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1 Introduction

For thelasttwenty-fiveyears,experimentalparticlephysicistsaroundtheworld have tried in vain

to disprove the standardmodelof elementaryparticle interactionsandthe quantumfield theory

framework on which it is built. Moderncolliderscantest the standardmodelasfar asthe 13th

decimalplace,further thanany otherscientifictheoryin history, andyet (exceptingsomerecent

datafrom solarneutrinoexperiments)every high energy experimentis absolutelyconsistentwith

its theoreticalpredictions. Despiteunprecedentedexperimentalsuccess,the standardmodel is

clearly incorrect.Thestandardmodeldoesnot incorporategravity, andnaive attemptsto include

gravity asanothergaugetheoryleadto nonsensicalpredictions(infinite probabilityamplitudes).

Thereare,atthepresent,severalpossiblesolutionsto thisproblemunderinvestigation.Oneso-

lution is that,astwentiethcenturyphysicswasrevolutionizedby thediscovery thatmeasurements

of positionandmomentumdo not commute(which led to quantummechanics)today’s revolution

will be thediscovery thatmeasurementsalongdifferentpositiondirectionsdo not evencommute

with eachother. During the last yearmuchprogresshasbeenmadetowardsunderstandingthe

implicationsthatsucha noncommutativegeometrywouldhaveonour world.

An oldersolutionis to replaceparticles,zero-dimensionalobjectswhichtraceoutone-dimensional

worldlinesin space-time,with strings,one-dimensionalobjectswhich traceout two-dimensional

worldsheets. This solution incorporatesgravity beautifully, with Einstein’s equationappearing

naturallyasa necessaryconditionfor conformalinvariance(or vanishingof thebetafunction for

physics-inclinedreaders).

String theoryhasa shortcomingaswell. While it may well be the correcttheoryof nature,

it is too difficult for humansto solve eventhesimplestproblems,suchasunderstandingthevac-

uum. Perturbationtheoryhasbeen,with only a handfulof exceptions,the only tool availableto

physicistsstudyingquantummechanicalsystems.However it is believedthatfor thevastmajority

of realizationsof string theory, perturbationtheorydoesnot converge. As a result, the primary

focusof theoreticalphysicistsfor thelastfive yearshasbeento try to reducevariousproblemsto

differentproblemsin whichperturbationtheorydoesconverge.Thisendeavor hasled to thestudy

of beautifulwebsof mirror symmetriesandS, T andU dualitiesrelatingvariousregionsof the

solutionspaceof stringtheory. Two yearsagoit led to amoreshockingdiscovery.

It wasconjecturedin Novemberof 1997by JuanMaldacena[1, 2] thatstringtheoryonanAnti-

deSitterspacecanbemappedto aconformalfield theoryonits boundary. Thismeansthat,at least

in a specificcase,stringtheorycanbereducedto a far simplerandbetterunderstoodproblem.To

capitalizeon thisconnectionit is necessaryto understandwhatstringtheorypredictsaboutstrings

propagatingin Anti-deSitterspaceandthe2-manifoldsthatthey traceout.

1



In this paperI will investigatethe simplestcaseof suchpropagation,strings in the three-

dimensionalAnti-de Sitter spaceAdS3 in the classical(non-quantummechanical)limit as de-

scribedrecentlyby JuanMaldacenaand Berkeley’s own Hiroshi Ooguri [3]. I will attemptto

applywhat I have learnedfrom this classto understandandto justify severalof their claims. In

particularI will usetwo differentapproachesto determinewhetherthesestringssweepoutminimal

surfaces,asthey do in flat space.

2 Building Blocks of AdS3

To understandstringpropagationin AdS3 onemustfirst understandthegeometryof AdS3. I will

build thisgeometryupapieceata time,startingwith ahyperbolicspace,extendingit to thegroup

manifoldof SL
�
2 � RI � andthentakingits universalcover.

2.1 The Poincare Disk Model of Hyperbolic Space

A constanttime slice of AdS3 is the two-dimensionalhyperbolicspaceHI 2. This, alongwith the

two-sphereandtwo-dimensionalEuclideanspacearethe only threeisotropicandhomogeneous

simply-connectedtwo-manifoldsand thereforeplay a fundamentalrole in the understandingof

Riemanniantwo-manifolds.In particular, theuniversalcoversof Riemannsurfacesareeachiso-

metricto oneof thesespaces.AdS3 will enjoy asimilarprominenceamongthree-manifolds,being

amongtheeightmodelgeometries.

Over a half dozenpicturesof HI 2 aredevelopedby Thurstonin [4], eachmakingsomesubset

of thecharacteristicsof HI 2 moreapparent.Amongthese,I will be interestedin thePoincaredisk

andhyperboloidmodels.I will begin with a discussionof thePoincarediskmodel.In this model,

HI 2 is an opendisk of radius1 in two-dimensionalEuclideanspace. While topologicallyHI 2 is

just thetwo disk, thenon-Euclideannatureof this spacebecomesapparentwhenoneincludesin

this picturethegeodesics.Thesearearcsof circlesor straightlinesthatorthogonallyintersectthe

boundaryof thePoincaredisk.

The isometriesof HI 2 are generatedby what Ref. [4] calls inversions, which are reflections

acrossgeodesics.More concretely, every geodesicis a restrictionto HI 2 of a circle with some

centerp andradiusr in thecompactifieda RI 2 � HI 2 andfor eachsuchgeodesicthereis anisometry

which takes

q � p � r2 � q � p�
	 ���q � p
� 2 ��
 (2.1)

aI compactifyEuclideanspaceby addingthepoint at infinity, sothat thediametersarerestrictionsof circleswith

infinite radius.
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Figure1: ThePoincarediskwith two geodesics

This,in particular, fixesthecircle. Not only is thisinversionanisometryof HI 2, but Thurstonfurther

claimsthat in factall isometriesof HI 2 arecompositionsof suchisometries.Thurstonalsoshows

that theseisometriespreserve anglesandtake circlesto circles(asshown in Figure2), whereas

above,a line is consideredto bea specialcaseof a circle.

invert about
this arc

A

B

Figure2: Isometriesof HI 2 takecircles(A) to circles(B)

Thecompositionof two isometriesis itself anisometry. In particularconsiderthecomposition

of two isometriesf1 � f2 that are inversionsaboutcirclesC1 andC2 which have an orthogonal

(with respectto theEuclideanmetricof RI 2 � HI 2) intersectionat somepoint q. In fact, thesetwo
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isometriescommuteandfurthermore,becausetheseisometriespreserveangles,theintersectionof

thesecirclesremainsperpendicularafter theactionof eitherisometry. ThetangentspaceTqHI 2 is

spannedby the tangentvectorsto bothcircles,v1 � TqC1 andv2 � TqC2 respectively. From(2.1)

weseethat

D
�
f2 � f1 � � v1 ��� D

�
f2 � � D �

f1 � � v1 ����� D
�
f2 � � v1 ����� v1 (2.2a)

D
�
f2 � f1 � � v2 ��� D

�
f2 � � D �

f1 � � v2 �
��� D
�
f2 � � � v2 ����� v2 (2.2b)

andso

Dq
�
f2 � f1 ����� Id 
 (2.3)

Clearly

q � C1 � C2 � f2 � f1
�
q��� q (2.4)

andsofor everyq � HI 2, thereis aninvolution f2 � f1 whichfixesq. Wehaveshown

Fact 1 HI 2 is a symmetricspace.

Thisargumentwill generalizeto AdS3.

Now allow C1 andC2 to intersectat somearbitraryangleθ. ThenDq
�
f2 � f1 � will rotateTqHI 2

by 2θ. In the caseθ � π 	 2 this is just the involution describedabove. However, becausethere

exists this isometrywhich rotatesthetangentspaceat q by anarbitraryangle,we learnthatHI 2 is

isotropic.This argumentwill notgeneralizeto SL
�
2 � RI � nor to AdS3.

2.2 The Hyperboloid Model of Hyperbolic Space

Considerthree-dimensionalMinkowski (akaLorentz)space,which is RI 3 with thefollowing indef-

inite metric:

ds2 ��� dz2 � dr2 � r2dθ2 
 (2.5)

Thesetof vectors
�
z � 0 � r � θ � of length � 1 is asubsetof TRI 3 �� RI 3 whichformsahyperboloid,the

surfaceof revolution of a hyperbolaaboutthez axis. This hypersurface,with the inducedmetric

from Minkowski space,is alsoHI 2 andin particularis symmetricandsohomogeneous.Thismeans

thatany p � HI 2 is mappedby some(actually, infinitely many, but I will only needone)isometryto

p � �
z � 1 � r � 0� . This is thefixedpointof therevolutionabout(z� r � 0) andsothetangentplane

to HI 2 at p is
�
z � 1 � r � θ � . Theinducedmetricon this tangentplaneis just therestrictionof (2.5) to

thelasttwo coordinates

ds2 � p��� dr2 � p��� r2dθ2 � p� (2.6)

andsois positivedefinite.
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To solve for themetricof HI 2 everywhere,defineρ by

r � : sinh
�
ρ ��
 (2.7)

Then,onHI 2,

z � cosh
�
ρ � (2.8a)

ds2 � � dz2 � dr2 � r2dθ2 � �
� dr
dρ

� 2 � � dz
dρ

� 2 � dρ2 � sinh2 � ρ � dθ2� �
cosh2

�
ρ ��� sinh2 � ρ ��� dρ2 � sinh2 � ρ � dθ2� dρ2 � sinh2 � ρ � dθ2 
 (2.8b)

Now I will usethis to calculatetheLevi-Civita connectionin the
� ∂

∂ρ � ∂
∂θ � basis(usingthestandard

formulathatJost,in Ref. [5], callsCorollary3.3.1)

gρρ � gρρ � 1 � gθθ � sinh2 � ρ ��� gθθ � csch2 � ρ � (2.9a)

Γρ
ρρ � Γθ

ρρ � Γρ
ρθ � Γρ

θρ � Γθ
θθ � 0 (2.9b)

Γρ
θθ � 1

2

�
0 � 0 � 2sinh

�
ρ � cosh

�
ρ �
����� sinh

�
ρ � cosh

�
ρ � (2.9c)

Γθ
θρ � Γθ

ρθ � 1
2

csch2 � ρ � � 2sinh
�
ρ � cosh

�
ρ ����� coth

�
ρ ��
 (2.9d)

I cansolve for theRiemanncurvaturetensorfrom theconnectionusing

Rk
l i j � Γk

jl � i � Γk
il � j � Γk

imΓm
jl � Γk

jmΓm
il 
 (2.10)

Theresultis

Rk
l ii � Rl

l i j � 0 (2.11a)

Rθ
ρθρ ��� Rθ

ρρθ ��� 1 � coth2 � ρ ��� coth2 � ρ ����� 1 (2.11b)

Rρ
θρθ ��� Rρ

θθρ ��� sinh2 � ρ ��� cosh2
�
ρ � � cosh2

�
ρ ����� sinh2 � ρ � (2.11c)

andin particulartheRicci, scalarandsectionalcurvaturesare

Ricρρ ��� 1 � Ricθθ ��� sinh2 � ρ ��� R ��� 2 � Curv ��� 1 
 (2.12)

I havedemonstrated

Fact 2 H2 is homogeneousandhasconstantnegativesectionalcurvature.
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Thegeodesicequationsin HI 2 are

ρ̈ � sinh
�
ρ � cosh

�
ρ � θ̇θ̇ � 0 � θ̈ � coth

�
ρ � ρ̇θ̇ � 0 
 (2.13)

Usingthehomogeneity, ageodesicthroughany pointq � HI 2 canbemapped,by anisometryof HI 2,

to ageodesicthroughρ � 0. Theoneparameterfamily of curvesof constantθ satisfythegeodesic

equationandpassthroughρ � 0. Thesecurvesareall of the geodesicspassingthroughρ � 0

asthey are the imagevia expρ ! 0 of all of the rayspassingthroughthe origin of Tρ ! 0HI 2. Then

thehomogeneityargumentimplies thatall othergeodesicscanbe obtainedby themapsinduced

on the constantθ geodesicsby the isometriesof HI 2. In particular, as the constantθ curvesare

embeddedin HI 2, no geodesicsform closedloopsandso HI 2 is simply connected(asthe shortest

loop in eachnontrivial homotopy classis a geodesic).Noticealsothat thegeodesicsof constant

θ diverge monotonicallywith ρ, andthereforeall geodesicsin HI 2 diverge. This agreeswith the

descriptiongivenin classof negativecurvaturein termsof a repulsiveforce.Thegeneralizationof

this statementto AdS3 will tell usthatobserversat restwith respectto eachotherat onemoment

will eventuallydrift apart.

2.3 SL(2,RI )

In termsof thePauli sigmamatrices,thefundamentalrepresentationof theLie algebrasl
�
2 � RI � is

generatedby

σ1 � 1
2

"
0 1

1 0 # � � iσ2 � 1
2

"
0 � 1

1 0 # � σ3 � 1
2

"
1 0

0 � 1 # (2.14a)$
σ1 �
� iσ2 % � σ3 � $ � iσ2 � σ3 % � σ1 � $

σ3 � σ1 % � iσ2 
 (2.14b)

Any elementof thecorrespondingLie group,SL
�
2 � RI � , in the fundamentalrepresentationcanbe

writtenasanexponentialof sl
�
2 � RI � generators

g � e& t ' θ ( iσ2 ) 2eρσ3e& t * θ ( iσ2 ) 2� "
cos

�
t � cosh

�
ρ � � cos

�
θ � sinh

�
ρ � sin

�
t � cosh

�
ρ �+� sin

�
θ � sinh

�
ρ �� sin

�
t � cosh

�
ρ �+� sin

�
θ � sinh

�
ρ � cos

�
t � cosh

�
ρ �+� cos

�
θ � sinh

�
ρ � # 
 (2.15)

Noticethattheaboveparameterizationof SL
�
2 � RI � is periodicin botht andθ with period2π. I will

usetheindefinitemetric

ds2 ��� cosh2
�
ρ � dt2 � dρ2 � sinh2 � ρ � dθ2 (2.16)

which,on a line elementatfixedt, is themetricof HI 2. Thuswe seethat
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Fact 3 Thefixedtimeslicesof thegroupmanifoldSL
�
2 � RI � are identicalcopiesof HI 2.

In particular, becauseall timeslicesareidentical,time translation

t � t � δ (2.17)

is an isometryof SL
�
2 � RI � . This isometrytakesany t to any t , , while the isometriesof HI 2 canbe

extendedto SL
�
2 � RI � by fixing t.

Takingthesemidirectproductof bothkindsof isometry, onefindsa transitivegroupof isome-

triesandthus

Corollary 1 ThegroupmanifoldSL
�
2 � RI � is homogeneous.

Actually therearemany moreisometriesthanjust the three-dimensionalspaceof isometriesde-

scribedabove. For example,time reversalis in a non-identitycomponentof the spaceof all i-

sometries.We will be interestedin thesix-dimensionalgroupof isometriescorrespondingto left

andright multiplication by arbitrarygroupelements.The spaceof isometriescannothave more

thansix dimensions,aseachdimensionof isometryis generatedby Killing vectorfields, which

areJacobifields. But we know that thespaceof Jacobifields is isomorphicto thespaceof initial

conditions(vectorsandderivatives)of the Jacobiequation,which is 2n � 6-dimensional.Thus

six is anupperboundon thedimensionalityof thespaceof isometriesimposedby theform of the

Jacobiequation.

Thenon-vanishingChristoffel symbolsare

gρρ � gρρ � 1 � gθθ � sinh2 � ρ ��� gθθ � csch2 � ρ � (2.18a)

gtt ��� cosh2
�
ρ ��� gtt ��� sech2 � ρ � (2.18b)

Γθ
θρ � Γθ

ρθ � coth
�
ρ � (2.18c)

Γρ
θθ ��� Γρ

tt ��� sinh
�
ρ � cosh

�
ρ � (2.18d)

Γt
tρ � Γt

ρt � 1
2

sech2 � ρ � � 2sinh
�
ρ � cosh

�
ρ ����� tanh

�
ρ ��
 (2.18e)

Thefollowing componentsof theRiemanncurvaturetensorarenon-vanishing

Rθ
ρθρ ��� Rθ

ρρθ ��� 1 (2.19a)

Rρ
θρθ ��� Rρ

θθρ ��� sinh2 � ρ � (2.19b)

Rt
ρtρ ��� Rt

ρρt ��� 1 (2.19c)

7



Rρ
tρt ��� Rρ

ttρ � cosh2
�
ρ � (2.19d)

Rθ
tθt ��� Rθ

ttθ � cosh2
�
ρ � (2.19e)

Rt
θtθ ��� Rt

θθt ��� sinh2 � ρ ��
 (2.19f)

TheRicci, scalarandall sectionalcurvaturesaretherefore

Ricρρ ��� 2 � Ricθθ ��� 2sinh2 � ρ ��� Rictt � 2cosh2
�
ρ ��� R ��� 6 � Curv ��� 1 


(2.20)

To understandthetopologyandgeometryof SL
�
2 � RI � andthetransitionto AdS3 it will proveuseful

to consideranalternatebasis.Rewrite thegeneralelementof SL
�
2 � RI � in theform

g � "
cos

�
t � cosh

�
ρ � � cos

�
θ � sinh

�
ρ � sin

�
t � cosh

�
ρ �+� sin

�
θ � sinh

�
ρ �� sin

�
t � cosh

�
ρ �+� sin

�
θ � sinh

�
ρ � cos

�
t � cosh

�
ρ �+� cos

�
θ � sinh

�
ρ � #� "

X* 1 � X1 X0 � X2� X0 � X2 X* 1 � X1 # (2.21)

whereXi arerestrictedto thesolutionsof

X2* 1 � X2
0 � X2

1 � X2
2 � 1 (2.22)

in theLorentzianspacewith

ds2 ��� dX2* 1 � dX2
0 � dX2

1 � dX2
2 
 (2.23)

The parameterization(2.21) is an isometricembeddingfrom the subsetof the Lorentzianspace

noncontractible
loop

Figure3: X2 � 0 Cross-sectionof SL
�
2 � RI �

E2 � 2 thatsatisfies(2.22)to thegroupmanifoldSL
�
2 � RI � . This hypersurfaceis easyto visualize,it

is thejust aproductof ahyperboloidwith coordinates�.-
X2* 1 � X2

0 � X1 � X2 � (2.24)
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with acirclewhoseangularcoordinatesatisfies

tan
�
t �/� X0

X* 1

 (2.25)

Claim 1 Theabovemetricis theKilling metricof sl
�
2 � RI � .

Proof 1 TheKilling metricof sl
�
2 � RI � is 012

1 0 0

0 � 1 0

0 0 1

3546 
 (2.26)

Considerthe short arc sweptby acting expg
�
ε � on an arbitrary g � SL

�
2 � RI � . Theimage of g is

(droppingall termsof orderε2)

g, � expg
�
ε � g � "

1 � ε3 ε1 � ε2

ε1 � ε2 1 � ε3 # "
X* 1 � X1 X0 � X2� X0 � X2 X* 1 � X1 #� " �

1 � ε3 � � X* 1 � X1 ��� �
ε2 � ε1 � � X0 � X2 � �

1 � ε3 � � X0 � X2 � � �
ε1 � ε2 � � X* 1 � X1 ��

ε1 � ε2 � � X* 1 � X1 ��� �
ε3 � 1� � X0 � X2 � �

ε1 � ε2 � � X0 � X2 � � �
1 � ε3 � � X* 1 � X1 �7#� "

X ,* 1 � X ,1 X ,0 � X ,2� X ,0 � X ,2 X ,* 1 � X ,1 # (2.27)

Therefore

X ,* 1 � X* 1 � ε2X0 � ε3X1 � ε1X2

X ,0 � � ε2X* 1 � X0 � ε1X1 � ε3X2

X ,1 � ε3X* 1 � ε1X0 � X1 � ε2X2

X ,2 � � ε1X* 1 � ε3X0 � ε2X1 � X2 
 (2.28)

Usingthemetric(2.23),thesmallarc tracedout by this exponentialmaphasa lengthsquared(to

leadingorder in ε)

ds2 � � dX2* 1 � dX2
0 � dX2

1 � dX2
2� � � ε2X0 � ε3X1 � ε1X2 � 2 � � � ε2X* 1 � ε1X1 � ε3X2 � 2� �

ε3X* 1 � ε1X0 � ε2X2 � 2 � � � ε1X* 1 � ε3X0 � ε2X1 � 2� ε2
1 � ε2

2 � ε2
3 (2.29)

which agreeswith thenormsquaredof ε � sl
�
2 � RI � usingtheKilling metric.
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Corollary 2 Themetricis bi-invariant.

Claim 2 Thefundamentalgroupof SL
�
2 � RI � is π1

�
SL

�
2 � RI �
��� ZZ.

Proof 2 Deformationretracteach hyperboloidby

Ft : SL
�
2 � RI ��� SL

�
2 � RI � :

�
X* 1 � X0 � X1 � X2 ��8� (2.30)� - 1 � �

1 � t � 2 � X2
1 � X2

2 �-
1 � X2

1 � X2
2

X* 1 � - 1 � �
1 � t � 2 � X2

1 � X2
2 �-

1 � X2
1 � X2

2

X0 � � 1 � t � X1 � � 1 � t � X2 �
andsoweseethatSL

�
2 � RI � is homotopyequivalentto thecircle.

Thehyperboloidsthatarefixed time cross-sectionsof SL
�
2 � RI � aresimply copiesof HI 2. This

meansthat,if we arewilling to sacrificeour embeddinginto E2 � 2, we couldreplacethefixedtime

sliceswith Poincaredisks,asthesealsorealizeHI 2. In thiscaseourspacewouldappearto beadisk

crossacircleor equivalentlyasolid torus.

3 AdS3

3.1 The Space

At lastwe arereadyto constructAdS3. Simply take theuniversalcover of SL
�
2 � RI � . In themodel

whereSL
�
2 � RI � is adiskcrossedwith acircle,thisgivesasolidcylinderof infinite height(time),as

seenin Figure4. Dueto its extraordinaryamountof symmetry, thisspaceplaysacritical rolein 3D

geometryasoneof theeight three-dimensionalmodelgeometries[4] (SL
�
2 � RI � would have been

a modelgeometry, but modelgeometrieshave to besimply connected.)AdS3 is homogeneous,as

time translationis still anisometryaftertakingtheuniversalcover andtheisometriesof thefixed

time slicesHI 2 areunchanged.Not only is AdS3 homogeneous,but in fact it is itself a Lie group

[6], realizedby thefollowing transformationsof RI

x 8� x � 2πa � iln
1 � ze* ix

1 � z̄eix 
 (3.1)

We will beinterestedin thesurfacesthatmoving stringstraceout in AdS3. Thesimplestsuch

surfacesaregeodesics,correspondingto stringscontractedto a point. Thus,our first goalwill be

to find thegeodesicsof AdS3. To do this it will suffice to begin with only a few geodesicspassing

throughtheorigin, asisometrieswill allow usto constructtheothergeodesicsfrom these[3].
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time
rho

theta

horizon

Figure4: TheCylindricalModelof AdS3

3.2 The Geodesics

Thegeodesicequationsare

ρ̈ � sinh
�
ρ � cosh

�
ρ � � ṫṫ � θ̇θ̇ ��� 0 (3.2a)

θ̈ � coth
�
ρ � ρ̇θ̇ � 0 � ẗ � tanh

�
ρ � ρ̇ṫ � 0 
 (3.2b)

Thesethreecoupledsecondorderdifferentialequationsaredifficult to solve,andso,following [3],

I will find somesimplegeodesicsin SL
�
2 � RI � , acton themwith the isometriesgivenby the right

andleft groupmultiplicationandthenlift thesegeodesicsontotheuniversalcover.

Themetricis bi-invariantandsothegeodesicsthroughtheorigin arepreciselytheoneparam-

etersubgroups.Perhapsthesimplestof theseis

g � "
cos

�
s� sin

�
s�� sin

�
s� cos

�
s� # (3.3)

or alternately, in thehyperboloidpicture(or AdS3),

t � s� ρ � 0 
 (3.4)

Thisdescribesaparticleat rest,at theorigin, traveling throughtime. Ref. [3] claimsthatageneral

timelike geodesicis just (3.3) left andright multiplied by arbitraryconstantmatricesin SL
�
2 � RI �

(thisgivessix dimensionsof geodesics,which is plausibleastherearesix dimensionsof solutions
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to theJacobiequation).To lift thesegeodesicsinto AdS3, onemaywrite thedesiredgeodesicin

termsof ρ � θ andt asin (3.4)andthenallow t to run overall reals.

I will giveanexampleof anontrivial timelikegeodesicusingtheisometrygivenby left multi-

plication(fix α)

g � "
cosh

�
α � sinh

�
α �

sinh
�
α � cosh

�
α � # "

cos
�
s� sin

�
s�� sin

�
s� cos

�
s� #� "

cosh
�
α � cos

�
s�+� sinh

�
α � sin

�
s� cosh

�
α � sin

�
s� � sinh

�
α � cos

�
s�

sinh
�
α � cos

�
s�+� cosh

�
α � sin

�
s� sinh

�
α � sin

�
s� � cosh

�
α � cos

�
s�9# (3.5)

which lifts to thegeodesic

ρ � α � t � s� θ ��� s � π
2

 (3.6)

Notice that this solvesthe geodesicequations(3.2). Both this geodesicandthe simpletimelike

geodesicpresentedearliercanbefoundsketchedfreehandin Figure5.

time

theta

Figure5: Two TimelikeGeodesicsin AdS3

Similarly, thesimplestspacelikegeodesicis

g � "
es 0

0 e* s # (3.7)

or alternately

t � 0 � ρ � s� θ � 0 
 (3.8)
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For brevity I have allowed ρ to be negative, negative ρ just meansaddπ to θ. Again, Ref. [3]

claims that all spacelike geodesicscan be attainedby left and right multiplication of (3.7) by

constantelementsof SL
�
2 � RI � . For example,

g � "
cos

�
α � sin

�
α �� sin

�
α � cos

�
α �:# "

es 0

0 e* s #� "
cos

�
α � es sin

�
α � e* s� sin

�
α � es cos

�
α � e* s # (3.9)

which lifts to thegeodesic

ρ � s� t � θ � α 
 (3.10)

Both of thesegeodesicscorrespondto lines at constanttime andangleextendingto the horizon

(theseareboth quite trivial examplesof spacelike geodesics.)Thesegeodesicsareillustratedin

Figure6.

time

theta

Figure6: Two Spacelike Geodesicsin AdS3

It took mea little morework to find a lightlike geodesic.I beganby consideringgeodesicsat

θ � 0 andsothenull conditionon a line segmentgave

0 � ds2 ��� cosh2
�
ρ � dt2 � dρ2 (3.11)

whichdescribesafirst orderdifferentialequationsolvedby integrating

dt � sech
�
ρ � dρ 
 (3.12)
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After picking my favorite boundaryconditionsI found

s � tan
� t
2
��� tanh

� ρ
2
� (3.13)

wheres is thevariablethat I will useto parametrizedthenull geodesic.After theapplicationof

sometrigonometricidentities,theinclusionof theworldsheetis seento be

g � 1
1 � s2

"
1 � 2s � s2 2s� 2s 1 � 2s � s2 # (3.14)

or alternately

t � sin* 1 � 2s
1 � s2 ��� ρ � sinh* 1 � 2s

1 � s2 ��� θ � 0 
 (3.15)

Noticethatats � 0 thegeodesicis at theorigin while ats � 1 it is at thehorizon.Thesecorrespond

to t � 0 andt � π 	 2 respectively andsolight canreachthehorizonin finite time.

As anotherexampleof a lightlikegeodesicconsider

g � "
1 s

0 1 # (3.16)

or equivalently

θ ��� π
2
� sinhρ � s

2
� sin

�
t �/� s	 2;

1 � s2 	 4 
 (3.17)

When s � 0 the light leaves the origin and at s � ∞ it reachesthe horizon. Thesetwo points

correspondagainto timest � 0 andt � π 	 2 andsoagainwe seethat light canreachthehorizon

in time π 	 2. In fact,by homogeneity, all observerswill believe that light from themreachesthe

horizonin time π 	 2, althoughthey will not agreeon thedirectionof thetimeaxis.

This mayseemlike a featureof a badchoiceof coordinates,but actuallyit hasconsequences

thatarefrightfully apparentto any residentof a smallAdS3. Light leaving anobserver will reach

the horizonin every directionandreflectbackfrom the horizonb in time π. This meansthat, if

theuniverseis relatively empty, whicheverwayanobserver looks,hewill seehimselfashewasπ
momentsbefore.Thetrajectoryof someof theselight raysis illustratedin figure7.

bLight doesnotnecessarilybouncebackfrom thehorizon.As describedin Ref.[7], to defineafield theoryin AdS3

oneneedsto defineCauchysurfaces(surfacessuchthat,if a field andits derivativeareunknown on thesurfaces,they

areknown everywhere).Thereis nouniqueway to do this,but if oneimposesenergy andmomentumconservationon

AdS3, onefindsreflectiveboundaryconditionswhich forcelight approachingtheboundaryto reflect.
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time

theta

light light

t=pi/2

t=pi

t=0

observer sees
himself

observerat t=0

at t=0

Figure7: An IntrospectiveObserver in AdS3

4 Strings in AdS3

4.1 The Wess Zumino Witten Model

Following Ref. [3] I will considerstringspropagatingon the Cartesianproductof AdS3 andan

arbitrarycompactmanifoldN. Thechoiceof N will beunimportantin thefollowing discussionas

thedegreesof freedomof the inclusioninto N will decouplefrom thedegreesof freedomof the

inclusioninto AdS3 (with oneexceptionto bedescribedbelow).

I will usetheSL
�
2 � RI � WessZuminoWitten (WZW) modelof stringpropagation[8] in AdS3.

In this model,astringtrajectoryis describedby anAdS3-valuedfunctiong̃ on asurfacecalledthe

worldsheetwhich describesthe inclusionof the worldsheetinto AdS3 andwhoseimageis inter-

pretedasthesurfacein space-timesweptout by thestring. Local coordinateson theworldsheet

arecalledσ andτ, andthereis acomplex structurewith complex coordinates

x<=� σ > iτ (4.1)

makingtheworldsheeta Riemannsurface.

Associatedto everyworldsheetis theWZW action,whichis theintegralovertheworldsheetof

a kinetic termplustheintegralof a total derivative termovera three-manifoldM whoseboundary

is theworldsheet:

SWZW � k
8π ? dσdτhabTr

�
�
g * 1∂ag� � g * 1∂bg�
��� k

24π ? M
d3xεi jkTr

�
�
g * 1∂ig� � g * 1∂ jg� � g * 1∂kg�
��


(4.2)
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Herek is a real number, hab is the inverseof the worldsheetmetric, @ a � b A run over σ andτ and@ i � j � k A index a basisof a tangentspaceto any manifold boundedby the worldsheetwhich is

mappedto M by anextensionof the inclusionof theworldsheetinto AdS3. g is theprojectionof

g̃ ontoSL
�
2 � RI � . Thechoiceof M is not unique;however, becauseH3 � AdS3 �B� 0 andthesecond

termis atotalderivative,thechoiceof M will notaffect theaction.For compactLie groupsH3 C� 0

andso in thatcaseoneforceseiS to beuniquelydefinedby imposinga quantizationconditionon

k.

Thegeneralsolutionof theequationsof motionobtainedby varyingg andextremizingSWZW

is

g
�
x��� g' � x' � g * � x* � (4.3)

whereg' andg * arearbitrarySL
�
2 � RI � valuedfunctions.I will considerthecasewheretheworld-

sheetis theRiemannsphereandσ andτ arepolarcoordinatesin thecoordinatepatchnot including

thenorthpole. (In particular, σ is thelongitude.)And soanecessaryconditionfor g to beglobally

definedis

g
�
σ � τ ��� g

�
σ � 2π � τ ��
 (4.4)

Theequationsof motionfrom varyinghab arethatthestresstensor(definedto bethevariation

of theactionwith respectto theworldsheetmetric)vanishes.However the full stresstensoralso

containsaconstantcontributionfromthestresstensorof thecompactmanifoldN mentionedabove.

Thus the stresstensoron AdS3 is merely restrictedto be an arbitraryconstant. Notice that the

geodesicsare the solutionsto the equationsof motion that correspondto stringscollapsedto a

point.

Givenany solutiong to theequationsof motionobtainedfrom theaction(4.2)andtheperiod-

icity (4.4), anothersolutiong, is givenby an operationcalled(for reasonsthat I will not explain

here)spectralflow

g, � g, ' � x' � g, * � x * � (4.5a)

g, ' � x' ��� e
1
2ωxD iσ2g' � x' ��� g, * � x * ��� g * � x* � e1

2ωxE iσ2 (4.5b)

or equivalently

t � t � ωτ � θ � θ � ωσ (4.6)

whereω is anarbitraryinteger.
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4.2 An Example

If we apply thespectralflow (4.6) to thetimelikegeodesics(3.6),with ω � 1, then,aftera minor

reparametrization,I obtainthecylinders

ρ � α � t � σ � θ � τ 
 (4.7)

Thereforethesecylindersareexamplesof worldsheetsembeddedin AdS3.

Claim 3 Thesecylindersarenotminimalsurfaces.

I will show this usingtwo distinct methods.First, I will calculatethe secondfundamentalform

anduseit to show that the meancurvatureis not zero. Second,I will show that the coordinate

functionsarenotharmonic.

Theprincipalcurvaturesaretheeigenvaluesof thesecondfundamentalform

S∂
∂ρ

� ∂
∂θ

��� ��F
∂

∂θ

∂
∂ρ

��GH� Γθ
θρ

∂
∂θ

� cosh
�
ρ �

sinh
�
ρ � ∂

∂θ
(4.8a)

S ∂
∂ρ

� ∂
∂t
��� ��F

∂
∂t

∂
∂ρ

� G � Γθ
tρ

∂
∂t

� sinh
�
ρ �

cosh
�
ρ � ∂

∂t

 (4.8b)

Thustheprincipalcurvaturesare

κ1 � cosh
�
ρ �

sinh
�
ρ � � κ2 � sinh

�
ρ �

cosh
�
ρ � (4.9)

which do not sumto zeroandsothemeancurvatureis non-vanishing.Thus,thesestringsdo not

sweepoutminimal surfaces,asdo stringsin flat space.

Next, I will show that theabove coordinatefunctions(4.7) for theseworldsheetsarenot har-

monic.Thecoordinatefunctionsare�
ρ
�
σ � τ ��� t � σ � τ ��� θ � σ � τ ���I� �

α � τ � σ � (4.10)

whosederivativesare

D f � 012
0 0

0 1

1 0

3546 
 (4.11)

Thustheinducedmetricon theworldsheetis

gσσ �KJ ∂
∂σ

� ∂
∂σ L ��J ∂

∂θ
� ∂
∂θ L � sinh2 � α � (4.12a)
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gστ � gtθ � gτσ � 0 (4.12b)

gττ �MJ ∂
∂τ

� ∂
∂τ L �MJ ∂

∂t
� ∂
∂t L ��� cosh2

�
α � (4.12c); � det

�
g��� sinh

�
α � cosh

�
α ��
 (4.12d)

The metric is constanton eachcylindrical worldsheetM (they arehomogeneoussubmanifolds)

andsotheLaplace-Beltramioperatoronthecoordinatefunctionsis alinearcombinationof second

derivativesof thecoordinatefunctions.However thecoordinatefunctionsarelinearin σ andτ and

sothey areannihilatedby theLaplace-Beltramioperator:N
Mρ � N

Mt � N
Mθ � 0 
 (4.13)

ThusJost’scondition(3.6.35)from Ref.[5] for thecoordinatefunctionsto beharmonicandthere-

fore for thecylinderM to beminimal is thatthefollowing expressionmustvanish:

gαβΓ j
ik

∂ f i

∂xα
∂ f k

∂xβ � sinh2 � α � Γ j
θθ � cosh2

�
α � Γ j

tt � sinh
�
α � cosh

�
α � C� 0 
 (4.14)

Againweseethatthesestringsdonotsweepout minimal surfaces.

5 Conclusion

I have alwaysbelieved,basedon intuition from stringsincludedin flat space-time[9], thatstrings

sweepout minimal surfaces.Stringtheory, asI have learnedit, is alwaysmotivatedby a general-

izationof generalrelativity, whereAction=Arc Lengthis replacedby Action=SurfaceArea. When

arriving at my above conclusionI wascertainthatI wasincorrect.However I have foundno flaw

in my calculationsandhave now verifiedmy resultin two very differentways.Thusmy intuition

for the propagationof stringsin curved spaceis forever changed.Next, I will needto continue

to studytheseworldsheetsin Anti-de Sitterspace(andmaybeWZW on S3 �� SU
�
2� ) until I have

developeda new, superiorgeometricdescriptionof theWZW action.
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