The canonical subgroup of E is Spec R[x]/(xP + mx)

Robert F. Coleman

Let p be a prime. In this note we make explicit some results on the canonical
subgroup of an elliptic curve E over the ring of integers R, of C, implicit in [K-
pPMF]. In particular, if w generates Q}E /R, and F has a canonical subgroup Cpg,
knowlege of the Hasse invariant of the reduction of (E,w) modulo p is equivalent

to knowledge of the pair (Cg,w|cy,).

1. Group Schemes of order p

Let i denote the group of (p — 1)-st roots of unity in Z, and A the subring of Q,
{reZ,3Ine N,p"r e Z[p,1/(p—1)]}.

Suppose R is an A-algebra, eg., a p-adically complete ring with identity. For a € R,
let R, = R[x]/(2P 4+ ax) and B, = Spec R, and for € € u,_1(R), [€], the automor-
phism of B, corresponding to = — ex.

If a # 0, the automorphisms « of B, such that o [¢], = [¢]q 0 a for € € p
are the [y], for v € pp,—1(R). Suppose 3b € R such that ab = p. Because
then, d(z? + ax) = a(1 + bxP~Y)dx and (1 + baxP~1)(1 — b2P~1/(1 — p)) = 1,
Q}BQ/R >~ B,/aB,.

Proposition 1.1. Suppose G is a group scheme of order p over R. Then the R-
module of invariant differentials dq,r on G over R is cyclic and if w is a generator,
there are a,b € R such that ab = p and a unique isomorphism of schemes h: B, — G
such that ho [el, = [e]g o h, for € € p, and h*w = (1 + ba?~1)~*dz. Moreover,
Qc/r = R/aR, a is determined modulo a’R and b is determined modulo pR. In
particular, if R is integrally closed and G is self-dual both a and b are determined

modulo pR.



Proof. We know from [O-T, pp.13-14] that there are universal constants w; € A,
@ > 1, such that wy =1, w; € Z;, j < p, wp = pwp—1 and there are u,v € R such
that uv = w,p, an isomorphism g: B_,, — G over R for which the pullback of the
group law on G to B_,, is

p—1 v

1 : .
F'(X,)Y)=X+Y X'yr—. 1
(X,Y) = X + +1_p;wiwp_i (1)

(Call the group scheme, (B_,, F’), Gy,.) In particular, g o [e]_, = [¢]g o g, for
€ € p. Suppose f(z)dzx is a differential on B_,, invariant with respect to this group

law. Then,

f(x)dz + f(y)dy = f(F(z,y))(F (z,y)dz + F5 (z,y)dy). (2)

In particular, after equating coefficients of dy and then setting y = 0, we have

veP~1

f(0) = f(x)(1 + ) moduR_,.

Wp—1
Thus Q¢ is isomorphic to a sub-R-module of R/uR. We claim it is isomorphic
to R/uR. This is true when u = p and v = w,_; and R = Z,, for then G = p,,.
The claim is equvalent to the statement that wy, = dz/(1 + va?~!/w,_1) is an
invariant differential on G, ,. Let F = F*r-1. Since dz/(1 + zP~1) is an invariant
differential on G q,_,, (2) implies

de Fi(z,y)dx
1+zp~t 1+ F(z,y)r!

on B, over Z,.

Because erP*”pil(aC’y) = F(rz,ry) in Zy[z,y,r], this means

as elements of Z,[[z, v, z]],

1 Fy " (2,y)
= ’ d D
14 zxp—1 1+ zFwr—12 (g, y)p—1 mod (p, z*)

which implies

dz B FY(x,y)dx
L+ovrP~t/w, 1 1+ oF(z,y)P~1 w, 4

on B_, over R,
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which implies dz/(1 + va?~!/w,_1) is an invariant differential on G,,. Thus
Qc/r = R/uR and g*w = r(1 + va?~!/w,_1)dz for some r € R*. Let
a = —ur'™” and b = —v/(wp,_17?"1). Then j:B_, = B, via x — z/r and
(g oj)w = da/(1 + baP~t). So take h = g o j. The uniqueness follows from
the comments before the proposition. The determination of the congruence classes
follows the fact that Qp = B,/aB,.

Finally, the dual of G is isomorphic to By and if G is isomorphic to its dual we

must have b = auP~! fo some unit . g

In particular, when G is potentially self dual (i.e., self dual after a finiite flat
base extension) a and b are both determined mod p. Indeed, in this case, b is a unit
times a. In [OT, pp. 13-14], without fixing a differential, it is shown that there exist
a and b determined up to (p — 1)-st powers of units and an isomorphism B, — G.

We can rephrase the above as follows:

Let G denote the Cartier dual of G so that if S is an R-scheme,

GS)=H gm(G s, (ttp)s). We have a collection of natural homomorphisms

G(S) — QGS/Sa

aT
B b S
=T

This determlnes an isomorphism of group schemes over R/aR

Grjar — V(Qq/R)

where for a ring B and a B-module M, V(M) denotes the associated vectorial
group scheme over B. Giving a generator w of g, g is equivalent to giving an

isomorphism V(Q¢/r) — (Ga)r/ar and so, an isomorphism

Aot Grrar — (Ga)R/aR-

One knows Gy = Gy [O-T] and from (1) we see there is an evident isomor-

phism from (Guv)r/ur O0to (Ga)r/ur. It is easy to see that this isomorphism is
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Aw, ., and

A, dT = wy, moduR.
We conclude from this discussion,

Proposition 1.2. Suppose G is a group scheme of order p, w generates Qg /g, w
generates €~ /R and

A,dT =& mod Anng(QG/r)
Then there exist u,v € R, uv = wp_1 and an isomorphism h: G, — G such thet
h*w = wyy and h*wy, = @.

Moreover, u and v are both determined modulo p.

2. Canonical Subgroups

Theorem 2.1. Suppose R is a subring of C,, E is an elliptic curve over R and w
generates QE/R. Suppose 'H is a lifting of the Hasse invariant of (E,w) modp to R
and v(H) < p/(p+1). Then E has a canonical subgroup Cg and there is a unique
isomorphism h from B,, 3, onto Cg such that ho [e], 3 = [€|cy o h, for e € p and w

pulls back to dz /(1 + HaP~1).
Proof. By [K-pPMF, p. 118], we can choose a local parameter X at 0 on E so that

w = (14 higher order terms)dX
and

P](X) = Xg(XP~ )

where

g(T)=p+HT +> ¢ T"

r>2
and ¢, =0 mod p unless r = 1 mod p. Let
W) = ~g(L)

4



Because v((p/H)*™) > (p+ 1)(1 - p/(p+1)) = 1,

WI)=1+T+Y dT"
r>2
where |d,| <1 and d, — 0 as  — oo. It follows from Weierstrass preparation that
h(T) has a zero uw in R such that |u+ 1| < 1 so g has a zero which equals —p/H
times a (p — 1)-st power. Thus there is an isomorphism & of B, 3 onto Cg such
that h o [€],/3 = [€]oy o h for € € p. The theorem follows from this and the fact

that w pulls back to a differential which is dz modulo z§2p /R 1

The statement in the title makes sense for p > 3 and follows from the theorem
since in this case E,_;(F,w) is a lifting of the Hasse invariant of the reduction of
(E,w) modulo p [K-pPMF, p. 98]. That the Hasse invariant of (E,w) is determined

by (Cg,w|cy) follows from the proposition.

3. E[p]; an example

Let notation be as in Theorem 2.1. Then, E[p| is an extension of Cg by its
Cartier dual. This, the above and results of Breuil (eg. [B, §3.1]) lead one to ask

whether E[p] may have a presentation in the form
SpecRlz, yl/ (¥ + Hz,y” + (p/H)y — bx),

for some b € R. This is true when E has CM by the maximal order in an imaginary
quadratic field in which p splits (in which case E has ordinary reduction and one
can take b to be 0). We verify that it also true in some other cases.

First, suppose R is the ring of integers in an extension of Q, and ¢ > 2. Then
FE has a model with good reduction over R if the j-invariant is integral and all the
2-torsion is defined over K. Indeed, after possibly a quadratic twist, it has a model
y? = x(z — 1)(z — \) which has good reduction iff ) is not near 0, 1 or infinity iff

the j-invariant is integral.



Second, if £ has CM by an order S, 2 splits in S and S C K then all the
2-torsion of F is defined over K. Indeed, for each prime ideal b above 2, there is
only one non-trivial b-torsion point which must therefore be defined over K.

Now suppose p is a prime and FF = Q(y/—p). Then because the prime
P := (/=p) of the maximal order S of F' is principal it splits completely in
the Hilbert class field of F. Therefore, there is an elliptic curve defined over
Fp = Q,(y/—p) with potential CM by S. In fact, by a Galois argument it must
have actual CM by S.

In conclusion, if p + 1 = 0 mod8, there exists an elliptic curve E over
K = Qu[y/—p] with CM by Z[%jp] and a model over R := Z,[\/—p] with good
reduction F.

Since EndgE = Endg, E, [\/—p|g must reduce to plus or minus Frobenius.
We may suppose it reduces to Frobenius. It follows that F := F is a Lubin-Tate

group over R and respect to some parameter T', [\/—p|p(T) = f(T') := /—p-T+T".

Theorem 3.1. Suppose p+ 1 = 0 mod8 and A is a model with good reduction
over the ring of integers R of a finite extension K of Q,(\/—p) of an elliptic curve
with CM by Z[%jp]. Then there exists a choice of \/—p so that

Al = Spec( Blaval/ (s + =5+ .57 + 0oy —a)
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