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0. Introduction

Let p be a prime, C, the completion of an algebraic closure of thegp-adicnumbers
Qp and K a nite extension of Q, contained in C,. Let v be the valuation on C,
such that v(p) = 1 and let j j be the absolute value onC, such that jxj = p V**)
for x 2 Cp.

SupposeN is a positive integer prime to p. Let X1(Np) denote the modular
curve over K which represents elliptic curves with 1(Np)-structure and let U,
be the Hecke operator on modular forms onX 1(Np) which takes a form with g
expansionp , anq" to the modular form with q-expansionp hanp .

A modular form F is said to have slope 2 Q if there is a polynomial R(T)
over C, such that R(Up)F = 0 and such that the Newton polygon of R(T) has only
one side and its slope is

For simplicity of notation, now suppose p is odd.

Now (Z=NpZ) acts on modular forms on 31(Np) via the diamond operators
and we identify (Z=pZ) with a subgroup of (Z=NpZ) in the natural way. If s
a C,-valued character on Z=pZ) , we will say a modular form F is of (Z=pZ) -
character if Fjhdi = (d)F ford2 (Z=pZ) . Let :(Z=pZ) ! (Qp) denote the
Teichmuller character.

We prove in xB3:

Theorem A.  Suppose 2 Q and :(Z=pZ) ! C, is a character. Then there
exists anM 2 Z which depends only onp, N, and with the following property:
If k2 Z, k> +1 and there is a unique normalized cusp formF on X;1(Np)

of weight k, (Z=pZ) -character K and slope andif k> +1 is an integer
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congruent to k modulo pM *", for any non-negative integern, then there exists a
unique normalized cusp formF°on X ;(Np) of weight k% (Z=pz) -character k°

and slope . Moreover, this form satis es the congruence
FY9) F(q) modp™™:

Both F and F° must be eigenforms for the full Hecke algebra of the respectd
weight because these algebras are commutative and therefpreserve the space of
forms of a given slope. It is (a slight generalization of) a cojecture of Gouvéa-
Mazur [GM-F] that M may be taken to be zero as long a® . When =0
this is a theorem of Hida [H-GR]. In this paper, we obtain no information about M
(except in one example, discussed in Appendix Il). Howeverusing recent results
of Daging Wan, we have been able to give an upper bound, quadtig in , on the
minimal allowable M for xed N and p. We are also able to obtain results in the
case when there exists more than one normalized form of a gineslope, character
and level in xB5. That is, we prove, Theorem B5.7, the existence of what Govwéa
and Mazur call \R-families" in [GM-F].

For example, let be the unique normalized weight 12, level 1, cusp form. Write

X
(9= (na":
n 1
Then (7) = 7 2392. The above theorem implies, for any positive integeik

divisible by 6 and close enough 7-adically to 12, that there eists a unique normalized
weight k, level 1, cuspidal eigenformFy over Qp such that F¢jT7 = a(k)Fx for some
a(k) 2 Z7 with valuation 1. Moreover, for any positive integer n, if k is su ciently

large and close 7-adically to 12,

Fe@ (o (g)mod7"

where is the root of X2  (7)X + 71! in Z; with valuation 10. (We prove a
similar, more precise, statement forp = 2 in Appendix 11.)

The following is one important ingredient in the proof of Theorem A:
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Theorem B. Forintegers0 i<p 1 there exist seriesPn; (s;T) 2 Zp[[s; T]]
which converge for allT and s such that jsj < p(P 2=(P 1) such that for integersk,
Pn:i (k; T) is the characteristic series of Atkin'sU-operator acting on overconvergent

forms of weight k and (Z=pz) -character ' K.

This considerably strengthens the main result of [GM-CS].

Now let My.ci denote the space of classical modular forms of weighton X 1 (Np)
de ned over K. Then the eigenvalues ofU, on M. have valuation at mostk 1.
For a character on (Z=pZ) we also letM. ( ) denote the subspace of forms of
weight k and (Z=pZ) -character and setd(k; ; ) equal to the dimension of the
subspace oM. () consisting of forms of slope .

As a corollary of Theorem 8.1 of [C-CO] we obtain:

Theorem C. With notation as above, the set of zeroes oPy; (k; T 1) in C, with
valuation strictly less than k 1is the same as the set of eigenvalues with valuation
strictly less than k 1 of U, acting on M. ( ' ¥) (counting multiplicities in both

cases).

We are able to deduce from this, inxB3, another result conjectured in more
precise form by Gouvéa and Mazur:
Theorem D. If is aC-valued character on(Z=pZ) , and k and k® are integers

strictly bigger than +1 and su ciently close p-adically
d(k; ; )=d(k%; ):
Moreover, the closeness su cient for this equality only depends on .

Wan's result implies a lower bound, quadratic in , of how valuation of k  k°
must be for the equality in the above theorem to be true. SinceZ, is compact this
implies what is called a \control theorem," that is, fora xe d 2 Q, the dimension
of the space of forms of a given weight and slope is bounded independently of the

weight. We are also able to deal with the prime 2.
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We show, in xB.3, that the set of slopes of modular forms on 1(N) (and ar-
bitrary weight) is a discrete subset of the real numbers whib is a consequence of
the Gouvéa-Mazur conjectures. In the Appendix I, we show hw to use the trace
formulas of Eichler-Selberg and Reich-Monsky to prove thathere exist overconver-
gent forms of any given integral weight of arbitrarily large slope. In a future article
with Barry Mazur, we will begin to develop the connections baween the results in
this paper and p-adicrepresentations of the Galois group ofQ=Q.

What foreshadows our proofs is the study of thek-th Hecke polynomial (see
Eichler [E], Sato [Sa], Kuga [Ku] and Ihara [1]),

det((1 Tpu+ p* tu?)jS);

where Sy is the space of weightk cusp forms of level one de ned ovelC and T, is
the p-th Hecke operator. It was used to relate the Ramanujan-Petesson conjecture
to the Weil conjectures (see the introduction to [I] for more history). Ihara applied
the Eichler-Selberg trace formula to this e ort. This line of research was continued
by Morita, Hijikata and Koike ([M], [H]], [Kol] and [Ko2]). D work began another
approach to the study of these polynomials using what is now kown as the theory
of overconvergentp-adic modular forms and also the Reich-Monsky trace formula
([D1] and [D2]). This work was continued by Katz [K] and Adolp hson [A]. Both of
these lines of research seem to have stopped in the mid-sewies. Hida [H1], [H2]
developed to great utility the theory of \ordinary" modular forms which in this
optic are modular forms of slope zero. In particular, he proed what may now be
interpreted as the slope zero part of the aforementioned cgeactures.

Our approach is a continuation of that introduced by Dwork. In fact, the in-
spiration for this paper arose in an attempt to interpret Dwork's paper \On Hecke
polynomials" [D1] in terms of the point of view developed in [C-CO]. The key idea
in Gouvéa-Mazur's paper \On the characteristic series of he U operator" [GM-CS]
provided the bridge between [D1] and [C-CO].
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We will now give an outline of this paper. It naturally breaks into two parts.

In Part A, which we entitle \Families of Banach Spaces," we stow how Serre's
p-adicBanach-Fredholm-Riesz theory [S] works in a family, ie., may be extended
over complete, normed rings, which we call Banach algebraswe de ne and prove
some basic results about these algebras, Banach modules otbaem, orthonormal
bases for these modules and completely continuous maps beden Banach modules
in Section Al. In Section A2, we show that a completely contimous operator on a
Banach module has a \Fredholm determinant" which behaves w# under a contrac-
tive base change (such as the restriction to a residue eld).We de ne the resultant
of a monic polynomial and an entire series and prove some basresults about it
in Section A3. This will be necessary for us to extend Serre'iesz theory to this
more general situation, in Section A4. l.e., given a factorzation of the Fredholm
determinant into relatively prime factors, one of which is polynomial with unit lead-
ing coe cient, we will be able to nd in Theorem A4.3, a corres ponding direct sum
decomposition of the Banach module. In Section A5, we spediae our theory and
consider Banach modules over reduced a noid algebras (whic are Banach alge-
bras). In Subsection A5.i, we show, Proposition A5.2, that ahomomorphism of
a noid algebras over an a noid algebra A can be interpreted as a completely con-
tinuous map of Banach modules ovelA, when the associated map between a noid
spaces ovelA is what we call \inner." We also indicate how our Riesz theory can
be strengthened over an a noid algebra. In Subsection A5.ii we prove our main
technical result, Proposition 5.3, about quasi- nite morphisms from an a noid to
the closed unit disk. As a corollary of this result we may contude that if Z is the
zero locus of the characteristic power series of a completelcontinuous operator
over the ring of rigid analytic functions on an a noid disk B, then for eachz 2 Z
there exists an a noid open neighborhood X of z in Z whose imageY in B is an

a noid disk and is such that the morphism from Z to Y is nite.
In Part B, which we entitle, \Families of Modular Forms," we a pply the results
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of Part A to elliptic modular forms. In Section B1, we recall or derive some basic
results on Eisenstein series and de ne the weight space/ (which is the union of a
nite number of open disks). The rings of rigid analytic functions on a noid open
subspaces oV will be our Banach algebras. In Section B2, we introduce the bsic
set up notation and explain how to extend the results of [C-C(Q and [C-HCO] to
all primes and levels. Section B3 is the heart of the paper. Mliplcation by an
appropriate Eisenstein seriesEy of weight k gives an isomorphism from the space
of overconvergent forms of weight O to the space of overconugent forms of weight
k. Thus one can study theU-operator on weight k forms, U, by studying a twist
of the U-operator on weight O forms,Uy) . The key observation is that this twist
can be viewed as an \internal multiplication.” l.e., there i s an overconvergent rigid

analytic function e so that, if F is a weight O form (i.e. a function),
(Ex) 'Uuy(ExF) = U (&F): 1)

Moreover, these functionse, vary analytically in k, for k in a subspacewW of W
(as we point out in Section B4, with a more judicious choice oy (and more work
which we will carry out in another article [C-CPS]) one can replace the g with
functions which vary analytically over all of W). This will allow us to consider the
family of operators (1) as one completely continuous operair on a Banach module
over the rigid analytic functions on any a noid disk in W (the ring of rigid analytic
functions on W is not itself a Banach algebra.) This allows us to prove Theoem
B3.2 and its re nement Theorem B3.3 (which is Theorem B aboveextended to the
prime 2), and this implies that the Fredholm determinants of the U-operator act-
ing on weight k overconvergent modular forms, for integersk, are specializations
of a Fredholm determinant of a completely continuous operabr over the Banach
algebra of rigid analytic functions on any su ciently large closed disk inW . This,
combined with Theorem C and the corollary to Proposition 5.3 discussed above,

yields Theorem D. We are also able to prove Theorem A, as wellsits extension
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to p = 2, Theorem B3.5, in this section. In Section B4, we give a denition of the
g-expansion of an overconvergent modular form of non-integal weight as well as of
a family of such objects which is forced on us by the considet®mns of Section B3
although we do not have a geometric interpretation of either We also show that
the g-expansionsof Eisenstein series, introduced in Section Blive in an overcon-
vergent family. In Section B5, we de ne a Hecke algebra whichacts on families
of g-expansionsof overconvergent modular forms and use it todgfeer with our Riesz
theory and a basic duality result, Proposition 10.3, to prove a qualitative version of
Gouvéa-Mazur's R-family conjecture. We discuss further results, includinggener-
alizations of some of our results to higher level and the conections of our families
of modular forms with Galois representations, which will be proved elsewhere (eg.
in [C-CPS] and [C-HCQ]), in Section B6. Appendix | conta.ins explicit formulas
for the Fredholm determinants of our operators as well as a pvof of the existence
of in nitely many non-classical overconvergent eigenforns of any integral weight.
We point out that we have not been able to prove any of TheoremsA-D using
these formulas. Finally, in Appendix Il, we show, by consideing the special case
p=2and N =1, how our general results combined with the explicit formulas of
Appendix | can be used, in specic cases, to make the estimatein our theorems
explicit.

We are grateful to the following people who provided commers helpful in writing
and revising this paper: de Shalit, lovita, Liu, Mazur, Serre, Stevens and Teitel-
baum. We thank Brady Kahn for providing the illustration dis played in xA5 and
we also thank the referees whose careful reading of the mareript and insightful

remarks helped make the paper substantially more readable.
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Part A. FAMILIES OF BANACH SPACES

Al. Banach algebras and Banach modules

SupposeA is a commutative ring with a unit element, complete and sepaated
with respect to a non-trivial ultrametric norm jj (see [BGRx1.2]).

le., jlj=1,

jat b Maxfjaj;jbg; jab | ajjbj;

foraand b2 A, and moreover,jaj = 0 if and only if a = 0. We will call such a
ring, a Banach algebra . We will call an ultrametrically normed complete module
E over A, such that jag | ajjg if a2 A and e2 E a Banach module over A.

An elementa in A is called multiplicative if jal = jajjj for all b2 A. We say
J ] is a multiplicative norm if every element in A is multiplicative (in [BGR] such
a norm is called a valuation). Let A™ be the group of multiplicative units in A,
A° denote the subring of A consisting of elementsa such that jaj 1 and E° the
A% submodule in E consisting of all e such that jej 1. Let | (A) denote the set
of nitely generated ideals | of A° suchthatfl":n 2 Z;n 0Ogis a basis of open
neighborhoods of the origin in A®. We will suppose throughout this article that
| (A) 6 ;. Clearly, if there exists ana 2 A™ such that jaj < 1, then aA® 2 | (A).
(We also point out that (A°) = fa 2 A™:jaj = 1g.) SupposeN is a closed

submodule ofE. Then by the induced normj jy on E=N, we mean
jamodNjy = Inf fjb:b a2 Ng:

It is clear that E=N is complete with respect to this norm. We will also frequently

make the following hypothesis:

Hypothesis M (for multiplicative).
JAT][f Og = jAj:
Sincej j is non-trivial, it follows from this hypothesis that jA™j & 1.
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Examples. (i) The ring A = Q, with its standard norm is a Banach algebra

which satis es hypothesis M while the subringA° = Z, is a Banach algebra which

satis es hypothesis M if and only if A does. (iii) While we will later see many more
examples of Banach algebras satisfying hypothesis M, one wih does not and which
will be very important for us in the future is the Iwasawa algebra, = Zy[[Z]].
Some complete norms on may be described as follows: SupposeZ,! C,is a
continuous character. Then extends by linearity and continuity to a continuous

ring homomorphism of into Cp,. ForO<r< 12R and 2 |, let
jir=supj ()

where runs over the set of continuous characters orZ , with values in the closed
ball of radius r around 1, whereq =4 if p=2 and q = p otherwise. For example,
if r 2jCpj, j1 [1+qlir = r. Then jj, is a complete multiplicative norm on

O= j M,=1and(p;1 [1+q]) 21 ( ). All these norms can be shown to
be equivalent and induce the \adic" topology correspondingto the maximal ideal
of , as we will verify in [C-CPS].

If K is a multiplicatively normed eld and A is a K-algebra such that the
structural morphism from K to A is an isometry onto its image, we will callA a
K -Banach algebra .

An orthonormal basis for a Banach moduleE over A is a setfe : i1 2 Ig
of elements ofE, for some index setl, such that every elementm in E can be
written uniquely in the form i i2) &€& with g 2 A such that limj;  jaj =0 (this

means that for any 2 R there exist a nite subset S of | such that jajj < for
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i21 S)and
jmj = Supfjaj:i2lg
We say E is orthonormizable if it has an orthonormal basis. Clearly, if E is

orthonormizable JE| = jAj and jag = jajjg if a2 A is multiplicative.

Lemma Al.1. If E is orthonormizable, and| 2 | (A), I"E° is a basis of open

neighborhoods of the origin inEP°.

Proof. For 2 R, > 0O,letE()= fe2 E:jg < g. What we must prove is that
the collections fE( )g and f1"E®g are co nal. Since the collectionfl"g, ¢ is a
basis of neighborhoods of 0 inA?, it is clear that if > 0, there exist ann 2 Z,
n OsuchthatI"E® E(). Now supposen 2 Z, n 0. Then there exists an

> OsuchthatA() I". Claim: E() |I"E°. Supposea;;:::;amn generatel"

over A° and fe:i 2 Jgis an orthonormal basis forE. Let e 2 E( ). Write,

X
e= be:
J
Then kb 2 I" for all i. In fact, sincejhj! 0,4 2 " ™0 wherem(i) 0 and
m(i)!1l asi!l ,sowe may write
xn
b= Gy

i=1
wherecj 2 1™ It follows that jc;jj! Oasi!l . Hence
xXn X
e= g G#&
j=1 i2J
and the inner sums converge irE. Thus e2 I"E?.

Using this, we see that if B = feg is an orthonormal basis forE and | 2
| (A) then the reduction of B modulo | "E? is an algebraic basis forE°=I"E° over
Al=|NADL,

One has, using the same line of reasoning as in the proof of [Bemma 1],
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Lemma Al.2. Suppose(A;]j j) satis es hypothesis M and jAj = JEj. Then a
subsetB of E is an orthonormal basis forE if and only if B E° and the image

of B in E%=aE" is a basis of this module overA°=aA® for somea 2 A™, jaj < 1.

SupposeM and N are Banach modules ovelA. Then we put a semi-norm on
N a M by letting jg, forc2 N A M, equal the greatest lower bound over all

representationsc= . n; m; of

|
Max; fj n;jjm;jg:

We then let N “AM denote the completion of N o M with respect to this semi-
norm.

If B is a complete normedA algebra such that the structural morphism from A
to B is contractive, then B is a Banach module overA and it is easy to see that

B " aM is, naturally, a Banach module overB.

Proposition Al1.3. If fe:i 2 1gis an orthonormal basis forM over A, for some

index setl, thenfl g:i 2 1gis an orthonormal basis forB *AM overB.

Proof. First, every elementn in the image of B o M in B™sM can be written
P
inthe form ,,, b A & whereh 2B andh ! 0. We claimjnj= Supjhj=:P.

We have, for each 2 R g, there exists a nite subsetT of | such that
jinj J nsjj <
for all nite subsets S of | containing T, where
X

Ns = bh e:
S

It follows that jnj P. Now, x j 21 andleth:M ! A be the A homomorphism
P
which takes | ajg to g . Then h is continuous, in fact jh(m)j j mj. Let hg

denote the extension by scalars oh to a morphism fromB A M to B. SupposeS
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is a nite subsetof | andj 2 S. Then h(ns)=h. If ng = ¢ m; wherec; 2 B

P
andm; 2 M. Then by = hg(ns)= ; chg(m;): Hence, using the contractivity of
A! B,

jbj  Maxificjgjhe (Mi)jsg Maxifj cijgjh(mi)jag  Max;fj ¢ijgjmijg:

Since this is true for all representations ofng, all j 2 S and all S, it follows that

P j nj. This establishes the claim. The proposition follows easyl. g

If J is a closed ideal ofA then we call the induced norm onA=J the residual
norm . Then (A=J;j j;) is a Banach algebra. We setE; = (A=J)"E. We note
that, since A is complete, maximal ideals are automatically closed [BGR 2.4/5].
Since the mapA ! A=J is contractive, as a corollary of the previous proposition,

we obtain:

Corollary A1.3.1. If J is a closed ideal ofA and E is orthonormizable, E; =
E=J. Moreover, if fg:i 2 Igis an orthonormal basis forE, fe modJEg is an

orthonormal basis for E; over A=J.

Proof. By the proposition, we knowf1l egis an orthonormal basis forE; overA=J.
Clearly, E=JE = (A=J) E A=J"E. On the other hand, if x = i o ale 2
(A=J)"E wherejaj; ! 0, we can choose; 2 A suchthat ; a modJ and
] ila  2ajjk. Hencee := P o, 6@ 2E.lLety=1 e2E=JE. Thenjx yj<

for every positive . Hencex = y and soE=JE = E;. The last part of the corollary

follows immediately. g

Continuous homomorphisms.

If M and N are Banach modules overA, and L:M ! N is a continuous A-

homomorphism we set

- jL(M)j
Lj=su —
J J ms?) Jml
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This determines a topology on the set of continuousA-homomorphisms. The

homomorphismL is said to becompletely continuous  if
L = lim Lj
j11

wherel; is a continuousA-homomorphism fromM to N whose image is contained
ina nitely generated submodule of N. If f:M%! M andg:N ! N%are continuous
A-homomorphisms ofA-Banach modules then it is easy to see thag L f is also
completely continuous. Let Gy(M;N ) denote the Banach module of completely
continuous A-homomorphisms fromM to N.

It is also easy to see:

Lemma Al.4. If A! B is a contractive map of Banach algebrasM and N are
Banach algebras overA and L 2 Ca(M;N ), then 1*L 2 Cs (B "M;B "N).

Remarks A1.5. (i) When A is eld, jj is multiplicative and jA j & f1g the above
is the theory discussed by Serre [S]. However, Serre's thgoworks without change
even whenjA j = flg. It's only easier. Indeed, in this case, an orthonormal bas
is a basis and a completely continuous linear map is a linear ap of nite rank.

(i) When A is a eld, jj is multiplicative, JA j& 1, and V is a nite dimensional
subspace ofM, then Serre proves that there exists a continuous projectofrom M

onto V with norm less than 1 whose kernel is orthonormizable. We camot prove

this in our more general context.

Supposef g g, is an orthonormal basis forM and fd; g; is an orthonormal basis
for N. Suppose X
L(e)=  nijd:
J
Then, as in [S], we have the following useful lemma:

Lemma Al.6. The linear map L is completely continuous if and only if
jI!Ilm Supizijnij j =0:
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or equivalently, for S I,let s:E! E be the projector

X X
aie 7! HC
i21 i2S
Then, L is completely continuous if and only if the netf s Lg, where S ranges

over the directed set of nite subsets ofl, converges toL.

Proof. First suppose the matrix for L is as above. Then for each nite setS of J

let
X
Ls(e) = nijd:
i2s
It is clear that the Ls converge toL.

Now supposel is completely continuous. Then for each > 0 there exists anA-
linear map LM ! N whose image is contained in a nitely generated submodule
N%andis such thatjL LY < . SinceNCis nitely generated there exists a nite
subsetT of J such that if 1 is the projection from N onto the span offd;g2r

j Tino  idnoj < . It follows that
jL T LY<:

This implies jn;; j < for j 62T which concludes the proof. g

For an orthonormizable Banach moduleE, let E- denote the continuous dual

of E with the norm j j- de ned by

jhj- = supfj h(x)j:x 2 E%
for h 2 E-. This is well de ned and if B is an orthonormal basis forE, jhj- =
supfj h(e)j:e2 Bg.

Lemma A1.7. If M and N are orthonormizable Banach modules ove®A, M- "N

is naturally isomorphic to Ga (M;N ).

Proof. Supposefe g is an orthonormal basis forM and fd; g; is an orthonormal

basis forN.
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We can write anyy 2 M- "N, uniquely, as

X
hj d
J

whereh; 2 M-, jhjj-! 0. Now if m 2 M, we set

X
y(m)= hj(m)d;:
J
This clearly well de nes a linear map from M to N and, sincejh;j- ! 0, is com-
pletely continuous by the previous lemma.

Now let e- be the element ofE- such that e-(g ) = i; . We can represent any
h2 M- asP , aie- wherea 2 A and the setfj aj:i 2 | g is bounded. If, on the
other hand, L 2 Ca(M;N) has the matrix (nj; )iy lety = P J(P [ Nij &) d
which, using Lemma A1.6, we see is an element &fl - “N. Clearly, y maps to L.

The mapM-"N to G (M; N ) is independent of the choice of the bases because

it is the natural map on M- N and is continuous. g

We say a normed ringA satis es hypothesis J (for Jacobson) if:

Hypothesis J. The intersection of the maximal ideals of A is 0 and if m is a

maximal ideal, the residual norm on A=m is multiplicative.

Examples. (i) If A is a reduced a noid algebra over a complete multiplicatively
normed eld and the norm on A is the supremum norm [BGR Def. 3.8/2], then A
satis es hypothesis J (see [BGR Prop. 6.1.1/3 and Cor. 6.1.8]). It also satis es
hypothesis M. (i) The ring with any of the norms described above does not

satisfy hypothesis J.

Probably, the hypothesis on residual norms in hypothesis J an be weakened,
for our applications, to the assumption that that the residual norms are equivalent
to a multiplicative norm (two norms on a ring are said to be equvalent, if they

induce the same topology), as George Bergman has shown, basen results in [B],
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ifanormjjiona eldis equivalent to a multiplicative norm jj,, then there exists a
positive constantc such thatjj, ¢ ji. We do not know an example of a complete

normed eld whose norm is not equivalent to a multiplicative norm.

A2. The Fredholm determinant

SupposeA is a Banach algebra andE is a Banach module overA with an

orthonormal basisB. If L is a completely continuous operator onkE, and
there exists ac2 A™ such that jcLj 1, ()

one can translate the discussion in Serre to produce a chartaristic seriesP, (T) of
L, with respect to B, which we will also denote by det(1 TL) (which it morally is).
The key pointis: By means of (*) we may supposgLj 1 and observe, ifl 21 (A),
Lemma A1.6 impliesL (E®) mod 1 "E? is contained in a free direct factor ofE%=I"E°
of nite rank over A°=I"A°. We will suppose all completely continuous operators
mentioned in this section satisfy property ( ) (which is automatic if JA™j & 1). We
can also prove:

Theorem A2.1. If L has norm at mostjaj wherea 2 A™ then P_(T) is an element
of A°[[aT]] and is entire in T (i.e. if P_(T) = P m oCmT™, jcmjM™ I 0O for any

real numberM). Also, P_(T) is characterized by:
M) If fLhgn ois asequence of completely continuous operators da, andL, ! L

then P, ! PL coe cientwise.
(i) If the image of L in E is contained in an orthonormizable direct factor F of

nite rank over A of E such that the projection from E onto F has norm at most
1 then
PL(T)=det(l TLjF):

Proof. This follows by translating the arguments in [S]. E.g. suppae the hypotheses
of (ii). Let :E ! F be the projection. After changing L by a homothety in A™, if

necessary, we may assumigj 1. LetF9=fx 2 F:jxj 1g. Let| be an element
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of I (A). Then, sincej j 1,F, =: FO°=IF % injects onto a free direct factor of nite

rank of E%=IE ° over A%=I. It follows that
PL(T) det( TLjF) modl:
Assertion (ii) follows upon taking a limit.

Remark A2.2. It follows from (i) and (ii) of the theorem that P_(T) does not
depend on the choice of the orthonormal basis but, as far as wk&now, it may

depend, in general, on the norm onE and not just the topology. However below,
Corollary A2.6.2, we show that, whenA satis es hypothesis J, it does only depend

on the topology.

Just as in [S, x5] (see the remark afterCorollaire 1), one may deduce from the

theorem,

Corollary A2.1.1. If u and v are completely continuous operators orE,
det(l Tu)det(l Tv)=det(l Tu)l Tv)):
Also, one may deduce similarly to the proof ofCorollaire 2 of [S, x5],

Proposition A2.3.  SupposeE; and E, are orthonormizable Banach modules over
A. Supposeu is a completely continuous homomorphismfromE; to E, andv: E; !

E1 is a continuous homomorphism. Then
Pu v(T) = Py o(T):

Lemma A2.4. SupposeN is a closed orthonormizable Banach submodule o#

over A such that the quotient module F := M=N, with the induced norm, is also
orthonormizable and moreover that there is an isometric seion :F ! M of
M ! F. Then M is orthonormizable and if L is a completely continuous operator
on M stabilizing N, its restriction to N and the induced operator,Lg, on F are

also completely continuous and
PL(T) = Pujy, (T)PL. (T):

18



Proof. Let E := fe:i 2 1 g be an orthonormal basis forN and D := fdj:j 2 Jg be

an orthonormal basis for F. Then, we claim,
B:=fe:i21g[f (d):]2Jg:

is an orthonormal basis forM . First, it is clear that if m 2 M, there exist unique
a;h 2 A, fori2l;j 2J,such that

X X
ag+ b (d)=m:

Since is an isometry,
jmj  Maxi2j 25fj&j;jhjg =: K:

Supposgmj < K . It follows, from the fact that the norm on F is the induced norm,
that j i i B dj<K.Fromthefactthat D is an orthonormal basis forF, we see that
jbj <K forallj 2 J and hence thatK = Max ., fj &jg. SinceE is an orthonormal
basis for N, this latter equals jP iaej. Now, since] P Laiej > ij bdj, we
deduce thatjmj = K, a contradiction. Thus, B is an orthonormal basis.

Now we know we can computeP (T) with respect to B. For a subsetS of an
orthonormal basis for a Banach algebraWw over A, let s be the projection of W
onto the span of S, as described in the last section, and for an operatotJ on W,
letlet US = s U. Now, for a subsetS of B, let Es = S\ E andDs = (S) D.
Now, sinceLjy = lims(Ljn)Es and Lg = lim g LES as S ranges over nite sets,
these operators are completely continuous. It is elementar algebra to check, for

nite subsets S of B, that,
PLs(T) = Pjy)es (T)PLES (T):
The lemma follows from the fact, which is a consequence of Tlgem A2.1, that

PL(T) =lim Pis(T); Py, (T) =lim Py eq (T)  and

PLe (T) = lim Pos (T);
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as S ranges over nite subsets ofB.

We remark that the hypothesis of this lemma about an isometrc splitting is
automatic when the absolute value onA is discrete (by this we mean that the
subset of the real numberslogjaj:a 2 A;a 6 0g is discrete). Indeed, in this case,
with notation as in the proof of the lemma, for eachj 2 J, there exists anqO 2 M

such that qo = g modN and jqoj = 1. Then we can de ne as follows,

X X 0
( he)= Dhe:
i i
We will see below that we can also eliminate this hypothesis Wwen A satis es hy-
pothesis J.

It follows easily using Proposition A1.3 and Lemma Al.4 that

Lemma A2.5. Suppose :A! B is a contractive map of Banach algebras, then
(det(1 TLJjE))=det(1] T@"L)jB"AE):

Proposition A2.6. SupposeA satis es hypothesis J, E is an orthonormizable
Banach module overA and L is a completely continuous linear operator onE
whose image is contained in a free submodule of nite rank such that there is a

continuous projector from E onto F. Then P_ (T) =det(1 TLjF).

Proof. Let feg be an orthonormal basis forE. Let m be a maximal ideal of
A, k = A=m and j jn the residual norm. Then the natural map from A to k is
contractive so 1 g is an orthonormal basis fork ™ E by Proposition A1.3. Also, if

:E ! F is a continuous projector,id 'k E! k F isacontinuous projector
and the elements 1  (e) are bounded ink F. We also knowk E = k™E by
Corollary A1.3.1. The result now follows from Lemma A2.5 apgied to B = A=m
and Remark (1) of [S,x5] and [S, Prop. 7d)]. g

This proposition together with part (i) of the theorem impli es that
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Corollary A2.6.1. When A satis es hypothesis J, P_(T) only depends on the
topology of E.

We do not know whether or not this is true more generally.

Corollary A2.6.2.  When A satis es hypothesis J andM is orthonormiable, the
conclusion of Lemma A2.4 remains true even without the assuiption that there is

an isometric section fromF to M.

Proof. Let E = fe:i 2 1gandD = fd;:j 2 Jg be as in the proof of Lemma A2.4.
Let 2 R suchthat0< < 1. For eachj 2 J let djO be an element ofM which

maps to d; such that jdjOj < (1+ ). Let be the unique continuous section of
M ! F which takes d; to d°. Let C be the setE [f d’:j 2 Jg. Clearly,if m2 M,

m can be uniquely written in the form,

X X
ae+ b (d):
i i
We now let j j° be the unique absolute value onM such that C is an orthonormal
basis. Then since is an isometric section with respect toj j°, we may apply Lemma
A2.4 to the characteristic series ofL with respect to this absolute value. But it is
clear that for m2 M,
imi® j mj(1+ )jmj®
Thus jj and j j°induce the same topology onM and so by the previous corollary,
the characteristic series ofL de ned with respect to j j%is the same as that de ned

with respect to j j, P_(T). Thus the conclusion of Lemma A2.4 applies toP_ (T). g

Remark A2.7. The Fredholm determinant may be de ned and many of its prop-
erties proven when the condition \orthonormizable" is replaced by \locally or-

thonormizable."

Example. SupposeA is a Banach algebraM is an orthonormizable Banach mod-

ule over A and u and v are two completely continuous operators onM over
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A. Then if AhX;Y i is the ring of restricted power series overA, the operator
Xu + Yvis a completely continuous onN =: M “AhX;Y i over AhX;Y i (which
is given the Gauss Norm). Hence we have a characteristic ses P, (X;Y;T) =
det (1 T(Xu + YV)jM such that

Puv(Xy;T)=det (1 T(xu+ yv))jM

wheneverx;y 2 A and both jxj and jyj are at most 1. Clearly whenjA™j & 1,

P(X;Y;T) continues to a series entire inX and Y.
Now supposeA is an algebraically closed eld with a multiplicative norm. Then

if u and v commute

Y
Puv (X;Y;T) = 1 (X +hQhY)T

i
where a and hy are elements ofA which tend to zero. This is a consequence of the

fact that the generalized eigenspaces ai are stabilized by v and vice versa.

A3. Resultants

In this section we extend many of the classical results aboutesultants (see [L-A,
Chapt. IV x8]) to our analytic situation. This is necessary for us to be #le to prove
analogues for completely continuous operators over a Banaalgebra of Serre's Riesz
theory results [S, x7] for completely continuous operators over a complete normd
eld.

Suppose A;j j) is a Banach algebra and/A™j & 1.

Lemma A3.1. If G(T) is a polynomial whose leading coe cient is multiplicative
and H(T) 2 AhTi such that G(T)H(T) 2 A then G(T) 2 AorH(T)=0.

Proof. Let a2 A™, jaj > 1. ReplacingG(T) by G(aM T) for some positive integer
M we may assume that the absolute value of the leading coe ciehc of G is greater

than all its other coe cients. Suppose n = deg(G) > 0 and H 6 0. Suppose
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P
H(T)= by T andm 0 is such thatjb,j j bcj for all k with strict inequality
for k > m. It follows that the coe cient of T"*™ has absolute value equal to
jcbnj = jcjjbmj & 0. g

of elements in a ring, we sefT' = Til Tin. Let Aff T1;:::; Thgg be the ring of
power series

X
B, T'

iBijMs() 1 0

ass(l)!1 forall M 2 R. This is the ring of power series overA which converge
on ane N-space overA. In particular, if P(T) is the characteristic series of a

completely continuous operator on a Banach module oveA, P(T) 2 Aff Tgg.

Remark A3.2. The above lemma is also true if we suppose instead of the hy-
pothesisG(T) 2 A[T] that G(T) 2 Aff Tgg and either all the coe cients of G are

multiplicative or A satis es hypothesis J.

€ is a linear combination of T? wheres(J) = t(l). Since

s(1) t(1) ns(l);

it follows that if
X X
AT = Bye;

| J

where the the sums run overN"™ and the A, and B; are elements ofA, then

Maxs(J): mfj BJjg Maxm s(lI) nm fj Al jg (1)

and
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MaX5(| )= mfj Al jg I\/Iaxm:n s(J) mfj BJjg: (2)

Let
QM =T" aT" '+ +( 1) a

be an element ofA[T].

Lemma A3.4. If S(ey;:::;€y) isin

We can write

i
Now we assume the hypotheses of the lemma. Repla€T) with b"Q(T=b for

some appropriateb2 A™ so that all the a are in A°. We can also scaleS so that

X
i=1

24



Write S as
X

N andgn =f; fin. Thenif > 02 R for large N the coe cients of gy have
absolute value at most . Let | be the ideal in A%, fa2 A:jaj g. Then we may
apply the above argument with the ring C equal to A°= and R equal to S mod| ,

to conclude that jS(az;:::;an)j forall > 0. Hence,S(az;:::;a,)=0. g
SupposeP (T) 2 Aff Tgg We know P(T;) P(T,) = H(e1;:::¢e,) for some

(See also [L-A, Chapt. IV x8].) Then

Res(Q;1) =1 3)
Res(Q;aP) = a"Res(Q; P) (4)
Res(Q;PR) = Res(Q;P)Res(Q;R) ®)

Res(Q;P + BQ) = Res(Q;P) (6)

P
ifa2 AandR;B 2 Aff Tgg. If P(T)= , ;b T", one can showRes(Q; P) is the

limit as m goes to in nity of the determinants of the (n+ m) (n + m) matrices,

1
8 0 1 a1 o (O Day
% 1 a i i ( D"a,
m
,E 1 ai Sl o ( Day
8 bn bn o1 i i by
% bn  bn o1 i D by
E
: bn  bm 1 D s by
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in which there are m rows of a's and n rows of bs. If S is a monic polynomial of

degreem,
Res(SQ; P) = Res(S;P)Res(Q; P) (7)
Res(Q;S) =( 1)™ Res(S;Q) 8)
Res(Q;S ) = Res(S;Q ) ()]

where if F(T) is a polynomial of degreed, F (T) = TYF (T 1). We can also inter-
pret the resultant as a norm. Indeed, consider the extensiorB := Aff Tgg=(Q(T))
of A. This extension is isomorphic toA[T]=(Q(T)) which is nite and free and the

resultant of Q and P is the norm of the image ofP in B to A.

Lemma A3.5. The resultant of Q and P is a linear combination of Q and P. If
Q and P have a non-constant polynomial common factorG whose leading term is

multiplicative, then the resultant of Q and P is zero.

Proof. When P is a polynomial, the rst statement follows from [L-A Chapt. 1V,
x8]. In general, we can writeP asBQ + R whereR is a polynomial andB 2 Aff Tgg
and then apply formula (6) above.

Now it follows that G(T) divides the resultant. However, the resultant lies in

A, and this together with Lemma A3.1 implies the resultant is zero. g

Remark A3.6. By Remark A3.2, the conclusion of this lemma is still true if we

only assumeG(T) 2 Aff Tgg as long asA satis es hypothesis J.

Lemma A3.7. Res(Q;P) is a unitif and only if Q and P are relatively prime in
Aff Tgg.

Proof. One direction follows immediately from the previous lemma. Therefore
supposefQ + gP =1 where f;g 2 Aff Tgg. Then using (3), (5) and (6)

1= Res(Q;fQ + gP) = Res(Q;gP) = Res(Q;g)Res(Q;P): 1
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We now want to explain the relationship between the characteistic series of a
completely continuous operator and that of an entire seriedn that operator with
zero constant term (which we know is also completely continous).

SupposeB and P are polynomials overA and
P(T)=1 aT+ +( 1D"a, T":

Then we set
N
D(B;P)T)= (1 TB(T));

i=1

B(0) =0 and P(0) =1 then we set
D(B;P)(T) = lim D(Bn;Pn)(T)

P P
where, for an elementF (T) = 1., &TK 2 A[[T]l, Fa(T) = ., &TX. Itis easy

to see thatD(B;P )(T) 2 Aff Tgg. Moreover,

Lemma A3.8. If P(T) = R(T)S(T), R;S 2 Aff Tggand R(0) = S(0) =1, then

we have,

D(B;P)= D(B;R)D(B;S): (10)
and if Q is a monic polynomial,
D1 Q;P)1)= Res(Q;P): (11)

Proof. The rst formula is obvious. For the second, observe that it follows from
the de nitions and (9) that

D1 Q ;Pn)(1) = Res(T"Py(T *);Q (T))
= Res(Q; Pn):

Hence the lemma follows by taking a limit. g
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Theorem A3.9. If u is a completely continuous operator on an orthonormizable
Banach moduleE over A and B 2 TAff Tggthen

Pe)(T) = D(B;Py)(T): (12)

Proof. As we remarked aboveB (u) is completely continuous, soPg () makes sense.
We may apply a homothety and assume that the norms ofu and B are at most
one. Supposd 21 (A). Consider the operatoru, induced by u on E, := E%=IE®.
The corresponding formula is true for det(1 u; TjE,) which is congruent to P, (T)

modulo | . Hence (12) follows by a limiting argument.

A4. Riesz Theory

Suppose A; | j) satis es hypothesis M. Let u be a completely continuous operator
on an orthonormizable Banach moduleE over A. As in Serre, we can de ne the
Fredholm resolvantFR(T;u) :=det(l Tu)=(1 Tu)ofu and use itand the theory

of resultants to prove:

Lemma A4.1. SupposeQ(T) 2 A[T] is a monic polynomial. ThenQ and P, are

relatively prime if and only if Q (u) is an invertible operator on E.

Proof. Let v=1 Q (u). Then v is completely continuous and we have,
(1 VDFR(T;v) = Py(T)= D@ Q ;Pu)(T);

by Theorem A3.9, and so using Lemma A3.8,
Q (WFR(@;v)=(1  V)FR(1;v) = Res(Q; Py):

Thus it follows from Lemma A3.7 that if Q and P, are relatively prime, Q (u)
is invertible. If, on the other hand, there exists an operatd w on E such that
Q (W@ w)=1, then we nd that w is completely continuous and we deduce
using Corollary A2.2.1,

det(l v)det(l w)=1
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but by Theorem A3.9 and Lemma A3.8,
det(1 v)=D@ Q ;Py)1) = Res(Q;Py):

HenceQ and P, are relatively prime by Lemma A3.7. j

F)
Let ° denote the operator on power series inT which takes _ a,T" to

N '; a,T" 5. We also let = 1. Supposea 2 A. Then we saya is a zero

of H(T) 2 Aff Tggof orderh if SH(a) =0 for s<h and "H(a) is invertible.
(With this de nition, some zeroes do not have an order.)
Using the previous lemma and following the same line of reasing as in [S,X7]

one obtains:

Proposition A4.2.  Supposea 2 A is a zero ofP,(T) of order h. Then we have a
unique decomposition

E=N(@ F(a
into closed submodules such thatl au is invertible on F (a) and (1 au)"N(a) =0.

Proof. We note that S(0)=1. Let B(T)=1 Q (T)=Q (0) and v = B(u). Then,
by (A3.10)
Py = D(B;Py)= D(B;Q)D(B;S):

We haveD(B;Q)(T)=(1 T)", wheren =degQ and
D(B;S)(1) = Res(Q=Q (0);S)

by (A3.11) which is a unit using Lemma A3.7. Now apply Propostion A4.2 to the

operator v and the zero 1 ofP,(T). y

Remarks A4.4. (i) Let Rg = A[X]=Q (X) = A[Y]=Q(Y). Then Ny(Q) is aRg

module, via
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for m 2 Ny (Q). (ii) Following Serre we have explicit formulas for the projectors

from E onto the subspacesN,(Q) and F,(Q). For example, letv be as above, then

1 v) "FR(L;v) "
np, (1)

is a formula for the projector onto F,(Q) with kernel N (Q).

Since projective modules over a ring are locally free, one cade ne the deter-

minant of an operator on such a module if it has locally nite rank.

Theorem A4.5. SupposeA satis es hypothesis J and Q has degreer. Then
under the hypotheses of Theorem A4.3 theA module N (Q) is projective of rank
r. Moreover,det(1 TujNy(Q)) = Q(T).

Proof. First supposeA is a eld, then j | is multiplicative. The result [S, Prop. 12]
of Serre applies and establishes our result in this case.

Let N = Ny(Q) and F = F,(Q). Let m be a maximal ideal of A. Then because
E=N+F En=Nyn+ Fyn and Q (u) is zero onNp, and invertible on F,, so
that this decomposition is the one established by Theorem A4. It follows from
the above and the hypotheses oA that N, is a vector space of dimensiom over

Km, the residue eld at m. Now, let
X
fi = ajeg forl i r
j2l

in | such that
g= det (ai;j k )i;k
is not zero at m. Let U be the ane open subscheme ofSpedA) where g is

invertible. It follows that the f; are a basis forNp for every closed pointP of U.

We claim ffig is a basis forNy .
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Indeed leth 2 Ny. Then becauseg is invertible on U, there exista; 2 Ay such

that the coe cient of g, in the expansion of

aaf1+ +af, h

is zero for 1 k r. If follows that this element vanishes at every closed pointP
of U. Thus by the hypotheses this element vanishes otJ. If h =0, it follows that
the a vanish at every closed pointP in U and hencea; =0 for all i. Thus N is
locally free, so projective.

Finally, by Corollary A2.6.2,

det(l TujE)=det( TujN)det(l TujF):

Now sinceQ(T) divides Py (T) and Q (u) is invertible on F, it follows, using Lemma
4.1, that Q(T) diers from det(l  TujN) by an element of A . Equality follows
from the fact that Q(0) =1.

Corollary A4.5.1.  SupposeA satis es hypothesisJ. If Rq isetale over A (i.e.,
if (Q(T); Q(T))=1) then Ny(Q) is a locally free Rqg module of rank 1.

Proof. This is true when A is a eld. It follows more generally when A satis es

hypothesis J, by the same kind of reasoning which establisltethe theorem. g

Remark A4.6. One can show, wherA satis es hypothesis J, that F,(Q) is locally

orthonormizable.
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5. Rigid Theory

In this section, we will show how the results of the previous sctions apply in the
rigid category. We will be able to obtain much more precise rsults, which will
be essential to us when we begin to discuss modular forms. A gd encyclopedic
reference for the foundations of rigid analysis is the boolon-Archimedean Analysis
by Bosch, Guntzer and Remmert. A more low key introduction to the subject can
be found in the book Geonetrie Analytique Rigide et Applications by Fresnel and
Van der Put and the original paper \Rigid analytic spaces"” [T ] by Tate is quite
accessible.

Let K be either C, or a complete discretely valued sub eld of C, and j j be
the absolute value onK such that jpj = p ! (or more generally we may sup-
pose that K is a complete stable valued eld (see [BGR,x3.6.1, Def. 1])). Let
K?=fa2 K:jaj 1g be the ring of integers inK and} = fa 2 R:jaj < 1g the
maximal ideal of K ©.

If Y is a rigid space overK , A(Y) will denote the ring of rigid analytic functions
onY, we letjj also denote the supremum semi-norm oA(Y) [BGR, x3.8] andA°(Y)
will denote the subring in A(Y) of power bounded functions,ff 2 A(Y):jfj 1g,
onY. The supremum semi-norm is a non-trivial ultrametric norm on A(Y) if A(Y)
is reduced [BGR Prop. 6.2.1/4]. As we have pointed out, it al® satis es hypothesis
J. We sett(Y) = ff 2 A(Y) : jf]j < 1g, the topologically nilpotent elements of
A(Y), and Y = SpedA°(Y)=t(Y)). In general, if X ! Y is a morphism of rigid
spaces andZ is a subspace ofy, then Xz will denote the pullback of X to Z (the
\ber"of X! Y overZz).

In particular, B} will denote the n-dimensional a noid polydisk over K. Then
A(BY) = KHhIy;:::;Tai and A°(BR) = KPOHTy;:::;Thi. Finally, if a 2 K and
r 2 jCpj we let Bk [a;r] and Bk (a;r) denote the a noid and wide open disks of
radius r about ain A% . When K = C, we will drop the subscript K , and we will

sometimes abuse notation and let these latter symbols denetthe C,-valued points
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of the corresponding rigid space.

(i) Fredholm and Riesz theory over a noid algebras

SupposeX ! Y is a morphism of reduced a noids over K. Then (A(Y);j ) is
a Banach algebra and A(X);j j) is a Banach module over A(Y);]j j).

If AP(Y)=JA°(Y) is reduced then jA(Y)j = jKj so (A(Y);j j) satises hy-
pothesis M. In this case, }JA °(Y) = t(Y) so the reduction of Y, Y, equals
SpedA°(Y)=}AC(Y)) =1 ¥. If Y is reduced, this occurs after a nite base ex-
tension. We will suppose for the rest of this section thatY is a reduced irreducible
a noid such that ¥ is also reduced and we will regardA(Y) as a Banach algebra
with respect to the supremum norm.

One can show, using Lemma Al.2,

Lemma A5.1. SupposeK is discretely valued,X ! Y is a morphism of reduced
anoids over K and A%(X)=}A °(X) is free overA°(Y)=}A °(Y). Then the Banach

module A(X) over A(Y) is orthonormizable.

The simplest case of this phenomenon isX = Z kY where Z is a reduced

anoid over K. This will, in fact, be the case of interest to us.

De nition. If f:Z ! X is a morphism of a noids over Y then we say,f is inner

over Y if the image of Z in X is nite over Y.

This is a slight generalization of Kiehl's notion of inner which is called relatively
compact in [BGR x9.6.2].
Proposition A5.2.  Supposef :Z ! X is an inner map of reduced a noids over
Y, X is reduced andA(X) is orthonormizable over A(Y). Then the map f from
A(X) to A(Z) is a completely continuous homomorphism of Banach modulesver
A(Y).
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by [BGR, Thm. 6.4.3/1] using the fact that under our hypothesesjDj = jK]). The
hypotheses thatf is inner implies that the image of - is nite over & which is
equivalent to the existence of monic polynomialsgi(S) 2 B[S], 1 i n such that
f g(xj)2 C forsome 2 K9 suchthatj j< 1. We can write any element ofD

as
X

an X g(x)N;

lexographically, | < deg(g) and a.y 2 B. It follows that the image of D in

= "C is spanned by the images of (x' g(x)N) wherel < deg(@) and S(N) <n.
Now let fe g2, be an orthonormal basis forA(X) over A(Y). Then g 2 D. Let
Fin be an element in the B-span of ff (x'g(x)N):1 < degg and S(N) < ng
such that Fi f ¢ mod "C. There exists a unique continuousB -linear map
La:A(X)! A(Z)suchthatL,(e)= Fin. Then L, converges tof and the image

of L is contained in a submodule ofC nitely generated over A(Y).

We will also need in sections B4 and B5, the following notion brelative over-

convergence.

De nition. If X ! Y is a morphism of rigid spaces ovelK, we say that X is
anoid overY if for each a noid subdomain Z in Y, Xz is an a noid. Suppose
W I Y is a map of rigid spaces andX W is anoid over Y, then we say
that a rigid space V. W is a strict neighborhood of X over Y in W if for each
a noid subdomain Z of Y there exists a neighborhoodJ of Xz in V a noid over
Y such that Xz ! Uz is inner overY. Finally, if X, W and Y are as above, we
say that a rigid function f on X is overconvergent in W overY if f extends to
some strict neighborhood ofX in W over Y. When Y is Spec¢K ), we just sayf is

overconvergent onX in W.

Now supposeE is a Banach module overA(Y). SupposeP(T) is the charac-

teristic series of a completely continuous operatou on E and P(T) = Q(T)S(T)
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where S 2 A(Y)ff Tgg and Q is a polynomial, whose leading coe cient is a unit

and whose constant term is one, such thatQ; S) = 1.

Proposition A5.3.  SupposeQ has degreer. Then the A(Y) module N(Q) is
projective of rank r and det(1 TujN,(Q)) = Q(T)

Proof. Indeed, this follows from Theorem A4.5 since, as we have padied out, A(Y)

satis es hypothesis J. j

In fact, in the rigid context, we can strengthen Corollary A4.5.1. SupposeRq =
A(Y)[Z]=Q(Z) isetale over A(Y). Then Rq is also a reduced a noid algebra and
the supremum norm onRq extends the supremum norm onA. The operator 1 u
onRg E overRg is completely continuous. ThenZ is a zero ofP1 (T) = Pu(T)

of order 1 as
Pu(Z)= Q(2)S(2)

which is a unit since Rq is etale over A(Y) and (Q;S) = 1 so the subspace

N1 4(Z T 1)of Rg E is locally free of rank one overRq. Summarizing,

Proposition A5.4.  SupposeRqg = A(Y)[Z]=(Q(Z)) isetale over A(Y). Then, if
1 uis the extension of scalarsofito Rq E, Z is a zero ofP; (T) of order one

and, locally on Rq, is freely generated by an elemenm such that
1 um=2Z m:

This is the genesis of our work onR-families (seexB3 and xB5).
More generally, supposeQ = F™ where mdegF =degQ, F (u)N(Q) =0 and
Re isetale over A. Let C =(Rg)™. Then C is a reduced a noid algebra and the

supremum norm onC extends the supremum norm onA(Y).

(i) The zero locus of an entire series
SupposeP (T) is an entire power series overY (like the characteristic series of

a completely continuous operator on a Banach space oveY). Supposer s are
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real numbers in jKj. Then the subset ofY Al determined by the inequalities
r j Tj sistheanoid Y A[r;s], the ber productof Y and the annulus of radii
r and s, which is irreducible. The subspace of this a noid determined by P(T) =0

is an anoid Z of dimension equal to that of Y. Moreover, the projectonZ ! 'Y
is nite to one if P(0) = 1. We will investigate this situation in the abstract. | .e.,
supposef :Z I 'Y is a quasi- nite morphism of a noids over K. Then for a closed
point x of Y, the ber over x, f 1(x), is scheme of dimension 0 over the residue
eld of x. By deg(f 1(x)), we mean the dimension of its ring of functions over this

eld (its degree as a divisor). We will prove,

Proposition A5.5.  Let notation be as above. Supposé&/ = B . For each integer
i Othe set of closed pointsx of BX such that degf *(x)) i is the set of closed

points of an a noid subdomain Y; of Y. Moreover, Y; = ; for largei.
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The following is a pictorial explanation of Proposition A5.5. Regard closed intervals

in the interval representing Y as a noid disks.

Before we begin the proof we point out the following corollares:

Corollary A5.5.1.  For eachx 2 B (K), there exists an anoid ball B Bf

over K containing x such that g:Zg ! B is nite.

Corollary A5.5.2.  SupposeK is discretely valued. Let T be an invertible rigid

function on Z de ned over K. Then the set of valuations,
fv(T(2)):22 Z(Cyp);f(2) 2 Y (K)g;
is nite.
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Proof. Since the degree of (y) for y 2 Y(C,) is bounded and fory 2 Y (K)
the set of points of f (y) is closed underGal(K=K ), the points in f (y) for
y 2 Y(K) are all de ned over a nite extension of K. The result follows from this

and the fact that T is bounded above and below orZ. y

To prove Proposition A5.5, we will need,

Lemma A5.6. Supposeg:W ! Bt is a non-constant morphism of a noids over

K and W is irreducible. Then the image ofg is an a noid subdomain of B} .

Proof. We may supposeW is reduced and absolutely irreducible. We may also
extend scalars toC, so that K = C, and W = W. After a translation and
a homothety we may supposeg is non-constant. SinceW is irreducible, W is
connected and so the image ofy is connected and thus an a ne open. If every
point whose reduction is in the image ofg is in the image ofg we have nothing to
prove since the image ofg is an a ne open and its inverse image under reduction
is an a noid subdomain. Therefore suppose 0 is not in the imag of g but is in the
image ofg. Then there exists ab2 C, such that jbj < 1 andjb=g = 1. Let h = b=g
Then ash; g 2 A%(W), jgj = jhj =1 and jghj = jb < 1, it follows that W is not
irreducible. Thus the lemma is true in the case whenW is irreducible and in this
caseg(W) = BJ0; 1] SaZT B(a;1) whereT is some nite subset of B[0; 1].

Now let Z be an irreducible component ofW. Let Z° be the complement in
Z of the other irreducible components ofW and Z° = red Z° Then the rigid
spaceZ? is an irreducible open inW and sinceZ? is an a ne open in W, Z is an
a noid subdomain with irreducible reduction. It follows fr om the argument in the
previous paragraph (after undoing the translation and homdhety) that g(Z°) =
Blaz;rz] [ B(bg; ;rz) for somerz 2jCyj, az 2 B[0; 1] and some nite setflby; g
of Blaz;rz].

Let S = fB(x;r) : x 62g(W);r = j(g x) !j 'g. Thus S is the collection

of maximal wide open disks inB[0; 1] contained in the complement of the image

38



of g. We also note that the radii of the disks in S are elements ofjCj. Clearly,
S
g(W) = BJO; 1] S. We claim:

S f B(bgj;rz): Z is an irreducible component of Wg:

This will complete the proof of the lemma as the latter set is nite. Let B(x;r) 2 S.
In particular, r 1. After a translation we may supposex = 0. Let jbj = r and
h = b=g Then h is non-constant by the reasoning in the rst paragraph of this
proof if r < 1 and as an immediate consequence of the conclusions of thianagraph
in the caser = 1. Therefore, there exists an irreducible componentZ of W such
that hjz is non-constant. It follows, that g=k. is de ned and non-constant. This
implies, jgj»o = r and thus B[az;rz] = B[0;r] and since 0 is not in the image of

g, B(O;r) = B(lbygi;rz) for somei. This establishes the claim and completes the

proof. g
Now we de ne a descending towerZ;, i 1 of a noid subdomains of Z such
that, if Y; = f(Z;), x 2 Y; if and only if degf *(x) i. TheY; are anoid

subdomains of B by the lemma as quasi- niteness impliesf is not constant on
any irreducible component ofZ;. We take Yo = Y.

Let X denote the a noid subspace of ZX, k 1, determined by the equations
f ix) = f ix), 1 i ] k, where the ;::: y are the k projections
from ZK to Z. Sincef is quasi- nite, X is one dimensional. LetXy denote the
one dimensional a noid consisting of the union of the irreducible components ofX
not contained in any hyperdiagonal, i(x) = ;(x) for somei 6 j, of ZX and set
Zx = 1(Xk). It follows that Zy satis es the required conditions.

Finally, we sketch two proofs of the fact that Y; = ; for largei. First, extend
scalars to a maximally complete algebraically closed eld containing K. Maximal
completeness implies there exists arx 2 T Yi() if Y; 6 ; for all i. But then
degf (x)= 1 which contradicts the quasi- niteness of f .

The other proof uses the stable reduction theory of curves. Tere exists a semi-

stable model off over a nite extension of K. l.e. there exist semi-stable formal
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scheme modelsy and Z of Y and Z over K ° and an extension off to a morphism
F from Z to Y such that F is quasi- nite. It follows that for each irreducible
component X of Z, the map Fx has nite generic degreed(X) for some non-
negative integerd(X ). Supposex 2 X . Let x denote its image inX. Then one can
show
X
degf 1(x) d(X)

X

. . = . — 1
where X runs over the irreducible components ofZ which meetF “(x). j

Questions and Remarks A5.7. () Using the stable reduction theory of curves,
one can check this proposition remains true whenevedimyY = 1. (ii) Is the propo-
sition true when Y has dimension greater than one if the phrase \an a noid subdo
main" in this proposition is replaced with \a nite union of a noid subdomains?"
(i) 1t is clear that the results of this section can be globalized to arbitrary rigid
spaces ovelK . One only has to replace the notion of orthonormizability with local
orthonormizability. (iv) Suppose X is an irreducible component of the zero locus
of P(T). Liu has observed that the image ofX in BY(C,) is the complement of a
nite set of points. (v) The projection from X to Y is not necessarily quasi- nite.

In general, X corresponds to an irreducible factor ofP(T). Suppose

¥ .
P(x;T)=1+ xT (1 p'T):
i=1
Then, P(x;T) is an irreducible element of A(B[O; 1]))ff Tgg, whereasP (xp; T) has
in nitely many zeroes, for xo 6 0 2 B[0; 1]. (Note, however, that x+ T Qi1:1 1 pT)

has in nitely many distinct irreducible factors.)

Although, we will not use the following result in this paper it will be crucial
in constructing an important geometric object which encodes much of the theory
of \families of modular forms" and related objects which we @ll the g-expansion

-curve.
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Proposition A5.8.  SupposeP(X;T) is a rigid analytic function on BL Al
such that P(X; 0) = 1. Let Z be the zero locus ofP(X;T) andf:Z ! BL the
natural map. Let C be the collection of a noid subdomains Y of Z such that Y
is nite over f(Y) and the collectionfY;Z; vy Yg makes up an admissible open
cover of Z¢ vy (i.e., Y is disconnected from its complement inZ¢ (v)). Then Cis an

admissible open cover ofZ .

Proof. Let r 2jKj,Y, =Z\ BLf Bk (0;r) and letf, be the restriction of f to
Y;. Now, let notation be as in Proposition A5.5. SupposeV is an a noid in B
such that degff, *(x)) = d> Oforall x 2 V.

Let B=B%.If X Y areanoidsin B we sayY is a strict a noid neighbor-
hood of X in B if there exists a strict a noid neighborhood U of X in A% such
that Y = U\ B. We will only complete the proof of the above proposition whe
K = Cy.

Lemma A5.9. There exists ans 2 jCpj such that s > r and there exists a strict
a noid neighborhood W of V in B such that the anoid Y := ff_ 1(x):x 2 Wg

lies in C and has degreel over W.

P .
Proof. Write P(X;T) = ilzo a8 (X)T'; wherea(X) 2 A(B) and ap(X) = 1. Let
=log,(r). It follows, from the fact that deg( f, 1(x)) = dfor all x 2 V, that, for

all x2 V andalli,

v(ag(x)) wv(a(x)) (d i);

with strict inequality for i>d . (Otherwise, there would exist a side of the Newton
polygon of P(x; T) of slope less than or equal to , extending to the right of the
point d;v(ag(x)) .) Now from the entirety of P(X;T) it follows that there exists
a real number > such that v(ag(x)) v(a(x)) (d 1) ,fori>d. Italso
follows from the above inequalities thataq(x) is invertible on V and so there exist
real numbers , > 1inv(Cp) suchthat » >v(aq(x)) > 1 forall x2 V. Suppose,

< 1< 52K< for some 1 and  in v(Cp). Let W be the subspace ofB
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determined by the inequalities,

1 V(a(x)) 2 (1)
v(ag(x)) v(@(x)) (d i), fori<d (2
v(ai(x)) v(ad(x)) ( d) o fori>d. 3

The entirety of P(X;T) in T forces all but nitely many of the inequalities in (3)

to be true for all x 2 B. Hence, W is a rational a noid subdomain of Ys, where
s = pt, in the sense of [BGR,x7.2]. Since the a noids de ned by each of the
inequalities in (1)-(3) are strict a noid neighborhoods of V, W is as well. It is
easily checked thatY has degreed over W. The fact that Y lies in C follows from
the fact that Y andfy 2 Zw:jT] sg make up an admissible open cover oZy

by two disjoint admissible open subsets with respect to the song topology. (See
[BGR, Prop. 9.1.4/6].)

Now to prove Proposition A5.8, rst observe that the collection
fYr:r 2jCpj;r> 0g is an admissible open cover oZ. Thus all we have to do is
nd a nite cover of Y; by elements ofC. We know, by Proposition A5.5, that the
setfa2 B:degff, 1(a)) igis the set of points of an a noid subdomain U; in B
and U; = ; for i large. Let Z; = f, 1(U;) which is an a noid subdomain of Y.
Let d be the largest integer such thatUy 6 ;. Then Z4 is nite over Uy of degree
d. By the lemma, there is a strict a noid open neighborhood Wy of Uy in B and
ans >r such that Ty =: f{ 1(Wy) is nite over Wy of degreed and Tq is a nite

union of connected components oZy,. Suppose we have a noid subdomains of

S
T; 2 C and ifSi = i iTi,Si Zi and
H()
f (Si) is a strict a noid neighborhood of U;.

Sincef (S;) is a strict a noid neighborhood of U, there is an a noid subdomain

VofU 1 U suchthatV[ f(S;) U 1. Then, by the lemma, there exists a strict
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a noid open neighborhood W of V in B such that there is an a noid subdomain

Ti 1 of Z containing f, (V) which is nite of degreei 1 overW and is a union of

proof. g

Part B. FAMILIES OF MODULAR FORMS

B1l. Eisenstein series

For the statements about Eisenstein series discussed in thisection see [H-LE,
Chapt. 5 x1 and Chapt. 9 x4] as well as [S-MZp,x3]. For the statements on p-
adic L-functions see [L-CF, Chapt. 4] and [W, Chapts. 5 and 7].

For a character :Z,! C,, let f denote the smallest positive integer such
that is trivial on 1+ f Z, if one exists, if not, letf = 1. We call f the
conductor of . For a ring R, let (R) denote the group of roots of unity in R.
Let wp = | (Qp)j» :Zp! (Qp) be the character of smallest conductor which
restricts to the identity on (Qp) and g = f . Then w, = 2, is the character
d7!' ( 1)@ D=2 andq=4,if p=2. Otherwise, w, = p 1, isthe composition of
reduction and the Teichmaller character and g = p. For d 2 Z,, let hidii = d= (d)
which is congruent to 1 moduloq. Also xa (p 1)-stroot of pin C,. We

summarize this notation in the following table:

P Wp q (d) hiii
2 2 4 1 (1)@ D2 1 d=(d) 5
>2 | p 1| p | limy & | d=(d ( p¥e D

We let W equal the rigid analytic space overQ, whose points overC, are
the continuous C,-valued characters onZ,. We note that Z injects naturally into
W(Qp); indeed, sendk 2 Z to the character which mapsa 2 Z, to ak. Let 1 denote
the trivial character a 7! 1. We think of W as our weight space (it has been known

for some time that, p-adically, a weight should be thought of as a continuousC ;-
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valued character onZ,, (see [K-pMF, x4.5] or [G-ApM, x1.3.4]).) For 2 W (Cp),

61l,andn 12 Z, let
Z

X 1
— 1 _ 1
(n) = o (d)d and ()= © 1. (a)a “dEzc(a)
(dip)=1

in the notation of [L-CF, Chapt. 4 x3] for any ¢ 2 Z, such that (c) is not 1. So
that, when (a) = hlaii ® (a) wheres 2 Cy, jsj < j=qj, and is a character of
nite order

()=1Lpd s )

where L, is the p-adic L-function. (This number is zero when ( 1) = 1.) We

call such charactersarithmetic characters . If 6 1 let

X
G@= 2+ o)

n 1

Then when (a) = hhaii ¥ (a), where k is an integer and is a character of nite
orderonZ, such that ( 1)=1, G () is the g-expansion of a weightk overcon-
vergent modular form G on 1( LCM(q;f )) and character K. It is classical if
k is at least 1 (see [Mi]). (To prove that G is the g-expansion of an overconvergent
modular form, in general one rst invokes Theorem 4.5.1 of [kpMF] to conclude
that it is the g-expansion of ap-adicmodular form. Next one observes that this
modular form is an eigenvector for theU-operator with eigenvalue 1. Finally, one
invokes a generalization of Proposition 11.3.22 of [G-ApM]to conclude that this
p-adicmodular form is overconvergent.)

Whenever ( )60and 6 1,letE (q=2G (9= ( ). We also setE,(q) =
1. Suppose 2W (Cy) and s trivial on (Qp), thenj ( )=2J> 1 and

JE (9 1<

Remark B1.1. We may regardW as a rigid analytic covering space oAgp whose

bers are principal homogeneous spaces for the grouplom(Z,; (Cp). Indeed the
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covering map is given by
2W (Cp) 7! log( (a))=log(a)

forany a 2 1+ qZ,, a6 1 (j (& 1 < 1since is a continuous homo-
morphism). The spaceW has w, connected components (one for each element
of B := Hom(D; (Qp)), where D = (Z=qZ) ) each conformal to the open
unit disk over Q,. In view of this, may be thought of as a rigid analytic
function on a covering space ofC,. (We may think of W as B D where
B(Cp) = Homeont (L + 9Zp;Cp).)

Let B = Bg,(0;j=qdj) and W = B Z=wpZ. We identify a point s =
(t;i) in W (Cp) with the character s:a 7! hhaii t (a) (and will denote this latter
expressiona®) and will also write, in this case, Gs = G _ and Es = E . Thus
both Z and W sit inside W and in fact Z W (Q,). More directly, an element
n 2 Z corresponds to the element i§;n modw,) of W . Let E denote the weight
one modular form E(;.qy which naturally lives on X1(qg). We signal,

2 X

E(q=1+ mn

Yd) o 1)
1 djn
(dp)=1
Note that E(q) 1 modq becausel,(0;1) 1=pmodZ,.
For an integerm 0 and a positive integerN prime to p let Z;(Np™) denote
the rigid connected component of the ordinary locus inX1(Np™) containing the

cuspl . In particular, Z1(Np™) is an a noid.

Lemma B1.2. Suppose (a) = hhaii ¥ (a) wherek is an integer and is a char-
acter in W of nite order which is trivial on  (Qp). Then E (which converges on)

does not vanish onZ(p™) wherep™ = LCM (q;f ).

Proof. First E converges orZ;(p™) because it is overconvergent. Next, the lemma

is true for E; i.e., E does not vanish onZ1(q), becauseEP ! reduces to the Hasse
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invariant on the component of the reduction of the Deligne-Rapoport/Katz-Mazur

model of X1(q) containing 1 . Now observe that F = E =EX is a function on
Z1(p™) whoseg-expansion is congruent to 1. It follows thatF is congruentto 1 on
all of Z1(p™) and so doesn't vanish there. HenceE = FEX does not vanish on

this a noid.

B2. General Setup

In this section we will set the groundwork needed to be able tstudy overconvergent
forms in all levels for all primes.

SupposeN > 4andn 1 are integers such that Nn; p) = 1 and there is a lifting
A of the Hasse invariant to X1(Nn). Such a lifting always exists if p > 3 (indeed,
in such a case, one can také = E, 1) and exists for suitablen for p=2 or 3. For
v 02 Q let X1(Nn)(v) denote the a noid subdomain of X;1(Nn), v(A(y)) V.
(In particular, X1(Nn)(0) = Z1(Nn).) Let E1(Nn) be the universal elliptic curve
over X1(Nn) and E1(Nn)(v) denote its pullback to X1(Nn)(v). Then by Katz,

[K-pMF], if v < 1=(p+ 1) there is a commutative diagram of rigid morphisms;

Ex(Nn)(v) ! Ex(Nn)(pv)
# #
X1(Nn)(v) ! X1(Nn)(pv)
We will think of this diagram as a morphism, labeled = , from

E1(Nn)(v)=X1(Nn)(v) to E1(Nn)(pv)=X1(Nn)(pv), which it is, in the category of
morphisms of rigid spaces. Fow 02 Q let X1(N)(w) be the a noid subdomain
of X1(N) which is the image of X1(Nn)(w) in X1(N) and E1(N)(v) the pullback
of E;(N) to X1(N)(v).

Proposition B2.1. If 0 v 1=(p+1), there is a unique morphism

= 2T EL(N)(V)=X1(N)(V) I Ea(N)(pV)=X1(N)(pV)
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such that

Ei(Nn)(v)=X1(Nn)(v) ! Ei(Nn)(pv)=X1(Nn)(pv)
# #

E(N)(WM=X1(N)(v) 1" Ex(N)(pV)=X1(N)(pv)
commutes, where the vertical arrows are the natural forgetfil projections.

Proof. It is enough to check this onC-valued points. Let x be a point of X1(N)(Vv)
and (E; : n ) E) the corresponding elliptic curve with level structure. Let y be
a point of X1(Nn)(v) abovex. Then y correspondsto €; )where : nn ! E is
an injective homomorphism such that j , = . It follows that (y) corresponds
to (E% 9 where E®= E=K, and °is the composition of and the natural map

:E ! E=Ky whereKy is the canonical subgroup ofE. Moreover, = g. The
proposition follows from the fact that Ky is independent of the choice ofy. Indeed,
Ky (Cp) is the set of points of E[p] closest to the origin. (If v(A) = w < p=(p+1)
and X is a local uniformizer on E at zero the points of K, are the points P of E
such that v(X(P)) (1 w)=(p 1) and at the other points P of order p, X (P)
has valuation w=(p?> p) [K-pMF, Thm. 3.10.7].) §

Henceforth we will denote %= by = .

This proposition is already enough to allow us to establish he main results of
[C-CO] for the primes 2 and 3. In particular, for any prime p we can de ne an
operator, Uy, on overconvergent forms of leveN and weightk and assert that any
such form of weightk and slope strictly less thank 1 is classical.

As in [C-CO, x8], we may and will regard X 1(N)(v) as an a noid subdomain
of the modular curve X (N;p) = X 1(N)\ o(p) .

For m a positive integer, denote the setfv2 Q : 0 p™ v < p=(p+1)g by
the expressionl, and I, f Ogby I,,. Fixasubeld K of C, equal to C, or to
a complete discretely valued sub eld. All our constructions will be over K. We

will employ the notation and de nitions of [C-CO]. For v 2 14, let X1(Np)(v) be
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the a noid subdomain of X31(Np) which is the inverse image ofX;(N)(v) under

the natural forgetful map to X (N;p). For k 2 Z let My (V) be the space of
modular forms of weight k on 1(Np) which converge onX1(Np)(v). In other

words, Mnpx (V) = ! K(X1(Np)(V)). Now, Mnpk (V) has a natural structure as a
Banach space and wherv > 0 there is a completely continuous operator on this
space denoted byl in [C-CO].

Now we will recall and modify some constructions carried outin [C-HCO]. Let

m:1: X1(Np™) ! X1(Np) denote the map which sends the point corresponding to
triples (E; ; ), whereE is an elliptic curve and where : ,» ! Eand : y ! E
are embeddings, to the point correspondingto E; j ,; ). Suppose,v 2 I,. Let
X1(Np™)(v) denote the a noid subdomain of X 1(Np™) consisting of pointsx corre-
sponding to triples (E; ; ) suchthat .1(x) 2 X1(Np)(v), ™ 1 ( pm 1) =0
and( ™ g; m 1 ; ™1 Ycorrespondsto M 1( .1(X)). Let E(Np™)(V)
denote the pullback of E1(Np™) to X1 (Np™)(V).

If v2 I,, we have a lifting of = to a morphism from
E1(Np™)(v=p=X1(Np™)(v=p) to E1(Np™)(v)=X1(Np™)(v), which takes (E; ; )
to ( E; © ) where % ,» | E is determined by the requirements that
( E; © ) corresponds to a point in X(Np™)(v) and 4 )= ( Q),if Qisa
point of E such that pQ= ( )for 2 pm, 6 1. We will denote these liftings
by the same symbols. The context will make it clear which spaes we are dealing
with.

Let ! := I ypm equal the direct image onX1(Np™) of the sheaf

1
EL(Npm)=X ;(Npm)- FOf k22Z,v2Iln, we set

Mnpm ik (V) = ! k(xl(Npm)(V)):

These spaces may be considered as Banach spaces aferand whenv > 0, we
have a completely continuous operator, which we will still cenote by U, acting
on Mnpm ik (v) de ned as in [C-CO] (see also [C-HCO]).
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We can deal with N 4, (N;p) = 1 along the same lines as those discussed
in the remark at the end of x6 of [C-CQO]. In particular, if A;B 2 Z, A;B > 4,
(AB;p) =1 and (A;B) = N, we identify Mnpm  (v) with the intersection of the
images (via the maps which preserverexpansions) ofM apm .« (V) and Mgpm (V) in

IVIABp m -k (V) .

B3. Twists of U

In this section we prove Theorems A, B and D of the introduction as well as
their extensions to the prime 2.

Fix a positive integer N, (N;p) = 1. For v 2 |4, let X(v) = X1(Nqg)(v)
and Mg (v) == Mngqxk(v). Recall, I, = fv2Q:0 p™ v <p=(p+1)g and
Iy = Im f Og.

Supposev 2 I; and F 2 Mg ((v) is an overconvergent form of weightk r
which has an inverse inM, (v) (we will see an examples of such a form below).
Then the map from M, (v) to M (v), h 7! hF, is an isomorphism of Banach spaces.

Moreover, the pullback of Uy on Mg (v=p) to M, (v=p) is the map
h7! F Uy (hF)

which equalsU;,(hF= (F)); by [C-CO, 3.3].* Thus, in this case, since the restric-
tion map Mg(v) ! My (v=p) is completely continuous, this formula, together with
Proposition A2.3, implies the Fredholm theory of the operator Uy on My (v=p) is
equivalent to that of the completely continuous operator U,y m¢ on M, (v=p) where
f = F= (F) and m;¢ is the operator \multiplication by f." (Note that 1:=p=15.)
Recall, E is the weight one modular formE;.gy on 1(q) with character !
described inxB1. It follows that there is an analytic function e on szlz X (v) with

g-expansionE (q)=E(¢P). SinceE(g) 1 modg, we see thatje 1jx(0) j qj. As

* If F(q) is the g-expansion ofF, (F) is the overconvergent form inMy  (v=p)

whoseg-expansion isF (gP).
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je lx =limy o+ je  ljx () (the X(v), v2 I,, form a basis of neighborhoods
of X (0)), we have,

Lemma B3.1. Forany" 2 R, jqj <", there exists av 2 |, such that e is de ned

on X (v) andje ljx )

Recall, isa (p 1)-strootof p. Fors2 Cy, jsj < ]=qj** let us be the

operator on Mo(v), for any v 2 I, such that je 1jx (vy < j =s], de ned by
us(h) = U, (he®):
Then from the discussion in the previous two paragraphs, weee thatif k 2 Z
det(1 TukjMo(v)) =det(l TUiyjM(V)): (1)

Recall, B = Bg,(0;j =qj). Now we think of s as a parameter onB so that
we may view € as a rigid analytic function on the rigid analytic subspace V
of A1 X1(Nq) which we de ne to be that subspace admissibly covered by the
anoids Zi(v) := Bk [0;t] k X(v) wherev 2 |, andt 2 jCpj\ [1;]j =qj) such
that e is dened on X (v) and je 1jx(,) | j=t. Let T be the set of ordered
pairs (t;v) satisfying these conditions. (The setT is not empty, in fact, by the
previous lemma, we see that the rst projection to jC,j\ 1;j =qj Iis a surjection.)
Since U extends uniquely to a continuousA(B [0; t])-linear map from A(Z¢(v)) to
A(Z(v)) for (t;v) 2 T , we may now viewus as a family of operators, i.e. thereis a
compatible collection of operatorsf U, ):(t;v) 2 T g, where U, is the operator
on A(Z¢(v)), whose restriction to the ber above s is us. This operator is nothing
more than the composition ofid Uy and the operator, mes multiplication by the
function €°, restricted to Z;(v). By Proposition A5.2, if M (t;v) := A(Z(v)), for
(ttv) 2T , Ugyy is a completely continuous operator onM (t;v) over A(BJO; t]).

We will abuse notation and write U for U,y when the context makes it clear we

1 S

** The series n-o n T" converges forjTj j qjif and only if jsj j =q].
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are talking about an operator acting on M (t;v). Also, as remarked after Lemma
A5.1, M (t;v) is orthonormizable over A(B[0;t]) = CpohX=mi wherem 2 C, such
that jmj = t. Thus we have characteristic seried ) :=det(l TU jM(t;v)) for

any (t;v) 2T .

We claim this series is independent of t v), in the sense that if (t;v) and (t% v9)
liein T andt t%< j=qj then the restriction of P(tovo), Which is analytic on
B[0;t] Cp, to B[O;t] Cp is Pv)- Indeed, we rst observe that if (t;v) 2T
O<w v,s t,w2Qands2jCpj, (s;w) 2T . From this, it follows that
we only need to establish the claim whert = t°or v = v When v = V? it follows
V=D
For u w such that (t;u);(t;w) 2 T . let R} denote I=p times the restriction

from Lemma A2.5. Now supposet = t% We may also supposev  v°

map from M (t;w) to M (t;u) (which is completely continuous over A(B[0;t]) by
Proposition A5.2 if w > u) and Ty":M (t;u=p) ! M (t;u) the trace with respect
to the restriction of 1 to M (t;u=p) ( is the Frobenius morphism described in
the last section which restricts to a nite morphism from X (u=p) to X (u)). Then
on M (t;u), U is the operator Ty™" Rgzp Mes (see [CO,x2]). Now we observe

that it follows from the aforementioned niteness of that,

vO=p Ve _ pv v=p vo .
Tvo vo=p ~ Rvo Tv RV:p'

As
(WP RV, Me) RG=TVP R, me=U;
the claim follows from Proposition A2.3.

Theorem B3.2. There is a unique rigid analytic function P(s;T) = Py (s;T) on
B Cp denedover Qyp, i.e. P(s;T) is a power series oveQp in s and T, which

converges foljsj < j =qj, such thatfork 2 Zandv 2 Q suchthat0O<v <p=(p+1),

P(;T)=det(1  TUgyiM(V)):
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Proof. The existence of the functionP (s; T) de ned over C, follows from the dis-
cussion in the previous two paragraphs combined with formuh (1) and Lemma A2.5.
That it is de ned over Q, follows from the fact that it equals det(1 TU M (t;Vv))
for any (t;v) 2 T . Indeed, M (t;v) is the extension of scalars of an orthonormiz-
able Banach moduleM (t;v) over A(B [0;t]) such that U restricts to a completely
continuous operator onM (t;v), for any nite extension L of Q, contained in C
such that t and pY lie in jLj. Since we may choosé¢ = 1, it follows that P(s;t)
is de ned over any complete extension ofQ, containing an element with valuation
less than E(p + 1) and since the intersection of these isQ,, we see thatP (s; T) is,
in fact, de ned over Q,.

Suppose nowQ(s; T) is an analytic function on B C, such that
Q(k;T)=det(l TUy)iMk(Vv));

fork2 Zandv2 Q suchthat0<v <p=(p+1),then R(s;T):= P(s;T) Q(s;T)
vanishes on the setS = f(k;T):k 2 Zg. Now consider the two dimensional a -
noid balls in B Cp, Y(a;b where a;b 2 jC,j such that a | =qj de ned by
the inequalities jsj a and jTj b. Then the restriction of R(s;T) to Y(a;b
vanishes onS\ Y (a;b) which is a union of in nitely many one-dimensional a -
noid balls de ned by the equationss k = 0, where k 2 Z. It follows that
R(s;T) 2 Tkzz(s K)A(Y (a;b) = 0. Thus, R(s;T) vanishes onY (a;b) and since
Sa;bY(a; =B Cp, R(s;T) =0. Thus Q must equal P, which establishes the

uniqueness. j

Let

X
P(s;T) = fn(s)T":
n 0

At this point we know that the coe cients of the series f(s) lie in Q, and the
numbers jf,jg are bounded independently ofn. In fact, if p 7, using known

properties of U (e.g. Lemma 3.11.7 of [K-pMF]), we could show they are bound#

52



by 1, but later, in the Appendix I, we will give explicit formu las, derived using
the Monsky-Riech trace formula, for the f, (s) which imply that they are Iwasawa
functions. We also give a conceptual proof of this in [C-CPShs well as proof that
P(s; T) extends to a rigid analytic function on B C,.

We now explain how to factor P(s; T) into series depending on nebentype. As
Zi(v) = B[0;t] X (v)for(t;v) 2T ,the diamondoperatorshh, b2 (Z=NgZ) , act
on M (t;v). Recall, D = (Z=gZ) . We will regard D as a subgroup of Z=NqgZ)
in the natural way and also as a quotient of Z,. Then D acts via the diamond
operators on all the spacesM«(v) and M (t;v). For a2 Z, we sethai = ha moddqi.
For each integerk, character 2 D and v 2 I, let M (v; ) denote the subspace of
M (v) of forms with eigencharacter for this action. Similarly, let M (t;v; ) denote

the subspace oM (t;v) with eigencharacter . Then,

M
M (v) = Mi(v; )

and

M
M (t;v) = M(t;v; )

where the direct sums range over 2 D. Moreover these direct sums are stabilized
by the respective operatorsUyy and U . We thus have, by Lemma A2.4, the
formulas
Y
det 1 TUyjMk(v) = det 1 TUyyiMk(v; )

and
Y
det 1 TU jM(t;v) = det 1 TusjM(t;v; ):

Let P (s;T) be the functionon B C, characterized by the identities:

P (s;Digpit] c, =det(l  TU jM(tv; ))
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for all (t;v) 2 T . Then, arguing as in the proof of Theorem B3.2, we see that
P (s;T) is de ned over Qp,

P(k;T)=det 1 TUyiMk(v; ) (2)
and

Y
P(s;T)=  P(s:T) €))

for k 2 Z. This implies Theorem B of the introduction (except for the assertion
that Pn.i (s;T) 2 Zp[[s; T]] which will follow from Corollary 1.2.1), as well as its

extension to p = 2. That is, we have proven

Theorem B3.3. For each character0 i< w , there exists a series
Pni (S;T) 2 Qpl[s; T]] which converges on the regiorjsj < j =qj in Cg such that
for integersk, Pn: (k; T) is the characteristic series of Atkin'sU-operator acting on

overconvergent forms of weightk and character ' .

Indeed, we may takePy; = P i. (Note that, when pis odd,j=qj = p(P 2= 1)
While N is xed we set Pi(s;T) = P i(s;T).

Recall, K equalsC, or is complete and discretely valued sub eld. LetM.c; =
M.l (N') denote the space of classical modular forms of weight on X 1(N q) de ned
over K. For a character 2 D, My.cl () denotes the subspace of forms of weight
k and D-character (i.e. character for the action ofD) . Also, d(k; ; ) equals the
dimension of the subspace oM. () consisting of forms of slope . Theorem

D, extended top =2, is,

Theorem B3.4. If 2 D, 2 Q andk and k° are integers strictly bigger than

+ 1 and su ciently close p-adically,
dk; ; )= d(K%; )
Moreover, the closeness su cient for this equality only depends on .

Proof. The rst assertion follows from (2), Theorem C (which is the assertion that

the set of zeroes oP (k;T 1) with valuation strictly less than k 1 is the same
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as the set of eigenvalues of classical weight eigenforms with D -character K of
slope strictly less thank 1) and Proposition A5.5. The second assertion follows

from this and the fact that Z, is compact. j

The fact that the set of slopes of classical modular forms on ;(N Q) is discrete
in R follows from Corollary A5.5.2.
Let S(t;v; ) denote the subspace of cusp forms iM (t;v; ) (i.e. the subspace
of functions vanishing at the cusps inX (0)). Then S(t;v; ) is stable under U
and we can proceed as above and & °(s; T) be the function characterized by the
identities:
PO(s;T)=det(1 TU jS(t;v; ))

for all (t;v) 2T . Moreover,
PO(k;T)=det(1 TU jSk(v;)) (4)

for k 2 Z. We also setP(s; T) = P%(s;T).

We will now prove Theorem A of the introduction, its extension to the prime 2,
as well as a qualitative version of the Gouvéa-Mazur conjdare about \ R-families”
[GM-F, Conj. 3] in the case in which U, acts semi-simply on the slope subspace
of Mo ( ¥). To treat the general case, we will use the ring of Hecke opetors
to be de ned in xB5.

Theorem B3.5. Suppose 2 Q and :(Z=qZ) ! C,isacharacter. Then there
exists anM 2 Z which depends only onp, N, and with the following property:

If k2 Z, k> +1 and there is a unique normalized cusp formF on X;(Nq)
of weight k, (Z=pZ) -character K and slope and if k> +1 is an integer
congruent to k modulo pM *", for any non-negative integern, then there exists a
unique normalized cusp formF%on X 1(Nq) of weight k% (Z=pz) -character K

and slope . Moreover, this form satis es the congruence

FX9 F(d) modqgp":
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Let d(k; ; ) denote the dimension of the slope subspace oM ( X). Also
let d°(k; ; ) and d°(k; ; ) denote the dimensions of the spaces of cusp forms of
slope in Myq ( ¥)and My(  *). Then, by [C-CO, Thm. 8.1 and Lemma 8.7],
we know,

dk; 5 )= dk;; )
ifk> +1 5)
d(k; ; )= d(k;; ):
Fix 2 D. Let Z° be the zero locus ofP%(s;T) in B Al and for
02 Q let Z% ) be the anoid subdomain of Z° whose closed points are
fz2 Z2%v(T(2) = g. This anoid is, in fact, de ned over Q. Letr 02 Z
and T, (; ) be the subset ofj 2 Z, such that d(j; ; )= r. It follows from Corol-
lary A5.5.1 that T,(; ) is compact and if k 2 T,(; ), there exists an a noid
ball B := B[k;p ™] B containing k such that the map Z°( )g ! B is nite of
degreer. Thus there is a monic polynomial Q(T) of degreer with coe cients in
Khs k)=p"i suchthatP (s;T)g = Q(T)S(T) whereS(T) 2 Khs k)=p"iff Tgg
prime to Q(T). By Theorem A4.3,

Mg = NUB (Q) FUB (Q)a

where Ug is the restriction of U to Mg . Let
Ro = Qph(s  K)=p"i[X]=Q (X):

We know Ny, (Q) is a Rog module.
Suppose that ( Q(k;T);Q(k; T)) = 1. This will automatically be true when
r =1 and more generally when the eigenvalues o)) as an operator on the slope
subspace ofM( ) over C, are distinct. Then after shrinking B, if necessary,
we may suppose that ( Q(T);Q(T)) = 1 (now regarding Q(T) as a polynomial
over A(B)) and using Corollary A4.5.1, we may suppose thatNy, (Q) is a locally
principal Rg module.
Suppose, for the moment, thatr = 1 and supposek is an integer andF is a

non-zero overconvergent cusp form on 1(N q) of weight k, character % and slope
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. Because all the Hecke operators preserve the space of slopecharacter K
modular forms, F must be an eigenform. It is non-constant because it vanishes
on the cusps inX (0), so we may suppose it is normalized. IfFjU, = aF, then
x = (k;a) is a point of Z9( ). Thus the map Z°( )z ! B has degree 1. It follows
that there exists a function f on B suchthatf (k)= a,v(f(s))= andl f(s)T
divides the restriction of P (s;T) to B Al. This latter is the characteristic series
of the restriction of U to the spaceM "B by Lemma A2.5 and ( P (s;1=f(s)) is
invertible on B. Hence, sinceA(B) is a PID, our Riesz theory implies that there
exists an analytic function G on B X (0)Y which vanishes at the cusps and spans
the kernel of U~ f(s)in S( )g. Thusif k%2 Z, k® k modp™, Fyo := EX°G(K?) is
a non-zero overconvergent modular form of weighk® slope and character k.

Moreover, if k> + 1, Fyo is classical by [C-CO, Thm. 8.1]. Now let

X
G(s)=  an (9]

n 1
be the g-expansion of G(s). The a,(s) are rigid analytic functions on B. We must
have Fx = a;(k)F and soa;(k) 6 0. Hence after shrinking B, we may suppose
ai(s) is invertible and therefore we may suppose it equals 1. In pdicular, now
Fk = F. SinceG is bounded on the anoid B X (0), being a rigid function, the
an's are uniformly bounded onB. Hence, there exists a constanM 0 such that

forallt Oandalln Oandalla2 zZ

t+ M

jan(k+ p*Ma) an(k)j | qp':

As EP' (9 1 modqgp', this implies
Fro(q)  Fk(a) modgp'

if K% k modp'*M. SinceT,(; ) is compact we see that we may pick arM that

only depends on . This yields Theorem B3.5.
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Remarks B3.6. (i) Using the Hecke operators to be introduced inxB5, we will
show in Lemma B5.3 that it is unnecessary to shrinkB before assuming thata; (s) =
1 and also that, then, the functions jax(s)j are bounded by 1. This means that if
m 0 is an integer such that B(k;jp™j) B, then we can takeM = m + v(Qq).
(i) All of the above will go through with M () and P (s;T) in place of S( ) and
PO(s;T) if we suppose is not trivial. When r =1, all we needed to know was that

our form F is not constant.

Now allow r to be arbitrary. By Proposition A5.4 (note that here X = Z 1),

shrinking B, if necessary, there exists a generatad 2 Ro a(g)Nu; (Q) such that,
(1 U)H = XH:

Suppose

X

ES(QH((@ = "

n 0
where theb, 2 Rq. Let Yq be the rigid space sitting overB whose ring of functions
isRq. If k2 Z, andy is a point of Yo abovek®, P h o (V)" is the g-expansion
of an overconvergent modular formFyo of weight k® character K and slope .
If k> +1 then Fyo is classical. In fact, becauseRq isetale over B, Fyo is an
eigenform. In this way we get a weak version of an \R-family" in the sense [GM-F]
whereR = Rg.

RecallW =B Z=wpZ. It will sometimes be convenient for us to replace our
baseB with W . Indeed, as we will see ixB6, the ring  embeds naturally into
the ring of rigid analytic functions on W (in fact, is naturally isomorphic to the
ring of rigid analytic functions de ned over Q, and bounded by 1 onW). First, we
identify Z=w,Z with D viai 2 Z=w,Z 7! '. Then we may viewA(W )asA(B )[D]
and, if t < j = qgj write A(W (t)) for A(B[0;t]))[D] = A(B[0;t] D). For(t;v) 2T ,

P
we makeM (t;v) into a Banach A(W (t))-module as follows: Iff =, fqdis an
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element of A(W (t)) wherefyq 2 A(B[0;t]) and G is an element ofM (t;v) we set
X
fG = faGjhdi:
d2D
. . P :
Henceforth, we will write f as  ,, fqhdi. Now for 2 D,let 2 (1=wp)Zp[D] be
P
the element (1=w,) 4,p *(d)hdi. Then any elementm in an A(W (t)) module
P
equals ,35m wherem = m. We put\new" norms jj on M (t;v), for (t;v) 2

T , as follows: SupposeH is in M (t;v). Then we set
jHj = Max 2|5fjH th(V)g:

When p is odd, j j equals the supremum norm and is equivalent to it, in gen-
eral (because is de ned over Z, when p is odd and over (2)Z, when p = 2).
Moreover, M (t;v) is a Banach module overA(W (t)) with respectto jj .

If B is a Zp-algebra and 2 D, we also let denote the unique B-module
homomorphism from B[D] to B which takes hdi to (d) 2 Z,.
Lemma B3.7. With respect to the norm j j , M(t;v) is orthonormizable over
A(W (t)). Moreover,onM (t;v), U is a completely continuousA(W (t))-operator.
There is a serieXn (T) 2 A(W )[[T]] whose restriction to A(W (t)) is the charac-

teristic series for this operator. It is characterized by the identities:

(Qn (T)) = P (s;T);

forall 2D.

Proof. Since this result will not be crucial in what follows, we only sketch the proof.

Foreach 1 i  wp, let vi1;:::;vin ;22 be an orthonormal basis forM (t;v; 1)

where

Wp = Vi t T Vi, in
is an orthonormal basis forM (t;v) over A(W (t)).
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The fact that U is an operator overA(W (t)) follows from the fact that Ufor all
d 2 D. Complete continuity follows immediately from the facts th at the operator
is completely continuous overA(B (t)) and that jj is equivalent to the supremum
norm. The proof of the existence ofQy (T) follows the same lines as the proof of
the existence ofP(s; T). Finally, the last assertion follows from elementary linear

algebra. g

By the g-expansion overW of an elementF 2 A(V ), we mean the series
" e 2 AGW [l wherea, = | 0 8nahdi, ang 2 AB ) and | aned is
the g-expansion ofFjhd 1i.

As in xB1, using (1), we may think of W as a subspace oW containing the
image ofZ. Whenk = (s;i) 2 2(Zp, Z=w,Z) W , k60, G(q) is the g-expansion
of a Serre modular form of weightk [S-MZp x1.6].

B4. Non-integral Weight

Recall, K equalsC, oris a complete discretely valued sub eld,B = B(0;] = qj),
wp = LCM(p 1,2),D =(Z=9Z) ,W =B Z=wpZ and hhaii = a= (a), for
a2z,

In this section, we will give de nitions of a g-expansion of an overconvergent

form of non-integral weight and of overconvergent familiesof modular forms.

As in xB1, Z1(Nq) denotes the a noid subdomain of X1(Nq) which is the
connected component of the ordinary locus containing the csp 1 . (In the notation
of xB2, this is also X1(Nq)(0).)

P
De nition.  We sayF (q) = ,11:0 anq", an 2 K, is the g-expansion of an overcon-
vergent form on (N q) with weight k = (s;i) 2 W over K if F(g)=E(Q)® is the
g-expansion of an overconvergent function orz;(Nq) in X1(Nq) of character '

for the action of D.
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If U is an admissible open subspace & we also say that

b3
Fs(@ = an(s)d";
n=0
an(s) 2 A(U), is the g-expansion of a family of overconvergent forms over
Uon 1(NQq) if Fs(g=E(Qg)® is the g-expansion of an overconvergent function on
U Z3(Nqg) over U. We say this family has type i 2 Z=w,Z, if this function
has character ' for the action of D and is an eigenvector forU with eigenvalue

f(s) 2 A(U) if U (H) = f(s)H.

For k 2W , let M](N) denote the vector space oveK of weight k overconver-
gent modular forms on ;1(N), let MY(N) denote the A(B ) module of families of
overconvergent forms overB on 1(N) and, fori 2 Z=w,Z, MY(N;i) the subspace
of those of typei. Also let SY(N;i) denote the subspace of cusp forms iM Y(N;i).

In the notation of xB3,

MWMU:HW im M(tv; ")
tj =qj(tv)2T
and
S%MD=HW lim  S(tv; '):
tj =qj(tv)2T

Clearly, if F(q) is an overconvergent form of weightk and G(q) is an overconver-
gent form of weightj, F(q)G(q) is an overconvergent form of weightk + j . We will
show, in a future article, that if k = (s;i), F(q) is the g-expansion of a generalized
Katz modular function with weight character z 7! hhaii  (z)' and the g-expansion
of a family of modular forms with integral g-expansionsover a rigid spacX B is
the g-expansion of a Katz modular function overA°(X) [K-pIE] (see also [G-ApM,

x1.3]). Also,
M
MY(N) = MY(N;i)
i2Z=w,Z
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and if AY(N) denotes theA(B ) algebra of overconvergent functionsorB  Z1(NQq)
over B , then AY(N) is isomorphic to MY(N) as an A(B ) module. For

k=(s;i) 2W , we have natural homomorphisms
MY(N) ! MY(N;i)! MY(N);

where the rst arrow is the projection and the second is restiction.
Theorem B4.1. Supposei 2 2Z=w,Z. Then Gg; is an overconvergent family of
eigenforms overB , if i 6 0, and overB f Og, if i =0, on 1(q) of type i with

eigenvalue 1 forU .

Proof. First we observe that the set of cuspsC in Z1(q) has order wy,=2. For
c 2 C, let ]c[ denote the residue disk inZ;(q) containing c. We may regard q as
a parameter on the residue disk ] [ of the cusp1 . Fix (t;v) 2T ,t> 1, and
let A = A(Z¢(v)). Let Ic A be the ideal of B[0O;t] C. The homomorphism
h:A! A=IcA := B is respected byU and by the diamond operators.

Fix i 2 2Z=w,Z. We will work on the ' eigensubspace oA for the action of
D, A;j, which maps onto the ' eigensubspace oB, B;, and this latter is free of
rank one overA(B[0;t]). SinceU commutes with the diamond operators and the
constant term of the g-expansion of a formF is the same as that ofU (F), the

following diagram commutes: A

A " B,
#u #id:
A " B,

It follows from Lemma A2.4, since the absolute values are digete, that 1 T
divides P;(s; T). Restricting s to an integer k > 2 and using (8.2) and [C-CO. Thm.
8.1] we see that (1 T)? does not divide P;(s; T) since every U« -eigenvector in
Mi( ' %) with eigenvalue 1 is a classical modular form of weighk and character
'k and the dimension of these is one. LeiX  B[0;t] be an a noid such that

X f 1g lies in the complement of the zero locusS of P;(s;T). Then our Riesz
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theory, Theorem A4.5, tells us that the eigenspace otJ over X with eigenvalue
1 is locally free of rank one. In fact, using the maph and the above commutative
diagram, we see this module is free spanned by H) =: F where is the Riesz
theory projector onto the eigenvalue 1 subspace an#fl is any function in A; which
maps to the element ofB; which is 1 alongB[0;t] 1 . We may suppose that
X contains in nitely many integers greater than or equal to 2. Then for any such
integer k, we know Fy(g) = Ey.i (g)=E(g)* since in this case we knowE (q)%F(q)
must be the g-expansion of a classical modular form and the}-expansionsofFy and
Exi =EX have the same constant term, 1. Since theyexpansion coe cients of F
must be analytic on X, we see thatFs(q) = Es; (q)=E(g)® for all s2 X such that
Lp(L s; ') 0. Since this is true for any anoid X in B[0;t] S we conclude that
Lp(l s; ')Fs = Hs is an overconvergent analytic function on 8[0;t] S) Zi(q).
But the g-expansion ofHg clearly extends to B[O;t] ]JC(1 )[ wheni 6 0 and to
(B[O;t] f Og) ]1 [wheni =0. Hence asGs;(q) = Hs(QE(q)® forjsj t, Gs.i(Q)
is the g-expansion of a family of forms overB [0;t] wheni 6 0 and over B[0;t] f Og

wheni = 0. Since this is true for any t such that t < j = gj the theorem follows. g

Corollary B4.1.1. For (s;i) 2W , (s;2i) 6 (0;0), there exists an overconvergent
form of type (s;2i) with g-expansionGs:2i(Q).

Corollary B4.1.2.  For eachi 2 2Z=w,Z there exists an overconvergent function
Fi onB Z1(q) such that

Fi(s;d) = Gs;i (9)=Gs;i (0):

We also see thatEs; (q) is a family of overconvergent forms over the complement
in B of the zeroes ofL,(1 s; '). So wheni =0, it is a family of overconvergent
forms over all of B . In particular, we can replace E*(qg) with Es.o in our de nition
of overconvergent forms of non-integral weight and of famikes of overconvergent

forms.
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Remark B4.2. We could now upgrade our Fredholm theory by using the functio
Fo in place of €. Let T denote the subset ofT consisting of pairs(t;v) such
that Fo converges onZ;(v). (The set T also projects ontoQ \ [1;j =qj).) Let V
denote the rigid subspace ofV admissibly covered by the anoids Z;(v) where
(ttv) 2 T. Let U be the operator h 7! Ug) (hFo) on A(V). It is a completely
continuous operator onA(Z(v)) for each(t;v) 2 T . It also sits in a commutative
diagram
ANV M AV
#u #u
ANV M AV

wheref is the function with g-expansionE (q)°=Es.o(g) which is a unit using The-
orem B4.1 and the fact that Es.o(g)=E(q)® is congruent to 1. It follows that the
characteristic power series ofU is the same as that ofU . The reason why this
is an improvement, is that the g-expansion coe cients of Fy are lwasawa func-
tions, so that U preserves the submodule ofA(V) consisting of elements whose
g-expansionsare Ilwasawa functions. This will be used, in a f1sequent article [C-
CPS], to give a conceptual proof of the fact, proven in the apgndix, that the
coe cients of Qn (T) are lwasawa functions and to remove our restriction to the

subspacewW of W.

Suppose that the tame levelN equals 1 for the rest of this section.

For i 2 2Z=w,Z, we have an overconvergent functiont, de ned on V away

from the bers above the zeroes ofL,(1 s; ') such that

E(i)(s; q) = Es;i (q):ES;O(q):

It follows that E(,)jhjl = (d)I E(i) ford 2 Zp.
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Theorem B4.3. Supposei 2 2Z=w,Z. SupposeF is an overconvergent function

on V which satis es
F(1)=1 and Fjdi = '(d)F

for d 2 Z,, then away from the zeroes of Pi(s;1) and Lp(1 s; N,

URi((s;1),U)
Pi(s; 1)

F(s)= E(s): 3

Proof. We know,for k an integer at least 2 andi 2 2Z=w,Z, the U y,-eigensubspace
of M ( ' k) with eigenvalue 1 is one dimensional and spanned by . It follows,

in particular, that

U E(i) = E(i):

Thus 1 T dividesP;(s; T) and since the aforementioned eigenspaces have dimension
one, 1 T divides P;(s;T) simply. Our Riesz theory, the uniqueness of analytic
continuation and the fact that the two sides of (3) agree at the cusps now implies

that it holds whenever both sides are de ned.

Remark B4.4. Overconvergent functions like F certainly exist, for example, we
can take F to be the function (which is \constant in the s direction”) Em;i =Em.0

wherem is an integer at least1.

It is clear that Pi(s;T)=(1 T)= P02(s;T). Then since the polar divisor ofE()

is the divisor of zeroes ofL,(1 s; '), equation (3) implies:
Corollary B4.3.1.  Fori 2 2Z=w,Z, Lp(1 s; ") divides P9 (s;1) in A(B ).

Remarks B4.5. (i) We will show, in a future article, that when i 6 0 or 2, that
PC (s;1) is the product of a unit in A(B ) and the function D( ' 2;s 2) of

Mazur and Wiles [MW]. (ii) Suppose p 1 mod4. If is a non-trivial character
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on the class group on(p ~ p) then

X
(A

A
whereA runs over the ideals ofZ [p ~ pland N A is the norm of A, is the g-expansion
of a weight one cusp form on 1(p) with character = (P Y32 xed by U and
so 'PO(1;T)jtz1 =0 for0 i<h 1 whereh is the class number on(p p).
(iii) In particular, when p 1 mod4, p 23 and p doesn't equal 43, 67 or 161,
Dp( (p 3):2; ]_) =0.

We also deduce from the proof of the theorem,

Corollary B4.5.2.  For eachi 2 2Z=w,Z, Es;(q) is the g-expansion of an over-
convergent family of eigenforms of typei on the complement of the zero locus of
Lp(L s; 1)inB.

B5. Hecke Operators and R-families

In this section we eschew the notion of \radius of overconvegence" (i.e. we
ignore how far into the supersingular region an overconvergnt object converges).
We will prove a qualitative version of the Mazur-Gouvéa corjecture on the existence
of \ R-families" (Conjecture 3 of [GM]) in this section. This conjecture asserts that
for any classical eigenfornmf of weight k, tame levelN and slope there is a nite
at Zp[[T]] algebraR, a power seriesF = P a=1 Q" with coe cients in R and
homomorphisms j:R! C, forj aninteger suchthatjj kj p andj> +1
such that f; (q) := P ,11:1 k(rn)Qq" is the g-expansion of a classical weightf modular
form of tame levelN and slope andf(q) = f(q).

Ford2 (Zz=Nz) Z,, we will let hidii denote htuyii whered, is the projection
of dinto Z,. Recall, K is a either C,, or a complete discretely valued sub eld and

MY(N) is the A(B ) module of families of overconvergent forms.
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We de ne an action of Hecke onMY(N). First, if 12 (Z=NzZ)  Z, we de ne

(Fihi )s(q) = htii *E*>(q) %i“i (0):

fors2B . Whenk 2 Z,
(Fjhli )i = IFyjhli: (0)

Next, generalizing the notation of xB2, if n and M are relatively prime positive
integers, we let (M ;n) denote the congruence subgroup 1(M)\ ¢(n) of SL»(Z)
and X (M ;n) the corresponding modular curve overK. We can repeat all of our
previous constructions and de nitions in this situation and we will use obvious ex-
tensions of our previous notations. For example, if Nn;p) =1, Z(Np™;n) denotes
the rigid connected component of the ordinary locus inX (Np™;n) containing the
cuspl and AY(N;n) denotes the A(B )-algebra of overconvergent functions on
B Z(Nqg;n)overB .

If F is modular form on X1(M) and | is a prime not dividing M, we let FjV,

denote the modular form onX (M ;1) such that

Fii(Y; ;C;! )= F(Yy=C:I * ; 1)
where Y is an elliptic curve, : y ! Y is an injective homomorphism, C is a
cyclic subgroup ofY of orderl, ! is a non-vanishing di erentialon Y, :E! E=C

is the natural isogeny and is its dual. Then

Fivi(d) = F(d):

SinceE (q)=E(q) is congruent to 1 moduloq, and both E and EjV, have weight
(1;0), there is an elemente’ in AY(1;1)  AY(l) whoseg-expansion is € (q)=E(d'))®
and which is invariant under the action of D.

For prime |, let | be the operator onA(B )[[d]]

X X
i anq') = an q:

n n
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Lemma B5.1. For each prime numberl there is a unique continuous operatorT (1)
on MY(N) such that, for F 2 MY(N), whenl| = p,

. F
(FiT(p))s = E°U E—SS ;

when [jN
FIT()(@) = 1(F(d)

and whenl 6 Np
(FiITM)(@) = (F(@)+ | *(Fjhi )(d): 1)

Proof. If | = p, there is nothing to prove. When IjN one may verify this lemma by
rst showing, using a correspondence, in the usual way, thatfor g 2 AY(N), there is
an element inAY(N) with g-expansion (g(q)) (see [Sh,x7.3] or [C-PSI, x8]), and

then observing that

(F@) = E°@ | 26 (@

Now supposel 6 Np. If Gs(q) is the right hand side of (1) (at s),

Gs(0) _
Es(a)

(e @+ 1 i *e *(£2iHi)(d)

which, by the previous discussion, is theg-expansion of a function in AY(N;1).
Moreover, whenk is an integer, Gi is clearly on 1(N), since the specialization
of (1), in this case, is the classical formula for thel-th Hecke operator acting on
the overconvergent modular form Fx of weight k. Now consider, the function in
AY(N;ID), Tr(Gs=E®) (I +1)Gs=E?®, whereTr is the trace map from level (N;I)
to level ;1(N). By what we have said, it is zero whens is an integer. It follows
that it is zero for all s, since it is an analytic function. This implies the lemma as
Tr(Gs=E®)ison 1(N).
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Remark B5.2. Our proof implies that T(l) acts on families of formsFs such
that Fs(g)=E(q)°® converges on some strict neighborhood oB Z1(Nqg) which
depends only onl. With a little more care we can show that one can use the same
neighborhood for alll (at least when p 6 2). The key fact needed to prove this is:
If R is a ring of characteristic p and A is the Hasse invariant form overR, then if
E=R is an elliptic curve, ! generatesH°(E; é:R) and :E! E is an isogeny of

degree prime top,

A(E:! )= A(E; 1)
where : E ! E is the isogeny dual to .

Let T := Tk denote the A(B )-algebra generated overA(B ) by the operators
hdi for d 2 (Z=NqgzZ) and T(l). Similarly, if L is an extension ofK in C, and
k 2 W (L) we may de ne operators hdi, for d2 (Z=NqgzZ) and Tk(l) for primes I.
We let T _x denote the L-algebra generated by these oveL.. We de ne additional
operators T (n), for positive integers n in T by the formal identity:

X Y Y
Tr(:) = @ TOYH*? @ T YR

n 1 IiNp (ENp )=1

where the products are over primed and whenk 2 W (L), we de ne Ty(n) in Ty,

similarly. When, k 2 Z, it follows from equation (0) that hdi, = d*hdi and hence

Tk is the usual Hecke algebra acting on overconvergent weiglt modular forms on
1(N ) (see [G, Chapt. I]).

We now prove the assertions in Remark B3.6(i). Let notation ke as in the proof of
Theorem B3.5inxB3. In particular, 2 D, is arational number andB is a disk in
B aboutanintegerk suchthattheanoid fz2B ALP%2)=0;v(T(2)= ¢
has degree one oveB and s 7! (s;f (s)) is the corresponding section. Also,G is a

function on B W{J which vanishes on the cusps and spans the kernel &f  f in
S()s-
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Lemma B5.3. If the g-expansion ofG is

X
an(s)d";
n 1

then function a;(s) is invertible and ja,(s)=a1(s)) 1lforn lands2 B.

Proof. First, note that Fs(q) := E3(q)G(s)(q) is (the g-expansion of) an eigenform
for T. SupposeT (n)Fs = ¢, (S)Fs. If

X
Fs(g) = b (s)q";

n 1

b (s) = ai(s) and we see that
cn(s)aw(s) = bn(s):

So ifai(sp) = 0, Fs,(g) = 0 and this implies G(sp) = 0. We see this is impossible
using Lemma A2.5 and our Riesz theory.

Now, it is easy to see that the operatorT (I) is bounded by one on the relevant
Banach spaces i 6 p. This and the fact that the coe cients of the characteristic
power series ofU lie in  imply that jc,(s)] 1 for all n. This completes the
proof. g

It is clear that we have a natural homomorphism,h 7! hy, from T onto T for

k2W (L) which takes hdi to hdi, and T(n) to Tyx(n). Also,

Lemma B54. Ifk2W (L),h2T andF 2 MY(N) then
(hF)k = hgFy:

R-families

Before we proceed, we point out that if 2 Q, 6 0O, the slope subspace
of My (N) is canonically isomorphic to the slope subspace ofM/(N) and we
identify the two. For a rigid space U B and an elementF 2 MY(N)y, we let

an(F) 2 A(U) denote the coe cient of " in its g-expansion .

70



Suppose is a rational number, i is an integer such that 0 i < w, and
ko 2B (K). Suppose O<r < j=qj andr 2 jKj such that the slope anoid in
the zero locusZ® of P?(s; T) (i.e., the a noid whose closed points are the closed
points P in Z9 such that v(T(P)) = ) is nite of degree d over the a noid disk
B = Bk [Ko;r]. (Weknowd=d %ko;; ' K)if ko isanintegerandko > +1.) This
disk exists by Corollary A5.5.1. Let A = A(B). SupposeQ is the corresponding
factor of Po(s; T) over B. (Recall, P°(s; T) equalsP? (s; T), which is morally the
characteristic series of theU operator onS(N;i).) Then, Q satis es the hypotheses
of Theorem A5.3, so theA-module N := Ny, (Q), where Ug is the restriction of
U to S(N;i)g, is projective of rank d over A. SinceA is a PID, this module is, in
fact, free. Let R denote the image ofT A in Enda(N). Since Enda(N) is free
of rank d? it follows that R is also free of nite rank. In particular, R is the ring of
rigid analytic functions on an anoid X (R) with a nite morphismto B.

We have anA-bilinear pairing

h; itR N! A
hh; mi = a;(hm):

Similarly, if k2 B (L), we have anL-bilinear pairing h; iy from Ry Ny to L. (In

our previous terminology, we are actually working over the mint (k;i) of W(L).)
Proposition B5.6.  The pairing h; i is perfect.

Proof. First, arguing exactly as in the proof of [H-LE, Thm. 5.3.1], we see that if
h2R,mh;mi =0forall m2 N impliesh =0 and hh;mi =0 for all h2 R implies
m = 0. The key point is that if F 2 N, hTr(n);Fi equals the n-th g-expansion
coe cient of F.

Now if k 2 B(Cp), the same argument yields the same conclusion for the paing
h; iv:Tx Ny ! Cp, but since this is a pairing over a eld, it follows that h; iy

is perfect.

71



SinceA is a PID, it su ces to check that the homomorphism,
‘R Homa(N;A)
(h)(n) = Mh;ni;
is an isomorphism. By Lemma B5.4, ith 2 R and m 2 N, the restriction of hh; mi
to k is thy;mgik. SinceN is free, Homa(N;A)x = Homc, (Nk;Cp). Thus
is an isomorphism for allk 2 B(Cy). This implies is an isomorphism and the

proposition follows.

Corollary B5.6.1.  If kg is an integer andkg > +1, the degree ofX(R)! B is
doko; ; ' M),
Theorem B5.7. SupposeL  C, is a nite extension of K. For x 2 X (R)(L), let

x.R ! L be the corresponding homomorphism and set

X
Fx(q) = x(T(N)q":

n 1

Now supposek is an integer such thatk 2 B(K) andk > +1. Then the mapping
from X (R)x(L) to L[[q]], x 2 X(R)x(L) 7! Fx(q), is a bijection onto the set of
g expansions of classical cuspidal eigenforms orX1(Nq) over L of weight (k;i)

and slope .

Proof. After extending scalars we may supposd. = K. First, suppose x 2
X (R)k(K). Then it follows from the proposition and the freeness ofR that there
isanm 2 N such that (hh;mi)x = x(h). This equals a;(hxmg) by Lemma B5.4.
Since y is homomorphism, my is an eigenform. It also follows that F,(q) is the
g-expansion ofmy and sincek > +1 that my is classical.

Now supposeF (q) = P . 1anq" is the g-expansion of a weightk cuspidal
eigenform on X1(Nq) of weight (k;i) and slope . It follows that F(g) 2 Ng.
Hence gives rise to &K -linear map Ty ! K, (h) = hh;F(qg)ix. SinceF is an
eigenform is a ring homomorphism so corresponds to a poink 2 X (R)kx(K).

Finally, since KT (n);F(q)i = an, Fx(q) = F(q). g
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We can show that the subring of R generated overA°(B) by the T(n) is nite
of degreed over this ring. When r 2 jKj, A°(B) is isomorphic to K °[[T]] where
K 0 is the ring of integers in K. From this, it is not hard to see that the R-family
conjecture of Gouvéa-Mazur would follow from the assertion that the radius r of
the disk B about ko can be chosen to be at leasp

As Glenn Stevens pointed out, we also have
Corollary B5.7.1.  Supposekp is an integer, kg > +1 and F is an eigenform,
new away fromp, on X1(N q) of weight (ko;i) and slope . If i =0, F has character

= N p and U F = aF, suppose in addition that a> 6 y (p)p*° 1. Then there
exists an a noid disk B° containing ko and rigid analytic functions a,(s) on B°

such that if k is an integer strictly greater than + 1 in B°

X
Fe(@ = an(k)g"

n

is the g expansion of a classical cuspidal eigenform oiX 1(N q) of weight (k;i) and

slope which is equal toF if k = ko.
Before beginning the proof we need to discuss families of neferms.

De nition.  We say an overconvergent modular form of weightk (or a family of
overconvergent modular forms) on 1(Nq) is a p-new form (or a family of p%
new forms ) if its image in Mg (d) (or MY(d)) is zero under any of the degeneracy

\trace" maps for any proper divisor d of N.

We note that the image of a classical modular form is new in ths sense if and
only if it is new \away from p."

We denote the Banach module ofp®new forms of weightk by leo "(N) and
of families of p°-new forms by M Y(N )po "™ Now, U acts completely continuously

on this module. We now restrictU to M y(N;i)po "W Let

PP ™(s;T)=det(  TU jMY(N;i)* ™):
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Everything we said above aboutP;(s; T) carries over to Pipo "™ (s:T) and we will
use the same notations. In particular, nowB is an a noid disk such that the slope
anoid in the zero locus of Pipo "W(s;T) is nite over B and R now denotes the
image of T A(B) in the endomorphism ring of the A(B)-module of families of
p%new forms of slope over B. The form F corresponds to a pointx of X (R) by
the theorem. It su ces to prove that the morphism X (R) ! B is unramied at X
for then we will have a sections in a neighborhood ofky such that s(kg) = x and
we may take Fy(q) = Fg for k 2 Z\ B. This assertion follows from the fact that
the classical Hecke algebra acts semi-simply on the space dhssicalp-new forms
on X 1(Np) satisfying the hypotheses of the corollary. This in turn follows from the
well known fact that the Hecke algebra on (M) acts semi-simply on the space of
new forms on (M) for each positive integerM (see [Li, Lemma 6 iii)]), the fact
that the classical p>new forms on ;(pN) is the sum of the new forms on this group
and the images of the new forms on 1(N) and the Lemma 6.4 of [C-CO] which

explains how the U, operator acts on this space*. j

We can also de ne a form or a family of forms to bep®old if it is a sum
of elements in the images oM (d) (or MY(d)) (under the various natural maps)
whered runs over the proper divisors ofN . Although the corresponding statements
about classical forms are true, we do not know if every overaovergent form or
family of such is a sum of ap®-new form and ap®old form or whether, if it is, this
decomposition is unique.

Theorem B5.7 implies that an eigenform of slope lives in a family of eigenforms
of slope , butin fact any form of slope lives in a family of forms of slope . For
eachk 2 B(K)\ Z, specialization gives us a map fronC into the spaceMy(N;i)
of slope forms on 1(Nq) of weight (k;i) (which are classical ifk > +1). We

have,

* See also [CE] which proves that the exceptional case nevercours in weight 2

and discusses its likelihood in higher weights.
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Proposition B5.8.  The map from N to Mg (N;i) is a surjection.

Proof. SupposeF 2 My(N;i) . Then we can certainly produce an elemeniG 2
MY(N;i) which specializes atk to F (if we regard MY(N;i) as functions onV , we
just take G to be the function F=EX on Z;(q) B  which is constant in the B

direction). Let F be the projection into N of the restriction of G to the ber above

B. Since projection commutes with specializationFy = F. j

This gives another proof of Theorem B5.7 in the case in whicld = 1.

B6. Further Results

In this section we will explain how our seriesPy (T) also \controls" forms on
X1(Np™)when (N;p) =1for n 1 (the proofs will appear in [C-CPS]) and indicate
the connection between the results of this paper and the thexy of representations
of the absolute Galois group ofQ.

If 2 Z,, let[ ]denote the corresponding element in the completed group ng

of Z, over Z,. Then there exists a unique injective homomorphism from

into A°(W ) such that, for 2 Z,,,
([ D(s;i) = hhii s ()"
(In other words, [ ] goes to the elementhii *h i in A(B )[D] = A(W ).) It follows
that, for 2 , ( )is bounded onW and
F Olw =101djp
wherej j; ; is one of the absolute values on described inxAl.
We will show,

Theorem B6.1. The seriesQn (T) liesin [[T]] and converges oW  C,,.

We, actually, give one proof of this in the appendix using exficit formulas, but

it is also possible to give a more conceptual proof which we dmm [C-CPS].
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The space of overconvergent forms of leveNp™ of integral weight k together
with an operator Ui is de ned in [C-HCO] (see alsoxB2). For 2 Cand F(T) =
P h oBnT" 2 [[T]] we set (F)T) = P n o (Bn)T": We can map Z, onto
(Z=p'Z) which is naturally a direct factor of (Z=Np™Z) . Hence, we may regard
characters onZ, of conductor p™ as characters on Z=Np™Z) . We also prove in
[C-CPS]:

Theorem B6.2. If (x)= (x)i* wherek is an integer, :Z,! C,isacharac-
ter of nite order and p" = LCM(q;f ), then (Pn)(T) is the characteristic series
of the operator U on overconvergent modular forms of leveNp™, weight k and

character

The analogue of Theorem C is true in these higher levels. In pécular, we prove
in [C-HOC] that any form of weight k and levelNp™ of slope strictly less thank 1
is classical.

The next theorem describes one of the main implication of thecombined results
of this paper and those of [C-CPS]. For an integej and and a character of nite

orderon1+qZ,lets(;j )= @+qg)@+q) 1ands(j)= s(1;j).

Theorem B6.3. Suppose is a character on (Z=gqZ) , k 2 Z, 2 Q and
d(k; ; )=1. Then there exists a real numberR, a subsetS of B (k; R), a function
r:S! Rsuchthatl R >r(a),if s< 1the numberofa?2 S suchthatja s
is nite and moreover, if X(k; ; )= B(k;R) Sazs Bl[a;r(a)], s(k) 2 X(k;; )
there exist rigid analytic functions a,(T), for n 2, on X (k; ; ) bounded by 1
such that if

F(T;d) = g+ a(M)a*+  +a (" +

is a character of nite order on 1+ qZ, andj is an integer such thats(;j ) 2
X(k;; ), F(s(;] );q is the g-expansion of an overconvergent eigenforrf ; of

tame level N, weight j, nite slope and character 1 . Finally, F1.x has slope .
In fact, we can showX (k; ; ) and a,(T) are de ned over Qp.
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We note that one can show that iff is an analytic function on X (k; ; ) bounded
by 1,andifdand earein X(k; ; )suchthatjd b =je Q= js(k) K forall
b2 S, then

if(d) f(e<jd eMaxfl=R;r(b5s(k) b%b2 Sg:

We note that these hypotheses hold whenB[s(k);t] X(k;; ) and d;e 2
X (k; ; ). This implies that Conjecture 2 of [GM] follows from the assertions

(which we don't know how to prove):
() BIsk);p ¢ DT X(k; 5 ),

(i) v(ap(e)) = if e2 B[s(k);p ¢ *V],
(i) R=1and

(iv) r() j s(k) HW2forb2s.

Now, let G(Np) be the Galois group of a maximal extension ofQ unrami ed

outside Np. With Mazur, we prove,

Theorem B6.4. There exists a2-dimensional pseudo-representation : G(Np) !

T o such that, for primes| 6 Np,
Trace( (Froby)) = T(I) and det( (Froby)) = Hi =l

The proof of this is based on the Gouvéa-Hida Theorem (see [GpM Thm.
111.5.6] and [H-NO x1]).

77



Appendix |: Formulas.

Fix a positive integer N primeto p. Let Qn (T) be the characteristic power series
of the operator U acting on overconvergent forms on 1(N q) whose coe cients are
in A(W ), as in xB3.

For an order O in a number eld, let h(O) denote the class number ofO. If is
an algebraic integer, letO be the set of orders inQ( ) containing . Finally, for m
an integer, let W,y denote the nite set of 2 Qp such that Q( ) is an imaginary

guadratic eld, is an algebraic integer,
Normg!’( )= p™ and v()=0: (1)

Theorem 11. SupposeN 4. Then

d X .
Td_TQN (T)=On (T) = AnT

m 1

where A, is the element of A(W ), expressed by the nite sum,

X X [ ]
Ap = h(O)Bn (O; )

2Wpm 020

2 pm

whereBy (O; ) is the number of elements ofO=NO of order N xed under multi-

plication by

(Recall, fora2 Z,, [a] denotes the element of the group of which is the completed

group ring.)

Proof. If 2 W s an arithmetic character the specialization of this formua for
(Qn ) may be proven using the Monsky-Reich trace formula, as in Dwrk [D1], Katz

[K] and Adolphson [A]. The general case follows from the facthat the coe cients

of the powers of T in the seriesQy (T) are an analytic functions on W . g

Another version of the above theorem is:
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Theorem [2. SupposeN 4. Let Y be the component of the ordinary non-
cuspidal locus in the reduction of X1(N q) containing 1 and, for x a closed point
of Y, a(x) 2 Z, the unit root of Frobenius on the ber of E;(Nq)=X1(Ng) above
X. Then,

Y Y
Qn (T) = 1 a(x)r [a(x)]Tdeg(X):a(x)Hz

r 0x2Y

1

where the second product is over closed points of and a(x) is the complex conju-

gate ofa(x) in Zp.

Corollary 12.1. The coe cients of Qn(T), as a series inT, lie in the Iwasawa
algebraZy[[Z]].

This answers a question of [GM-CS].

Also, using Hijikata's application of the Eichler-Selbergtrace formula [Hj], Koike
[Ko] proved the specializations following result to arithmetic characters and the
general case follows by analyticity as above.

Theorem 13.  We have the formula,

d X .
Td_TQl(T):Ql(T) = BmT

m 1

where
X X n) [1 .
w(©O) 2 pm’

By =
2Wpm 020
We note that the specializations of theB,, to B f ig W are all zero, ifi is
odd, as they should be, since there are no overconvergent fos of the corresponding
weights.
One can generalize these formulas to the moduli problems assiated to sub-
groups of GL2(Z=NgZ) in the sense of Katz-Mazur [KM, Chapt. 7] of the form
G Gi(q) where G is a subgroup of GL2(Z=NZ) and G1(q) is the semi-Borel in

GL2(Z=9Z). We will now use the above formulas to prove the existence ohon-
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classical overconvergent eigenforms.

Proposition 14.  Let k be an integer. Then there exist weightk overconvergent

new forms on 1(NQq) of arbitrarily large slope.

Proof. We must show the characteristic power serie$y (k; T) of U acting on the

space of weightk overconvergent new forms on 1(Nq) is not a polynomial. Let

X
TdiTGN (k;T)=Gn (k;T) = Dm(K)T™:

m 1

It su ces to show that the numbers D, (k) are algebraic and are not all de ned
over a nite extension of Q.
For a positive integer n let f (n) be the number of distinct prime divisors of n

and (
( 2)f (™ if nis square free
t(n) =

0 otherwise.
Using (10.2) and the two linearly disjoint degeneracy mapsifom forms on 1(Mq)

to forms on ;(MIq) for primes | and positive integersM prime to p, one can show

Gn (K T):= Y PO_, (k; T)t(N=d):
djN
To simplify the argument, we will complete the proof only in the case in which
N = I' wherel is an odd prime andI' * 5.
SupposeM is any integer at least 5. LetK Qp be a quadratic eld of
discriminant D less than M. Also, suppose for simplicity of exposition that D 6
1 mod4. Then there exists anm 2 N and an element 2 K \ Wy, such that

1 modN Ok where Ok is the maximal order of K. In fact, since N 5,

is the only other element of K \ Wy.m. Then Theorem 12 impliesDp (k) =+
where
X k
= h(O) Bn(O;) 2Bya(0i) 5
020
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and is a sum of elements contained in quadratic elds dierent from K
(BnN(O; ) = Bng(O; ) =0foral O 2 O). The corollary will follow
from the claim: K = Q( ). It is easy to see thatK = Q( k=( 2 p™)) and
Bn(Ok; )= N2 3(N=1)2+2(N=I?)?> 0. Thus all we need verify is that

C(0)=:Bn(0; ) 2Bn=(O; ) O

for all O 2 O . We rst observe that the numbers By (O; ) only depend on
the power of | dividing [Ok : O]. Therefore supposeK has discriminant D and
O = Z[ISp D]isin O . Also suppose =1+ where = N(a+ blrpﬁ) where
a;b2 Z and (I;b) = 1. It follows that r Oandt+r s. Supposex 2 O and x
has orderN modulo NO. Let x = c+ dlspﬁ. Then

p_
X Nbcl" D modN O:

Hence, x  x mod(N=1)O if and only if cI" 0 modI® ! (here whens =0 we
require no condition on c¢) and x x modNO if and only if cl 0 modl*®:

Suppose rstthat r<s 1, then in either caseljc so (d;1) = 1. Thus,

C(O)=1" ¢ I(N N=al) 21 () (Nl N=I?)

= 1" SN(N 3N=l+2N=I?) > 0

Suppose nowr = s 1, then ¢ may be arbitrary in the rst case and ljc in the

second. Thus,

C(0)=(N=I)(N N=l) 2((N=1)* (N=I1%)?)
= N2=l 3(N=1)2+2(N=I?)?> 0;

becausel > 2. Suppose nally that r>s 1. Then,
C(0)= N2 3(N=)2+2(N=I?)2> 0
This establishes the claim. g
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Remarks I5. (1) One may deduce that the eld generated by the coe cients of
Qn(k;T), for any k 2 Z, equals the compositum of all the imaginary quadratic
elds in Qp in which p splits. (2) We expect that the same methods can be used to
prove that there exist overconvergent forms on ;(Np™), of weight k and character
of arbitrarily large slope. (3) This proof gives no information on the distribution

of the weight k slopes.
Combining this proposition with Theorem B5.7 we deduce:

Corollary 14.1.  Given an integerj and a positive integern there exist arbitrarily
large rational numbers such that there are in nitely many integers k j modp"
and classical weightk eigenforms on 1(N q), which are new away fromp, and have

slope .

Remark 16. To prove the existence of arbitrarily large rational numbers  for
which there exist in nitely many weights k such that there are classical forms of
weight k and slope , one could also use Theorem D combined with Gouvéa-Mazur's
method of \proliferation by evil twinning." Indeed, if one h as a classical eigenform
F on 1(Nq) of weight k and slope which is either old or of non-trivial character
at p, there exists another eigenformr 9, the \evil twin" of F, of weight k and slope
k 1 . Using Theorem D, there exists in nitely many weights j for which there is
a classical eigenfornf; of weightj and slope which is either old or has non-trivial
character at p. Hence, the evil twin, F®, of F; has slopej 1 and applying
Theorem D again we deduce the existence of in nitely many wajhts of classical

eigenforms of slopg 1 for eachj.
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Appendix II: A 2-adic example

Although, apart from the results of Appendix I, our theorems have been inex-
plicit, the methods used are strong enough to give explicit esults in any given case.

Throughout this section, we will be working over C».

Theorem I11.  Supposek is an even integer. Then there does not exist an over-
convergent eigenform form on (2), weight k and slope in the interval (0; 3) and if
k 2 mod4 there does not exist one of slope 3. However, K is an integer divisible
by 4, then there exists a unique normalized overconvergentigenform Fy on ((2),
weight k and slope 3. Moreover,

(k k9

Fe(@  Fio(d) mod ™

Zo:

Remarks 112. (i) We know Fg is classical if k 8, by Theorem C. Mathew
Emerton pointed out that F4 is also. In fact, we must haveF4(q) = Ga4(q) Ga(q?) =
G4.0)- (i) We must also have Fi2(g) = ( q) ( @) where is the root of
X2+ 24X + 2 of valuation 8 ( 24 = (2)) and Fg is the unique normalized
cusp form on X(2) of weight 8. (iii) As Mazur pointed out, using the facts that

(2= (2)* andFg(z) =( (22) (2))8, one can show that,
F12(g) Fs(g) mod16

and using the congruences discussed in [SwR1], one can show
Fi2(d) Fa(g) mod32

This and other computations of Emerton suggest that the abow congruence can be
improved to be modulo4(k k9 rather than (k  k9=2.

To prove this theorem we must establish estimates for the 2-dic sizes of the
coe cients of the characteristic series of theU operator. The proof of its entirety,

by its nature, can be used to give upper bounds for these whichltimately allow us
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to ignore most of them when we search for information about foms of a small slope.
We then can use Koike's formula to determine the exact sizesfdhe remaining nite
number.

We identify B = B(0;2) with B f Og W and will restrict the function
Qi1(T) tothe region B Al (as we remarked after Theorem I1 it is identically 1 on
B 1), where we may regard it is the seried (s; T) of Theorem B3.2, by equation
(3) of xB3.

Lemma l13. Let P(s;T)=1+ Cy(s)T + C2(s)T2+  Then,onB , v(Cy(s)) =0

and v(Cy(s)) equals2+ v(s 2)if v(s 2)< 2and is at least 4 otherwise.

Proof. Let

where the square roots are taken so as to be elements of 1 Z4. Note that

1 mod4. We know, from Theorem 13, that

Ci(s) = di(s) and Co(s)= dl(s)zg 2,

where
s 2 2s 4 2 s 2

dl(s):ﬁ and dz(s):1 ) 4+1 ) 5"

Clearly, di(s) has valuation 0 for v(s) > 1. We now investigate the next

coe cient of P(s;T). Itis easy to see that
1 2s S .
Ca(s) é( 9 °) mod 160:

This element of O has valuation equal to 2+v(s 2)if v(s 2)< 2.

Proof of Theorem.

Silverberg suggested considering the family of curves witla point of order 2:

(Ec;Po) i=(y? = x®+ x* + x; (0; 0))

1+ 64c
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c60or 1=64 (c may be thought of as a parameter onXy(2)). The curve isogenous
to E. after dividing out by Pc is Ey,(); wherew is the Atkin-Lehner involution;

w(c) = 1=2'2c: The j -invariants of these curves are

(1+160)3 (1 +256¢)3
. Al A

j(Eo) = :

and | (Ew(c)) =

It follows that E. has potential supersingular reduction if and only if
12<v(c) < 0 so the connected component of the ordinary locus containig O, of
the above model ofX((2), is the disk fc:v(c) Og.
Let be the Tate-Deligne morphism near O (which isw'w where' is the Tate-
Deligne morphism nearl ) which is de ned on a wide open containingB[0; 1]. Since

the point P; of E. is not in the kernel of reduction if ¢ 2 BJ[O; 1], we have:

(c) .
(1+256 (c))3 (1+160)3 @)
This implies
(c) = ¢*G(16c) (2)

for someG(T) 2 Z[[T]] such that G(0) = 1. (This means converges on the disk
v(c) > 4 (which implies that the Hasse invariant of the reduction modulo 2 of a
smooth model ofE. has valuation strictly less than 2=3 (and more importantly, the
Hasse invariant of the reduction ofE,, () has valuation strictly less than 1=3).)

Fora2 C,, v(a) < 0, let V, be the anoid disk fx 2 X¢(2):v(c(x)) v(a)g.
Then, an orthonormal basis forN; := A(Va) is f(c=@" :n  0g. For v(a) > 4,

is a nite morphism from V, to V.2, so we have a mapr? := %Tr ‘Na ! Ngaz:

Now let r denote the restriction map from N,z to N, and U° be the operator on
N2, TO r.

Let 1(Y)= Y?=(1+ Y)3andH(T)= T=1+256T)3: Then we may write

YZ2= A(L(Y)Y + B((Y));
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where A = TAo(T);B = TBo(T) with Ag;Bo 2 Z[[T]] and Bpx(0) = 1. Let e= c=a
and d = c=&. Using the fact that H( (c)) = | (16c)=16%, we conclude,

& =16a (d)K((16a)2 (d)e+ (d)J((16a)? (d))

whereK;J 2 Z[[T]; J(0) = 1. Thus, TY1) =1, TYe) = 8adK ((16a)?d) and, for
P2,
TY€) = (16a)dK (16a)’d)TYe * + dJ (16a)°d T ?):

Thus, if
. X .
u%d) = cj (a)d;
i o

ci =0,if i> 2 ori=0,andj> 0 and

( 2jv (a) if i =2]

v(cij (a)) 24+ v(a) i(4+2v(@) 1 ifi< 2.

Let r; (a) = min; v(c; (a)). Then if, v(a) 3=2,
@  2v(a); (3)

if j> 0 andrg(a) =0.

The form E, (the weight 2 Eisenstein series onXy(2) whose g-expansion is
2E»(¢?) E2(qg)) corresponds to a constant multiple of! = dc=c: We need to
compute E (c) := % 1=l From (2) we deduce,E(c) = 1+ V(8c), for some
V(T) 2 TZ[[T]]. In any case,E(c) 1 mod& for v(c) > 3.

Now we investigate the operator U%f (s;c) 7! r U° ES7?(0)f (s;¢) on the
functions f (s; ) on the region determined by the inequalitiesv(c) > 2 andv(s) >

1 v(c), wherer is the appropriate restriction map (ES=?(c) makes sense on this
region). Now P(s;T) is also the characteristic series of this operator. Suppas

v(a) < 0. Then d" is an \orthonormal basis" for functions on the region (which
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is now an open subdomain) determined by the inequalitiesr(c) v(a) and v(s) >
1 v(a). Suppose
. X .
Ufd)y=  ¢j(a;9)d:
i

P
Writing E(c)s*2 = | ,hn(s)c"; we see that

X
URd)= " a®hy(su%d"*):
n O

So
X 2
cj (a;s) = a"hp(s)cn+ij (a):
n O

Now, ja®"hn(s)j 1 if

v(i@> 1+(1 v(s)=4 (4)

andv(a) > 5=4. We see that, under these conditions, iR; (a) = min ; v(cj (a&;9));
R;(a) = rj(a) and so, using the analogue of the estimates in [85] and (3),

¢ 1

V(Cm (9)) Ri(@  v(@m(m 1) (5)

j=0
This implies that on the disk v(s) > 1,v(Cny(s)) > 3(m 1)if m > 2 (given anysin
this disk we may choose ara suchthat 1>v(a) > 5=4 so that the inequality (4)
holds). SinceE (¢)7? = E(c)(¢ 272(1 + V(8c)), we may also verify this inequality
on the disk v(s 2) > 1. This together with Lemma 113, tells us that all , if
v(s 2)> 1, and all but one, otherwise, of the sides of the Newton polygn P (s; T)
with positive slope have slope strictly greater than 3 and meeover, if v(s) > 1,
the Newton polygon has a side of slope 3 above the interval {2]. This implies all
the assertions of the theorem save the congruence. The congnce follows from

Lemma B5.3.
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Remarks 114. (i) What we have ultimately proven is that there exists a ¢

expansion

F(s;T) == g+ ax(s)q+ as(s)f +

where the a;(s) are power series which converge and are bounded by one on the
disk v(s) > 1 such that F(k;q) = Fx(g). We can show that the a;(s) analytically
continue to rigid analytic functions bounded by one on a wide open containing
fx:v(x) O;v(x 14)< 4g. This implies that the modulus of the congruence in
Theorem 111 may be improved to 2(k k9. (ii) Theorem II1 implies the result

of Hatada [Ha], that each eigenvalue of the Hecke operatorl, acting on the space
cusp forms of level 1 of any weight is divisible by 8. (iii) We have used the above
techniques together with Pari to show that the next smallest slope, after 3, of an
overconvergent modular form of weight O and tame level 1 is 7 rad the dimension

of the space of such forms is 1.

Index of Notation

We record here the rst occurance of a symbol after the introcuction.

Page #
xAl
A EO; AM: | (A):icciriiiiiiiiiiiiiiii 9
2N 1] E RS I I M 1
N AAM o 12
SR AR G
O (Y A I 1
[ I M L)
xA2
PL(T)=det(l TL)::::iooorrooorrrinrrrnnnnnnnnnnnnnnnnnnnnnnnn 17
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Aff o TaQQe s i 23
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xB3
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dik; ; ), dok;; ), d°k;; ), Z% ZO% ), T, (; ), Ug :i:ii:iiiiiiiiiiiiiiiiiii 56
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AY(N), Cooorrr 62
B i 63
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xBS
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T() ool 68
T =Tk, i, Te(l), Tk, T(N), Ti(n):coooorriirirriiniiininiiiiniie9
[ T T ¢ T VRS SSAASSSASSR 1
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leo L= e 73
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