April 27,2000
Stringsin AdSz

J.EVSLIN*

Departmenof Physics University of California
Berlkeley, California 94720

Abstract

| studythegeometryof Anti-de Sitterspaceandits constantime hypersurceshyperbolic
space.l discussstring propagatioron this spaceandfinally answerthe question,’'Do strings
in Anti-de Sitter spacesweepout minimal surfaces?”

*E-Malil: jarah@uclink4.ber&ley.edu



1 Introduction

For the lasttwenty-five years experimentalparticlephysicistsaroundthe world have tried in vain
to disprove the standardmodel of elementaryparticle interactionsand the quantumfield theory
framewnork on which it is built. Moderncolliders cantestthe standardnodelasfar asthe 13th
decimalplace,furtherthanary otherscientifictheoryin history, andyet (exceptingsomerecent
datafrom solarneutrinoexperiments)every high enegy experimentis absolutelyconsistentvith
its theoreticalpredictions. Despiteunprecedenteéxperimentalsuccessthe standardmodel is
clearlyincorrect. The standardnodeldoesnot incorporategravity, andnave attemptso include
gravity asanothergaugetheoryleadto nonsensicapredictiong(infinite probabilityamplitudes).

Thereare,atthepresentseveralpossiblesolutionsto this problemunderinvestigation Oneso-
lution is that,astwentiethcenturyphysicswasrevolutionizedby the discovery thatmeasurements
of positionandmomentundo not commute(which led to quantummechanicsjoday’s revolution
will bethediscovery thatmeasurementalongdifferentpositiondirectionsdo not evencommute
with eachother During the last year much progresshasbeenmadetowardsunderstandindghe
implicationsthatsucha noncommutatie geometrywould have on our world.

An oldersolutionisto replaceparticles zero-dimensionabjectswvhichtraceoutone-dimensional
worldlinesin space-timewith strings,one-dimensionabbjectswhich traceout two-dimensional
worldsheets This solution incorporateggravity beautifully, with Einsteins equationappearing
naturallyasa necessargonditionfor conformalinvariance(or vanishingof the betafunction for
physics-inclinedeaders).

String theory hasa shortcomingaswell. While it may well be the correcttheory of nature,
it is too difficult for humango solve eventhe simplestproblems suchasunderstandinghe vac-
uum. Perturbatiortheoryhasbeen,with only a handful of exceptions.the only tool availableto
physicistsstudyingquantummechanicasystemsHoweverit is believedthatfor the vastmajority
of realizationsof string theory perturbationtheory doesnot corverge. As a result,the primary
focusof theoreticalphysicistsfor thelastfive yearshasbeento try to reducevariousproblemsto
differentproblemsin which perturbatiortheorydoescorverge. This endeaor hasled to the study
of beautifulwebsof mirror symmetriesandS, T andU dualitiesrelating variousregions of the
solutionspaceof stringtheory Two yearsagoit ledto a moreshockingdiscovery.

It wasconjecturedn Novemberof 1997by JuanMaldacendl, 2] thatstringtheoryonanAnti-
deSitterspacecanbe mappedo a conformalfield theoryonits boundary This meanghat,atleast
in a specificcase stringtheorycanbereducedo afar simplerandbetterunderstoogroblem.To
capitalizeon this connectiont is necessaryo understanavhatstringtheorypredictsaboutstrings
propagatingn Anti-de Sitter spaceandthe 2-manifoldsthatthey traceout.



In this paperl will investigatethe simplestcaseof such propagation,stringsin the three-
dimensionalAnti-de Sitter spaceAdS; in the classical(non-quantummechanical)limit as de-
scribedrecentlyby JuanMaldacenaand Berkeley’s own Hiroshi Ooguri [3]. | will attemptto
applywhat| have learnedfrom this classto understanagndto justify several of their claims. In
particularl will usetwo differentapproachet determinevhetherthesestringssweepoutminimal
surfacesasthey doin flat space.

2 Building Blocks of AdS;

To understandtring propagatiorin AdSs onemustfirst understandhe geometryof AdSs. | will
build this geometryup a pieceat atime, startingwith a hyperbolicspacegxtendingit to thegroup
manifold of SL(2, R) andthentakingits universalcover.

2.1 ThePoincare Disk M odel of Hyperbolic Space

A constantime slice of AdS; is the two-dimensionahyperbolicspaceH?. This, alongwith the
two-sphereand two-dimensionaEuclideanspaceare the only threeisotropicand homogeneous
simply-connectedwo-manifoldsand thereforeplay a fundamentakole in the understandingf
Riemanniartwo-manifolds. In particular the universalcoversof Riemannsurfacesare eachiso-
metricto oneof thesespacesAdS; will enjoy asimilar prominenceamongthree-manifoldsbeing
amongthe eightmodelgeometries.

Over a half dozenpicturesof H aredevelopedby Thurstonin [4], eachmakingsomesubset
of the characteristicef H moreapparentAmongthese] will beinterestedn the Poincaredisk
andhyperboloidmodels.I will begin with a discussiorof the Poincaredisk model. In this model,
H is an opendisk of radius1 in two-dimensionaEuclideanspace. While topologically H is
just the two disk, the non-Euclideamatureof this spacebecomesapparenivhenoneincludesin
this picturethe geodesicsThesearearcsof circlesor straightlinesthatorthogonallyintersecthe
boundaryof the Poincaredisk.

The isometriesof K are generatedby what Ref. [4] calls inversions which are reflections
acrossgeodesics.More concretely every geodesids a restrictionto H of a circle with some
centerp andradiusr in thecompactified Rz > H andfor eachsuchgeodesithereis anisometry
which takes

q — p+ré(a—p)/(ja—pl?). (2.1)
8 compactifyEuclideanspaceby addingthe point atinfinity, sothatthe diametersarerestrictionsof circleswith
infinite radius.




Figurel: ThePoincaredisk with two geodesics

This,in particular fixesthecircle. Not only is thisinversionanisometryof H, but Thurstorfurther
claimsthatin factall isometriesof H? arecompositionf suchisometries.Thurstonalsoshavs
thattheseisometriespresere anglesandtake circlesto circles(asshown in Figure 2), whereas
above, aline is consideredo be a specialcaseof a circle.

Figure2: Isometriesof H take circles(A) to circles(B)

Thecompositionof two isometrieds itself anisometry In particularconsideithe composition
of two isometriesf;, fp thatareinversionsaboutcirclesC; andC, which have an orthogonal
(with respecto the Euclideanmetric of Rz > H?) intersectiorat somepoint g. In fact, thesetwo
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isometriecommuteandfurthermore pecaus¢éhesasometriepresere anglestheintersectiorof
thesecirclesremainsperpendiculaafter the actionof eitherisometry Thetangentspacequl-l2 is
spannedy the tangentvectorsto bothcircles,v; € ToCy andv, € TqCo respectiely. From(2.1)
we seethat

D(fz0 f1)(v1) = D(f2)(D(f1)(v1)) =D(f2)(v1) = —v1 (2.2a)
D(fzo f1)(v2) = D(f2)(D(f1)(v2)) = D(f2)(—V2) = —Vv2 (2.2b)
andso
Dq(f20 f1) = —Id. (2.3)
Clearly
geCinC; = faofi(gq)=q (2.4)

andsofor every g € H2, thereis aninvolution f, o f; which fixesg. We have shovn
Fact 1 H is a symmetricspace

Thisargumentwill generalizéo AdSs.

Now allow C; andC; to intersectat somearbitraryangle®. ThenDq(f20 f1) will rotateTqI-I2
by 20. In the caseB = 11/2 this is just the involution describedabove. However, becausehere
existsthis isometrywhich rotatesthe tangentspaceat q by anarbitraryangle,we learnthat H is
isotropic. This agumentwill notgeneralizéo SL(2, R) norto AdSs.

2.2 TheHyperboloid Model of Hyperbolic Space

Considetthree-dimensionalinkowski (akaLorentz)spacewhichis R with thefollowing indef-
inite metric:
ds? = —dZ +dr? 4 r2de?. (2.5)

Thesetof vectors(z > 0,r,8) of length—1 is asubsebf TR = R which formsa hyperboloid the
surfaceof revolution of a hyperbolaaboutthe z axis. This hypersur&ce,with the inducedmetric
from Minkowski spacejs alsoH andin particularis symmetricandsohomogeneousThis means
thatary p € H is mappedy some(actually infinitely mary, but| will only needone)isometryto
p=(z=1,r =0). Thisis thefixedpointof therevolution about(z r = 0) andsothetangeniplane
to H atpis (z= 1,r,0). Theinducedmetricon this tangentplaneis just therestrictionof (2.5)to
thelasttwo coordinates

ds*(p) = dr?(p) +r°de*(p) (2.6)

andsois positive definite.



To solve for themetricof H everywheredefinep by

r =:sinh(p). (2.7)
Then,on K,
z=cosHp) (2.8a)
42 = —d2+dr2+r2de? = (27— (92207 1 sint?(p)de?
dp dp

= (costt(p) —sintt(p))dp?+ sink?(p)de?
= dp?+sintf(p)de?. (2.8b)

Now | will usethisto calculatethe Levi-Civita connectiorin the(ai, %) basis(usingthestandard

p
formulathatJost,in Ref.[5], callsCorollary3.3.1)

gp =0 =1 deo=sintf(p), g% =csd’(p) (2.92)
Moo ="po=Tpo=",=T8e=0 (2.9b)
I'ge = %(0—1—0— 2sinh(p) cosh(p)) = —sinh(p) cosHp) (2.9¢)
1 .
Mgo="he= ECSChZ(p)(ZSInI‘(p) cosh{p)) = coth(p). (2.9d)
| cansolve for the Riemanncurvaturetensorfrom the connectiorusing
R =S =+ —rarm. (2.10)
Theresultis
leii = F#ij =0 (2.11a)
Rlgp = —R3pe = —1+ cott?(p) — cott(p) = —1 (2.11b)
Ropo = —Rgp = — SinfP(p) — cost(p) + cost(p) = —sint?(p) (2.11c)
andin particularthe Ricci, scalarandsectionakurvaturesare
Rico=—1, Rigg=—sintf(p), R=-2, Curv=-L1 (2.12)
| have demonstrated

Fact 2 H? is homa@eneousand hasconstannegativesectionalcurvatue.



Thegeodesi@quationsn H are
p—sinh(p) cosi{p)88 =0, B+ coth(p)pd = 0. (2.13)

Usingthehomogeneityageodesithroughary pointq € H canbemappedby anisometryof H?,
to ageodesichroughp = 0. Theoneparametefamily of curvesof constan® satisfythegeodesic
equationand passthroughp = 0. Thesecurvesareall of the geodesicpassingthroughp =0
asthey arethe imagevia expp—o of all of the rays passingthroughthe origin of Tp:olHZ. Then
the homogeneityargumentimplies thatall othergeodesicsanbe obtainedby the mapsinduced
on the constantd geodesicdy the isometriesof H2. In particular asthe constantd curvesare
embeddedn H, no geodesicgorm closedloopsandso H is simply connectedasthe shortest
loop in eachnontrivial homotopy classis a geodesic).Notice alsothatthe geodesic®f constant
8 diverge monotonicallywith p, andthereforeall geodesicsn H diverge. This agreeswith the
descriptiongivenin classof negative curvaturein termsof arepulsveforce. Thegeneralizatiorof
this statemento AdSs will tell usthatobserersat restwith respecto eachotherat onemoment
will eventuallydrift apart.

23 SL(2R

In termsof the Pauli sigmamatrices the fundamentalepresentationf the Lie algebrasl(2,R) is
generatedby

1/0 1 . 1(0 -1 1{1 O
0O1= = , —l0p = = , 03= = 2.14a
! 2(1 o> 2 2(1 o) 3 2(0—1) (2.142)

[01,—i02] =03, [—i02,03] =01, [03,01] =i02. (2.14b)

Any elementof the correspondind-ie group,SL(2,R), in the fundamentalepresentatioanbe
written asanexponentialof sl(2, R) generators

g = elt+0)ioz/2pusg(t-6)ioy/2

coqt) cosh{p) + cog0)sinh(p) sin(t) cosip) — sin(6) sinh(p) 915
—sin(t) cosk{p) — sin(B) sinh(p) cogt) cosh{p) —cogB) sinh(p) - (219)

Noticethattheabove parameterizatioof SL(2, R) is periodicin botht and6 with period2rt | will
usetheindefinitemetric

ds? = — costf(p)dt? + dp? + sink?(p)de? (2.16)

which, on aline elementatfixedst, is the metricof H2. Thuswe seethat
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Fact 3 Thefixedtime slicesof the groupmanifoldSL(2, R) are identical copiesof H.

In particular becausall time slicesareidentical,time translation
t > t+0 (2.17)

is anisometryof SL(2,R). This isometrytakesary t to ary t’, while theisometriesof H? canbe
extendedo S.(2,R) by fixing t.

Takingthe semidirectproductof bothkinds of isometry onefindsatransitve groupof isome-
triesandthus

Corollary 1 ThegroupmanifoldSL(2, R) is hom@eneous.

Actually thereare mary moreisometriesthanjust the three-dimensionadpaceof isometriesde-
scribedabove. For example,time reversalis in a non-identitycomponenof the spaceof all i-
sometriesWe will beinterestedn the six-dimensionafroupof isometriescorrespondingo left
andright multiplication by arbitrary group elements.The spaceof isometriescannothave more
thansix dimensionsaseachdimensionof isometryis generatedy Killing vectorfields, which
areJacobifields. But we know thatthe spaceof Jacobifieldsis isomorphicto the spaceof initial
conditions(vectorsand derivatives) of the Jacobiequation,which is 2n = 6-dimensional. Thus
six is anupperboundon the dimensionalityof the spaceof isometriesmposedby theform of the
Jacobiequation.
Thenon-vanishingChristofel symbolsare

Jp=0"=1 gee=sintf(p), ¢*=cst?(p) (2.18a)
g =—costf(p),  g"=—set*(p) (2.18b)
8o = Mpo = coth(p) (2.18c)
[§e = —T& = —sinh(p) cost{p) (2.18d)
1 .
Mo ="Tht = ésemz(p)(ZSlnh(p) cosh(p)) = tanh(p). (2.18e)
Thefollowing component®f the Riemanncurvaturetensorarenon-vanishing
o _ o _
Rosp = —Rppe = —1 (2.19a)
Rgpo = —Rgp = — SiNfF(p) (2.19b)
Rotp = —Rppt = —1 (2.19¢)
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Rt = —Rip, = cosif(p (2.19d)
Rt = —Rae = cosif(p (2.19€)
Rt = —Rber = — Sint(p). (2.19f)

TheRicci, scalarandall sectionalkcurvaturesaretherefore

)
)

Ricp = —2,  Riggg = —2sintf(p),  Riat =2cost(p), R=-6, Curv=-—1,
(2.20)
To understandhetopologyandgeometryof SL(2, R) andthetransitionto AdSs it will prove useful
to consideranalternatebasis.Rewrite thegenerakelementof SL(2,R) in theform

_ cogt) coshp) +cog0) sinh(p)  sin(t) cosk{p) — sin(8) sinh(p)
9= —sin(t) cosh{p) —sin(B) sinh(p) cogt)coshp) —cogB) sinh(p)

_ (_Kxifii XXoXX) @2.21)
whereX; arerestrictedto the solutionsof
X2 +XG—X2-X2=1 (2.22)
in the Lorentzianspacewith
ds? = —dX2; — dXZ + dX? + dX3. (2.23)

The parameterizatioif2.21)is anisometricembeddingrom the subsetf the Lorentzianspace

/N

noncontractible
loop

Figure3: X, = 0 Cross-sectionf SL(2,R)

E%2 thatsatisfieg2.22)to the groupmanifold SL(2, R). This hypersuréceis easyto visualize,it
is thejust a productof a hyperboloidwith coordinates

(1/X21+ X8, X1, %) (2.24)
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with acircle whoseangularcoordinatesatisfies

tan(t) = xﬁjl‘ (2.25)

Claim 1 Theabovemetricis theKilling metricof sl(2,R).

Proof 1 TheKilling metricof sl(2,R) is

1 0 0
0 -1 0 |. (2.26)
0 0 1

Considerthe shortarc sweptby acting expg(e) on an arbitrary g € SL.(2,R). Theimage of g is
(droppingall termsof order £2)

l1+e3 €g—¢& Xa+Xp X=X
€1+€& 1l-—¢&3 —Xo—Xo X_1—Xg

(1+e3)(Xo1+X1) + (2—81) (Xo+X2)  (1+83)(Xo—X2) + (81— €2) (X1 +X4)
(e1+&2) (X1 +X1) + (83— 1)(Xo+X2) (€1+82)(Xo—X2) + (1 —€3)(X_1—X1)

- / ! ! / ( : )
_XO_XZ X—1_X1

/

g = expg(e)g:(

Theefore

XLy = Xoi+e&Xo+e3X1+€1X

Xy = —€2X_1+Xo—€1X1+E3%0
Xi = e3X_1—€1Xo+ X1+ €2X2
Xé = —&1X_1—&3Xg— &2X1 + Xo. (2.28)

Usingthe metric(2.23),the smallarc tracedout by this exponentialmaphasa lengthsquaed(to
leadingorderin €)

d$ = —dX?;—dX§+dXZ+dxZ
= —(e2X0+€3X1 — £1%2)% — (—€2X_1 — £1X1 + £3%0)?
+(e3X_1 — £1X0 + €2X2) 2 4 (—€1X_1 — £3%0 — £2%1)?
= e5—e5+¢€5 (2.29)

which agreeswith thenormsquaedof € € sl(2, R) usingtheKilling metric.
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Corollary 2 Themetricis bi-invariant.
Claim 2 Thefundamentagroupof SL(2,R) isTy(SL(2,R)) = Z.
Proof 2 Deformationretract ead hyperboloidby

R: SL(2,R — SL(2,R) : (X_1,X0, X1, X2) — (2.30)
(\/1+(1—t)2(X12+X22)X_ V/1+ (=120 +X3)

1,
\/ 1+ X2+ X2 \/1+ X2+ X2

andsoweseethat 3. (2, R) is homotopyequivalento thecircle.

Xo, (1—t)X1, (1—t)X2)

The hyperboloidsthat arefixed time cross-sectionsf SL(2, R) aresimply copiesof H. This
meanghat,if we arewilling to sacrificeour embeddingnto E>?, we couldreplacethe fixedtime
sliceswith Poincaralisks,asthesealsorealizeH. In this caseour spacevould appeato beadisk
crossacircle or equialentlya solid torus.

3 AdSs

3.1 The Space

At lastwe arereadyto constructAdS;. Simply take the universalcover of SL(2,R). In themodel
whereSL(2, R) is adisk crossedvith acircle, this givesa solid cylinder of infinite height(time), as
seenn Figure4. Dueto its extraordinaryamountof symmetrythis spaceplaysacritical rolein 3D
geometryasoneof the eightthree-dimensionainodelgeometrieg4] (SL(2, R) would have been
amodelgeometrybut modelgeometriehave to be simply connected.AdS; is homogeneouss
time translationis still anisometryaftertaking the universalcover andthe isometriesof the fixed
time slicesH? areunchangedNot only is AdS; homogeneougyut in factit is itself a Lie group
[6], realizedby thefollowing transformation®f R

1—ze X

X—= X+2ma—iln —.
X 17

(3.1)

We will beinterestedn the surfacesthatmoving stringstraceoutin AdSs. The simplestsuch
surfacesaregeodesicsgorrespondingo stringscontractedo a point. Thus,our first goalwill be
to find thegeodesic®f AdSs. To do thisit will suffice to begin with only afew geodesicpassing
throughtheorigin, asisometrieswill allow usto constructhe othergeodesicérom thes€3].
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horizon \/

\

Figure4: The Cylindrical Model of AdS3

3.2 The Geodesics

Thegeodesiequationsare

P+ sinh(p) coshp)(tt — 66) = 0 (3.2a)
6+coth(p)pd=0,  f+tanh(p)pt =0. (3.2b)

Thesehreecoupledsecondrderdifferentialequationsaredifficult to solve,andso, following [3],
| will find somesimplegeodesicsn S.(2,R), acton themwith the isometriesgiven by the right
andleft groupmultiplicationandthenlift thesegeodesic®ntothe universalcover.

Themetricis bi-invariantandsothe geodesicshroughthe origin arepreciselythe oneparam-
etersubgroupsPerhapshe simplestof theses

:( cogs) sin(s) ) (3.3)

—sin(s) cogs)
or alternatelyin the hyperboloidpicture(or AdSs),
t=s, p=0. (3.4)

This describes particleatrest,attheorigin, traveling throughtime. Ref. [3] claimsthatageneral
timelike geodesids just (3.3) left andright multiplied by arbitrary constantmatricesin SL.(2, R)
(this givessix dimensionof geodesicswhichis plausibleastherearesix dimensionf solutions
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to the Jacobiequation).To lift thesegeodesicsnto AdSs, one may write the desiredgeodesidn
termsof p, 6 andt asin (3.4) andthenallow t to run over all reals.

| will giveanexampleof anontrivial timelike geodesiaisingtheisometrygivenby left multi-
plication(fix a)

_ cosha) sinh(a) coqs) sin(s)
9= sinh(a) cosKa) —sin(s) cogs)
B cosHa) cogs) —sinh(a)sin(s) cosHa)sin(s) + sinh(a) cog(s) 3.5
B sinh(a) cogs) — cosHa) sin(s) sinh(a) sin(s) + cosia) cogs) (3:5)
which lifts to thegeodesic
p=a, t=s, B0=—-s— g (3.6)

Notice that this solvesthe geodesicequationg3.2). Both this geodesicandthe simpletimelike
geodesi@resenteaarliercanbefoundsketchedreehandn Figure5.

Figure5: Two Timelike Geodesicen AdSs

Similarly, thesimplestspacelile geodesigs

e 0
g=< 0 es) (3.7)

t=0, p=Ss, 8=0. (3.8)

or alternately



For brevity | have allowed p to be negative, negative p just meansaddtto 6. Again, Ref. [3]
claimsthat all spacelile geodesican be attainedby left and right multiplication of (3.7) by
constanelementf SL(2,R). For example,

. coqa) sin(a) e 0
9= —sin(a) coga) 0 e5

; —S
co.s(O()eS sin(a)e (3.9)
—sin(a)e® coqa)e®
which lifts to thegeodesic

Both of thesegeodesicsorrespondo lines at constanttime and angleextendingto the horizon
(theseare both quite trivial examplesof spacelike geodesics.)Thesegeodesicareillustratedin
Figure6.

T

Figure6: Two Spacelile Geodesicén AdS3

It took meallittle morework to find alightlik e geodesicl beganby consideringgeodesicat
0 = 0 andsothenull conditionon aline segmentgave

0= ds? = — cosHf(p)dt?+ dp? (3.11)
which describesfirst orderdifferentialequationsolvedby integrating

dt = sech{p)dp. (3.12)
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After picking my favorite boundaryconditionsl found
s:tan(%) :tanl*(g) (3.13)

wheres is the variablethat| will useto parametrizedhe null geodesic.After the applicationof
sometrigonometricidentities,theinclusionof theworldsheeis seento be

1 1+2s— & 2s
- 3.14
g 1—32< _2s 1—23—52) (3.14)

or alternately
t =sin~Y(

S . .1, 28
m), p = sinh 1(1—32)’ 8 =0. (3.15)

Noticethatats= 0 thegeodesigs attheorigin while ats= 1it is atthehorizon. Thesecorrespond
tot = 0 andt = 1/2 respectrely andsolight canreachthe horizonin finite time.
As anotherexampleof alightlik e geodesiconsider

1 s
g:<o 1) (3.16)

s/2
Whens = 0 the light leavesthe origin andat s = « it reacheghe horizon. Thesetwo points
correspondgainto timest = 0 andt = 11/2 andso againwe seethatlight canreachthe horizon
in time 1/2. In fact, by homogeneityall obsererswill believe thatlight from themreacheghe
horizonin time 11/2, althoughthey will notagreeon thedirectionof thetime axis.

This may seemlik e a featureof a badchoiceof coordinatesbut actuallyit hasconsequences
thatarefrightfully apparento ary residentof a smallAdS®. Light leaving anobsererwill reach
the horizonin every directionandreflectbackfrom the horizorP in time Tt This meansthat, if
theuniverseis relatively empty whichever way anobsenrerlooks, hewill seehimselfashewastt
momentsbefore. Thetrajectoryof someof thesdight raysis illustratedin figure 7.

or equialently

11 : S :
6= ~5 sinhp = > sin(t) = (3.17)

bLight doesnot necessarilppouncebackfrom thehorizon.As describedn Ref.[7], to defineafield theoryin AdSs
oneneeddo defineCauchysurfacegsurfacessuchthat,if afield andits derivative areunknavn onthe surfacesthey
areknown everywhere).Thereis no uniqueway to dothis, but if oneimposesnegy andmomentunconserationon
AdS®, onefindsreflectiveboundaryconditionswhich force light approachinghe boundaryto reflect.
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himselfat t=0 “"i//

t=pi

t=pi/2

t=0

wio//

Figure7: An Introspectve Obsererin AdSs

4 Stringsin AdS;

4.1 TheWessZumino Witten M odd

Following Ref. [3] | will considerstringspropagatingon the Cartesianproductof AdS; andan
arbitrarycompactmanifoldN. Thechoiceof N will beunimportanin thefollowing discussioras
the degreesof freedomof theinclusioninto N will decouplefrom the degreesof freedomof the
inclusioninto AdSs (with oneexceptionto bedescribedelow).

| will usethe SL(2,R) WessZumino Witten (WZW) modelof string propagatior{8] in AdSs.
In this model,a stringtrajectoryis describedy an AdSs-valuedfunction§ on a surfacecalledthe
worldsheetwhich describeghe inclusionof the worldsheetinto AdSs andwhoseimageis inter-
pretedasthe surfacein space-timesweptout by the string. Local coordinateson the worldsheet
arecalledo andt, andthereis a complex structurewith complex coordinates

Xt =0+it (4.1)

makingtheworldsheet Riemannsurface.

Associatedo everyworldsheets the WZW action,whichis theintegral overtheworldsheebf
akinetictermplustheintegral of atotal derivative termover athree-manifoldVl whoseboundary
is theworldsheet:

Swzw = - / dodth®Tr((g"0a0) (9™ "0bg)) + / d*xe'™*Tr ((97*0ig)(97"0;0) (97 '3k@))-
4.2)
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Herek is a real number h?® is the inverseof the worldsheetmetric, {a, b} run over o andt and
{i, J,k} index a basisof a tangentspaceto ary manifold boundedby the worldsheetwhich is
mappedo M by anextensionof the inclusionof the worldsheeinto AdSs. g is the projectionof
g onto SL(2,R). Thechoiceof M is not unique;however, becauséd3(AdS;) = 0 andthe second
termis atotal derivative, thechoiceof M will notaffecttheaction.For compactLie groupsH3 = 0
andsoin thatcaseoneforcese’ to be uniquelydefinedby imposinga quantizationconditionon
k.
The generakolutionof the equationsof motion obtainedby varying g andextremizing Syzw

is

g9 = g+(x")g-(x") (4.3)
whereg, andg_ arearbitrarySL(2, R) valuedfunctions.| will consideithe casewheretheworld-
sheeis theRiemanmsphereando andt arepolarcoordinates$n the coordinatgatchnotincluding
thenorthpole. (In particular o is thelongitude.)And soa necessargonditionfor g to beglobally
definedis

g(o,1) =g(o+2m 7). (4.4)

Theequationof motionfrom varyinghyp, arethatthe stresgensor(definedto bethevariation
of the actionwith respecto the worldsheetmetric) vanishes.However the full stressensoralso
containsaaconstantontributionfrom thestresgensorof thecompacmanifoldN mentionedabove.
Thusthe stresstensoron AdSs is merely restrictedto be an arbitrary constant. Notice that the
geodesicsare the solutionsto the equationsof motion that correspondo stringscollapsedto a
point.

Givenary solutiong to the equationsof motion obtainedfrom the action(4.2) andthe period-
icity (4.4), anothersolutiond' is givenby an operationcalled (for reasonghat | will not explain
here)spectraflow

g =d, (x")g_(x7) (4.5a)
g (x") = e lo2g, (x*), g (x7) =g (x")erx o (4.5b)

or equivalently
t — t4 wr, 0 - 0+wo (4.6)

wherew is anarbitraryinteger.
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4.2 An Example

If we applythe spectrafflow (4.6)to thetimelike geodesic$3.6), with w = 1, then,aftera minor
reparametrizatior, obtainthe cylinders

Thereforethesecylindersareexamplesof worldsheete@mbeddedn AdSs.

Claim 3 Thesecylinders are not minimalsurfaces.

| will shaw this usingtwo distinct methods.First, | will calculatethe secondfundamentaform
anduseit to showv thatthe meancurvatureis not zero. Second, will showv thatthe coordinate
functionsarenotharmonic.

The principal curvaturesarethe eigervaluesof the secondundamentaform

0 _ coshp) 0
@
% S (56 ) Vs, ap) "oogg = sinh(p) 96 (4.82)
0 sinh(p) 0
— L_r$ -
a (6t) =V 6p) Mogt = coshp) ot (4.80)
Thusthe principal curvaturesare
_ cosh(p) __sinh(p)
K1= sinh(p)’ K2= cosh(p) (4.9)

which do not sumto zeroandsothe meancurvatureis non-\vanishing. Thus,thesestringsdo not
sweepout minimal surfacesasdo stringsin flat space.

Next, | will shav thatthe above coordinatefunctions(4.7) for theseworldsheetsare not har
monic. The coordinatdunctionsare

(p(o,1),t(0,1),6(0,1)) = (0, T,0) (4.10)
whosederivativesare
00
Df=| 0 1 (4.11)
10
Thustheinducedmetricontheworldsheets
0 0 0 0 .
Goo = (51 3-) = (557 3g) = SinNfF(a) (4.12a)
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ot =019 =0wc=0 (4.12b)

d 0 0 0
Ot = <a, E> = <a, a) = —COSf‘?(CX) (4.12¢)
v/ —det(g) = sinh(a) cosHa). (4.12d)

The metric is constanton eachcylindrical worldsheetM (they are homogeneousubmanifolds)
andsothelLaplace-Beltramoperatoronthe coordinatgunctionsis alinearcombinationof second
derivativesof the coordinatdunctions.However the coordinatgunctionsarelinearin o andt and
sothey areannihilatedoy the Laplace-Beltramoperator:

Amp = Ant = ApB8 = 0. (4.13)

ThusJosts condition(3.6.35)from Ref. [5] for the coordinatgfunctionsto be harmonicandthere-
fore for thecylinder M to be minimal is thatthefollowing expressiormustvanish:

apr) a_fla_fk
Ik gxa gxB

Againwe seethatthesestringsdo not sweepout minimal surfaces.

= sinf?(a) L, + costf(a)I}, = sinh(a) cosha) # 0. (4.14)

5 Conclusion

| have alwaysbelieved,basedon intuition from stringsincludedin flat space-timg9], thatstrings
sweepout minimal surfaces.Stringtheory asl have learnedit, is alwaysmotivatedby a general-
izationof generakelativity, whereAction=Arc Lengthis replacedoy Action=SurfaceArea When
arriving at my above conclusionl wascertainthatl wasincorrect. However | have found no flaw

in my calculationsandhave now verifiedmy resultin two very differentways. Thusmy intuition

for the propagatiorof stringsin curved spaceis forever changed.Next, | will needto continue
to studytheseworldsheetsn Anti-de Sitter spaceg(andmaybeWzW on S* 22 U (2)) until | have

developeda new, superiorgeometricdescriptionof the WZW action.
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