R(e1; : : : ; en )

is in
� P n

i =1 K (Ti )C[T1; : : : ; Tn ]
�

\ C[e1; : : : ; en ]: Consider the ring

B = C[b1; : : : ; bn ]=
�
K (T) �

Y

i

(T � bi )
�
:

We can write

R(e1; : : : ; en ) =
X

i

K (Ti )f i (T1; : : : ; Tn );

where f i (T1; : : : ; Tn ) 2 C[T1; : : : ; Tn ]. Then we may conclude

R(c1; : : : ; cn ) =
X

i

K (bi )f i (b1; : : : ; bn ) = 0 :

Now we assume the hypotheses of the lemma. ReplaceQ(T) with bn Q(T=b) for

some appropriateb 2 Am so that all the ai are in A0. We can also scaleS so that

S(e1; : : : ; en ) is in

� nX

i =1

Q(Ti )A0ff T1; : : : ; Tn gg
� \

A0ff e1; : : : ; en gg
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Write S as
X

i

Q(Ti )f i (T1; : : : ; Tn )

with f i 2 A0ff T1; : : : ; Tn gg. Let f i N be the sum of the terms off of degree at most

N and gi N = f i � f i N . Then if � > 0 2 R for large N the coe�cients of gi N have

absolute value at most� . Let I � be the ideal in A0, f a 2 A: jaj � � g. Then we may

apply the above argument with the ring C equal to A0=I � and R equal to S modI � ,

to conclude that jS(a1; : : : ; an )j � � for all � > 0. Hence,S(a1; : : : ; an ) = 0.

SupposeP(T) 2 Aff Tgg. We know P(T1) � � � P(Tn ) = H (e1; : : : en ) for some

H 2 Aff X 1; : : : ; X n gg by Lemma 3.3. Then, for Q as above, we de�ne theresul-

tant of Q and P to be

Res(Q; P) = H (a1; : : : ; an ):

(See also [L-A, Chapt. IV x8].) Then

Res(Q; 1) = 1 (3)

Res(Q; aP) = an Res(Q; P) (4)

Res(Q; P R) = Res(Q; P)Res(Q; R) (5)

Res(Q; P + BQ) = Res(Q; P) (6)

if a 2 A and R; B 2 Aff Tgg. If P(T) =
P

n � 0 bn Tn , one can showRes(Q; P) is the

limit as m goes to in�nity of the determinants of the ( n + m) � (n + m) matrices,

m

8
>>>>><

>>>>>:

n

8
>>>>><

>>>>>:

0

B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
@

1 � a1 : : : : : : (� 1)n an

1 � a1 : : : : : : (� 1)n an

: : : : : : : : : : : : : : :

1 � a1 : : : : : : (� 1)n an

bm bm � 1 : : : : : : b0

bm bm � 1 : : : : : : b0

: : : : : : : : : : : : : : :

bm bm � 1 : : : : : : b0

1

C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
A
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in which there are m rows of a's and n rows of b's. If S is a monic polynomial of

degreem,

Res(SQ; P) = Res(S; P)Res(Q; P) (7)

Res(Q; S) = ( � 1)mn Res(S; Q) (8)

Res(Q; S� ) = Res(S; Q� ) (9)

where if F (T) is a polynomial of degreed, F � (T) = TdF (T � 1). We can also inter-

pret the resultant as a norm. Indeed, consider the extensionB := Aff Tgg=(Q(T))

of A. This extension is isomorphic toA[T]=(Q(T)) which is �nite and free and the

resultant of Q and P is the norm of the image ofP in B to A.

Lemma A3.5. The resultant of Q and P is a linear combination of Q and P. If

Q and P have a non-constant polynomial common factorG whose leading term is

multiplicative, then the resultant of Q and P is zero.

Proof. When P is a polynomial, the �rst statement follows from [L-A Chapt. IV,

x8]. In general, we can writeP asBQ + R whereR is a polynomial andB 2 Aff Tgg

and then apply formula (6) above.

Now it follows that G(T) divides the resultant. However, the resultant lies in

A, and this together with Lemma A3.1 implies the resultant is zero.

Remark A3.6. By Remark A3.2, the conclusion of this lemma is still true if we

only assumeG(T) 2 Aff Tgg as long asA satis�es hypothesis J.

Lemma A3.7. Res(Q; P) is a unit if and only if Q and P are relatively prime in

Aff Tgg.

Proof. One direction follows immediately from the previous lemma. Therefore

supposefQ + gP = 1 where f; g 2 Aff Tgg. Then using (3), (5) and (6)

1 = Res(Q; fQ + gP) = Res(Q; gP) = Res(Q; g)Res(Q; P):
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We now want to explain the relationship between the characteristic series of a

completely continuous operator and that of an entire seriesin that operator with

zero constant term (which we know is also completely continuous).

SupposeB and P are polynomials overA and

P(T) = 1 � a1T + � � � + ( � 1)n an Tn :

Then we set

D(B; P )(T) =
nY

i =1

(1 � TB(Ti )) ;

where on the right hand side we setei (T1; : : : ; Tn ) = ai . If B and P are in Aff Tgg,

B (0) = 0 and P(0) = 1 then we set

D(B; P )(T) = lim
n !1

D(Bn ; Pn )(T)

where, for an elementF (T) =
P 1

k=0 ck T k 2 A[[T]], Fn (T) =
P n

k=0 ck T k . It is easy

to see that D(B; P )(T) 2 Aff Tgg. Moreover,

Lemma A3.8. If P(T) = R(T)S(T), R; S 2 Aff Tgg and R(0) = S(0) = 1 , then

we have,

D(B; P ) = D(B; R)D(B; S): (10)

and if Q is a monic polynomial,

D(1 � Q� ; P)(1) = Res(Q; P): (11)

Proof. The �rst formula is obvious. For the second, observe that it follows from

the de�nitions and (9) that

D(1 � Q� ; Pn )(1) = Res(Tn Pn (T � 1); Q� (T))

= Res(Q; Pn ):

Hence the lemma follows by taking a limit.
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Theorem A3.9. If u is a completely continuous operator on an orthonormizable

Banach moduleE over A and B 2 TAff Tgg then

PB (u ) (T) = D(B; Pu )(T): (12)

Proof. As we remarked aboveB(u) is completely continuous, soPB (u ) makes sense.

We may apply a homothety and assume that the norms ofu and B are at most

one. SupposeI 2 I (A). Consider the operator uI induced by u on E I := E 0=IE 0.

The corresponding formula is true for det(1� uI TjE I ) which is congruent to Pu (T)

modulo I . Hence (12) follows by a limiting argument.

A4. Riesz Theory

Suppose (A; j j ) satis�es hypothesis M. Let u be a completely continuous operator

on an orthonormizable Banach moduleE over A. As in Serre, we can de�ne the

Fredholm resolvant F R(T; u) := det(1 � Tu)=(1� Tu) of u and use it and the theory

of resultants to prove:

Lemma A4.1. SupposeQ(T) 2 A[T] is a monic polynomial. Then Q and Pu are

relatively prime if and only if Q� (u) is an invertible operator on E .

Proof. Let v = 1 � Q� (u). Then v is completely continuous and we have,

(1 � vT)F R(T; v) = Pv (T) = D(1 � Q� ; Pu )(T);

by Theorem A3.9, and so using Lemma A3.8,

Q� (u)F R(1; v) = (1 � v)F R(1; v) = Res(Q; Pu ):

Thus it follows from Lemma A3.7 that if Q and Pu are relatively prime, Q� (u)

is invertible. If, on the other hand, there exists an operator w on E such that

Q� (u)(1 � w) = 1, then we �nd that w is completely continuous and we deduce

using Corollary A2.2.1,

det(1 � v) det(1 � w) = 1
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but by Theorem A3.9 and Lemma A3.8,

det(1 � v) = D(1 � Q� ; Pu )(1) = Res(Q; Pu ):

HenceQ and Pu are relatively prime by Lemma A3.7.

Let � s denote the operator on power series inT which takes
P

n an Tn to
P

n

� n
s

�
an Tn � s. We also let � = � 1. Supposea 2 A. Then we say a is a zero

of H (T) 2 Aff Tgg of order h if � sH (a) = 0 for s < h and � hH (a) is invertible.

(With this de�nition, some zeroes do not have an order.)

Using the previous lemma and following the same line of reasoning as in [S,x7]

one obtains:

Proposition A4.2. Supposea 2 A is a zero ofPu (T) of order h. Then we have a

unique decomposition

E = N (a) � F (a)

into closed submodules such that1� au is invertible on F (a) and (1� au)h N (a) = 0 .

Proof. We note that S(0) = 1. Let B (T) = 1 � Q� (T)=Q� (0) and v = B(u). Then,

by (A3.10)

Pv = D(B; Pu ) = D(B; Q)D(B; S):

We have D(B; Q)(T) = (1 � T)n , where n = deg Q and

D(B; S)(1) = Res(Q=Q� (0); S)

by (A3.11) which is a unit using Lemma A3.7. Now apply Proposition A4.2 to the

operator v and the zero 1 ofPv (T).

Remarks A4.4. (i) Let RQ = A[X ]=Q� (X ) �= A[Y ]=Q(Y ). Then Nu (Q) is a RQ

module, via

Xm = um
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for m 2 Nu (Q). (ii) Following Serre we have explicit formulas for the projectors

from E onto the subspacesNu (Q) and Fu (Q). For example, let v be as above, then

�
(1 � v)� n F R(1; v)

� n Pv (1)

� n

is a formula for the projector onto Fu (Q) with kernel Nu (Q).

Since projective modules over a ring are locally free, one can de�ne the deter-

minant of an operator on such a module if it has locally �nite rank.

Theorem A4.5. SupposeA satis�es hypothesis J and Q has degreer . Then

under the hypotheses of Theorem A4.3 theA module Nu (Q) is projective of rank

r . Moreover, det(1 � TujNu (Q)) = Q(T).

Proof. First supposeA is a �eld, then j j is multiplicative. The result [S, Prop. 12]

of Serre applies and establishes our result in this case.

Let N = Nu (Q) and F = Fu (Q). Let m be a maximal ideal ofA. Then because

E = N + F , Em = Nm + Fm and Q� (u) is zero on Nm and invertible on Fm so

that this decomposition is the one established by Theorem A4.3. It follows from

the above and the hypotheses onA that Nm is a vector space of dimensionr over

km , the residue �eld at m. Now, let

f i =
X

j 2 I

ai;j ej for 1 � i � r

be elements ofN which form a basis ofNm modulo m. Then, there exist j 1; : : : ; j r

in I such that

g = det
�
(ai;j k ) i;k

�

is not zero at m. Let U be the a�ne open subscheme ofSpec(A) where g is

invertible. It follows that the f i are a basis forNP for every closed pointP of U.

We claim f f i g is a basis forNU .
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Indeed let h 2 NU . Then becauseg is invertible on U, there exist ai 2 AU such

that the coe�cient of ej k in the expansion of

a1f 1 + � � � + ar f r � h

is zero for 1� k � r . If follows that this element vanishes at every closed pointP

of U. Thus by the hypotheses this element vanishes onU. If h = 0, it follows that

the ai vanish at every closed pointP in U and henceai = 0 for all i . Thus N is

locally free, so projective.

Finally, by Corollary A2.6.2,

det(1 � TujE ) = det(1 � TujN ) det(1 � TujF ):

Now sinceQ(T) divides Pu (T) and Q� (u) is invertible on F , it follows, using Lemma

4.1, that Q(T) di�ers from det(1 � TujN ) by an element of A � . Equality follows

from the fact that Q(0) = 1.

Corollary A4.5.1. SupposeA satis�es hypothesis J . If RQ is �etale over A (i.e.,

if (Q(T); � Q(T)) = 1 ) then Nu (Q) is a locally freeRQ module of rank 1.

Proof. This is true when A is a �eld. It follows more generally when A satis�es

hypothesis J, by the same kind of reasoning which established the theorem.

Remark A4.6. One can show, whenA satis�es hypothesis J, that Fu (Q) is locally

orthonormizable.
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5. Rigid Theory

In this section, we will show how the results of the previous sections apply in the

rigid category. We will be able to obtain much more precise results, which will

be essential to us when we begin to discuss modular forms. A good encyclopedic

reference for the foundations of rigid analysis is the bookNon-Archimedean Analysis

by Bosch, Guntzer and Remmert. A more low key introduction to the subject can

be found in the book G�eom�etrie Analytique Rigide et Applications by Fresnel and

Van der Put and the original paper \Rigid analytic spaces" [T ] by Tate is quite

accessible.

Let K be either Cp or a complete discretely valued sub�eld of Cp and j j be

the absolute value on K such that jpj = p� 1 (or more generally we may sup-

pose that K is a complete stable valued �eld (see [BGR,x3.6.1, Def. 1])). Let

K 0 = f a 2 K : jaj � 1g be the ring of integers in K and } = f a 2 R: jaj < 1g the

maximal ideal of K 0.

If Y is a rigid space overK , A(Y ) will denote the ring of rigid analytic functions

on Y , we let j j also denote the supremum semi-norm onA(Y ) [BGR, x3.8] andA0(Y )

will denote the subring in A(Y ) of power bounded functions,f f 2 A(Y ): jf j � 1g,

on Y . The supremum semi-norm is a non-trivial ultrametric norm on A(Y ) if A(Y )

is reduced [BGR Prop. 6.2.1/4]. As we have pointed out, it also satis�es hypothesis

J. We set t(Y ) = f f 2 A(Y ) : jf j < 1g, the topologically nilpotent elements of

A(Y ), and �Y = Spec(A0(Y )=t(Y )). In general, if X ! Y is a morphism of rigid

spaces andZ is a subspace ofY , then X Z will denote the pullback of X to Z (the

\�ber" of X ! Y over Z ).

In particular, B n
K will denote the n-dimensional a�noid polydisk over K . Then

A(B n
K ) �= K hT1; : : : ; Tn i and A0(B n

K ) �= K 0hT1; : : : ; Tn i . Finally, if a 2 K and

r 2 j Cp j we let BK [a; r ] and BK (a; r) denote the a�noid and wide open disks of

radius r about a in A 1
K . When K = Cp we will drop the subscript K , and we will

sometimes abuse notation and let these latter symbols denote the Cp-valued points
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of the corresponding rigid space.

(i) Fredholm and Riesz theory over a�noid algebras

SupposeX ! Y is a morphism of reduced a�noids over K . Then (A(Y ); j j ) is

a Banach algebra and (A(X ); j j ) is a Banach module over (A(Y ); j j ).

If A0(Y )=}A 0(Y ) is reduced then jA(Y )j = jK j so (A(Y ); j j ) satis�es hy-

pothesis M. In this case, }A 0(Y ) = t(Y ) so the reduction of Y , �Y , equals

Spec(A0(Y )=}A 0(Y )) =: eY . If Y is reduced, this occurs after a �nite base ex-

tension. We will suppose for the rest of this section thatY is a reduced irreducible

a�noid such that eY is also reduced and we will regardA(Y ) as a Banach algebra

with respect to the supremum norm.

One can show, using Lemma A1.2,

Lemma A5.1. SupposeK is discretely valued,X ! Y is a morphism of reduced

a�noids over K and A0(X )=}A 0(X ) is free overA0(Y )=}A 0(Y ). Then the Banach

module A(X ) over A(Y ) is orthonormizable.

The simplest case of this phenomenon is:X = Z � K Y where Z is a reduced

a�noid over K . This will, in fact, be the case of interest to us.

De�nition. If f : Z ! X is a morphism of a�noids over Y then we say,f is inner

over Y if the image of Z in X is �nite over Y.

This is a slight generalization of Kiehl's notion of inner which is called relatively

compact in [BGR x9.6.2].

Proposition A5.2. Supposef : Z ! X is an inner map of reduced a�noids over

Y , ~X is reduced andA(X ) is orthonormizable over A(Y ). Then the map f � from

A(X ) to A(Z ) is a completely continuous homomorphism of Banach modules over

A(Y ).

Proof. Let B = A0(Y ), C = A0(Z ) and D = A0(X ). Let x1; : : : ; xn be elements of

D such that the map from BhT1; : : : ; Tn i , Ti 7! x i is surjective onto D (these exist
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by [BGR, Thm. 6.4.3/1] using the fact that under our hypotheses jD j = jK j). The

hypotheses that f is inner implies that the image of X is �nite over Y which is

equivalent to the existence of monic polynomialsgi (S) 2 B [S], 1 � i � n such that

f � gi (x i ) 2 �C for some� 2 K 0 such that j� j < 1. We can write any element ofD

as
X

I ;N

aI ;N x I g(x)N ;

where x = ( x1; : : : ; xn ), g = ( g1; : : : ; gn ), I and N are multi-indices in N n ordered

lexographically, I < deg (g) and aI ;N 2 B . It follows that the image of D in

C=� n C is spanned by the images off � (x I g(x)N ) where I < deg(g) and S(N ) < n .

Now let f ei gi 2 I be an orthonormal basis forA(X ) over A(Y ). Then ei 2 D. Let

Fi;n be an element in the B-span of f f � (x I g(x)N ): I < degg and S(N ) < n g

such that Fi;n � f � ei mod� n C. There exists a unique continuousB-linear map

L n : A(X ) ! A(Z ) such that L n (ei ) = Fi;n . Then L n converges tof � and the image

of L n is contained in a submodule ofC �nitely generated over A(Y ).

We will also need in sections B4 and B5, the following notion of relative over-

convergence:

De�nition. If X ! Y is a morphism of rigid spaces overK , we say that X is

a�noid over Y if for each a�noid subdomain Z in Y , X Z is an a�noid. Suppose

W ! Y is a map of rigid spaces andX � W is a�noid over Y , then we say

that a rigid space V � W is a strict neighborhood ofX over Y in W if for each

a�noid subdomain Z of Y there exists a neighborhoodU of X Z in V a�noid over

Y such that X Z ! UZ is inner over Y. Finally, if X , W and Y are as above, we

say that a rigid function f on X is overconvergent in W over Y if f extends to

some strict neighborhood ofX in W over Y . When Y is Spec(K ), we just say f is

overconvergent onX in W .

Now supposeE is a Banach module overA(Y ). SupposeP(T) is the charac-

teristic series of a completely continuous operatoru on E and P(T) = Q(T)S(T)
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where S 2 A(Y )ff Tgg and Q is a polynomial, whose leading coe�cient is a unit

and whose constant term is one, such that (Q; S) = 1.

Proposition A5.3. SupposeQ has degreer . Then the A(Y ) module N (Q) is

projective of rank r and det(1 � TujNu (Q)) = Q(T)

Proof. Indeed, this follows from Theorem A4.5 since, as we have pointed out, A(Y )

satis�es hypothesis J.

In fact, in the rigid context, we can strengthen Corollary A4.5.1. SupposeRQ =

A(Y )[Z ]=Q(Z ) is �etale over A(Y ). Then RQ is also a reduced a�noid algebra and

the supremum norm onRQ extends the supremum norm onA. The operator 1
 u

on RQ 
 E over RQ is completely continuous. ThenZ is a zero ofP1
 u (T) = Pu (T)

of order 1 as

� Pu (Z ) = � Q(Z )S(Z )

which is a unit since RQ is �etale over A(Y ) and (Q; S) = 1 so the subspace

N1
 u (Z � 1T � 1) of RQ 
 E is locally free of rank one overRQ . Summarizing,

Proposition A5.4. SupposeRQ = A(Y )[Z ]=(Q(Z )) is �etale over A(Y ). Then, if

1 
 u is the extension of scalars ofu to RQ 
 E , Z is a zero ofP1
 u (T) of order one

and, locally on RQ , is freely generated by an elementm such that

(1 
 u)m = Z � 1m:

This is the genesis of our work onR-families (seexB3 and xB5).

More generally, supposeQ = F m where m degF = deg Q, F � (u)N (Q) = 0 and

RF is �etale over A. Let C = ( RF )m . Then C is a reduced a�noid algebra and the

supremum norm onC extends the supremum norm onA(Y ).

(ii) The zero locus of an entire series

SupposeP(T) is an entire power series overY (like the characteristic series of

a completely continuous operator on a Banach space overY ). Supposer � s are
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real numbers in jK j. Then the subset of Y � A 1
K determined by the inequalities

r � j T j � s is the a�noid Y � A[r; s], the �ber product of Y and the annulus of radii

r and s, which is irreducible. The subspace of this a�noid determined by P(T) = 0

is an a�noid Z of dimension equal to that of Y . Moreover, the projection Z ! Y

is �nite to one if P(0) = 1. We will investigate this situation in the abstract. I .e.,

supposef : Z ! Y is a quasi-�nite morphism of a�noids over K . Then for a closed

point x of Y , the �ber over x, f � 1(x), is scheme of dimension 0 over the residue

�eld of x. By deg(f � 1(x)), we mean the dimension of its ring of functions over this

�eld (its degree as a divisor). We will prove,

Proposition A5.5. Let notation be as above. SupposeY = B 1
K . For each integer

i � 0 the set of closed pointsx of B 1
K such that deg(f � 1(x)) � i is the set of closed

points of an a�noid subdomain Yi of Y . Moreover, Yi = ; for large i .
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The following is a pictorial explanation of Proposition A5.5. Regard closed intervals

in the interval representing Y as a�noid disks.

Before we begin the proof we point out the following corollaries:

Corollary A5.5.1. For each x 2 B 1
K (K ), there exists an a�noid ball B � B 1

K

over K containing x such that g: ZB ! B is �nite.

Corollary A5.5.2. SupposeK is discretely valued. Let T be an invertible rigid

function on Z de�ned over K . Then the set of valuations,

f v(T(z)): z 2 Z (Cp); f (z) 2 Y (K )g;

is �nite.
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Proof. Since the degree off � 1(y) for y 2 Y(Cp) is bounded and for y 2 Y(K )

the set of points of f � 1(y) is closed underGal( �K=K ), the points in f � 1(y) for

y 2 Y(K ) are all de�ned over a �nite extension of K . The result follows from this

and the fact that T is bounded above and below onZ .

To prove Proposition A5.5, we will need,

Lemma A5.6. Supposeg: W ! B 1
K is a non-constant morphism of a�noids over

K and W is irreducible. Then the image ofg is an a�noid subdomain of B 1
K .

Proof. We may supposeW is reduced and absolutely irreducible. We may also

extend scalars to Cp so that K = Cp and fW = W . After a translation and

a homothety we may suppose �g is non-constant. SinceW is irreducible, �W is

connected and so the image of �g is connected and thus an a�ne open. If every

point whose reduction is in the image of �g is in the image of g we have nothing to

prove since the image of �g is an a�ne open and its inverse image under reduction

is an a�noid subdomain. Therefore suppose 0 is not in the image of g but is in the

image of �g. Then there exists ab 2 C �
p such that jbj < 1 and jb=gj = 1. Let h = b=g.

Then as h; g 2 A0(W ), jgj = jhj = 1 and jghj = jbj < 1, it follows that W is not

irreducible. Thus the lemma is true in the case whenW is irreducible and in this

caseg(W ) = B [0; 1] �
S

a2 T B(a;1) where T is some �nite subset ofB [0; 1].

Now let Z be an irreducible component ofW . Let Z 0 be the complement in

Z of the other irreducible components ofW and ~Z 0 = red� 1Z 0. Then the rigid

space ~Z 0 is an irreducible open inW and sinceZ 0 is an a�ne open in W , ~Z is an

a�noid subdomain with irreducible reduction. It follows fr om the argument in the

previous paragraph (after undoing the translation and homothety) that g( ~Z 0) =

B [aZ ; rZ ] � [ B (bZ;j ; rZ ) for somerZ 2 j Cp j, aZ 2 B [0; 1] and some �nite set f bZ;j g

of B [aZ ; rZ ].

Let S = f B (x; r ) : x 62g(W ); r = j(g � x)� 1 j � 1g. Thus S is the collection

of maximal wide open disks inB [0; 1] contained in the complement of the image
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of g. We also note that the radii of the disks in S are elements ofjC �
p j. Clearly,

g(W ) = B [0; 1] �
S

S. We claim:

S � f B (bZ;j ; rZ ) : Z is an irreducible component of W g:

This will complete the proof of the lemma as the latter set is �nite. Let B (x; r ) 2 S.

In particular, r � 1. After a translation we may supposex = 0. Let jbj = r and

h = b=g. Then �h is non-constant by the reasoning in the �rst paragraph of this

proof if r < 1 and as an immediate consequence of the conclusions of this paragraph

in the caser = 1. Therefore, there exists an irreducible componentZ of W such

that �hjZ is non-constant. It follows, that g=bjZ 0 is de�ned and non-constant. This

implies, jgj ~Z 0 = r and thus B [aZ ; rZ ] = B [0; r ] and since 0 is not in the image of

g, B (0; r ) = B (bZ;i ; rZ ) for some i . This establishes the claim and completes the

proof.

Now we de�ne a descending towerZ i , i � 1 of a�noid subdomains of Z such

that, if Yi = f (Z i ), x 2 Yi if and only if deg f � 1(x) � i . The Yi are a�noid

subdomains ofB 1
K by the lemma as quasi-�niteness impliesf is not constant on

any irreducible component ofZ i . We take Y0 = Y .

Let X denote the a�noid subspace of Z k , k � 1, determined by the equations

f � � i (x) = f � � j (x), 1 � i � j � k, where the � 1 : : : � k are the k projections

from Z k to Z . Since f is quasi-�nite, X is one dimensional. LetX k denote the

one dimensional a�noid consisting of the union of the irreducible components ofX

not contained in any hyperdiagonal, � i (x) = � j (x) for some i 6= j , of Z k and set

Zk = � 1(X k ). It follows that Zk satis�es the required conditions.

Finally, we sketch two proofs of the fact that Yi = ; for large i . First, extend

scalars to a maximally complete algebraically closed �eld � containing K . Maximal

completeness implies there exists anx 2
T

Yi (�) if Yi 6= ; for all i . But then

degf � 1(x) = 1 which contradicts the quasi-�niteness of f .

The other proof uses the stable reduction theory of curves. There exists a semi-

stable model of f over a �nite extension of K . I.e. there exist semi-stable formal

39



scheme modelsY and Z of Y and Z over K 0 and an extension off to a morphism

F from Z to Y such that �F is quasi-�nite. It follows that for each irreducible

component X of Z , the map F X has �nite generic degreed(X ) for some non-

negative integerd(X ). Supposex 2 X . Let �x denote its image inX . Then one can

show

degf � 1(x) �
X

X

d(X )

where X runs over the irreducible components ofZ which meet F
� 1

(�x).

Questions and Remarks A5.7. (i) Using the stable reduction theory of curves,

one can check this proposition remains true wheneverdim Y = 1 . (ii) Is the propo-

sition true when Y has dimension greater than one if the phrase \an a�noid subdo-

main" in this proposition is replaced with \a �nite union of a �noid subdomains?"

(iii) It is clear that the results of this section can be globalized to arbitrary rigid

spaces overK . One only has to replace the notion of orthonormizability with local

orthonormizability. (iv) Suppose X is an irreducible component of the zero locus

of P(T). Liu has observed that the image ofX in B 1(Cp) is the complement of a

�nite set of points. (v) The projection from X to Y is not necessarily quasi-�nite.

In general, X corresponds to an irreducible factor ofP(T). Suppose

P(x; T ) = 1 + xT
1Y

i =1

(1 � pi T):

Then, P(x; T ) is an irreducible element ofA(B [0; 1])ff Tgg, whereasP(x0; T) has

in�nitely many zeroes, for x0 6= 0 2 B [0; 1]. (Note, however, that x+ T
Q 1

i =1 (1� pi T)

has in�nitely many distinct irreducible factors.)

Although, we will not use the following result in this paper i t will be crucial

in constructing an important geometric object which encodes much of the theory

of \families of modular forms" and related objects which we call the q-expansion

-curve.
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Proposition A5.8. SupposeP(X; T ) is a rigid analytic function on B 1
K � A 1

K

such that P(X; 0) = 1 . Let Z be the zero locus ofP(X; T ) and f : Z ! B 1
K the

natural map. Let C be the collection of a�noid subdomains Y of Z such that Y

is �nite over f (Y ) and the collection f Y; Zf (Y ) � Yg makes up an admissible open

cover of Z f (Y ) (i.e., Y is disconnected from its complement inZ f (Y ) ). Then C is an

admissible open cover ofZ .

Proof. Let r 2 j K j, Yr = Z \
�
B 1

K � BK (0; r )
�

and let f r be the restriction of f to

Yr . Now, let notation be as in Proposition A5.5. SupposeV is an a�noid in B 1
K

such that deg(f � 1
r (x)) = d > 0 for all x 2 V .

Let B = B 1
K . If X � Y are a�noids in B we sayY is a strict a�noid neighbor-

hood of X in B if there exists a strict a�noid neighborhood U of X in A 1
K such

that Y = U \ B . We will only complete the proof of the above proposition when

K = Cp .

Lemma A5.9. There exists ans 2 j Cp j such that s > r and there exists a strict

a�noid neighborhood W of V in B such that the a�noid Y := f f � 1
s (x): x 2 W g

lies in C and has degreed over W .

Proof. Write P(X; T ) =
P 1

i =0 ai (X )T i ; where ai (X ) 2 A(B ) and a0(X ) = 1. Let

� = log p(r ). It follows, from the fact that deg( f � 1
r (x)) = d for all x 2 V , that, for

all x 2 V and all i ,

v(ad(x)) � v(ai (x)) � (d � i )�;

with strict inequality for i > d . (Otherwise, there would exist a side of the Newton

polygon of P(x; T ) of slope less than or equal to� , extending to the right of the

point
�
d; v(ad(x))

�
.) Now from the entirety of P(X; T ) it follows that there exists

a real number � > � such that v(ad(x)) � v(ai (x)) � (d � i )� , for i > d . It also

follows from the above inequalities that ad(x) is invertible on V and so there exist

real numbers� 2 > � 1 in v(Cp) such that � 2 > v (ad(x)) > � 1 for all x 2 V . Suppose,

� < 
 1 < 
 2 < � for some 
 1 and 
 2 in v(Cp). Let W be the subspace ofB
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determined by the inequalities,

� 1 � v(ad(x)) � � 2 (1)

v(ad(x)) � v(ai (x)) � (d � i )
 1 for i < d (2)

v(ai (x)) � v(ad(x)) � (i � d)
 2 for i > d . (3)

The entirety of P(X; T ) in T forces all but �nitely many of the inequalities in (3)

to be true for all x 2 B . Hence, W is a rational a�noid subdomain of Ys, where

s = p
 1 , in the sense of [BGR,x7.2]. Since the a�noids de�ned by each of the

inequalities in (1)-(3) are strict a�noid neighborhoods of V , W is as well. It is

easily checked thatY has degreed over W . The fact that Y lies in C follows from

the fact that Y and f y 2 ZW : jT j � sg make up an admissible open cover ofZW

by two disjoint admissible open subsets with respect to the strong topology. (See

[BGR, Prop. 9.1.4/6].)

Now to prove Proposition A5.8, �rst observe that the collect ion

f Yr : r 2 j Cp j; r > 0g is an admissible open cover ofZ . Thus all we have to do is

�nd a �nite cover of Yr by elements ofC. We know, by Proposition A5.5, that the

set f a 2 B : deg(f � 1
r (a)) � ig is the set of points of an a�noid subdomain Ui in B

and Ui = ; for i large. Let Z i = f � 1
r (Ui ) which is an a�noid subdomain of Yr .

Let d be the largest integer such thatUd 6= ; . Then Zd is �nite over Ud of degree

d. By the lemma, there is a strict a�noid open neighborhood Wd of Ud in B and

an s > r such that Td =: f � 1
s (Wd) is �nite over Wd of degreed and Td is a �nite

union of connected components ofZWd . Suppose we have a�noid subdomains of

Z , Ti ; Ti +1 ; : : : ; Td satisfying

H(i)
Ti 2 C and if Si =:

S
j � i Ti , Si � Z i and

f (Si ) is a strict a�noid neighborhood of Ui .

Sincef (Si ) is a strict a�noid neighborhood of Ui , there is an a�noid subdomain

V of Ui � 1 � Ui such that V [ f (Si ) � Ui � 1. Then, by the lemma, there exists a strict
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a�noid open neighborhood W of V in B such that there is an a�noid subdomain

Ti � 1 of Z containing f � 1
r (V ) which is �nite of degree i � 1 over W and is a union of

connected components ofZW . It follows that Ti � 1; : : : ; Td satisfy (H(i-1)). Hence

we may construct a coverT1; : : : ; Td of Yr satisfying (H(1)) and this completes the

proof.

Part B. FAMILIES OF MODULAR FORMS

B1. Eisenstein series

For the statements about Eisenstein series discussed in this section see [H-LE,

Chapt. 5 x1 and Chapt. 9 x4] as well as [S-MZp,x3]. For the statements on p-

adic L -functions see [L-CF, Chapt. 4] and [W, Chapts. 5 and 7].

For a character � : Z �
p ! C �

p , let f � denote the smallest positive integer such

that � is trivial on 1 + f � Zp if one exists, if not, let f � = 1 . We call f � the

conductor of � . For a ring R, let � (R) denote the group of roots of unity in R.

Let wp = j� (Qp)j, � : Z �
p ! � (Qp) be the character of smallest conductor which

restricts to the identity on � (Qp) and q = f � . Then w2 = 2, � is the character

d 7! (� 1)(d� 1) =2 and q = 4, if p = 2. Otherwise, wp = p� 1, � is the composition of

reduction and the Teichm•uller character and q = p. For d 2 Z �
p, let hhdii = d=� (d)

which is congruent to 1 modulo q. Also �x a ( p � 1)-st root � of � p in Cp. We

summarize this notation in the following table:

p wp q � (d) hhdii �
2 2 4 (� 1)(d� 1) =2 d=� (d) � 2
> 2 p � 1 p limn !1 dpn

d=� (d) (� p)1=(p� 1)

We let W equal the rigid analytic space overQp whose points overCp are

the continuous C �
p-valued characters onZ �

p. We note that Z injects naturally into

W(Qp); indeed, sendk 2 Z to the character which mapsa 2 Z �
p to ak . Let 1 denote

the trivial character a 7! 1. We think of W as our weight space (it has been known

for some time that, p-adically, a weight should be thought of as a continuousC �
p-
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valued character onZ �
p (see [K-pMF, x4.5] or [G-ApM, xI.3.4]).) For � 2 W (Cp),

� 6= 1, and n � 1 2 Z, let

� �
� (n) =

X

djn
(d;p )=1

� (d)d� 1 and � � (� ) =
1

� (c) � 1

Z

Z �
p

� (a)a� 1dE1;c(a)

in the notation of [L-CF, Chapt. 4 x3] for any c 2 Z �
p such that � (c) is not 1. So

that, when � (a) = hhaii s � (a) where s 2 Cp , jsj < j�= qj, and � is a character of

�nite order

� � (� ) = L p(1 � s; � )

where L p is the p-adic L -function. (This number is zero when � (� 1) = � 1.) We

call such charactersarithmetic characters . If � 6= 1 let

G�
� (q) =

� � (� )
2

+
X

n � 1

� �
� (n)qn :

Then when � (a) = hhaii k � (a), where k is an integer and � is a character of �nite

order on Z �
p such that � (� 1) = 1, G�

� (q) is the q-expansion of a weightk overcon-

vergent modular form G�
� on � 1( LCM( q; f � )) and character �� � k . It is classical if

k is at least 1 (see [Mi]). (To prove that G�
� is the q-expansion of an overconvergent

modular form, in general one �rst invokes Theorem 4.5.1 of [K-pMF] to conclude

that it is the q-expansion of ap-adicmodular form. Next one observes that this

modular form is an eigenvector for theU-operator with eigenvalue 1. Finally, one

invokes a generalization of Proposition II.3.22 of [G-ApM] to conclude that this

p-adicmodular form is overconvergent.)

Whenever � � (� ) 6= 0 and � 6= 1, let E �
� (q) = 2 G�

� (q)=� � (� ). We also setE �
1 (q) =

1. Suppose� 2 W (Cp) and � is trivial on � (Qp), then j� � (� )=2j > 1 and

jE �
� (q) � 1j < 1:

Remark B1.1. We may regardW as a rigid analytic covering space ofA 1
Q p

whose

�bers are principal homogeneous spaces for the groupHom(Z �
p; � (Cp). Indeed the
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covering map is given by

� 2 W (Cp) 7! log(� (a))=log(a)

for any a 2 1 + qZ p, a 6= 1 (j� (a) � 1j < 1 since � is a continuous homo-

morphism). The spaceW has wp connected components (one for each element

of D̂ := Hom(D; � (Qp )) , where D = ( Z=qZ )� ) each conformal to the open

unit disk over Qp. In view of this, � � may be thought of as a rigid analytic

function on a covering space ofCp . (We may think of W as B � D̂ where

B(Cp) = Homcont (1 + qZp; C �
p).)

Let B� = BQ p (0; j�= qj) and W � = B� � Z=wpZ. We identify a point s =

(t; i ) in W � (Cp) with the character � s: a 7! hhaii t � i (a) (and will denote this latter

expressionas) and will also write, in this case, Gs = G�
� s

and Es = E �
� . Thus

both Z and W � sit inside W and in fact Z � W � (Qp). More directly, an element

n 2 Z corresponds to the element (n; n modwp) of W � . Let E denote the weight

one modular form E (1 ;0) which naturally lives on X 1(q). We signal,

E (q) = 1 +
2

L p(0; 1)

X

n � 1

� X

djn
(d;p )=1

� � 1(d)
�

qn : (1)

Note that E (q) � 1 modq becauseL p(0; 1) � 1=p modZp.

For an integer m � 0 and a positive integerN prime to p let Z1(Npm ) denote

the rigid connected component of the ordinary locus inX 1(Npm ) containing the

cusp 1 . In particular, Z1(Npm ) is an a�noid.

Lemma B1.2. Suppose� (a) = hhaii k � (a) where k is an integer and � is a char-

acter in W of �nite order which is trivial on � (Qp). Then E �
� (which converges on)

does not vanish onZ1(pm ) where pm = LCM (q; f � ).

Proof. First E �
� converges onZ1(pm ) because it is overconvergent. Next, the lemma

is true for E ; i.e., E does not vanish onZ1(q), becauseE p� 1 reduces to the Hasse
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invariant on the component of the reduction of the Deligne-Rapoport/Katz-Mazur

model of X 1(q) containing 1 . Now observe that F = E �
� =Ek is a function on

Z1(pm ) whoseq-expansion is congruent to 1. It follows that F is congruent to 1 on

all of Z1(pm ) and so doesn't vanish there. Hence,E �
� = F E k does not vanish on

this a�noid.

B2. General Setup

In this section we will set the groundwork needed to be able tostudy overconvergent

forms in all levels for all primes.

SupposeN > 4 andn � 1 are integers such that (Nn; p) = 1 and there is a lifting

A of the Hasse invariant to X 1(Nn). Such a lifting always exists if p > 3 (indeed,

in such a case, one can takeA = Ep� 1) and exists for suitable n for p = 2 or 3. For

v � 0 2 Q let X 1(Nn)(v) denote the a�noid subdomain of X 1(Nn), v(A(y)) � v.

(In particular, X 1(Nn)(0) = Z1(Nn).) Let E1(Nn) be the universal elliptic curve

over X 1(Nn) and E1(Nn)(v) denote its pullback to X 1(Nn)(v). Then by Katz,

[K-pMF], if v < 1=(p + 1) there is a commutative diagram of rigid morphisms;

E1(Nn)(v) ��! E1(Nn)(pv)

# #

X 1(Nn)(v)
�

�! X 1(Nn)(pv)

We will think of this diagram as a morphism, labeled � =� , from

E1(Nn)(v)=X1(Nn)(v) to E1(Nn)(pv)=X1(Nn)(pv), which it is, in the category of

morphisms of rigid spaces. Forw � 0 2 Q let X 1(N )(w) be the a�noid subdomain

of X 1(N ) which is the image of X 1(Nn)(w) in X 1(N ) and E1(N )(v) the pullback

of E1(N ) to X 1(N )(v).

Proposition B2.1. If 0 � v � 1=(p + 1) , there is a unique morphism

� 0=� 0 : E1(N )(v)=X1(N )(v) ! E1(N )(pv)=X1(N )(pv)
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such that

E1(Nn)(v)=X1(Nn)(v)
� =�
�! E1(Nn)(pv)=X1(Nn)(pv)

# #

E1(N )(v)=X1(N )(v)
� 0=� 0

�! E1(N )(pv)=X1(N )(pv)

commutes, where the vertical arrows are the natural forgetful projections.

Proof. It is enough to check this onCp-valued points. Let x be a point of X 1(N )(v)

and (E; � : � N ,! E ) the corresponding elliptic curve with level structure. Let y be

a point of X 1(Nn)(v) above x. Then y corresponds to (E; � ) where � : � Nn ,! E is

an injective homomorphism such that � j � N = � . It follows that � (y) corresponds

to (E 0; � 0) where E 0 = E=Ky and � 0 is the composition of � and the natural map

� : E ! E=Ky where Ky is the canonical subgroup ofE . Moreover, � = � E . The

proposition follows from the fact that Ky is independent of the choice ofy. Indeed,

Ky (Cp) is the set of points of E [p] closest to the origin. (If v(A) = w < p=(p + 1)

and X is a local uniformizer on E at zero the points of Ky are the points P of E

such that v(X (P)) � (1 � w)=(p � 1) and at the other points P of order p, X (P)

has valuation w=(p2 � p) [K-pMF, Thm. 3.10.7].)

Henceforth we will denote � 0=� 0 by � =� .

This proposition is already enough to allow us to establish the main results of

[C-CO] for the primes 2 and 3. In particular, for any prime p we can de�ne an

operator, U( k ) , on overconvergent forms of levelN and weight k and assert that any

such form of weight k and slope strictly less thank � 1 is classical.

As in [C-CO, x8], we may and will regard X 1(N )(v) as an a�noid subdomain

of the modular curve X (N ; p) = X
�
� 1(N ) \ � 0(p)

�
.

For m a positive integer, denote the setf v 2 Q : 0 � pm � 1v < p=(p + 1) g by

the expressionI m and I m � f 0g by I �
m . Fix a sub�eld K of Cp equal to Cp or to

a complete discretely valued sub�eld. All our constructions will be over K . We

will employ the notation and de�nitions of [C-CO]. For v 2 I 1, let X 1(Np)(v) be
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the a�noid subdomain of X 1(Np) which is the inverse image ofX 1(N )(v) under

the natural forgetful map to X (N ; p). For k 2 Z let M Np;k (v) be the space of

modular forms of weight k on � 1(Np) which converge on X 1(Np)(v). In other

words, M Np;k (v) = ! k (X 1(Np)(v)). Now, M Np;k (v) has a natural structure as a

Banach space and whenv > 0 there is a completely continuous operator on this

space denoted byU( k ) in [C-CO].

Now we will recall and modify some constructions carried outin [C-HCO]. Let

� m; 1: X 1(Npm ) ! X 1(Np) denote the map which sends the point corresponding to

triples (E; �; � ), whereE is an elliptic curve and where� : � pm ,! E and � : � N ,! E

are embeddings, to the point corresponding to (E; � j � p ; � ). Suppose,v 2 I m . Let

X 1(Npm )(v) denote the a�noid subdomain of X 1(Npm ) consisting of pointsx corre-

sponding to triples (E; �; � ) such that � m; 1(x) 2 X 1(Np)(v), � m � 1
�
� (� pm � 1 )

�
= 0

and (� m � 1E; � m � 1 � �; � m � 1 � � ) corresponds to� m � 1(� m; 1(x)). Let E1(Npm )(v)

denote the pullback of E1(Npm ) to X 1(Npm )(v).

If v 2 I m , we have a lifting of � =� to a morphism from

E1(Npm )(v=p)=X1(Npm )(v=p) to E1(Npm )(v)=X1(Npm )(v), which takes (E; �; � )

to (� E; � 0; � � � ) where � 0: � pm ,! E is determined by the requirements that

(� E; � 0; � � � ) corresponds to a point in X 1(Npm )(v) and � 0(� ) = �( Q), if Q is a

point of E such that pQ = � (� ) for � 2 � pm , � 6= 1. We will denote these liftings

by the same symbols. The context will make it clear which spaces we are dealing

with.

Let ! := ! Np m equal the direct image onX 1(Npm ) of the sheaf


 1
E 1 (Np m )=X 1 (Np m ) . For k 2 Z, v 2 I m , we set

M Np m ;k (v) := ! k (X 1(Npm )(v)) :

These spaces may be considered as Banach spaces overK and when v > 0, we

have a completely continuous operator, which we will still denote by U( k ) , acting

on M Np m ;k (v) de�ned as in [C-CO] (see also [C-HCO]).
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We can deal with N � 4, (N; p) = 1 along the same lines as those discussed

in the remark at the end of x6 of [C-CO]. In particular, if A; B 2 Z, A; B > 4,

(AB; p) = 1 and ( A; B ) = N , we identify M Np m ;k (v) with the intersection of the

images (via the maps which preserveq-expansions) ofM Ap m ;k (v) and M Bp m ;k (v) in

M ABp m ;k (v) .

B3. Twists of U

In this section we prove Theorems A, B and D of the introduction as well as

their extensions to the prime 2.

Fix a positive integer N , (N; p) = 1. For v 2 I 1, let X (v) = X 1(N q)(v)

and M k (v) := M N q;k (v). Recall, I m = f v 2 Q : 0 � pm � 1v < p=(p + 1) g and

I �
m = I m � f 0g.

Supposev 2 I 1 and F 2 M k � r (v) is an overconvergent form of weightk � r

which has an inverse inM r � k (v) (we will see an examples of such a form below).

Then the map from M r (v) to M k (v), h 7! hF , is an isomorphism of Banach spaces.

Moreover, the pullback of U( k ) on M k (v=p) to M r (v=p) is the map

h 7! F � 1U( k ) (hF )

which equalsU( r ) (hF=� (F )) ; by [C-CO, 3.3].* Thus, in this case, since the restric-

tion map M k (v) ! M k (v=p) is completely continuous, this formula, together with

Proposition A2.3, implies the Fredholm theory of the operator U( k ) on M k (v=p) is

equivalent to that of the completely continuous operatorU( r ) � mf on M r (v=p) where

f = F=� (F ) and mf is the operator \multiplication by f ." (Note that I 1=p = I 2.)

Recall, E is the weight one modular form E (1 ;0) on � 1(q) with character � � 1

described inxB1. It follows that there is an analytic function e on
S

v2 I 2
X (v) with

q-expansionE(q)=E(qp). Since E(q) � 1 modq, we see thatje � 1jX (0) � j qj. As

* If F (q) is the q-expansion ofF , � (F ) is the overconvergent form in M k � r (v=p)

whoseq-expansion isF (qp).
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je � 1jX (0) = lim v! 0+ je � 1jX (v) (the X (v), v 2 I �
2 , form a basis of neighborhoods

of X (0)), we have,

Lemma B3.1. For any " 2 R , jqj < " , there exists av 2 I �
2 such that e is de�ned

on X (v) and je � 1jX (v) � " .

Recall, � is a (p � 1)-st root of � p. For s 2 Cp , jsj < j�= qj,** let us be the

operator on M 0(v), for any v 2 I �
2 such that je � 1jX (v) < j�=s j, de�ned by

us(h) = U(0) (hes):

Then from the discussion in the previous two paragraphs, we see that if k 2 Z

det(1 � Tuk jM 0(v)) = det(1 � TU( k ) jM k (v)) : (1)

Recall, B� = BQ p (0; j�= qj). Now we think of s as a parameter onB� so that

we may view es as a rigid analytic function on the rigid analytic subspace V�

of A 1 � X 1(N q) which we de�ne to be that subspace admissibly covered by the

a�noids Z t (v) := BK [0; t] � K X (v) where v 2 I �
2 and t 2 j Cp j \ [1; j�= qj) such

that e is de�ned on X (v) and je � 1jX (v) � j � j=t. Let T � be the set of ordered

pairs (t; v) satisfying these conditions. (The setT � is not empty, in fact, by the

previous lemma, we see that the �rst projection to jCp j \
�
1; j�= qj

�
is a surjection.)

SinceU(0) extends uniquely to a continuousA(B [0; t])-linear map from A(Z t (v)) to

A(Z t (v)) for ( t; v) 2 T � , we may now viewus as a family of operators, i.e. there is a

compatible collection of operatorsf U( t;v ) : (t; v) 2 T � g, where U( t;v ) is the operator

on A(Z t (v)), whose restriction to the �ber above s is us. This operator is nothing

more than the composition of id 
 U0 and the operator, mes multiplication by the

function es , restricted to Z t (v). By Proposition A5.2, if M (t; v) := A(Z t (v)), for

(t; v) 2 T � , U( t;v ) is a completely continuous operator onM (t; v) over A(B [0; t]).

We will abuse notation and write U � for U( t;v ) when the context makes it clear we

** The series
P 1

n =0

� s
n

�
Tn converges forjT j � j qj if and only if jsj � j �= qj.
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are talking about an operator acting on M (t; v). Also, as remarked after Lemma

A5.1, M (t; v) is orthonormizable over A(B [0; t]) = CphX=mi where m 2 Cp such

that jmj = t. Thus we have characteristic seriesP( t;v ) := det(1 � TU� jM (t; v)) for

any (t; v) 2 T � .

We claim this series is independent of (t; v), in the sense that if (t; v) and (t0; v0)

lie in T � and t � t0 < j�= qj then the restriction of P( t 0;v 0) , which is analytic on

B [0; t0] � Cp , to B [0; t] � Cp is P( t;v ) . Indeed, we �rst observe that if ( t; v) 2 T � ,

0 < w � v, s � t, w 2 Q and s 2 j Cp j, (s; w) 2 T � . From this, it follows that

we only need to establish the claim whent = t0 or v = v0. When v = v0, it follows

from Lemma A2.5. Now supposet = t0. We may also supposev � v0 � v=p.

For u � w such that (t; u); (t; w) 2 T � . let Rw
u denote 1=p times the restriction

map from M (t; w) to M (t; u) (which is completely continuous over A(B [0; t]) by

Proposition A5.2 if w > u ) and Tu=p
u : M (t; u=p) ! M (t; u) the trace with respect

to the restriction of 1 
 � to M (t; u=p) ( � is the Frobenius morphism described in

the last section which restricts to a �nite morphism from X (u=p) to X (u)). Then

on M (t; u), U � is the operator Tu=p
u � Ru

u=p � mes (see [CO,x2]). Now we observe

that it follows from the aforementioned �niteness of � that,

T v0=p
v0 � Rv0

v0=p = Rv
v0 � T v=p

v � Rv0

v=p :

As

(T v=p
v � Rv0

v=p � mes ) � Rv
v0 = T v=p

v � Rv
v=p � mes = U � ;

the claim follows from Proposition A2.3.

Theorem B3.2. There is a unique rigid analytic function P(s; T) = PN (s; T) on

B� � Cp de�ned over Qp, i.e. P(s; T) is a power series overQp in s and T, which

converges forjsj < j�= qj, such that for k 2 Z and v 2 Q such that 0 < v < p= (p+1) ,

P(k; T ) = det(1 � TU( k ) jM k (v)) :
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Proof. The existence of the functionP(s; T) de�ned over Cp follows from the dis-

cussion in the previous two paragraphs combined with formula (1) and Lemma A2.5.

That it is de�ned over Qp follows from the fact that it equals det(1 � TU� jM (t; v))

for any (t; v) 2 T � . Indeed, M (t; v) is the extension of scalars of an orthonormiz-

able Banach moduleM L (t; v) over A(BL [0; t]) such that U � restricts to a completely

continuous operator onM L (t; v), for any �nite extension L of Qp contained in Cp

such that t and pv lie in jL j. Since we may chooset = 1, it follows that P(s; t)

is de�ned over any complete extension ofQp containing an element with valuation

less than 1=(p + 1) and since the intersection of these isQp, we see thatP(s; T) is,

in fact, de�ned over Qp .

Suppose nowQ(s; T) is an analytic function on B� � Cp such that

Q(k; T ) = det(1 � TU( k ) jM k (v)) ;

for k 2 Z and v 2 Q such that 0 < v < p= (p+ 1), then R(s; T) := P(s; T) � Q(s; T)

vanishes on the setS = f (k; T ): k 2 Zg. Now consider the two dimensional a�-

noid balls in B� � Cp, Y (a; b) where a; b 2 j C �
p j such that a � j �= qj de�ned by

the inequalities jsj � a and jT j � b. Then the restriction of R(s; T) to Y (a; b)

vanishes onS \ Y(a; b) which is a union of in�nitely many one-dimensional a�-

noid balls de�ned by the equations s � k = 0, where k 2 Z. It follows that

R(s; T) 2
T

k2 Z (s � k)A(Y (a; b)) = 0. Thus, R(s; T) vanishes onY(a; b) and since
S

a;b Y(a; b) = B� � Cp, R(s; T) = 0. Thus Q must equal P, which establishes the

uniqueness.

Let

P(s; T) =
X

n � 0

f n (s)Tn :

At this point we know that the coe�cients of the series f n (s) lie in Qp and the

numbers jf n jB � are bounded independently ofn. In fact, if p � 7, using known

properties of U(0) (e.g. Lemma 3.11.7 of [K-pMF]), we could show they are bounded
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by 1, but later, in the Appendix I, we will give explicit formu las, derived using

the Monsky-Riech trace formula, for the f n (s) which imply that they are Iwasawa

functions. We also give a conceptual proof of this in [C-CPS]as well as proof that

P(s; T) extends to a rigid analytic function on B � Cp.

We now explain how to factor P(s; T) into series depending on nebentype. As

Z t (v) = B [0; t]� X (v) for ( t; v) 2 T � , the diamond operatorshbi , b 2 (Z=NqZ )� , act

on M (t; v). Recall, D = ( Z=qZ )� . We will regard D as a subgroup of (Z=NqZ )�

in the natural way and also as a quotient of Z �
p. Then D acts via the diamond

operators on all the spacesM k (v) and M (t; v). For a 2 Z �
p we sethai = ha modqi .

For each integerk, character � 2 D̂ and v 2 I �
2 , let M k (v; � ) denote the subspace of

M k (v) of forms with eigencharacter� for this action. Similarly, let M (t; v; � ) denote

the subspace ofM (t; v) with eigencharacter � . Then,

M k (v) =
M

�

M k (v; � )

and

M (t; v) =
M

�

M (t; v; � )

where the direct sums range over� 2 D̂ . Moreover these direct sums are stabilized

by the respective operatorsU( k ) and U � . We thus have, by Lemma A2.4, the

formulas

det
�
1 � TU( k ) jM k (v)

�
=

Y

�

det
�
1 � TU( k ) jM k (v; � )

�

and

det
�
1 � TU� jM (t; v)

�
=

Y

�

det
�
1 � Tus jM (t; v; �

�
):

Let P� (s; T) be the function on B� � Cp characterized by the identities:

P� (s; T)jB [0;t ]� C p = det(1 � TU� jM (t; v; � ))
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for all ( t; v) 2 T � . Then, arguing as in the proof of Theorem B3.2, we see that

P� (s; T) is de�ned over Qp,

P� (k; T ) = det
�
1 � TU( k ) jM k (v; �� � k )

�
(2)

and

P(s; T) =
Y

�

P� (s; T) (3)

for k 2 Z. This implies Theorem B of the introduction (except for the assertion

that PN;i (s; T) 2 Zp[[s; T]] which will follow from Corollary I.2.1), as well as its

extension to p = 2. That is, we have proven

Theorem B3.3. For each character0 � i < w p there exists a series

PN;i (s; T) 2 Qp[[s; T]] which converges on the regionjsj < j�= qj in C2
p such that

for integersk, PN;� (k; T ) is the characteristic series of Atkin'sU-operator acting on

overconvergent forms of weightk and character � i � k .

Indeed, we may takePN;i = P� i . (Note that, when p is odd, j�= qj = p(p� 2) =(p� 1) .)

While N is �xed we set Pi (s; T) = P� i (s; T).

Recall, K equalsCp or is complete and discretely valued sub�eld. LetM k;cl =

M k;cl (N ) denote the space of classical modular forms of weightk on X 1(N q) de�ned

over K . For a character � 2 D̂ , M k;cl (� ) denotes the subspace of forms of weight

k and D-character (i.e. character for the action ofD) � . Also, d(k; �; � ) equals the

dimension of the subspace ofM k;cl (�� � k ) consisting of forms of slope� . Theorem

D, extended to p = 2, is,

Theorem B3.4. If � 2 D̂ , � 2 Q and k and k0 are integers strictly bigger than

� + 1 and su�ciently close p-adically,

d(k; �; � ) = d(k0; �; � ):

Moreover, the closeness su�cient for this equality only depends on� .

Proof. The �rst assertion follows from (2), Theorem C (which is the assertion that

the set of zeroes ofP� (k; T � 1) with valuation strictly less than k � 1 is the same
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as the set of eigenvalues of classical weightk eigenforms with D-character �� � k of

slope strictly less than k � 1) and Proposition A5.5. The second assertion follows

from this and the fact that Zp is compact.

The fact that the set of slopes of classical modular forms on �1(N q) is discrete

in R follows from Corollary A5.5.2.

Let S(t; v; � ) denote the subspace of cusp forms inM (t; v; � ) (i.e. the subspace

of functions vanishing at the cusps in X (0)). Then S(t; v; � ) is stable under U �

and we can proceed as above and letP0
� (s; T) be the function characterized by the

identities:

P0
� (s; T) = det(1 � TU� jS(t; v; � ))

for all ( t; v) 2 T � . Moreover,

P0
� (k; T ) = det(1 � TU� jSk (v; � )) (4)

for k 2 Z. We also setP0
i (s; T) = P0

� i (s; T).

We will now prove Theorem A of the introduction, its extension to the prime 2,

as well as a qualitative version of the Gouvêa-Mazur conjecture about \ R-families"

[GM-F, Conj. 3] in the case in which U( k ) acts semi-simply on the slope� subspace

of M k;cl (�� � k ). To treat the general case, we will use the ring of Hecke operators

to be de�ned in xB5.

Theorem B3.5. Suppose� 2 Q and � : (Z=qZ )� ! C �
p is a character. Then there

exists anM 2 Z which depends only onp, N , � and � with the following property:

If k 2 Z, k > � + 1 and there is a unique normalized cusp formF on X 1(N q)

of weight k, (Z=pZ)� -character �� � k and slope � and if k0 > � + 1 is an integer

congruent to k modulo pM + n , for any non-negative integern, then there exists a

unique normalized cusp formF 0 on X 1(N q) of weight k0, (Z=pZ)� -character �� � k 0

and slope� . Moreover, this form satis�es the congruence

F 0(q) � F (q) modqpn :
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Let d(k; �; � ) denote the dimension of the slope� subspace ofM k (�� � k ). Also

let d0(k; �; � ) and d0(k; �; � ) denote the dimensions of the spaces of cusp forms of

slope� in M k;cl (�� � k ) and M k (�� � k ). Then, by [C-CO, Thm. 8.1 and Lemma 8.7],

we know,
d(k; �; � ) = d(k; �; � )

d0(k; �; � ) = d0(k; �; � ):
if k > � + 1 (5)

Fix � 2 D̂ . Let Z 0
� be the zero locus ofP0

� (s; T) in B� � A 1 and for

� � 0 2 Q let Z 0
� (� ) be the a�noid subdomain of Z 0

� whose closed points are

f z 2 Z 0
� : v(T(z)) = � � g. This a�noid is, in fact, de�ned over Qp. Let r � 0 2 Z

and Tr (�; � ) be the subset ofj 2 Zp such that d(j; �; � ) = r . It follows from Corol-

lary A5.5.1 that Tr (�; � ) is compact and if k 2 Tr (�; � ), there exists an a�noid

ball B := B [k; p� m ] � B � containing k such that the map Z 0(� )B ! B is �nite of

degreer . Thus there is a monic polynomial Q(T) of degreer with coe�cients in

K h(s� k)=pm i such that P� (s; T)B = Q(T)S(T) whereS(T) 2 K h(s� k)=pm iff Tgg

prime to Q(T). By Theorem A4.3,

M B = NUB (Q) � FUB (Q);

where UB is the restriction of U � to M B . Let

RQ = Qph(s � k)=pm i [X ]=Q� (X ):

We know NUB (Q) is a RQ module.

Suppose that (� Q(k; T ); Q(k; T )) = 1. This will automatically be true when

r = 1 and more generally when the eigenvalues ofU( k ) as an operator on the slope

� subspace ofM k (� ) over Cp are distinct. Then after shrinking B , if necessary,

we may suppose that (� Q(T); Q(T)) = 1 (now regarding Q(T) as a polynomial

over A(B )) and using Corollary A4.5.1, we may suppose thatNUB (Q) is a locally

principal RQ module.

Suppose, for the moment, that r = 1 and supposek is an integer and F is a

non-zero overconvergent cusp form on �1(N q) of weight k, character �� � k and slope
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� . Because all the Hecke operators preserve the space of slope� , character �� � k

modular forms, F must be an eigenform. It is non-constant because it vanishes

on the cusps inX (0), so we may suppose it is normalized. IfF jU( k ) = aF , then

x = ( k; a) is a point of Z 0(� ). Thus the map Z 0(� )B ! B has degree 1. It follows

that there exists a function f on B such that f (k) = a, v(f (s)) = � and 1� f (s)T

divides the restriction of P� (s; T) to B � A 1. This latter is the characteristic series

of the restriction of U � to the spaceM 
̂ B by Lemma A2.5 and �( P� (s;1=f (s)) is

invertible on B . Hence, sinceA(B ) is a PID, our Riesz theory implies that there

exists an analytic function G on B � X (0)y which vanishes at the cusps and spans

the kernel of U � � f (s) in S(� )B . Thus if k0 2 Z, k0 � k modpm , Fk 0 := E k 0
G(k0) is

a non-zero overconvergent modular form of weightk0, slope� and character �� � k 0
.

Moreover, if k0 > � + 1, Fk 0 is classical by [C-CO, Thm. 8.1]. Now let

G(s) =
X

n � 1

an (s)qn

be the q-expansion ofG(s). The an (s) are rigid analytic functions on B . We must

have Fk = a1(k)F and so a1(k) 6= 0. Hence after shrinking B , we may suppose

a1(s) is invertible and therefore we may suppose it equals 1. In particular, now

Fk = F . SinceG is bounded on the a�noid B � X (0), being a rigid function, the

an 's are uniformly bounded on B . Hence, there exists a constantM � 0 such that

for all t � 0 and all n � 0 and all a 2 Z

jan (k + pt + M a) � an (k)j � j qpt j:

As E pt
(q) � 1 modqpr , this implies

Fk 0(q) � Fk (q) mod qpt

if k0 � k modpt + M . SinceTr (�; � ) is compact we see that we may pick anM that

only depends on� . This yields Theorem B3.5.
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Remarks B3.6. (i) Using the Hecke operators to be introduced inxB5, we will

show in Lemma B5.3 that it is unnecessary to shrinkB before assuming thata1(s) =

1 and also that, then, the functions jak (s)j are bounded by 1. This means that if

m � 0 is an integer such that B (k; jpm j) � B , then we can take M = m + v(q).

(ii) All of the above will go through with M (� ) and P� (s; T) in place of S(� ) and

P0
� (s; T) if we suppose� is not trivial. When r = 1 , all we needed to know was that

our form F is not constant.

Now allow r to be arbitrary. By Proposition A5.4 (note that here X = Z � 1),

shrinking B , if necessary, there exists a generatorH 2 RQ 
 A (B ) NUB (Q) such that,

(1 
 U)H = XH:

Suppose

E s(q)H (q) =
X

n � 0

bn qn

where thebn 2 RQ . Let YQ be the rigid space sitting overB whose ring of functions

is RQ . If k 2 Z, and y is a point of YQ abovek0,
P

n � 0 bn (y)qn is the q-expansion

of an overconvergent modular formFk 0 of weight k0, character �� � k and slope� .

If k > � + 1 then Fk 0 is classical. In fact, becauseRQ is �etale over B , Fk 0 is an

eigenform. In this way we get a weak version of an \R-family" in the sense [GM-F]

where R = RQ .

Recall, W � = B� � Z=wpZ. It will sometimes be convenient for us to replace our

baseB� with W � . Indeed, as we will see inxB6, the ring � embeds naturally into

the ring of rigid analytic functions on W � (in fact, � is naturally isomorphic to the

ring of rigid analytic functions de�ned over Qp and bounded by 1 onW). First, we

identify Z=wpZ with D̂ via i 2 Z=wpZ 7! � i . Then we may viewA(W � ) asA(B� )[D ]

and, if t < j�= qj write A(W � (t)) for A(B [0; t])[D ] = A(B [0; t] � D̂ ). For ( t; v) 2 T � ,

we makeM (t; v) into a Banach A(W � (t))-module as follows: If f =
P

d2 D f dd is an
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element of A(W � (t)) where f d 2 A(B [0; t]) and G is an element ofM (t; v) we set

fG =
X

d2 D

f dGjhdi :

Henceforth, we will write f as
P

d2 D f dhdi . Now for � 2 D̂ , let � � 2 (1=wp)Zp [D ] be

the element (1=wp)
P

d2 D � � 1(d)hdi . Then any elementm in an A(W � (t)) module

equals
P

� 2 D̂ m� where m� = � � m. We put \new" norms j j � on M (t; v), for ( t; v) 2

T � , as follows: SupposeH is in M (t; v). Then we set

jH j � = Max � 2 D̂ fj H � jZ t ( v) g:

When p is odd, j j � equals the supremum norm and is equivalent to it, in gen-

eral (because� � is de�ned over Zp when p is odd and over (1=2)Z2 when p = 2).

Moreover, M (t; v) is a Banach module overA(W � (t)) with respect to j j � .

If B is a Zp-algebra and � 2 D̂ , we also let � denote the unique B-module

homomorphism from B[D] to B which takes hdi to � (d) 2 Zp.

Lemma B3.7. With respect to the norm j j � , M (t; v) is orthonormizable over

A(W � (t)) . Moreover, onM (t; v), U � is a completely continuousA(W � (t)) -operator.

There is a seriesQN (T) 2 A(W � )[[T ]] whose restriction to A(W � (t)) is the charac-

teristic series for this operator. It is characterized by the identities:

� (QN (T)) = P� (s; T);

for all � 2 D̂ .

Proof. Since this result will not be crucial in what follows, we only sketch the proof.

For each 1 � i � wp, let vi; 1; : : : ; vi;n ; : : : be an orthonormal basis forM (t; v; � i )

over A(B [0; t]) (with respect to the supremum norms). Then the setw1; : : : ; wn ; : : :,

where

wn = v1;n + � � � + vwp ;n

is an orthonormal basis forM (t; v) over A(W � (t)).
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The fact that U � is an operator overA(W � (t)) follows from the fact that Ufor all

d 2 D. Complete continuity follows immediately from the facts th at the operator

is completely continuous overA(B� (t)) and that j j � is equivalent to the supremum

norm. The proof of the existence ofQN (T) follows the same lines as the proof of

the existence ofP(s; T). Finally, the last assertion follows from elementary linear

algebra.

By the q-expansion over W � of an element F 2 A(V� ), we mean the series
P

n an qn 2 A(W � )[[q]] where an =
P

d2 D an;d hdi , an;d 2 A(B� ) and
P

an;d qn is

the q-expansion ofF jhd� 1i .

As in xB1, using (1), we may think of W � as a subspace ofW containing the

image ofZ. When k = ( s; i) 2 2(Zp � Z=wpZ) � W , k 6= 0, Gk (q) is the q-expansion

of a Serre modular form of weightk [S-MZp x1.6].

B4. Non-integral Weight

Recall, K equalsCp or is a complete discretely valued sub�eld,B� = B(0; j�= qj),

wp = LCM( p � 1; 2), D = ( Z=qZ )� , W � = B� � Z=wpZ and hhaii = a=� (a), for

a 2 Z �
p.

In this section, we will give de�nitions of a q-expansion of an overconvergent

form of non-integral weight and of overconvergent familiesof modular forms.

As in xB1, Z1(N q) denotes the a�noid subdomain of X 1(N q) which is the

connected component of the ordinary locus containing the cusp 1 . (In the notation

of xB2, this is also X 1(N q)(0).)

De�nition. We sayF (q) =
P 1

n =0 an qn , an 2 K , is the q-expansion of an overcon-

vergent form on � 1(N q) with weight k = ( s; i) 2 W � over K if F (q)=E(q)s is the

q-expansion of an overconvergent function onZ1(N q) in X 1(N q) of character � i

for the action of D.
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If U is an admissible open subspace ofB� we also say that

Fs(q) =
1X

n =0

an (s)qn ;

an (s) 2 A(U), is the q-expansion of a family of overconvergent forms over

U on � 1(N q) if Fs(q)=E(q)s is the q-expansion of an overconvergent function on

U � Z1(N q) over U. We say this family has type i 2 Z=wpZ, if this function

has character � i for the action of D and is an eigenvector forU � with eigenvalue

f (s) 2 A(U) if U � (H ) = f (s)H .

For k 2 W � , let M y
k (N ) denote the vector space overK of weight k overconver-

gent modular forms on � 1(N ), let M y(N ) denote the A(B� ) module of families of

overconvergent forms overB� on � 1(N ) and, for i 2 Z=wpZ, M y(N; i ) the subspace

of those of type i . Also let Sy(N; i ) denote the subspace of cusp forms inM y(N; i ).

In the notation of xB3,

M y(N; i ) = lim
(

t �j �= q j

lim
*

( t;v )2T �

M (t; v; � i )

and

Sy(N; i ) = lim
(

t �j �= q j

lim
*

( t;v )2T �

S(t; v; � i ):

Clearly, if F (q) is an overconvergent form of weightk and G(q) is an overconver-

gent form of weight j , F (q)G(q) is an overconvergent form of weightk + j . We will

show, in a future article, that if k = ( s; i), F (q) is the q-expansion of a generalized

Katz modular function with weight character z 7! hhaii s � (z) i and the q-expansion

of a family of modular forms with integral q-expansionsover a rigid spaceX � B � is

the q-expansion of a Katz modular function overA0(X ) [K-pIE] (see also [G-ApM,

xI.3]). Also,

M y(N ) =
M

i 2 Z =wp Z

M y(N; i )
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and if Ay(N ) denotes theA(B� ) algebra of overconvergent functions onB� � Z1(N q)

over B� , then Ay(N ) is isomorphic to M y(N ) as an A(B� ) module. For

k = ( s; i) 2 W � , we have natural homomorphisms

M y(N ) ! M y(N; i ) ! M y
k (N );

where the �rst arrow is the projection and the second is restriction.

Theorem B4.1. Supposei 2 2Z=wpZ. Then Gs;i is an overconvergent family of

eigenforms overB� , if i 6= 0 , and over B� � f 0g, if i = 0 , on � 1(q) of type i with

eigenvalue 1 forU � .

Proof. First we observe that the set of cuspsC in Z1(q) has order wp=2. For

c 2 C, let ]c[ denote the residue disk inZ1(q) containing c. We may regard q as

a parameter on the residue disk ]1 [ of the cusp 1 . Fix ( t; v) 2 T � , t > 1, and

let A = A(Z t (v)). Let I C � A be the ideal of B [0; t] � C. The homomorphism

h: A ! A=I C A := B is respected byU � and by the diamond operators.

Fix i 2 2Z=wpZ. We will work on the � i eigensubspace ofA for the action of

D, A i , which maps onto the � i eigensubspace ofB , B i , and this latter is free of

rank one overA(B [0; t]). Since U � commutes with the diamond operators and the

constant term of the q-expansion of a formF is the same as that ofU � (F ), the

following diagram commutes:
A i

h! B i

#U � # id

A i
h! B i

:

It follows from Lemma A2.4, since the absolute values are discrete, that 1 � T

divides Pi (s; T). Restricting s to an integer k > 2 and using (8.2) and [C-CO. Thm.

8.1] we see that (1� T)2 does not divide Pi (s; T) since every U( k ) -eigenvector in

M k (� i � k ) with eigenvalue 1 is a classical modular form of weightk and character

� i � k and the dimension of these is one. LetX � B [0; t] be an a�noid such that

X � f 1g lies in the complement of the zero locusS of � Pi (s; T). Then our Riesz
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theory, Theorem A4.5, tells us that the eigenspace ofU � over X with eigenvalue

1 is locally free of rank one. In fact, using the maph and the above commutative

diagram, we see this module is free spanned by �(H ) =: F where � is the Riesz

theory projector onto the eigenvalue 1 subspace andH is any function in A i which

maps to the element ofB i which is 1 along B [0; t] � 1 . We may suppose that

X contains in�nitely many integers greater than or equal to 2. Then for any such

integer k, we know Fk (q) = Ek;i (q)=E(q)k since in this case we knowE(q)k Fk (q)

must be the q-expansion of a classical modular form and theq-expansionsofFk and

Ek;i =Ek have the same constant term, 1. Since theq-expansion coe�cients of F

must be analytic on X , we see thatFs(q) = Es;i (q)=E(q)s for all s 2 X such that

L p(1� s; � i ) 6= 0. Since this is true for any a�noid X in B [0; t] � S we conclude that

L p(1� s; � i )Fs =: Hs is an overconvergent analytic function on (B [0; t] � S) � Z1(q).

But the q-expansion ofHs clearly extends to B [0; t]� ]C(1 )[ when i 6= 0 and to

(B [0; t] � f 0g)� ]1 [ when i = 0. Hence asGs;i (q) = Hs(q)E (q)s for jsj � t, Gs;i (q)

is the q-expansion of a family of forms overB [0; t] when i 6= 0 and over B [0; t] � f 0g

when i = 0. Since this is true for any t such that t < j�= qj the theorem follows.

Corollary B4.1.1. For (s; i) 2 W � , (s;2i ) 6= (0 ; 0), there exists an overconvergent

form of type (s;2i ) with q-expansionGs;2i (q).

Corollary B4.1.2. For each i 2 2Z=wpZ there exists an overconvergent function

Fi on B� � Z1(q) such that

Fi (s; q) = Gs;i (q)=Gs;i (qp):

We also see thatEs;i (q) is a family of overconvergent forms over the complement

in B� of the zeroes ofL p(1 � s; � i ). So wheni = 0, it is a family of overconvergent

forms over all of B� . In particular, we can replaceE s(q) with Es;0 in our de�nition

of overconvergent forms of non-integral weight and of families of overconvergent

forms.
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Remark B4.2. We could now upgrade our Fredholm theory by using the function

F0 in place of es . Let T denote the subset ofT � consisting of pairs (t; v) such

that F0 converges onZ t (v). (The set T also projects ontoQ \ [1; j�= qj).) Let V

denote the rigid subspace ofV� admissibly covered by the a�noids Z t (v) where

(t; v) 2 T . Let U be the operator h 7! U(0) (hF0) on A(V). It is a completely

continuous operator on A(Z t (v)) for each (t; v) 2 T . It also sits in a commutative

diagram

A(V)
m f
�! A(V)

#U � #U

A(V)
m f
�! A(V)

where f is the function with q-expansionE(q)s=Es;0(q) which is a unit using The-

orem B4.1 and the fact that Es;0(q)=E(q)s is congruent to 1. It follows that the

characteristic power series ofU is the same as that ofU � . The reason why this

is an improvement, is that the q-expansion coe�cients of F0 are Iwasawa func-

tions, so that U preserves the submodule ofA(V) consisting of elements whose

q-expansionsare Iwasawa functions. This will be used, in a subsequent article [C-

CPS], to give a conceptual proof of the fact, proven in the appendix, that the

coe�cients of QN (T) are Iwasawa functions and to remove our restriction to the

subspaceW � of W.

Suppose that the tame levelN equals 1 for the rest of this section.

For i 2 2Z=wpZ, we have an overconvergent functionE ( i ) de�ned on V� away

from the �bers above the zeroes ofL p(1 � s; � i ) such that

E ( i ) (s; q) = Es;i (q)=Es;0(q):

It follows that E ( i ) jhdi = � (d) i E ( i ) for d 2 Z �
p.
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Theorem B4.3. Supposei 2 2Z=wpZ. SupposeF is an overconvergent function

on V� which satis�es

F (1 ) = 1 and F jhdi = � i (d)F

for d 2 Z �
p, then away from the zeroes of� Pi (s;1) and L p(1 � s; � i ),

� U � R� i ((s;1); U)
� Pi (s;1)

F (s) = E ( i ) (s): (3)

Proof. We know,for k an integer at least 2 andi 2 2Z=wpZ, the U( k ) -eigensubspace

of M k (� i � k ) with eigenvalue 1 is one dimensional and spanned byGk;i . It follows,

in particular, that

U � E ( i ) = E ( i ) :

Thus 1� T divides Pi (s; T) and since the aforementioned eigenspaces have dimension

one, 1� T divides Pi (s; T) simply. Our Riesz theory, the uniqueness of analytic

continuation and the fact that the two sides of (3) agree at the cusps now implies

that it holds whenever both sides are de�ned.

Remark B4.4. Overconvergent functions like F certainly exist, for example, we

can take F to be the function (which is \constant in the s direction") Em;i =Em; 0

where m is an integer at least1.

It is clear that Pi (s; T)=(1 � T) = P0
i (s; T). Then since the polar divisor of E ( i )

is the divisor of zeroes ofL p(1 � s; � i ), equation (3) implies:

Corollary B4.3.1. For i 2 2Z=wpZ, L p(1 � s; � i ) divides P0
� i (s;1) in A(B� ).

Remarks B4.5. (i) We will show, in a future article, that when i 6= 0 or 2, that

P0
� i (s;1) is the product of a unit in � � A(B� ) and the function D(� i � 2; s � 2) of

Mazur and Wiles [MW]. (ii) Suppose p � � 1 mod4. If  is a non-trivial character
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on the class group ofQ(
p

� p) then

X

A

 (A )qN A ;

whereA runs over the ideals ofZ[
p

� p] and N A is the norm of A , is the q-expansion

of a weight one cusp form on� 1(p) with character � = � (p� 1) =2 �xed by U � and

so � i P0
� (1; T)jT =1 = 0 for 0 � i < h � 1 where h is the class number ofQ(

p
� p).

(iii) In particular, when p � � 1 mod4, p � 23 and p doesn't equal 43, 67 or 161,

Dp(� (p� 3) =2; 1) = 0 .

We also deduce from the proof of the theorem,

Corollary B4.5.2. For each i 2 2Z=wpZ, Es;i (q) is the q-expansion of an over-

convergent family of eigenforms of typei on the complement of the zero locus of

L p(1 � s; � i ) in B� .

B5. Hecke Operators and R-families

In this section we eschew the notion of \radius of overconvergence" (i.e. we

ignore how far into the supersingular region an overconvergent object converges).

We will prove a qualitative version of the Mazur-Gouvêa conjecture on the existence

of \ R-families" (Conjecture 3 of [GM]) in this section. This conjecture asserts that

for any classical eigenformf of weight k, tame level N and slope� there is a �nite


at Zp[[T ]] algebra R, a power seriesF =
P

n =1 rn qn with coe�cients in R and

homomorphisms� j : R ! Cp for j an integer such that jj � kj � p� � and j > � + 1

such that f j (q) :=
P 1

n =1 � k (rn )qn is the q-expansion of a classical weightj modular

form of tame level N and slope� and f k (q) = f (q).

For d 2 (Z=NZ)� � Z �
p, we will let hhdii denotehhdp ii wheredp is the projection

of d into Zp. Recall, K is a either Cp or a complete discretely valued sub�eld and

M y(N ) is the A(B� ) module of families of overconvergent forms.
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We de�ne an action of Hecke onM y(N ). First, if l 2 (Z=NZ)� � Z �
p we de�ne

(F jhl i � )s(q) = hhl ii sE s(q)
� Fs

E s jhl i
�
(q):

for s 2 B � . When k 2 Z,

(F jhl i � )k = lk Fk jhl i : (0)

Next, generalizing the notation of xB2, if n and M are relatively prime positive

integers, we let �( M ; n) denote the congruence subgroup �1(M ) \ � 0(n) of SL2(Z)

and X (M ; n) the corresponding modular curve overK . We can repeat all of our

previous constructions and de�nitions in this situation an d we will use obvious ex-

tensions of our previous notations. For example, if (Nn; p) = 1, Z (Npm ; n) denotes

the rigid connected component of the ordinary locus inX (Npm ; n) containing the

cusp 1 and Ay(N ; n) denotes the A(B� )-algebra of overconvergent functions on

B� � Z (N q; n) over B� .

If F is modular form on X 1(M ) and l is a prime not dividing M , we let F jVl

denote the modular form onX (M ; l) such that

F jVl (Y; �; C; ! ) = F (Y=C; l� 1� � �; �� � ! )

where Y is an elliptic curve, � : � M ,! Y is an injective homomorphism, C is a

cyclic subgroup ofY of order l , ! is a non-vanishing di�erential on Y , � : E ! E=C

is the natural isogeny and �� is its dual. Then

F jVl (q) = F (ql ):

SinceE(q)=E(ql ) is congruent to 1 moduloq, and both E and E jVl have weight

(1; 0), there is an elementes
l in Ay(1; l ) � Ay(l ) whoseq-expansion is (E (q)=E(ql ))s

and which is invariant under the action of D.

For prime l, let  l be the operator onA(B� )[[q]]

 l (
X

n

an qn ) =
X

n

anl qn :
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Lemma B5.1. For each prime numberl there is a unique continuous operatorT(l )

on M y(N ) such that, for F 2 M y(N ), when l = p,

(F jT(p))s = E sU � � Fs

E s

�
;

when l jN

F jT(l )(q) =  l (F (q))

and when l 6 jNp

(F jT(l ))( q) =  l (F (q)) + l � 1(F jhl i � )(ql ): (1)

Proof. If l = p, there is nothing to prove. When l jN one may verify this lemma by

�rst showing, using a correspondence, in the usual way, thatfor g 2 Ay(N ), there is

an element in Ay(N ) with q-expansion l (g(q)) (see [Sh,x7.3] or [C-PSI, x8]), and

then observing that

�
 l (F (q))

�
s = E s(q) l

�
� Fs

E s es
l

�
(q)

�
:

Now supposel 6 jNp. If Gs(q) is the right hand side of (1) (at s),

Gs(q)
E s(q)

=  l (
Fs

E s es
l )(q) + l � 1hhl ii se� s

l (
Fs

E s jhl i )(ql )

which, by the previous discussion, is theq-expansion of a function in Ay(N ; l ).

Moreover, when k is an integer, Gk is clearly on � 1(N ), since the specialization

of (1), in this case, is the classical formula for thel-th Hecke operator acting on

the overconvergent modular form Fk of weight k. Now consider, the function in

Ay(N ; l ), T r(Gs=Es) � (l + 1) Gs=Es, where T r is the trace map from level �( N ; l )

to level � 1(N ). By what we have said, it is zero whens is an integer. It follows

that it is zero for all s, since it is an analytic function. This implies the lemma as

T r(Gs=Es) is on � 1(N ).
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Remark B5.2. Our proof implies that T(l ) acts on families of formsFs such

that Fs(q)=E(q)s converges on some strict neighborhood ofB� 
 Z1(N q) which

depends only onl . With a little more care we can show that one can use the same

neighborhood for all l (at least when p 6= 2 ). The key fact needed to prove this is:

If R is a ring of characteristic p and A is the Hasse invariant form overR, then if

E=R is an elliptic curve, ! generatesH 0(E; 
 1
E=R ) and 
 : E ! 
E is an isogeny of

degree prime top,

A(E; ! ) = A(
E; �
 � ! )

where �
 : 
E ! E is the isogeny dual to
 .

Let T := T K denote the A(B� )-algebra generated overA(B� ) by the operators

hdi � for d 2 (Z=NqZ )� and T(l). Similarly, if L is an extension ofK in Cp and

k 2 W (L) we may de�ne operators hdi �
k for d 2 (Z=NqZ )� and Tk (l ) for primes l .

We let T L;k denote the L-algebra generated by these overL . We de�ne additional

operators T(n), for positive integers n in T K by the formal identity:

X

n � 1

T(n)
nt =

Y

l jNp

(1 � T(l )l � t )� 1
Y

( l;Np )=1

(1 � T(l )l � t + hl i � l � 1� 2t )� 1;

where the products are over primesl and whenk 2 W (L), we de�ne Tk (n) in T L;k ,

similarly. When, k 2 Z, it follows from equation (0) that hdi �
k = dk hdi and hence

T k is the usual Hecke algebra acting on overconvergent weightk modular forms on

� 1(N q) (see [G, Chapt. II]).

We now prove the assertions in Remark B3.6(i). Let notation be as in the proof of

Theorem B3.5 in xB3. In particular, � 2 D̂ , � is a rational number and B is a disk in

B� about an integerk such that the a�noid f z 2 B � � A 1: P0
� (z) = 0 ; v(T(z)) = � � g

has degree one overB and s 7! (s; f (s)) is the corresponding section. Also,G is a

function on B � W y
0 which vanishes on the cusps and spans the kernel ofU � � f in

S(� )B .
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Lemma B5.3. If the q-expansion ofG is

X

n � 1

an (s)qn ;

then function a1(s) is invertible and jan (s)=a1(s)j � 1 for n � 1 and s 2 B .

Proof. First, note that Fs(q) := E s(q)G(s)(q) is (the q-expansion of) an eigenform

for T . SupposeT(n)Fs = cn (s)Fs . If

Fs(q) =
X

n � 1

bn (s)qn ;

b1(s) = a1(s) and we see that

cn (s)a1(s) = bn (s):

So if a1(s0) = 0, Fs0 (q) = 0 and this implies G(s0) = 0. We see this is impossible

using Lemma A2.5 and our Riesz theory.

Now, it is easy to see that the operatorT(l ) is bounded by one on the relevant

Banach spaces ifl 6= p. This and the fact that the coe�cients of the characteristic

power series ofU � lie in � imply that jcn (s)j � 1 for all n. This completes the

proof.

It is clear that we have a natural homomorphism,h 7! hk , from T onto T k for

k 2 W � (L ) which takes hdi � to hdi �
k and T(n) to Tk (n). Also,

Lemma B5.4. If k 2 W � (L ), h 2 T and F 2 M y(N ) then

(hF )k = hk Fk :

R-families

Before we proceed, we point out that if � 2 Q, � 6= 0, the slope � subspace

of M k (N ) is canonically isomorphic to the slope � subspace ofM y
k (N ) and we

identify the two. For a rigid space U � B � and an elementF 2 M y(N )U , we let

an (F ) 2 A(U) denote the coe�cient of qn in its q-expansion .
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Suppose� is a rational number, i is an integer such that 0 � i < w p and

k0 2 B � (K ). Suppose 0< r < j�= qj and r 2 j K j such that the slope � a�noid in

the zero locusZ 0 of P0
i (s; T) (i.e., the a�noid whose closed points are the closed

points P in Z 0 such that v(T(P)) = � � ) is �nite of degree d over the a�noid disk

B = BK [k0; r ]. (We know d = d 0(k0; �; � i � k ) if k0 is an integer andk0 > � +1.) This

disk exists by Corollary A5.5.1. Let A = A(B ). SupposeQ is the corresponding

factor of P0
i (s; T) over B . (Recall, P0

i (s; T) equals P0
� i (s; T), which is morally the

characteristic series of theU � operator on S(N; i ).) Then, Q satis�es the hypotheses

of Theorem A5.3, so theA-module N := NUB (Q), where UB is the restriction of

U � to S(N; i )B , is projective of rank d over A. SinceA is a PID, this module is, in

fact, free. Let R denote the image ofT 
 A in EndA (N ). Since EndA (N ) is free

of rank d2 it follows that R is also free of �nite rank. In particular, R is the ring of

rigid analytic functions on an a�noid X (R) with a �nite morphism to B .

We have anA-bilinear pairing

h ; i : R � N ! A

hh; mi = a1(hm):

Similarly, if k 2 B � (L ), we have anL-bilinear pairing h ; i k from Rk � Nk to L . (In

our previous terminology, we are actually working over the point ( k; i ) of W(L).)

Proposition B5.6. The pairing h ; i is perfect.

Proof. First, arguing exactly as in the proof of [H-LE, Thm. 5.3.1], we see that if

h 2 R, hh; mi = 0 for all m 2 N implies h = 0 and hh; mi = 0 for all h 2 R implies

m = 0. The key point is that if F 2 N , hT(n); F i equals the n-th q-expansion

coe�cient of F .

Now if k 2 B(Cp), the same argument yields the same conclusion for the pairing

h ; i k : T k � Nk ! Cp, but since this is a pairing over a �eld, it follows that h ; i k

is perfect.
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SinceA is a PID, it su�ces to check that the homomorphism,


 : R ! HomA (N; A )


 (h)(n) = hh; ni ;

is an isomorphism. By Lemma B5.4, ifh 2 R and m 2 N , the restriction of hh; mi

to k is hhk ; mk i k . Since N is free, HomA (N; A )k = HomC p (Nk ; Cp). Thus 
 k

is an isomorphism for all k 2 B (Cp). This implies 
 is an isomorphism and the

proposition follows.

Corollary B5.6.1. If k0 is an integer andk0 > � + 1 , the degree ofX (R) ! B is

d0(k0; �; � i � k ).

Theorem B5.7. SupposeL � Cp is a �nite extension of K . For x 2 X (R)(L ), let

� x : R ! L be the corresponding homomorphism and set

Fx (q) =
X

n � 1

� x (T(n))qn :

Now supposek is an integer such that k 2 B(K ) and k > � + 1 . Then the mapping

from X (R)k (L ) to L [[q]], x 2 X (R)k (L ) 7! Fx (q), is a bijection onto the set of

q� expansions of classical cuspidal eigenforms onX 1(N q) over L of weight (k; i )

and slope� .

Proof. After extending scalars we may supposeL = K . First, suppose x 2

X (R)k (K ). Then it follows from the proposition and the freeness ofR that there

is an m 2 N such that (hh; mi )k = � x (h). This equals a1(hk mk ) by Lemma B5.4.

Since � x is homomorphism, mk is an eigenform. It also follows that Fx (q) is the

q-expansion ofmk and sincek > � + 1 that mk is classical.

Now supposeF (q) =
P

n � 1 an qn is the q-expansion of a weight k cuspidal

eigenform on X 1(N q) of weight (k; i ) and slope � . It follows that F (q) 2 Nk .

Hence gives rise to aK -linear map � : T k ! K , � (h) = hh; F (q)i k . SinceF is an

eigenform � is a ring homomorphism so corresponds to a pointx 2 X (R)k (K ).

Finally, since hT(n); F (q)i = an , Fx (q) = F (q).
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We can show that the subring of R generated overA0(B ) by the T(n) is �nite

of degreed over this ring. When r 2 j K j, A0(B ) is isomorphic to K 0[[T ]] where

K 0 is the ring of integers in K . From this, it is not hard to see that the R-family

conjecture of Gouvêa-Mazur would follow from the assertion that the radius r of

the disk B about k0 can be chosen to be at leastp� � .

As Glenn Stevens pointed out, we also have

Corollary B5.7.1. Supposek0 is an integer, k0 > � + 1 and F is an eigenform,

new away fromp, on X 1(N q) of weight (k0; i ) and slope� . If i = 0 , F has character

� = � N � p and U � F = aF , suppose in addition that a2 6= � N (p)pk0 � 1. Then there

exists an a�noid disk B 0 containing k0 and rigid analytic functions an (s) on B 0

such that if k is an integer strictly greater than � + 1 in B 0

Fk (q) :=
X

n

an (k)qn

is the q� expansion of a classical cuspidal eigenform onX 1(N q) of weight (k; i ) and

slope� which is equal to F if k = k0.

Before beginning the proof we need to discuss families of newforms.

De�nition. We say an overconvergent modular form of weightk (or a family of

overconvergent modular forms) on� 1(N q) is a p0-new form (or a family of p0-

new forms ) if its image in M k (d) (or M y(d)) is zero under any of the degeneracy

\trace" maps for any proper divisor d of N .

We note that the image of a classical modular form is new in this sense if and

only if it is new \away from p."

We denote the Banach module ofp0-new forms of weightk by M p0� nw
k (N ) and

of families of p0-new forms by M y(N )p0� nw . Now, U � acts completely continuously

on this module. We now restrict U � to M y(N; i )p0� nw . Let

Pp0� nw
i (s; T) = det(1 � TU� jM y(N; i )p0� nw ):
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Everything we said above aboutPi (s; T) carries over to Pp0� nw
i (s; T) and we will

use the same notations. In particular, nowB is an a�noid disk such that the slope

� a�noid in the zero locus of Pp0� nw
i (s; T) is �nite over B and R now denotes the

image of T 
 A(B ) in the endomorphism ring of the A(B )-module of families of

p0-new forms of slope� over B . The form F corresponds to a pointx of X (R) by

the theorem. It su�ces to prove that the morphism X (R) ! B is unrami�ed at x

for then we will have a sections in a neighborhood ofk0 such that s(k0) = x and

we may take Fk (q) = Fs(k ) for k 2 Z \ B . This assertion follows from the fact that

the classical Hecke algebra acts semi-simply on the space ofclassicalp0-new forms

on X 1(Np) satisfying the hypotheses of the corollary. This in turn follows from the

well known fact that the Hecke algebra on �1(M ) acts semi-simply on the space of

new forms on � 1(M ) for each positive integerM (see [Li, Lemma 6 iii)]), the fact

that the classical p0-new forms on � 1(pN) is the sum of the new forms on this group

and the images of the new forms on �1(N ) and the Lemma 6.4 of [C-C0] which

explains how the Up operator acts on this space*.

We can also de�ne a form or a family of forms to be p0-old if it is a sum

of elements in the images ofM k (d) (or M y(d)) (under the various natural maps)

whered runs over the proper divisors ofN . Although the corresponding statements

about classical forms are true, we do not know if every overconvergent form or

family of such is a sum of ap0-new form and a p0-old form or whether, if it is, this

decomposition is unique.

Theorem B5.7 implies that an eigenform of slope� lives in a family of eigenforms

of slope� , but in fact any form of slope � lives in a family of forms of slope� . For

eachk 2 B(K ) \ Z, specialization gives us a map fromC into the spaceM k (N; i )�

of slope� forms on � 1(N q) of weight (k; i ) (which are classical if k > � + 1). We

have,

* See also [CE] which proves that the exceptional case never occurs in weight 2

and discusses its likelihood in higher weights.
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Proposition B5.8. The map from N to M k (N; i )� is a surjection.

Proof. SupposeF 2 M k (N; i )� . Then we can certainly produce an elementG 2

M y(N; i ) which specializes atk to F (if we regard M y(N; i ) as functions on V� , we

just take G to be the function F=Ek on Z1(q) � B � which is constant in the B�

direction). Let ~F be the projection into N of the restriction of G to the �ber above

B . Since projection commutes with specialization ~Fk = F .

This gives another proof of Theorem B5.7 in the case in whichd = 1.

B6. Further Results

In this section we will explain how our seriesPN (T) also \controls" forms on

X 1(Npm ) when (N; p) = 1 for n � 1 (the proofs will appear in [C-CPS]) and indicate

the connection between the results of this paper and the theory of representations

of the absolute Galois group ofQ.

If 
 2 Z �
p, let [
 ] denote the corresponding element in the completed group ring

� of Z �
p over Zp. Then there exists a unique injective homomorphism� from �

into A0(W � ) such that, for 
 2 Z �
p,

� ([
 ])(s; i) = hh
 ii s � (
 ) i :

(In other words, [
 ] goes to the elementhh
 ii sh
 i in A(B� )[D ] = A(W � ).) It follows

that, for � 2 � , � (� ) is bounded onW � and

j� (� )jW � = j� j j � j ;

where j j j � j is one of the absolute values on� described inxA1.

We will show,

Theorem B6.1. The seriesQN (T) lies in � [[T ]] and converges onW � Cp.

We, actually, give one proof of this in the appendix using explicit formulas, but

it is also possible to give a more conceptual proof which we doin [C-CPS].
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The space of overconvergent forms of levelNpm of integral weight k together

with an operator Uk is de�ned in [C-HCO] (see alsoxB2). For � 2 C and F (T) =
P

n � 0 Bn Tn 2 � [[T ]] we set � (F )(T) =
P

n � 0 � (Bn )Tn : We can map Z �
p onto

(Z=pn Z)� which is naturally a direct factor of ( Z=Npm Z)� . Hence, we may regard

characters onZ �
p of conductor pm as characters on (Z=Npm Z)� . We also prove in

[C-CPS]:

Theorem B6.2. If � (x) = � (x)hxi k wherek is an integer, � : Z �
p ! C �

p is a charac-

ter of �nite order and pn = LCM (q; f � ), then � (PN )(T) is the characteristic series

of the operator U( k ) on overconvergent modular forms of levelNpm , weight k and

character � .

The analogue of Theorem C is true in these higher levels. In particular, we prove

in [C-HOC] that any form of weight k and level Npm of slope strictly less thank � 1

is classical.

The next theorem describes one of the main implication of thecombined results

of this paper and those of [C-CPS]. For an integerj and � and a character of �nite

order on 1 + qZ , let s(�; j ) = � (1 + q)(1 + q) j � 1 and s(j ) = s(1; j ).

Theorem B6.3. Suppose � is a character on (Z=qZ )� , k 2 Z, � 2 Q and

d(k; �; � ) = 1 . Then there exists a real numberR, a subsetS of B (k; R), a function

r : S ! R such that 1 � R > r (a), if s < 1 the number of a 2 S such that jaj � s

is �nite and moreover, if X (k; �; � ) = B (k; R) �
S

a2 S B[a; r(a)], s(k) 2 X (k; �; � )

there exist rigid analytic functions an (T), for n � 2, on X (k; �; � ) bounded by 1

such that if

F (T; q) = q + a2(T)q2 + � � � + an (T)qn + � � � ;

� is a character of �nite order on 1 + qZ p and j is an integer such that s(�; j ) 2

X (k; �; � ), F (s(�; j ); q) is the q-expansion of an overconvergent eigenformF�;j of

tame level N , weight j , �nite slope and character � � j �� . Finally, F1;k has slope� .

In fact, we can showX (k; �; � ) and an (T) are de�ned over Qp.

76



We note that one can show that if f is an analytic function on X (k; �; � ) bounded

by 1, and if d and e are in X (k; �; � ) such that jd � bj = je � bj = js(k) � bj for all

b 2 S, then

jf (d) � f (e)j < jd � ejMax f 1=R; r(b)=js(k) � bj2: b 2 Sg:

We note that these hypotheses hold whenB [s(k); t] � X (k; �; � ) and d; e 2

X (k; �; � ). This implies that Conjecture 2 of [GM] follows from the assertions

(which we don't know how to prove):

(i) B [s(k); p� ( � +1) ] � X (k; �; � ),

(ii) v(ap(e)) = � if e 2 B [s(k); p� ( � +1) ],

(iii) R = 1 and

(iv) r (b) � j s(k) � bj2 for b 2 S.

Now, let G(Np) be the Galois group of a maximal extension ofQ unrami�ed

outside Np. With Mazur, we prove,

Theorem B6.4. There exists a2-dimensional pseudo-representation� : G(Np) !

T Q such that, for primes l 6 jNp,

T race(� (F robl )) = T(l ) and det(� (F robl )) = hl i � =l:

The proof of this is based on the Gouvêa-Hida Theorem (see [G-ApM Thm.

III.5.6] and [H-NO x1]).
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Appendix I: Formulas.

Fix a positive integer N prime to p. Let QN (T) be the characteristic power series

of the operator U � acting on overconvergent forms on �1(N q) whose coe�cients are

in A(W � ), as in xB3.

For an order O in a number �eld, let h(O) denote the class number ofO. If 
 is

an algebraic integer, letO
 be the set of orders inQ(
 ) containing 
 . Finally, for m

an integer, let Wp;m denote the �nite set of 
 2 Qp such that Q(
 ) is an imaginary

quadratic �eld, 
 is an algebraic integer,

Norm Q ( 
 )
Q (
 ) = pm and v(
 ) = 0 : (1)

Theorem I1. SupposeN � 4. Then

T
d

dT
QN (T)=QN (T) =

X

m � 1

Am Tm

where Am is the element of� � A(W � ), expressed by the �nite sum,

Am =
X


 2 Wp;m

X

O2 O 


h(O)BN (O; 
 ) �
[
 ]


 2 � pm

whereBN (O; 
 ) is the number of elements ofO=NO of order N �xed under multi-

plication by �
 .

(Recall, for a 2 Z �
p, [a] denotes the element of the group of which� is the completed

group ring.)

Proof. If � 2 W � is an arithmetic character the specialization of this formula for

� (QN ) may be proven using the Monsky-Reich trace formula, as in Dwork [D1], Katz

[K] and Adolphson [A]. The general case follows from the factthat the coe�cients

of the powers ofT in the seriesQN (T) are an analytic functions on W � .

Another version of the above theorem is:
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Theorem I2. SupposeN � 4. Let Y be the component of the ordinary non-

cuspidal locus in the reduction ofX 1(N q) containing 1 and, for x a closed point

of Y , a(x) 2 Z �
p the unit root of Frobenius on the �ber of E1(N q)=X1(N q) above

x. Then,

QN (T) =
Y

r � 0

Y

x 2 Y

�
1 � �a(x)r [a(x)]Tdeg(x ) =a(x)r +2 � � 1

where the second product is over closed points ofY and �a(x) is the complex conju-

gate of a(x) in Zp.

Corollary I2.1. The coe�cients of QN (T), as a series inT, lie in the Iwasawa

algebraZp [[Z �
p]].

This answers a question of [GM-CS].

Also, using Hijikata's application of the Eichler-Selbergtrace formula [Hj], Koike

[Ko] proved the specializations following result to arithmetic characters and the

general case follows by analyticity as above.

Theorem I3. We have the formula,

T
d

dT
Q1(T)=Q1(T) =

X

m � 1

Bm Tm

where

Bm =
X


 2 Wp;m

X

O2 O 


h(O)
w(O)

�
[
 ]


 2 � pm :

We note that the specializations of theBm to B� � f ig � W � are all zero, if i is

odd, as they should be, since there are no overconvergent forms of the corresponding

weights.

One can generalize these formulas to the moduli problems associated to sub-

groups of GL 2(Z=NqZ ) in the sense of Katz-Mazur [KM, Chapt. 7] of the form

G � G1(q) where G is a subgroup ofGL 2(Z=NZ) and G1(q) is the semi-Borel in

GL 2(Z=qZ ). We will now use the above formulas to prove the existence ofnon-
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classical overconvergent eigenforms.

Proposition I4. Let k be an integer. Then there exist weightk overconvergent

new forms on� 1(N q) of arbitrarily large slope.

Proof. We must show the characteristic power seriesGN (k; T ) of U � acting on the

space of weightk overconvergent new forms on �1(N q) is not a polynomial. Let

T
d

dT
GN (k; T )=GN (k; T ) =

X

m � 1

Dm (k)Tm :

It su�ces to show that the numbers Dm (k) are algebraic and are not all de�ned

over a �nite extension of Q.

For a positive integer n let f (n) be the number of distinct prime divisors of n

and

t(n) =

(
(� 2)f (n ) if n is square free

0 otherwise.

Using (10.2) and the two linearly disjoint degeneracy maps from forms on � 1(M q)

to forms on � 1(Ml q) for primes l and positive integersM prime to p, one can show

GN (k; T ) :=
Y

djN

P0
N=d (k; T )t (N=d ) :

To simplify the argument, we will complete the proof only in t he case in which

N = l t where l is an odd prime andl t � 1 � 5.

SupposeM is any integer at least 5. Let K � Qp be a quadratic �eld of

discriminant D less than � M . Also, suppose for simplicity of exposition that D 6�

1 mod 4. Then there exists anm 2 N and an element 
 2 K \ Wp;m such that

�
 � 1 modN OK where OK is the maximal order of K . In fact, since N � 5, � 


is the only other element ofK \ Wp;m . Then Theorem I2 implies Dm (k) = � + �

where

� =
X

O2 O 


h(O)
�
BN (O; 
 ) � 2BN=l (O; 
 )

� 
 k


 2 � pm
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and � is a sum of elements contained in quadratic �elds di�erent from K

(BN (O; � 
 ) = BN=l (O; � 
 ) = 0 for all O 2 O
 ). The corollary will follow

from the claim: K = Q(� ). It is easy to see that K = Q(
 k =(
 2 � pm )) and

BN (OK ; 
 ) = N 2 � 3(N=l)2 + 2( N=l2)2 > 0. Thus all we need verify is that

C(O) =: BN (O; 
 ) � 2BN=l (O; 
 ) � 0

for all O 2 O
 . We �rst observe that the numbers BH (O; 
 ) only depend on

the power of l dividing [ OK : O]. Therefore supposeK has discriminant D and

O = Z[ls
p

D] is in O
 . Also suppose �
 = 1 + � where � = N (a + blr
p

D) where

a; b 2 Z and (l; b) = 1. It follows that r � 0 and t + r � s. Supposex 2 O and x

has orderN modulo N O. Let x = c + dls
p

D . Then

�x � Nbclr
p

D modN O:

Hence, �
x � x mod (N=l)O if and only if clr � 0 modls� 1 (here when s = 0 we

require no condition on c) and �
x � x modN O if and only if clr � 0 modls:

Suppose �rst that r < s � 1, then in either casel jc so (d; l) = 1. Thus,

C(O) = l t � ( s� r ) (N � N=l) � 2l t � 1� (( s� 1) � r ) (N=l � N=l2)

= l r � sN (N � 3N=l + 2 N=l2) > 0:

Suppose nowr = s � 1, then c may be arbitrary in the �rst case and l jc in the

second. Thus,

C(O) = ( N=l)(N � N=l) � 2((N=l)2 � (N=l2)2)

= N 2=l � 3(N=l)2 + 2( N=l2)2 > 0;

becausel > 2. Suppose �nally that r > s � 1. Then,

C(O) = N 2 � 3(N=l)2 + 2( N=l2)2 > 0:

This establishes the claim.
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Remarks I5. (1) One may deduce that the �eld generated by the coe�cients of

QN (k; T ), for any k 2 Z, equals the compositum of all the imaginary quadratic

�elds in Qp in which p splits. (2) We expect that the same methods can be used to

prove that there exist overconvergent forms on� 1(Npm ), of weight k and character

� of arbitrarily large slope. (3) This proof gives no information on the distribution

of the weight k slopes.

Combining this proposition with Theorem B5.7 we deduce:

Corollary I4.1. Given an integer j and a positive integern there exist arbitrarily

large rational numbers � such that there are in�nitely many integers k � j modpn

and classical weightk eigenforms on� 1(N q), which are new away fromp, and have

slope� .

Remark I6. To prove the existence of arbitrarily large rational numbers � for

which there exist in�nitely many weights k such that there are classical forms of

weight k and slope� , one could also use Theorem D combined with Gouvêa-Mazur's

method of \proliferation by evil twinning." Indeed, if one h as a classical eigenform

F on � 1(N q) of weight k and slope� which is either old or of non-trivial character

at p, there exists another eigenformF 0, the \evil twin" of F , of weight k and slope

k � 1� � . Using Theorem D, there exists in�nitely many weights j for which there is

a classical eigenformFj of weight j and slope� which is either old or has non-trivial

character at p. Hence, the evil twin, F 0
j , of Fj has slopej � 1 � � and applying

Theorem D again we deduce the existence of in�nitely many weights of classical

eigenforms of slopej � 1 � � for each j .
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Appendix II: A 2-adic example

Although, apart from the results of Appendix I, our theorems have been inex-

plicit, the methods used are strong enough to give explicit results in any given case.

Throughout this section, we will be working over C2.

Theorem II1. Supposek is an even integer. Then there does not exist an over-

convergent eigenform form on� 0(2), weight k and slope in the interval (0; 3) and if

k � 2 mod4 there does not exist one of slope 3. However, ifk is an integer divisible

by 4, then there exists a unique normalized overconvergent eigenform Fk on � 0(2),

weight k and slope 3. Moreover,

Fk (q) � Fk 0(q) mod
( k � k 0)

2
Z2:

Remarks II2. (i) We know Fk is classical if k � 8, by Theorem C. Mathew

Emerton pointed out that F4 is also. In fact, we must haveF4(q) = G4(q)� G4(q2) =

G(4 ;0) . (ii) We must also have F12(q) = �( q) � � �( q2) where � is the root of

X 2 + 24X + 2 11 of valuation 8 (� 24 = � (2)) and F8 is the unique normalized

cusp form on X 0(2) of weight 8. (iii) As Mazur pointed out, using the facts that

�( z) = � (z)24 and F8(z) = ( � (2z)� (z))8 , one can show that,

F12(q) � F8(q) mod16

and using the congruences discussed in [SwD,x1], one can show

F12(q) � F4(q) mod32:

This and other computations of Emerton suggest that the above congruence can be

improved to be modulo 4(k � k0) rather than (k � k0)=2.

To prove this theorem we must establish estimates for the 2-adic sizes of the

coe�cients of the characteristic series of the U � operator. The proof of its entirety,

by its nature, can be used to give upper bounds for these whichultimately allow us
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to ignore most of them when we search for information about forms of a small slope.

We then can use Koike's formula to determine the exact sizes of the remaining �nite

number.

We identify B� = B(0; 2) with B� � f 0g � W � and will restrict the function

Q1(T) to the region B� � A 1 (as we remarked after Theorem I1 it is identically 1 on

B� � 1), where we may regard it is the seriesP(s; T) of Theorem B3.2, by equation

(3) of xB3.

Lemma II3. Let P(s; T) = 1 + C1(s)T + C2(s)T2 + � � � Then, on B� , v(C1(s)) = 0

and v(C2(s)) equals2 + v(s � 2) if v(s � 2) < 2 and is at least 4 otherwise.

Proof. Let


 =
� 1 �

p
� 7

2
and � =

1 +
p

� 15
2

where the square roots are taken so as to be elements of 1 + 4Z2. Note that


 � � � 1 mod 4. We know, from Theorem I3, that

C1(s) = d1(s) and C2(s) =
d1(s)2 + d2(s)

2
:

where

d1(s) =

 s� 2

1 � 2
 � 2 and d2(s) =

 2s� 4

1 � 4
 � 4 +
2� s� 2

1 � 4� � 2 :

Clearly, d1(s) has valuation 0 for v(s) > � 1. We now investigate the next

coe�cient of P(s; T). It is easy to see that

C2(s) �
1
3

(
 2s � 9� s) mod 16O:

This element of O has valuation equal to 2 + v(s � 2) if v(s � 2) < 2.

Proof of Theorem.

Silverberg suggested considering the family of curves witha point of order 2:

(Ec; Pc) := ( y2 = x3 + x2 +
16c

1 + 64c
x; (0; 0))
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c 6= 0 or � 1=64 (c may be thought of as a parameter onX 0(2)). The curve isogenous

to Ec after dividing out by Pc is Ew(c) ; where w is the Atkin-Lehner involution;

w(c) = 1 =212c: The j -invariants of these curves are

j (Ec) =
(1 + 16c)3

c2 and j (Ew(c) ) =
(1 + 256c)3

c
:

It follows that Ec has potential supersingular reduction if and only if

� 12 < v (c) < 0 so the connected component of the ordinary locus containing 0, of

the above model ofX 0(2), is the disk f c : v(c) � 0g.

Let � be the Tate-Deligne morphism near 0 (which isw'w where ' is the Tate-

Deligne morphism near1 ) which is de�ned on a wide open containingB [0; 1]. Since

the point Pc of Ec is not in the kernel of reduction if c 2 B [0; 1], we have:

� (c)
(1 + 256� (c))3 =

c2

(1 + 16c)3 : (1)

This implies

� (c) = c2G(16c) (2)

for someG(T) 2 Z[[T]] such that G(0) = 1. (This means � converges on the disk

v(c) > � 4 (which implies that the Hasse invariant of the reduction modulo 2 of a

smooth model ofEc has valuation strictly less than 2=3 (and more importantly, the

Hasse invariant of the reduction ofEw(c) has valuation strictly less than 1=3).)

For a 2 C2, v(a) < 0, let Va be the a�noid disk f x 2 X 0(2): v(c(x)) � v(a)g.

Then, an orthonormal basis for Na := A(Va ) is f (c=a)n : n � 0g. For v(a) > � 4,

� is a �nite morphism from Va to Va2 , so we have a mapT0 := 1
2Tr � : Na ! Na2 :

Now let r denote the restriction map from Na2 to Na and U0 be the operator on

Na2 , T0 � r .

Let I (Y ) = Y 2=(1 + Y)3 and H (T) = T=(1 + 256T)3: Then we may write

Y 2 = A(I (Y ))Y + B(I (Y )) ;
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where A = TA0(T); B = TB0(T) with A0; B0 2 Z[[T]] and B0(0) = 1. Let e = c=a

and d = c=a2. Using the fact that H (� (c)) = I (16c)=162, we conclude,

e2 = 16a� � (d)K ((16a)2 � � (d))e + � � (d)J ((16a)2 � � (d))

where K; J 2 Z[[T]]; J (0) = 1. Thus, T0(1) = 1, T0(e) = 8 adK ((16a)2d) and, for

i � 2,

T0(ei ) = (16 a)dK
�
(16a)2d)T0(ei � 1�

+ dJ
�
(16a)2d

�
T0(ei � 2):

Thus, if

U0(di ) =
X

j � 0

cij (a)dj ;

cij = 0, if i > 2j or i = 0, and j > 0 and

v(cij (a)) �

(
� 2jv (a) if i = 2 j

2j (4 + v(a)) � i (4 + 2 v(a)) � 1 if i < 2j .

Let r j (a) = min i v(cij (a)). Then if, v(a) � � 3=2,

r j (a) � � 2jv (a); (3)

if j > 0 and r0(a) = 0.

The form E �
2 (the weight 2 Eisenstein series onX 0(2) whose q-expansion is

2E2(q2) � E2(q)) corresponds to a constant multiple of ! = d c=c: We need to

compute E � 1(c) := 1
2 � � !=!: From (2) we deduce, E (c) = 1 + V(8c), for some

V(T) 2 TZ[[T]]. In any case,E (c) � 1 mod 8c for v(c) > � 3.

Now we investigate the operator U00: f (s; c) 7! r � U0
�
E s=2(c)f (s; c)

�
on the

functions f (s; c) on the region determined by the inequalitiesv(c) > � 2 and v(s) >

� 1 � v(c), where r is the appropriate restriction map (E s=2(c) makes sense on this

region). Now P(s; T) is also the characteristic series of this operator. Suppose

v(a) < 0. Then dn is an \orthonormal basis" for functions on the region (which
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is now an open subdomain) determined by the inequalitiesv(c) � v(a) and v(s) >

� 1 � v(a). Suppose

U00(di ) =
X

j

cij (a; s)dj :

Writing E(c)s=2 =
P

n � 0 hn (s)cn ; we see that

U00(di ) =
X

n � 0

a2n hn (s)U0(dn + i ):

So

cij (a; s) =
X

n � 0

a2n hn (s)cn + i;j (a):

Now, ja2n hn (s)j � 1 if

v(a) > � 1 + (1 � v(s))=4 (4)

and v(a) > � 5=4. We see that, under these conditions, ifRj (a) = min i v(cij (a; s)) ;

Rj (a) = r j (a) and so, using the analogue of the estimates in [S,x5] and (3),

v(Cm (s)) �
m � 1X

j =0

Rj (a) � � v(a)m(m � 1): (5)

This implies that on the disk v(s) > 1, v(Cm (s)) > 3(m� 1) if m > 2 (given any s in

this disk we may choose ana such that � 1 > v (a) > � 5=4 so that the inequality (4)

holds). SinceE(c)s=2 = E(c)( s� 2) =2(1 + V(8c)), we may also verify this inequality

on the disk v(s � 2) > 1. This together with Lemma II3, tells us that all , if

v(s � 2) > 1, and all but one, otherwise, of the sides of the Newton polygon P(s; T)

with positive slope have slope strictly greater than 3 and moreover, if v(s) > 1,

the Newton polygon has a side of slope 3 above the interval [1; 2]. This implies all

the assertions of the theorem save the congruence. The congruence follows from

Lemma B5.3.
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Remarks II4. (i) What we have ultimately proven is that there exists a q-

expansion

F (s; T) := q + a2(s)q + a3(s)q2 + � � �

where the ai (s) are power series which converge and are bounded by one on the

disk v(s) > 1 such that F (k; q) = Fk (q). We can show that the ai (s) analytically

continue to rigid analytic functions bounded by one on a wide open containing

f x : v(x) � 0; v(x � 14) < 4g. This implies that the modulus of the congruence in

Theorem II1 may be improved to 2(k � k0). (ii) Theorem II1 implies the result

of Hatada [Ha], that each eigenvalue of the Hecke operatorT2 acting on the space

cusp forms of level 1 of any weight is divisible by 8. (iii) We have used the above

techniques together with Pari to show that the next smallest slope, after 3, of an

overconvergent modular form of weight 0 and tame level 1 is 7 and the dimension

of the space of such forms is 1.
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