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FOREWORD

These five essays consolidate several parts of the subject of topo-
logical manifolds that were brought within reach by our two short
articles [Kij] and [KS ! published in 1969. Many of the theorems
proved here were announced by usin [KS3] [KS4] [Sijgl . Certainly
we have not labored in isolation; our bibliography bears clear
testimony to this !

Preliminary versions of segments of these essays (particularly
Essay I ) have been in limited circulation since early 1970. Polycopied
versions of all five were released in August 1972 (from Orsay), and
reissued in November 1973.

The final camera-ready manuscript was prepared by the second
author, Wanda Jones, and Arlene Spurlock during 1974 and 1975 using
the IBM selectric composer system (hitherto exploited but little by
mathematicians, cf. [Whole, p. 435] ) . G. Blattmann inked the drawings.

Essential moral support and criticism were contributed by our
colleagues, particularly by R. D. Edwards; and a multitude of errata and
points needing revision were tracked down by: R. D. Edwards, A. Fathi,
L. Guillou, H. Hihl, M. Handel, A. Marin, M. Scharlemann, R. Stern,

J. Viisdla, Y.-M. Visetti. (It is a statistical certainty that many errata
(or worse) persist. With our readers’ assistance we hope to keep a list
available upon request. )

Important direct or indirect support has come during this period
from several institutions, including the NSF (USA), the CNRS (France),
and our home institutions.

For all these contributions, large and small, to the successful com-
pletion of this monograph, we are happy to express our heartfelt thanks.

Robion C. Kirby Laurence C. Siebenmann
University of California Université de Paris-Sud
Berkeley, CA 94720 91405 Orsay
USA France
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GUIDE

Ample introduction to these five essays is provided by our three
articles [Kij] [KSy1 [Sijgl (of the combined bibliography) that have
been reprinted as annexes to this volume. There the reader will find
motivation and get a preliminary view of the whole subject.

The interdependence of the essays is roughly as follows:

Essay | Essay 11
Deformation of smooth - Deformation of
and piecewise linear sliced families of
manifold structures, manifold structures
¢ Y )
Essay 111 Essay 1V EssayV
Some basic theorems Stable classification of Classification of
about topological smooth and piecewise sliced families of
manifolds - linear manifold structures manifold structures

There are two itineraries we recommend:

1) To acquire an understanding of topological manifolds as such, using
a minimum of machinery, read Essay I then Essay III .

2) To learn about classification of smoothings and triangulations read
Essay V , referring back to the relevant parts of Essay II .

Many readers will find itinerary 2) too steep. For them we
suggest Essay I and then Essay IV ;the latter presents the basic classi-
fications in a leisurely and old-fashioned way.

On the other hand, itinerary 2) will lead the reader to very
sophisticated proofs of the results of Essay 1, permitting him to pass,
if he wishes, straight on to Essay III .

Some readers will be most interested in understanding how the
Hauptvermutung and the triangulation conjecture fail for manifolds.
They should set out on a peripheral route [KSj], [Sijqg, §21, [IV,
App. BI[V, App. B], referring also to [KiK]

On first reading, one can safely bypass the many alternatives
digressions and generalizations offered.

Soine basic definitions conventions and notations are collected id
§2 of EssayI.
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Essay |

DEFORMATION OF SMOOTH AND PIECEWISE LINEAR
MANIFOLD STRUCTURES

by

R. Kirby and L. Siebenmann



R. Kirby and L. Siebenmann Essay |

Section headings in Essay |

§ 1. Introduction

§ 2. Some definitions, conventions, and notations
§ 3. Handles that can always be straightened

§ 4. Concordance implies isotopy

§ 5. The product structure theorem

Appendix A. Collaring theorems
Appendix B. Submerging a punctured torus {by J. Milnor)
Appendix C. Majorant approximation



§1. INTRODUCTION

This essay presents proofs based on handlebody theory in the sense
of Smale [Smy] of three theorems concerning PL ( = piecewise-linear)
or DIFF (= differentiable C*) manifold structures on topological
manifolds. To state them in a simple form, let M denote a metrizable
topological manifold without boundary and of (finite) dimension 2= 5.

Concordance Implies Isotopy (see §4). Let T" bea CAT
(= DIFF or PL) manifold structure on M X I, where I=[0,1] CR!
and let £ X 0 be its restriction to M X 0. Then there exists an isotopy
(= path of homeomorphisms) ht TMXI->MXI, 0<t<1, such that
ho is the identity map id\M X I and hy givesa CAT manifold
isomorphism hy : (MXI)gy ;= (MXI)p while h; fixes M X 0
pointwise forall t in [0,1] . Further, h; can be as near fo the identity
as we please .

The structure I’ is said to give a concordance from 2 to ' where
X1 = I'NMX 1), and £, 2’ are said to be concordant . The
theorem implies that concordant structures ¥ , 2’ are isotopic, i.e.
are related by an isotopy of idIM toa CAT isomorphism ME - MZ}' .

Concordance Extension (see §4). Let T" bea CAT manifoid
structure on U X T CM X I where U is an open subset of M and let
S bea CAT stricture on M such that the restrictions T1U X 0 and
X 0lUX 0 coincide. Then T extends toa CAT structure T on
M XTI suchthat T'IM X0=2X0.

Note the resemblanée to the classical homotopy extension property.

Product Structure Theorem (see §5). Let © bea CAT manifold
structure on M X RS, s> 1. There exists a concordant CAT structure
S X RS on M X RS obtained froma CAT structure = on M by
producting with RS .

+ The abiding limitation to dimensions >5 cannot be removed entirely
(see §4, §5,[Sig)) ; perhaps it suffices here to assume M is noncompact or of
dimension >4 .
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These three results are parallel to existing theorems about
compatible DIFF structures on PL manifolds due respectively to
Munkres [Mu2] ; Hirsch [Higz] and Munkres [Mu3] ; and Cairns and
Hirsch [Ca 1] [Hizl [Hi4] [Hi7] . Our proofs, however do not much
reseimble existing proofs of these PL-DIFF analogues. Also we even-
tually manage to deduce them in dimensions > 5 ,see §5.3, §5.4 and
{11, §4 1.

Historically, the above theorems were first sought after to permit a
classification up to isotopy of manifold structures in the framework of
Milnor’s microbundle theory. Essay 1V explains this application in
detail.

Curiously, some of the most important applications of these
theorems concern not manifold structures, but rather basic geomeltrical
properties of topological manifolds. These include topological trans-
versality theorems, topological handlebody theory, and topological facts
about simple homotopy type. They are the subject of Essay III .

We remark that the proofs in this essay, in depending mainly on DIFF
(or PL ) handlebody theory, thereby depend on transversality ideas
and on some simple homotopy theory.

Our main technical tool is in fact the CAT (= DIFF or PL )

S-Cobordism Theorem! (see [Ke ][Mig/[Hu,lISt3][RS4] ).

Let (W;V, V') beacompact connected CAT cobordism¥ V to V',
which is relative in the sense that oW -int (VU V') =0V X I (where
= denotes CAT isomorphism ; 0 indicates boundary ; int indicales
formal manifold interior) . Suppose that the inclusions i: VG W,
i': V' G W are homotopy equivalences , dim W= 6, and i has zero
torsion in the Whitehead group in Whim,W). Then (W;V, V') =
VX(I:01).#

¥ When 7, W =0, sothat Wh(z; W) =0, the result is called the h-

cobordism theorem . The ‘h’ stands for homotopy equivalence ; the ‘s
stands for simple homotopy equivalence , (i.e. one with zero torsion) .

' This implies that V and V' are CAT submanifolds of 8W admitting
CAT collaringsin W (see Appendix A) .

* This isomorphism can clearly extend the identity isomorphism
V = VXO0: jtcan also extend the given isomorphism W -in(V U V') =
dV X1 asadevice exploitinga CAT collaringof 8V in V readily shows,
cf. [Sigy, Prop. I, fig. 4], or step 3 in proof of 4.1 below .
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In addition , we use the non-compact version of the s-cobordism
theorem [Si7] (see 3.1.1) with V=M X R. It can be reduced by
Stallings’ engulfing methods to the above compact version with
V=MXS!.

To apply these s-cobordism theorems , we need the algebraic
theorem of grothendieck and Bass-Heller-Swan [BHS] [Bas] to the
effect that Ko Z[A]} =0 =Wh(A) for any finitely generated free abelian
group A .

Finally one must know that the annulus conjecture is true in
dimensions = 6 in order to prove the Product Structure Theorem
(not its companions though) . This in inevitably so , for the latter
converts an annulus of dimension 2> 6 into a smooth h-cobordism .
Unfortunately the proof of the annulus conjecture in dimensions > 5
given in [Kiy] relies on the principal theorems of nonsimply-connected
surgery . As we shall note in §5 , this unfortunate dependence of the
Product Structure Theorem and its corollaries on sophisticated surgery
can be artificially eliminated by restating it (and its corollaries) so as to
replace topological manifolds everywhere by STABLEJr topological
manifolds , i.e. manifolds equipped with atlases of charts related by
homeomorphisms that are STABLE in the sense of Brown and Gluck
[BmnG] .

One can give a competitive alternative proof of the Product
Structure Theorem , if one is willing to use the stability theorem for
TOPm/CATm (m>35) [KS;] [LR2] [IV, 89.41[V, §5.2] and a
(relative) homotopy theoretic classification thecorem for CAT structures
derived by immersion theoretic methods ¥ A significant advantage our
present proof has is the greater simplicity of the prerequisites . The
alternative proof necessarily uses the same handlebody theory to
establish the stability theorem . In addition it uses immersion theory .
And in the immersion theory are hidden two notable further pre-
requisites , namely Milnor’s microbundle theory and the isotopy
extension theorem for the topological category .

T The capital letters should serve to avoid confusion with other uses of the
word ‘stable’ .

t  Similar remarks apply to the Concordance Implies Isotopy Theorem and the
Concordance Extension Theorem. :
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§2. SOME DEFINITIONS, CONVENTIONS, AND NOTATIONS

These are adopted for all five essays (although some inconsistencies
persist). Experienced readers should manage to guess them all; less
experienced readers will need to use this section as a glossary.

A set consisting of a single element x is often denoted by x itself
rather than by {x} , provided no confusion will result. The empty set
is denoted by ¢ (the Greek ‘phi’ will be of another shape: ¢ ).

We agree that a space is a topological space, until Essay [V] where
some semi-simplicial spaces and quasi-spaces appear as well (cf. [V,
Appendix A]) . Of course any space may have much additional struc-
ture.

Given a subset S of a topological space X we write S for the
interior of S in X and write 8S for its frontier in X (although by
rights X should appear in both notations). Avoid confusion with intS
and 0S defined (below) when S is a manifold. If Y is a subspace of
X (perhaps not even meeting S), a neighborhood of S in Y is defined
tobeaset VCY oftheform V=UNY where U isa neighborhood
(classically defined) of S in X . (This usage agrees with the usual
definition of a neighborhood of oo in euclidean n-space R .)

Maps of topological spaces are understood to be continuous maps.
Amap f: XY issaid to have a certain property over a subset SCY
of the target in case the restricted mapping f ~1§ S enjoys this prop-
erty. Thus ‘over’ means ‘on the preimage of” .

An imbedding (also spelled embedding) is a map f:X—Y that
gives a homeomorphism X = f(X) onto its image.

Manifolds and polyhedra are assumed to be metrizable and in fact
to have a given metric, denoted most frequently by d . Products may
be assumed to have a standard product metric (your favorite).

Our manifolds are, unless the contrary is stated, finite dimensional

manifolds of one of the three classical sorts: topological (= TOP),
piecewise linear (= PL ) ,or smooth C* (= DIFF).
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A topological (= TOP ) manifold M (possibly with boundary) of
dimension n < oo is a metrizable topological space M such that each
point x in M admits an open neighborhood U and an homeo-
morphism x : U= x(U) onto an open subset of the euclidean half-
space R} = {(x,..,x,)ER™ |x; >0} . Theopenset U is called a
(coordinate) chart; but so is the homeomorphism « and also the com-
posed imbedding UL R_‘} . The points x in M that correspond to
points k(x) in the hyperplane {(x;, ..,x,)ERY |x;=0} form the
boundary oM of M which by invariance of domain [ES, p.303]
forms a closed subset of M thatisa (n—1)-manifold with empty
boundary. The (formal) interior of M is the set M—dM denoted
intM ;itis a manifold with empty boundary.

A TOP manifold is Hausdorff and paracompact since it is
supposed metric; each component is separable and is sigma-compact (the
union of countably many compact sets).

A piecewise linear (= PL ) manifold structure X on a topological
n-manifold M is a complete (= maximal) piecewise-linearly compatible
atlas T of coordinate charts & to RY . Piecewise-linearly compatible
charts are charts that are related on their overlaps by piecewise linear
homeomorphisms of open subsets of R} . Such homeomorphisms
form what is called a pseudo-group 1. For any pseudo-group G of
homeomorphisms on RE there is a corresponding notion of G-structure,
see [KN,§1] . Piecewise linearity and piecewise linear techniques are
explained in the textbooks [Ze|] [Hu,] [St3] [Gla] [RS3] .

A smooth ( = differentiable C* ;or DIFF ) manifold structure is
similarly defined using the pseudo-group of C* diffeomorphisms of
open subsets of R} . See [Mi~] .

A DIFF structure with (cubical) corners is defined in terms of the
pseudo-group of diffeomorphisms of open subsets of the positive cone

RE = { (X ,-sX) ERM X 20, ., x, >0}

+ An atlas is a collection {K;j } of charts j: Uj=> kj(U) such that UjUj=M.

% A pseudo-group G on aspace X isa subcategory of the category of ail
homeomorphisms between open subsets of X , obeying certain axioms: (a) All
morphisms of G are isomorphisms, (b} the identity mapof X isin G,
(c) every restriction of a homeomorphism in G (to an open subset) isalsoin G
(d) a homeomorphism h:U—>V belongs to G whenever, for some open cover
{Ua} of U ,all the restrictions Uy —~>hU,, of h belongto G .
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A CAT manifold where CAT =PL ,or DIFF ,or DIFF with
corners, is now defined to be a topological mamfold M equipped with
a%CAT manifold structure 2 . The symbol My is the usual notation
fo it; M alone is often used if this is unambiguous, as when Z isin
séﬂ:e sense standard or fixed. For example R , [=(0,1] ,and R}
ar

: CAT manifolds.

More about (cubical) corners.
* Since RJ is piecewise-linearly homeomorphic to R} ,every PL or TOP
mamfolcl with corners’ would be, in a natural way, smlply a manifold with boundary.
ut there is no diffeomorphism R" »RE n>=2.
=% -The corner set of a DIFF mamfold M with coeners is by definition the set
of points in M mapped by charts to points in the subset of R" where >2
coordmates are zero. Note that this subset is respected by diffeomorphisms between
open subsets of R (but not by PL homemorphisms). The corner set is thus a
omorphism mvanant. It may be empty, even the boundary may be empty.
he inevitability of DIFF manifolds with cubical corners appears in the fact
the product MXN of two DIFF manifolds with nonempty boundaries is a
DlFF manifold whose corner set is dMXaN . The cartesian product of two DIFF
manlfolds with corners is in a natural way a DIFF manifold with corners, because
an = Rm+n
o

_‘\‘lvi

-There is no denying that comels can be a nuisance. We shall occasionally have

casjes when a DIFF manifold (with no mention of corners) should be understood to
have certain corners. These conventions will spare us almost all further explicit men-
tlon:‘ of corneis.

comers since the notation gives sufficient warning.

(b);Agam if M isa TOP manifold with boundary, when we speak of a DIFF
st(ggture Z on MXN , wemeana DIFF structure with corner set C exactly what

LOMXONUMXD , where D is the corner set of N .

hirdly, if WP givesa DIFF cobordism V to V' of DIFF (n-1)-submani-
folds with boundary of aW (disjoint and closed as subsets), we agree that

avg 0V’ is the corner set of W .

: '," Every open subset My of a CAT manifold M hasan induced
CAT manifold structure; with this structure, M, is called an open
CAT submanifold .

If £ isa CAT structureon M and h:M—+ M’ is a homeomor-
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phism, the image CAT structure h® on N has as typical chart a com-
posed homeomorphism

-1
hSu s U
where Kk :U~> kU isachartof Z .

A homeomorphism of CAT manifolds h:My = Ny isa CAT
isomorphism if £'=hZX ,orequivalently £ =h"1Z" . We then write
My = Ny jandi m case NE' is in addition an open submamfold ofa
CAT manifold N we call the composition h, : ‘Mg = Nt of h with
the inclusion Ny QN a CAT imbedding .

One can define a CAT map f: M~ N of CAT manifolds to be a
map of the underlying sets which, when expressed locally in terms of
coordinate charts, is respectively continuous if CAT = TOP , piecewise-
linear if CAT =PL , or differentiable C* if CAT = DIFF (possibly
with corners). There results a category of CAT manifolds which is
occasionally itself denoted CAT . Note that its isomorphisms are as
described above. The sign = indicates isomorphism in whatever
category we happen to be working.

In the above spirit one can define a polyhedron to be a metric
space equipped with a maximal piecewise-linearly compatible atlas of
charts to (locally finite) simplicial complexes — the atlas can be called a
polyhedral structure . Every simplicial complex, and every PL manij-
fold, is naturally a polyhedron. Piecewise-linearity of maps of poly-
hedra makes good sense. Thus we obtain an enlarged PL category. It
is an elementary fact that every polyhedron is P homeomorphic to a
simplicial complex.

A PL map that is a homeomorphism is a PL isomorphism. This
is clearly quite untrue for DIFF in place of PL ,as themap x + x3 on
R! shows. Cf.[SchS].

A space X is said to be triangulated if it is a simplicial complex;
the term is particularly convenient if space carries additional structure
such as a DIFF (manifold) structure. A triangulation of a polyhedron
is said to be PL if it agrees with the polyhedral structure. A triangula-
tion of a DIFF manifold My issaid to be a Whitehead or DIFF
triangulation if for each closed simplex o the inclusion ¢ G My isa
smooth nonsingular imbedding (into the DIFF manifold) .
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A PL structure S and a DIFF structure £ (possibly with
corners) ona TOP manifold M are Whitehead compatible if some PL
triangulation of Mg is a DIFF triangulation of Ms . It is then some-
times convenient to say that S is a Whitehead (or DIFF ) triangulation
of X ;although strictly speaking S is merely determined by some
Whitehead triangulation of X . 1t is not difficult to see that Whitehead
compatibility of 8 and Z can be tested locally as below {I,§5.3] .

A simplicial complex PL isomorphic to a PL manifold is known as
a combinatorial manifold ; it is characterized by the fact that the link of
each simplex is PL isomorphic to a PL sphere or ball.

Warning: For us PL structure means PL manifold structure. In
1974, R. D. Edwards constructed some triangulationsof R , n>5 ,
that are not combinatorial ; in other words, he constructed some poly-
hedral structures on R™ that are not PL manifold structures. See
[Edg] .

It is still not known (in 1975) whether every TOP manifold can
be triangulated, i.e. admits a polyhedral structure. See [Sig] [Matu]
[GalS] .

Amap f:X—>Y inany category CAT we have met (from the
category of topological spaces and continuous maps on) is called a
CAT trivial bundle if there exists a CAT object F anda CAT
isomorphism 6 : FXY — X such that f§ =p, where p, is the projec-
tion to Y . More generally, f iscalled a CAT (locally trivial) bundle
or bundle projection if each point y in Y has an open neighborhood
over which f isa CAT trivial bundle. More generally still, f is called
a?{CAT submersion if each point x in X has an open neighborhood U
such that f(U) isopenin Y and the restriction U f(U) of f isa
CAT trivial bundle. These ideas are the subject of Essay 1l . (See
[II , 81] for related definitions.)

‘ég" A CAT microbundle is most succinctly defined to be a CAT
retractlon thatisa CAT submersion; we will always assume that its
ﬁbers ( = point preimages) are CAT manifolds without boundary. With
due wammg, we occasionally deviate slightly from this definition. See
[III §11[(1V, 811[V; 81, §2] where many related definitions appear.

~Amap f:XXP—>YXP is said to be a product along P near a
pji%mt (x,p) € XXP if there exists a neighborhood X,XP, of (x,p)
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and amap ¢:Xg > Y such that f=¢X(id|P) on XgXPqy . Also f
is said to be a product along P near a subset S C XXP if f is a product
along P near each point (x,p) in S .

Similarly, given a CAT structure ® on a product MXP of a TOP
manifold M with a CAT manifold P =Py ;we shall say that © isa
product along P near a point z of MXP in case there exists an open
neighborhood M XP, of z and a CAT structure 2, on My such
that ©® = 3 X2 on M XP, . Also we shall say that © is a product
along P near a subset S C MXP if it is one near each point z in S .

Homotopies isotopies and concordances .

A homotopy isa map F:IXX= IXY such that p;=p;F,
where p, denotes projection to the first factor 1 . In case F is an
isomorphism it is called an isotopy . When F is an open imbedding it
is called an isotopy through open imbeddings .

This language applies in the several categories CAT we have met,
not just the category of continuous maps of topological spaces.

Note that F is uniquely determined by the family f;:X->Y ,
0<t<1, ofmapssuchthat F(t,x)= (,f(x)) forall (t,x) in IXX .
We often write f; ,0<<t<1, instead of F ;and we often say that F
is a homotopy from f to f, , writing fy =, . Note that f; will
inherit from F the property of being an CAT isomorphism or a CAT
open imbedding.

The homotopy f;,0<t <1, issaid to respectasubset S C X
if f(S)CS for 0<t <1 . Itissaidto fix S (pointwise) if
fj(x) = fy(x) forall x in S andall t in I . Itissaid to be rel
(or ‘relative to’) S in case, for some open neighborhood U of S in
X , the homotopy F fixes U . The support of the homotopy F is
the closure in X of the set of all x € X such that {y(x)# fo(x) for
some t in I . ,

[Similarly, a self-map f:X— X respects SC X if f(S)CS ;
fixes S (pointwise) if f|S=id ;andis rel S if f=id near S . Also
the support of f is the closurein X of the set of all x € X such that
f(x)#x .|

We say that the homotopy F is conditioned if F is a product
along I near OXX and near 1XX . Any homotopy can be replaced by
a conditioned one by a simple change of parameter.
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Occasionally homotopies and isotopies are defined with another
‘parameter’ space in place of 1 ,such as a simplex or a closed interval
[a,b] , —e<a<b< oo . Also the parameter space may be placed
first (as above) or last, at pleasure — we take the same liberty with all
similar notions, e.g. concordances.

Two conditioned CAT homotopies defined for adjacent intervals
[a,b] and [b,c] compose naturally to give a unique conditioned
homotopy defined for [a,c] . The conditioning is quite superfluous
for CAT =PL ;but not for DIFF . So for CAT = DIFF we agree to
compose only conditioned homotopies.

Strongly analogous conventions will be adopted concerning CAT
(= DIFF or PL ) concordances (sometimes without special expla-
nation). A CAT concordance I' is 2 CAT structure on a product
IXM where M isa- TOP manifold, so that I' gives by restriction
CAT structures Z;X{i} on MX{i} for i =0,! ; and we say that it
givesa CAT concordance TI':Zg=X, .

A sliced concordance is a special sort of concordance discussed in
Essay 11 .

The concordance I' isrel SCM if T'=1XZ, near IXS . Its
support is the closure in M of the set of all x ©M such that T fails to
berel IX{x}.

It is conditioned if I' is a product along I near OXM and IXM .
A concordance I' : Zg = %, rel C where C is a closed subset of M
can be replaced by a conditioned one by using the (local) collaring
theorems of Appendix A (this essay) .

Our use of the term submanifold is restricted to submanifolds that

are clean in the sense that they meet the (possibly empty) boundary
transversally (see precise definition below) .
Examples: In the closed right half x-y plane R% , the positive x-axis »
is a clean l-submanifold; the st quadrant is a clean 2-submanifold; but
the y-axis is not a clean submanifold. A nonempty boundary oM of a
manifold M is never a clean submanifold of M .

Define a subset M of a CAT manifold WY ( CAT=TOP , PL

or DIFF ) to be aclean CAT m-submanifoldof W if M is a closed
subset of W and each point of M lies in a chart
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k:U-r(U)CRY =RIXRW-!
such that k(U N M) is the intersection of x(U) with Rﬂ =
= RZXR™2 C RY . Thus M isa CAT m-manifold (with model
RTY) , and the pair ( WY,M™ )islocally CAT isomorphic near M™
to ( RX_V ,Rf{‘_,_) . The codimension of M is w—m . By convention,
Rl, =R! and RY, =RY=RC
To define clean submanifolds of DIFF manifolds with corners, one
should use, in place of (RY,R¥Y) , models of the form
(REXRPXRC , REXRUXRC) |
with ¢'<c .

A locally flat submanifold is similarly defined using in place of
(RY,RL) the model

RI' X (RW-M,0)

Finally we mention some standard objects.

BX has one of two meanings. When PL structures are being
discussed,

BK = {(Xyyer,x) ERK Sy 1< Ly, Ix 1< 1) = (1,1 K
is a standard PL k-ball (or k-disc or k-disk or k-cube) in euclidean
space. When DIFF structures are being discussed.
BX = {(x),...%) ERE ; xPaxf+..4x <1}

the standard smooth unit k-ball in R¥ . 1z each case S¥~! =3Bk isa
standard (k—1)-sphere .

For any subset S of a vector space V and any real number A
we define
AS = {Ax ; x€SCV} .
The n-torus T™ and the hieroglyph J , both defined in the next
section, will reappear in later essays, as will the collarings of Appendix A.
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§3. HANDLES THAT CAN ALWAYS BE STRAIGHTENED

By a CAT handle problem (CAT = DIFF or PL) we mean a
topological imbedding h : BK X R? - VK™ jnt0a CAT manifold
which is a CAT imbedding near 3BX X R™ = k=1 X R, Think of
BK % BN as a model k-handle with core BX X 0. We say that the
problem h can be solved in the event that there exists an isotopy ht ,
0 <t< 1, of h through imbeddings such that, 1) h, isa CAT
imbedding near BK X BM and 2) outside some compact set, and near
aBK XRM, one has hy=h forall t. Then we sometimes say that the
handle h can be straightened (if CAT =PL), orsmoothed (if CAT =
DIFF). .

The incentive to study handle problems came as follows. Let
f:M—> N be a homeomorphism of PL manifolds where M has a
handle decomposition. Suppose one wants to isotop f to a piecewise-
linear homeomorphism. One observes that it would suffice to solve a
sequence of handle problems. But the solution of the annulus
conjecture in [Kill shows how to straighten 0-handles in dimension
= 5. We attempted to straighten k-handles for k>0 in [KS;] and
arrived at the conclusion that , while this is possible for k+n>> 5 and
k # 3, some 3-handles cannot be straightened. An obstruction in Z,
is involved,analogous to one in Milnot’s I'; =Z,5 to smoothing a
seven handle. We remark in passing that if k +n <3, all handles can
be straightened (or smoothed)ar. This is 4 result of Moise for k +n = 3.

Our basic method for solving handle problems serves in a wide
variety of situations. This essay is based upon one key application of
this method in a theorem designed to involve no obstruction in its
statement and to require no techniques beyond handlebody theory in
its proof.

The following convention will save many words. In this section,
when a manifold of the form I X M is under consideration, where M is
some manifold with boundary oM, then the symbol ZXI X M) or
simply the hieroglyph 71 will stand for IX oM U 1 XM by reason of
asimilarity when M =1.

T The method of [KS{] also proves this ; see [Sig, §5] or {Siy;1 for
some assistance .
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THEOREM 3.1.

Suppose h : (1,0) X BXX R" > (X,V) isa homeomorphism onto
a CAT manifold pair such that h isa CAT tmbea’dmg near 1. If
m=n+k>35, there existsan isotopy h;: (1,0} X B X R > (X,V),
0t <1, of h=hy such that

1) hy isa CAT imbedding near I XBk X B" and

2)  hy=h near ] and outside i X BXX rB" for some r>0.

This states that a handle problem 0 X BK x R1 -}}> V is solvable if
it is ‘concordant’ to a solved handle problem. Better, one can in a sense
solve the whole concordance of handle problems. One can regard it as a
‘concordance implies isotopy’ theorem. For brevity we shall often write
By for I'X Bk

H :isom., H(B,x2B") DB, X B

n 1
[B+ XR ]E4 id. near _] and near o B+ XR
. CAT imbeds radial compression| .
J image of i of RItktn J
B. X R G :isom., id. near _l . n
[By 123 covers g , bounded 4 By XR
e CAT a standard e
covering covering
0 g “isom. , id. near _]
By X280 (B, X Ty > B, X T
CAT imbeds
LJ image of 1’
[By X (T"-p)l 5, DIAGRAM 3-a
o | CAT immersion
l n h :isomorphism
[B+ X R ]2 X

Notes: The diagram commutes , except in the top rectangle . By
restriction one gets a similar diagram with 0 X BX in place of

B, =1X B and V in place of X. Each CAT structure

X,Zy.2Zy, 23, 24 isstandard near 1. The pieces are constructed in
theorder e,p,i',i,a,j,2,2,,2,,8,G,Z5,H,Z,.
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PROOF OF 3.1.

We begin with a degenerate case: n=0, k> 5. The h-cobordlsm
theorem (see § 1) providesa CAT isomorphism h': (I,0) X B - (X,V)
equal h near 3. Now f=h""Th isa self-homeomorphism of 1 X B
equal to the identity near JJ. Thus we can extend it by the identity to a
self-homeomorphism of [0,0) X RK 51 X BK, Now the Alexander
isotopy [4)}defined by f(x)=(1-0) f(z*) for 0< t<1, and by

f;(x) = x determines the wanted isotopy of h via the formula
hy=h'fy, 0<t<l. ®

The skeleton of the proofof 3.1 for n=>1 is the Diagram 3 - a.
It is a variant of the Main Diagram of [KS ] mentioned in [KSl s
Proposition 1]. To motivate this relatively intricate construction we
begin by showing how its end-products H and X, lead to the proof of

. The vertical maps on the left of the diagram are all CAT
unbeddmgs on By X 2B orits i image by i’ ; so from commutatmty of
the triangles at the left we see that £, =X on By X 2B". Let
Hi : By X RN B, X R pe the Alexander isotopy of H to the identity
fixing points near ] and outside some compactum (independent of t) .
To define it , one extends H by the identity to a self-homeomorphism
of [0,00) X R™K | Then one sets Hy(x) = tH(x/t) for 0<t<1,and
sets H, = identity .

The asserted isotopy hy of h: By X R X is defined by

ht=hH{l ,  0<t<1.
This isotopy equals h outside some compactum and near 7] since the
Alexander isotopy H, is the identity there . Visibly hy =h. Finally
h; = hH™! is the composition

By X RS (g x RMy Idoip, x RMy fux

Since H™(By X B") C [B4 X 2B" 5, and %, =% on By X 2B" we
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see that hy isa CAT imbedding near By X B =1X BK X B®. This
completes the proof of 3.1 given Diagram 3-a. ®

We proceed now to construct the pieces of Diagram 3-a in the
following order : e,p,i' ,i,a,j,2,2;,2,,8,G,2Z;3 JH,Z, .
TFhe first six do not depend on h.

Construction of e, p,i’,i. Recall that the n-torus T s the quotient
of RM by the integer subgroup Z". Let p : R?—>T! be the quotient
map taking residues of the coordinates mod 1 . T has the CAT
structure that makes p a CAT covering map . Set &(y) =p(y/8) and
define e(t, x, y) = (t, x, &(y)) for (t,x,y)EIX BK X RM. Then e
imbeds I X BX X 2B" and we choose the point p = (4, %, . . ., 4) € T
to be disjoint from  §(2BM) » SO that i'(t, x, y) =e(t, X, y)
defines an imbedding ' : I XBX X 2B% —» I X BXX (T - p) . The
inclusion i in Diagram 3-a is the natural one .

Construction of «. We use a CAT submersion @ : T?-p — RP ;T
then o« will be (id| B,) X & . J. Milnor has provided us with an
explicit construction of & which appears in Appendix B . D. Barden
has given another [Bar] . On the other hand , we can get & from
immersion theory [Hij]1[Hayl ,since T™(like S' =T') has a trivial
tangent bundle . We can arrange @ & | B™ = idIB™, since two degree
+1 CAT imbeddings of B" into R are related by a CAT
automorphism of R™. It is immaterial that & : By X (T® - p)

B, X R™ be CAT.

Construction of j: By X R" > B, X R". Since 1=[0,1] CR and
Bk C Rk we have a natural inclusion

B, XR'=1XBKXR? € RIX RKXRP=RM | m=n+k.
And we let 1XBK X R“l inherit the metrie of the norm
Ixl = (x? +"'+X12n+l)/2 on RM | fet d=2sup{lxl ;x€1X BK x
2B"}. Choose a homeomorphism § : (0, o) = (0, d) that fixes (0, d/2)
pointwise and satisfies 6(t)< t forall t& (0,o0). Define

T Since the source and target of & are of the same dimension , « is
necessarily locally an imbedding ; thus o« isan immersion as well as a sub-
mersion .
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J- RmH_,RmH by J(x)_ﬁ(lxl)x for XERm"‘1 Thisis a

topological 1mbeddmg onto the mtenor of the smooth disc D of radius
d . Note that J maps any star-shaped set , e.g. I1X BKX R! into itself
and fixes IX BXX 2BR pointwise . We define j : I X BKX R > 1x
% BKX RM as the restriction of J. If f: RMF gm+l 5 p
homeomorphism that is bounded in the sense that
sup{lf) -xl ; x€ RM*1} < oo then one easily checks that the
homeomorphism JfJ71 : int D » intD extends by the identity to a
homeomorphism F : Rt RIHL Gty because J respects rays
from 0€ R™ 1 It follows that , if fo : (I,0) XBK X R? > (I, 0) X
B¥ X Rn is a bounded homeowmorphism that is the identity on 1, then
Jfo J7' 1 J(By X RM)~> J(By X R™) extends by the identity outside
J(By X R“) CD toa homeomorphism Fo : By X Rf>B, X R". To
see this , note that f, extends to a bounded homeomorphism
£ R rm+l by setting f(-t, x, y) = wf(t, x,y) for (-t,x,y) €
[-1,0]X Bk x RN , where w operates merely by changing the sign of
the first coordinate , and by making f the identity outside [~1, 1] X
BK X R . Then Fo isjust the restriction of F mentioned above .

Construction of T and X, . They are the unique CAT structures
making h and « locally CAT imbeddings in

o h
(B X (T"-p)ly = [ByXRMy — X.

Construction of ¥, . This will be a structure standard near 7] so that
[By X (T"- Py, € [ByX Tn]z;2 isa CAT imbedding except in a

small neighborhood of By X p chosen disjoint from i'(B, X 2B,

The construction will be based on the following very special case of
the noncompact s-cobordism theorem (cf. §1).

PROPOSITION 3.1.1. Let (Y; V, V') bea CAT relative’ cobordism
that is homeomorphic to (or even proper homotopy equivalent to) the
product caobordism (1,0, 1) X V. Suppose also that V=M X R where
M is a connected compact CAT manifold with free abelian fundamental
group . Provide that dimY =6.

¥ Thismeans 3Y -(intV U intV’) = 3V X [0,1].
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Then (Y;V, V') isa CAT product cobordism. Thus, given a
CAT open imbedding fy of a neighborhood of 1 in (I;0,1) X V'
into (Y; V, V'), there exists a CAT isomorphism

f:(LO, DXV > (Y;V,V)

equal fo near 1.

Proof of proposition . The non-compact s-cobordism theorem [Si7]
applies since KoZ[m, Y] =0 by [BHS}[Bas] . The argument in [Si—,]
involves only classical handlebody theory . ®

If we are willing to use some engulfing , the gluing device of [Sig]
reduces 3.1.1 to the compact s-cobordism theorem (for free abelian
fundamental group) . Indeed , it produces a compact relative CAT
s-cobordism (Y, ; V, , Vo) whose eo-cyclic covering is isomorphic to
(Y ; V, V") — by gluing together the two ends of Y , as those of a
bandage around your finger . For details see [Sig , §61 T om

To begin the construction of ¥, ,note that ¥, extends by the
standard structure to all of By X ™ - (ABy) X p forsome A<1 near
|. Wederivea CAT structure 2} =¢™'Z; on B, X T"-0X p by
choosing an open imbedding { of the latter set into the former fixing
points outside a small neighborhood of AB, X p in B, X ™. %%
would serve as ¥, except that it is not defined at the one point 0 X p
of the boundary of B, X T . The iollowing lemma lets one remedy
this to define 22 The R™M in it corresponds to a small open ball about
O0Xpin 0 XBKx R™,

LEMMA 3.1.2. Considera CAT structure o' on IXR™ -0 X0
standard near 1 XR™ . If m>=35, handlebody theory and the topologzca!
Shoenflies theorem can be used to obtain a, CAT structure ¢ on !
IXR™ equal o' near I X R™ — [0,1) X Bm,_

Proof of lemima . Applying the non-compact h-cobordism theorem
3.1.1 , we obtain a CAT isomorphism

t Alternatively, see a variant of this argument in part B of the proof of
Theorem 1.1 in Essay il .
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¢ IX(RT-0) > {(IX R -0},

equal the identity near 1 X R™ . We can extend ¢ over 0 X R™ by

mapping 0 X 0 to itself and we can extend ¢ by the identity to

O\, 11 X0, for X\ near 1. Now ¢ isa topologxcal imbedding into

I X RM defined on I X R™ — (0,A) X 1,RM (and more) . The
m-sphere ¢(d([0, A\] X %B™M)) boundsa (m+ 1)-ballin I X Rm by

the Shoenflies theorem [Brn;} . Thus I X RM-(0,A) X %Bm}

extends by coning to a homeomorphism @ : I X RM—>[ X RM | The

image of the standard structure under & willserveas ¢. ®

Construcuon of g. Applying the s-cobordism theorem (see §1) to
[(1;0, 1) XBK X T"]z , We geta CAT isomorphism

g: 1% BKX Ty~ IXBKX TN that s the identity near 7 . No
torsion obstructlon occurs because the Whitehead group

Wh(rr, (BK X T)) = Wh(ZD) iszero. m

Constructlon of G. Define G to be the unique self-homeomorphism
of (1,0)X BKX R™ that fixes 1X BKX R? (pointwise) and covers g,
ie. eG=ge. Itexists because ¢ isa covering . It is easy to see that G
fixes a neighborhood of 7] .

LEMMA 3.1.3. G is bounded in the sense that
sup{1G(x) - x|; x €I XBK X R c R} < oo,

Proof of lemma . Consider any covering translation T of e, TE€8Z%.
The commutator TGT !G™ = [T, G] is a covering translation as it
covers gog ! =identity . Also [T, G] fixes 1X BK x RD ; so [T,G]
= identity .

As G commutes with covering translations , the supremum of
I G(x)-x| is attained on the compact fundamental domain
IX BK X [0, 81™ ; hence it is indeed finitz . =@

Construction of X3 . Itis merely the CAT structure making
G:[B,X R“]E3 - B, X R™ a CAT isomorphism . As eG =ge one

sees that e @ [By X RH]E3 = [By X Rz isa CAT covering. ®
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Construction of H . We first prove

Assertion : There isa CAT isomorphism

G': [B+XRn123 d B+XR“
equal G near o, equal the identity near 1, and such that
G(BX2B™) D B XB" .

Proof of assertion : G' can clearly be G’ where o' isany CAT
automorphism of (B+XR“)Z fixing points outside a com;gactum in
(B, X (R™-BM)]y_ disjoint from T ,such that o/(B4X2B") O

») G’I(B_l_XBn) 3 1t is easy to produce o by CAT engulfing in

[BL X (R"-BM]y . However to accomplish this by handlebody
methods we sugges% the reader use a CAT isomorphistn

¢ o [By X (Rn—Bn)]E3 - By X (R"-B") fixing a neighborhood of
71 as provided by Proposition 3.1.1 , in conjunction with the strictly
elementary

LEMMA 3.1.4. Consider a closed sibset A of By X (R"-B") witha
N€E(1,2) such that A —B XM is compact and disjoint from ] .
Then there existsa CAT automorphism a of By X (R"-B") fixing
points outside some compactum disjoint from ] so that

a(By X (\B"-B") D 4

The proof is trivial when we express By X (R?-B™) as
B X3B"X(1,0) in the standard way. ®

To applg/ the lemma we must choose A so near 1 that
Y{[By X (ZBH—B“)]23} D By X (ABM™-B™) . The assertion is
proved. ®

Now define H: B, X R? =B, X R? to be jG’j™ on
jBL X RM . As G’ is bounded , and the identity near J , the
construction of j assures that H extends as the identity outside the

bounded set j(B, X R") C B, X R™ to a homeomorphism H equal the
idqptity near _J .

Cdf)struction of X, . Itisthe unique CAT structure making
H:[By X Ry — By X R" a CAT isomorphism . ®

This concludes the construction of Diagram 3-a. The proof of 3.1
is complete . ®
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We close with a corollary that illuminates the Product Structure
Theorem (5.1 below) . The latter’s proof is more complicated but its
key is isolated here in a simple form .

COROLLARY 3.2 (Stability) . Let 4 : BEXRPS TV bea CAT(=PL
or DIFF) handle problem , k+n=5, and suppose that h X id :
BXX R"X R > VX R can be straightened [smoothed] . Then h can
also be straightened {smoothed] .

Proof of 3.2. The solution for h X id plus the device of translation
along R givesan isotopy F;: BKX RP XR~ VX R so that
Fo=hXid,and F, isa CAT imbedding near BXX B X r for some
large 1> 0, and lastly F=h X id near BEXR2X 0 BXX RIXR .
Alter F, near BKX RPX ¢ by an automorphism of domain so that F,
isa CAT imbedding near BX X int2B" X r .

We apply Theorem 3.1 to the CAT structure = on
BK X int2B" X ([0,r], 0) , making F, a CAT imbedding , in order to
obtain an isotopy whose restriction to BK X int2B? X 0 straightens
[smooths] h. =

D. Webster’s article [Webs] may improve on the above exposition
and/or provide some alternative arguments.
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§4. CONCORDANCE IMPLIES 1SOTOPY

A CAT (= DIFF or PL )structure I' on MXI , where M isa
topological m-manifold, is said to give a concordance from X to ' if
[|(MX0)=2X0 and I'|(MX1)=2Z'Xl . Then £ and X are said
to be concordant, and one writes £ = X’

In this situation, for m large, it would follow already from the
s-cobordism theorem that (MXDp is CAT isomorphic to MyX1 , by |
an isomorphism fixing MXO0 and respecting MX1 .T ¥ The Concord‘
ance Implies Isotopy Theorem below improves this isomorphism,
chiefly by making it majorant small, that is, €-near to the identity
where € isa continuous ‘majorant’ function MXI— (0,°) .

It is always worth emphasizing that a CAT isomorphism
h : My > My does not entail a concordance %= 2" . For example
take as M two copies of S7 consider DIFF structures [Mig]. ¥
However, as soon as h is sufficiently (majorant) near to id|M , there is
an isotopy H:MXI—>MXI from Hy=id|M to H, =h assured by
the local contractibility of the homeomorphism group of M [Ce] [EK];
then I'= H“I(EXI) is a concordanc: from X to '

+ If M and OM are not simply connected and compact, one would need for
this some topological invariance of Whitehead torsion; a result for which a very
efficient proof independent of these essays can be found in [Ch2] . For the
noncompact s-cobordism theorem, see [Si-1 .

1 Beware that counterexamples exist in low dimensions. Indeed, by [Si8 ,
Theorem 1} , (MXDp = MZ X1 is false with M equal one or perhaps either
of T3 ,T?*, for suitable T'. Thus, even Mg 2 My, fails, with My equal to
one or perhaps either of T3x1, T?XI, and ‘%’ equal the T of the last
sentence, so that T = 7' by a the ‘corner turning’ device in Case 3 of the proof
of 4.1 below.

% Even a single copy of s7 gives examples. The set of concordance classes
of DIFF structureson S’ maps surjectively (by the DIFF h-cobordism theoremn)
to the abelian group ©5 2 Zg of [KeM] . If p is a standard reflection, one
has s7Z 2 s’Z (by p ). Bufitiseasy to see that {pX} =-[Z] in O,5 .
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CONCORDANCE IMPLIES ISOTOPY THEOREM 4.1 .

Consider the data: M™ a topological manifold of dimension
m; T a CAT (= DIFF or PL ) structure on MXI , givinga
concordance T =3' ,so that T' isecual to ZXI near MXO0 ;
C a closed subset of M; U D C open subset of M such that
['=2ZXI on UXI ; D aclosed subsetof M ;| V an open sub-
set of M containing D—C (but perhaps not D—C) ;
€ : MXI =(0, =] a positive continuous function (called a majorant) .

Suppose m =6 (or dimM =5 and M CU ).

i v
Mx1
1'}] lM“”” | | MxI x
L ] i x
hlgﬁ?ﬁ WU U MO
— D

Then there exists an isotopy hy: MXI~>MXI ,0<t<1l, of
id (MXI) such that :
(i) hy:MgXI~>(MXDp isa CAT imbedding near (CUD)XI .
(ii) The isotopy h; fixes (pointwise) a neighborhood of (M- V)X1 U
MX0YVCXI ,anditrespects MX1 , i.e. hy is rel this tripple union
and respects MX1 .
(iii) d(hy(x).x) <e(x) forall x EMXI ,andall t ; ie. h; isan
e-isotopy.

This result will be deduced quite directly from the Handle Lemma
3.1, of which it is clearly a generalization. But first we note thatitisa
little stronger than it first seems, by adding two complements.

Complement 4.1.1 . i

Theorem 4.1 remains valid if we add the condition:
(iv) 1, (N)DDXI for some neighborhood N of DXI on which h,
isa CAT imbedding, ie. h; isa CAT isomorphism over a neighbor-
hood of DXI .

One quickly deduces this complement from 4.1 , as follows. Let
C' be any closed neighborhood of C such that T' = ZXI near CXI ,
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and let D' be a closed neighborhood of D- -¢" with D'CV . Then
apply 4.1 with the substitutions C+ C' , D+ D’ making e(x) ,
for x in (M—D")XI , less than the dxstance from x to (D- C)XI
This will establish 4.1.1 with N = C UD . B

Complement 4.1.2.

Theorem 4.1 and Complent 4.1.1 remain valid when T isnota’
product along I near MX0 , provided that, in conclusion (ii), one
replaces the condition h,=id near MX0 by h;=id on MX0 .

This is an easy corollary of the original version, the CAT collaring
existence theorem, and the topological collaring uniqueness theorem
(local version in Appendix A). =

Here is a useful corollary of 4.1 . T

CONCORDANCE EXTENSION THEOREM 4.2 .

Let U be an open set in the imanifold MM ,and T bea CAT
( =DIFF or PL )structure on UXI |, for which T|(UX0) extends to
a CAT structure % on MX0 .

Suppose m =6 (or m=5 and IM C U ).

Then there existsa CAT structure T', on MXI coinciding with
' on UXI , and with T on MX0 .

Proof of 4.2 . Apply 4.1 to obtaina CAT isomorphism h

h: UgXI = (UXDp , with d(h(x),x) <e(x) , where e(x) is the
distance from x to (M—U)XI in MXI . Then h extends to a homeo-
morphism h : MXI - MXI , by the identity rule h(x)=x for

x & UXI ;and we can define I'y =h(ZXI) . ®

Remarks .

1) This Concordance Extension Theorem holds also without the
abiding assumption that M be metrisable. Indeed Zorn’s Lemma pro-
vides a maximal extension of I" ,say to Iy on M#XI with M open
in M . The metric case then shows that M =M .

2) Exploitingthe D and V in 4.1 thh €= o  one gets a less
precise version of the Concordance Extension Theorem in which I'y =T
only on a prescribed closed set DXI contained in UXI . Thisis the
best result one can obtain (when M is PL ) for CAT = DIFF

t Conversely, one readily shows that 4.2 =>3.1 (using the s-cobordism
theorem). As 3.1 = 4.1 (via the proof to follow), one might regard 4.2 and

4 | ac eaniuvntont
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structures Whitehead compatible with the given PL structure on
MXI (cf. §1,85). T

PROOF THAT CONCORDANCE IMPLIES ISOTOPY 4.1 .
Case 1. When M =¢ , € = o, and V is a chart with compact closure.

We have an open neighborhood U of C such that T'=2XI on
UXI . Choose a simplex-wise linear triangulation of the chart V so
fine that any closed simplex meeting C liesin U . Let K be the
union of the closed simplices contained in U . This is a closed sub-
complex of V and a neighborhood of CNV in V lyingin U . Let
L be the union of the closed simplices that meet D—C . Then KUL
contains (CUD)NYV . Also L—K is finite for the following reason:
the set DK C V. is closed in M ; hence it is compact and only
finitely many simplices of V can meet it.

Suppose now that L—K consists of a single open simplex into
say of dimension k . We choose some CAT open imbedding of
REXR? |m=k+n, into V sending RXX0 onto into ,and we
identify REXRM with its image. Since 90 C U we easily arrange this
imbedding so that (RK-intB¥)XR™ liesin U .

’

T Let H: (=00, 0)XI = (—o0, 0)X1 be a PL isotopy of H =idf(—ee, Q)
such that, for t >0, H; :(—o0, 0) = (—c0,0) is non-smooth at an unbounded
set of points. Let {(—<0, 0)XI}  be the DIFF structure on the target of H
making H a diffeomorphism, and let Z be the standard structure on
(—e0,00)X0 . This I’ cannot be extended to any open set containing
(—o0,0)XI . )

To explain this let N be a triangulated PL manifold ( = a combinatorial
manifold), and let £ be a DIFF structure on an open subset VCN ,
Whitehead compatible with the PL structure of N (not the triangulation).
Say that a point u€ V is a smooth point if, for some open neighborhood
UCYV of u, theinclusion UG, Vy issmooth and nonsingular on each set
UNo for each closed simplex of o of N (not of some subdivision!) . The
complement Cr(Z,N) in V of all the smooth points can be called the ser of
crease points ;itis closed in V . If T extends to a Whitehead compatible
structure 2, on all of N , observe that Cr(2;,N) liesin the (n—1)-skeleton
of any subdivision N* of N such that N* C, NZ+ is smooth and nonsingular
on each closed simplex of N* . Since Cr(Z+,N) NV =Cr(Z,N) we conclude
that = cannot extend to a compatible £+ on N unless Cr(Z,N) liesina
(closed) codimension = 1 subpolyhedron of N .
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Apply Theorem 3.1 to the identity homeomorphism
h : BEXRPX] - (BK XRMXD)p . We can extend the resulting isotopy by
the identity to all of MXI ; this clearly gives the isotopy of id | (MXI)
asserted by 4.1 in this situation.

In general L—K consists of several open simplices, say s , and we
proceed by induction on s . Thus, suppose for induction that we can
find an isotopy of id |MXI

g MXI = MXDp , 0<t<1,
rel {(KUM-V)}XI and rel M X 0 so that g isa CAT imbedding
near (KU L )XI , where L, is L minusa principal open simplex
into . Applying to (MXl)gl-l(p) the case s =1 dealt with above, we
obtain an isotopy h},0<t<<1 of id |(MX I) such that the composed
isotopy '
h, = gh? ,0<t<1,
isalso rel {KUM-V)}XI and relMXO0 and such that hl isa CAT

imbedding near (K U L)XI . This completes the induction to prove
case 1. =

A Modlﬁcatlon We presently begin to establish the majorant smallness
condition (ili) in 4.1. The proof is facilitated T by replacing h, by

L% in this condition; we shall assume henceforth that this has been
done. The force of the theorem is unchanged, as one sees by applying
the followmg lemma to MXI .

Lemma 4.3 . For any metric space X , the group H(X) of homeo-
morphisms is a topological group when endowed with the majorant
topology

The lemma is proved in Appendix C .
Case 2. WM =¢ ,and conclusion (iii) is weakened to
Yﬁl

(uz)’ dlpyhj'(x),p;(x)) < e(x) forall x in MXI andall t , where
1’L'¢MX1 - M ' is projection, and d is now distance in M .

1 The reason why this switch facilitates the proof is not far to seek. Majorant
smallness is measured in the target, and is most easily assured by buﬂdmg h asa
composmon of successive homeomorphisms of the target hy= hth ht each
well-behaved with respect to a fine covering of the target. However as the formula
ht = gth? in case 1 reveals, our hy will naturally evolve as a composition
hgs, e h! ht ht of homeomorphisms on the source. Hence the switch hy 4->h'tl
in the smallness condition, interchanging source and target.
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The simplest proof would perhaps run as follows. Choose a fine
triangulation of M . Define K and L as one would for Case 1 with
V=M . Construct h; by induction much as in Case 1, but induct over
the skeleta of L—K rather than one simplex at a time, and choose the
handles BXXR™ about the k-simplices pairwise disjoint and small
enough that they form a discrete collection in M . This process will
yield the required isotopy as soon as the triangulation is sufficiently fine.

We shall leave the details of this particular argument to the reader
because it is subsumed in a principle of general topology. This principle,
approximately stated, asserts that a result which is proved in a strongly
relative local (or compact) form (such as Case 1), implies a parallel
strongly relative global result with a majorant smallness condition (such
as Case 2). Appendix C gives a precise formulation of it, plus a proof
using nerves if need be in place of triangulations, and gives enough
indications to apply it to prove Case 2. It will be reused several times
in these essays. )

Case 3. When oM =¢ .
The appropriate device is to apply Case 2 to a concordance
' : ZXI=T rel MXOUCXI ,

observing that the nearness condition provided by Case 2 is genuine
majorant nearness when attention is restricted to the I'-end of the
concordance.

The concordance I'' is derived from I'XI by a ‘corner turning’
trick. To define I for CAT =PL , let fo be aself-homeomorphism
of the square IXI =12 fixing IX1 and mapping 0XI U IX0 ‘around
the corner’ onto 0XI ;then set P'=F1(I‘XI) where

f=(@d|M)Xf, : MXIXI - MXIXI

If CAT =DIFF , one proceeds similarly to begin, but one must alter I’
before applying Step 2, by rounding (unbending) the corner along
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f~H(MX1X0) , and introducing one along MX0XO0 , in the manner of
say [IlI, §4.3] .

1t is no loss of generality to assume I’ is a product along I (first
factor) near DX1XI . To see this, use the local collaring uniqueness
theorem, Appendix A.l . o

We now apply Case 2 twice, once for boundary, once for interior.
First apply it to I'"[MX1XI producing an isotopy of f; of id | (MXI1?)
so that the isotopy f, is a product along I (fi{)st factor) near 0MXI)(I .
Second, one applies Case 2 to f“lll" on (MXI)XI using VXI for V
in 4.1 , to getan isotopy g, of id [(MXI?) .

The wanted isotopy h, of MXI= MXIX1 is the restriction of

h, = fg, ,0<t<l

It is majorant as near as we please to the identity because, on MXIX1 ,
both f, and g, are as near as we please to the identity (use Lemma 4.3).

For completeness we record the substitutions to be used in applying
Case 2 .
First application : M+ MX1; T +»TI'|(MXIXD) ; C+CXl ;
D#»DX! ; V+# VXl ; e+ asufficiently small majorant .

Second application : M + Mxi 3 '+ fl‘l (M ; C=»C' asufficiently
small clq}sed neighborlgood in MXI of (MX0)U(CXI)U (MX1) ;
D+ DXl ; V+VXI ; e+ asufficiently small majorant. =

Geﬁeral Case . (Relaxing the condition that oM =¢ )

i Let dMXJ CM bea CAT collar neighborhood of dMy in My . -
Adjusting T' by a (majorant) small self-homeomorphism of MXI which
is the identity on MX0 and near {C U (M—V)}XI (using the collaring
uniqueness theorem Appendix A.l ) we can assume that I’ is a product
along J near (dM)XIN DXI . Thus we can assume I' has this prop-
ertyx, from the outset.

% Two applications of Case 3 complete the proof. First apply it to
I'{(8M X 1) ,and extend the resulting isotopy (f, say) naturally to one
of :1d [(MX1) with support in the collaring (IM)XIXI of (aM)XI .
Then a second application to fl‘lF on MXI (with V—-aM for V )
completes the proof. The details are much as for Case 3 . ®
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§5. THE PRODUCT STRUCTURE THEOREM

THEOREM 5.1 (Product Structure Theorem) .

Let M™ bea TOP manifold and £ bea CAT(=DIFF or PL)
structure on M X RS, s=1. Let U be an open subset of M so that
thereisa CAT structure p on U with ZIU X RS =p X RS,

Provide that m=6,orm =25 and dM C U. Then there exists a
CAT structure o on M extending p and a conditioned concordance
rel UXR® from Z to o XRS.

Complement 5.1.1. A structure o as described , with o X RS ’
concordant rel U X RS to X, is unique up fo concordance rel U.

Remark 1. By Theorem 4.1 there is an e-isotopy from the identity to a
CAT isomorphism between (M X RS)5, and M; X RS. If C isa
prescribed closed subset of U, the isotopy can fix C X RS .

Remark 2. Together 5.1 and 5.1.1 show that the rule 0+ o X RS isa
one-to-one correspondence between concordance classes of CAT
structures on M and on M X RS, under the above dimensional
restrictions . The relative version of this , i.e. the version rel U, is
also important .

Remark 3. Consider 5.1 without the proviso that m> 6 ,or m=5 and
oM C U,and call that statement (P). Using (a) the classification
theorem [KS{][IV] , which follows from 5.1 , (b) the calculation that
m(TOP/PL) and wi(TOP/O) are 0 for i<?2 andare Z, =727 if
i=3[KS;1, and (c) the uniqueness up to isotopy of CAT structures
on metrizable manifolds of dimension < 3 (cf. §3), one easily finds
that for m<3 and m+s>6 (or m+s=35 and aM CU) the
statement (P) holds if and only if the cohomology group H3(M,U;Z,)
is zero. For example (P) failsif M3 =83 | s>2, andU=¢!
Statement (P) isundecided if m=4 .
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Remark 4. Clearly 5.1 is modeled on the famous Cairns-Hirsch theorem
stated at the end of this section (5.3) . It is the PL-DIFF analogue of our
TOP-CAT theorem 5.1 . We obtain a new proof of it in high
dimensions , based on 5.1 and 4.1 . We likewise obtain a proof of the
PLEPIFF Concordance Extension Theorem ; however the PL-DIFF
Concordance Implies Isotopy Theorem will elude us until §3.6 of

RN
Re'ilﬁark 5. By a happy accident our pyoof of 5.1 (and 5.1.1) works
quﬁally well without the abiding assumption that M be metrizable (or
even Hausdorff) , when we use Zorn’s Lemma in place of a countable
mduct10n over charts .

Let us begin with

PROOF OF 5.1.1 FROM §5.1. It is the one most usual when there is an
exrstence theorem in relative form . Let ¢ and ¢" be two CAT
structures on M offered by 5.1 . The conditioned concordances

G X%JRS 23y =g’ X RS rel UXRS providea CAT structure T' on

R )(’M X RS givingon I X M X RS aconcordance from o X RS to

‘‘‘‘

NS\
N~

MR

B s — Y
OMRE T MRS

We’farrange that I' is a product along R and along RS, on all of

U'ﬁX RS = (R—[1/4,3/4]) XM X RS U RXUXRS. Then I gives
X:0 a CAT structure y X 0 which 5.1 extends to all R XM X 0
glvr'; g aconcordance o0=¢" rel U. =

PROOF OF 5.1 (using 4.1, 4.2 and the Stable Homeomorphism
Theorem ). In our proofs so far , handlebody theory has been the only
dif| flcult technique involved ; in particular , we have avoided immersion
theory and surgery . However , now , the STABLE Homeomorphism
Theorem [Ki;} , which mvolves the nonsimply connected surgery of
Wall [Wa] , 1s needed in order to show that
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(H) M admits a STABLE structure 6 (= a maximal atlas of charts
to R related by STABLE f homeomorphisms) compatible with £ in
the sense that % is contained in the (maximal) STABLE atlas 6 X RS .

The proof as we give it then yields a structure ¢ automatically
satisfying the condition

(C) o agrees with the STABLE structure 0 of hypothesis (F) .

For the proof of 5.1 we admit (H) as a hypothesis . (It is
redundant by [Kll ] .) This causes all further mention of the STABLE
Homeomorphism Theorem of [Ki{] to vanish . For convenience of
reader any detail of the proof that could be eliminated by free use of it
will henceforth be enclosed in square brackets . [In short, what we now
prove is the version of 5.1 for (compatible) CAT structures on STABLE
topological manifolds — the STABLE-CAT version rather than the
TOP-CAT version . §

We may (and shall) assume s =1 in proving 5.1, because a finite
induction using M X RS=(M X R5™') X R retrieves the general case .

The best part of the proof is

The Case of 5.1 where M=R™, m>5, or R m>6, [land where 6
agrees with the linear structure J .

[Since 8 X R agrees with X , our definition of STABLE makes it
clear that ] there is a concordance (not rel U X R) from the standard
structureon M X R to ¥ . Apply 4.1 to this concordance using for
examples the substitutions C » ¢, D »+ M X [1,0),

V » M X (%400),in order to replace £ by a CAT structure ¥, that
is standard near M X [1,00), and equals £ near M X (~,0] .
Examine Figure 5-a below . -

Since ZIUX R=p X R, theset I X [0,1] inherits from Z, a
CAT manifold structure written (U X [0, 11)2 Apply 4.1, the
Concordance Implies Isotopy Theorem , for the second time to find a

Ta homeomorphism h: U - V of open subsets of RT is STABLE if
and only if , for each point x € U, there exists an open neighborhood U, in U
and topological isotopy hy U, ~ Rm through open imbeddings from
he = hlU to a linear 1mbeddmg h, See (BrnG] [Ki,] , where equivalent
defmmons are discussed , and also {III, Appendix A}.

X
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CAT isomorphism h: U X [0,1] > (U X [0’1])21 so small that
d(h(x),x) < e(x) where € : M X [0,1] =~ [0,) isa continuous map
with € (000)=UX [0,11.F

FIGURE 5-a
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i If at this point one prefers to use the version without € of the Concordance
Implies Isotopy Theorem 4.1 , (but with a careful choice of V), one succeeds
easily enough at the cost of weakening the final result of 5.1 to be a concordance
rel C X R to a product structure where C C U is a prescribed closed subset of M .
The interested reader might pause to investigate two advantages that accrue,
compensating this loss of precision . First , the technically delicate parts of §4 are
avoided , white one obtains a version of 5.1 adequate for the applications in {111} to
topological manifolds . Second , the argument without e applies tel quel to
prove the PL - DIFF Product Structure Theorem of [Hi4] from the (more basic?)
PL - DIFF Concordance Implies Isotopy Theorem of [Hi7] .
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Extend h to a self-homeomorphism h of M X R so that one has
h(x,r) = (x,r) if <0 or x€ U, and h(x,r)=(p,h(x,1),r) if r>1.
With the help of the (local) CAT collaring uniqueness theorem A.1

we arrange that h is a product with R near UX 0 and U X | . Then
define £, tomake h: (M X R)22 - (M X R)E1 a CAT isomorphisin
Clearly X, M X (1,00) is of the form o X (1,0). This defines o .

The properties of X, indicated in Figure 5-a let one construct
more or less standard conditioned concordances ¥, =0 X R rel UXR
and £, =X rel UX R using the following easy

Windowblind Lemma 5.1.2.

Let Z' and X" be two CAT structures on M X R so that
Z'=X" on M X(ab), a<b,so that both X' and Z" are a product
along R onan open subset U X R. Then there is a conditioned

concordance
2'=3" rel UXR.

Proof of lemma . Using a conditioned CAT homotopy h, ,0<t<1,of
id| R through imbeddings to an imbedding onto (a,b), form an open

imbedding
H:IXMXR->IXMXR

with Hy(x,r) = H(t,x,r) = (t,x,h(r)) . The structure H'(I X ) on
I XM X R making H a CAT imbedding into I X(M XR)zf isa

conditioned concordance X'=H7Y(Z’). Itis rel UX R since X' isa
product along R on U X R. Similarly 2" =H7Y(Z") rel UX R . But
HY'(Z)=HT(Z),sowefind =32 rel UXR as desired . =

The first case M = R™ or R of 5.1 is now established . m

The general case follows by an easy chart by chart induction . We
present the details in a novel fashion since the induction that the reader
first thought of , probably does not work immediately if M is non-
metrizable .

Let 8 be the set of pairs (U’, £') consisting of an open subset U’
of M containing U, and a CAT structure £’ on U’ X R such that
'=2 on UXRUU' X (=0,0),and 2’ isa product along R on
U’ X (1,0) . (Compare behavior of Z, in Figure 5-a.)

According to Lemma 5.1.2 , the theorem is proved when we have
found a pair M,Z) € § .
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Now § is partially ordered: (U’, £') <(U", £") meaning that
U'CcU” and Z'= Z" on U’ X R. Every totally ordered subset has an
upper bound (the ‘union’) . Hence Zorn’s Lemma (transfinite induction)
asserts that 8 has a maximal element (MO yZg)

Assertion: M 0= M.

It will suffice to show that for any open subset V of M thatis
[STABLE] homeomorphic to R™ or R, one can find an element
M/ UV,Z,) € 8 with Z, =2 on M, X R. First extend Z
over M; X (-=0,0), M, EMO UV, letting it equal ¥ there. Next
further extend X arbitrarily over all of M; X R . This is possible using
the Concordance Extension Theorem 4 2, because X, is concordant
to a structure that extends — concordant via an isotopy h;,0<t<1,of
idIR through imbeddings with hy(-0,0) C (0,0} and h;R = (-=0,0) .

Z, isnow defined on M; X R. The proved case of 5.1 offers a
concordance of Z 1V X (1,00) rel (M, N V) X (1,%0) to a product
structure . Extend this by the identity concordance of
Z,! M, X R U M, X (-0,0). Then further extend , by 4.2 again , to a
concordance of Z,IM; X R toastructure £; on M; X R. Clearly
My, Z5) € (M, ,Z,) € § completing the proof of 5.1 . =

Applications of the product structure theorem frequently demand
the following “local” version, which the reader will recognize as an easy
consequence of the original version and the concordance extension
theorem .

THEOREM 5.2. Local version of Product Structure Theorem .

Consider the following data :
M™ a TOP manifold; W an open neighborhood of M X 0 in
MXRS, s=>1; % a CAT structureon W: CCM X 0 a closed subset
such that X is a product along R® near C; D another closed subset of
MX0,; VCW anopen neighborhood of D - C.

Suppose that m=>6, or m>35 and dM C C. Then there exists

a concordance rel (W-V)U C from T toa CAT structure L' on W
so that X' is a product along R® near D. ®



§6. The Cairns-Hirsch Theorem 37
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The analogue of the Product Structure Theorem 5.1 for compatible
DIFF structures on PL manifolds is the venerable

CAIRNS-HIRSCH THEOREM 5.3 (see [Ca/ [Hi,/ /Hi7/).

Let M™ havea PL structure s and M X RS a DIFF structure
% which is (Whitehead) compatible with s X RS . Suppose p isa
DIFF structure compatible with s on a neighborhood of C in M such
that S =p X RS near CX RS. Then there existsa DIFF structure o
on M compatible with s, and extending p near C; furthermore there
exists a conditioned DIFF concordance T' rel CX RS from X to
o X RS such that T is compatible with I X s X RS .

First recall the meaning of compatibility . Let S and Z be
respectively a PL and a DIFF structure on a manifold M . We say
that $ and ¥, are (Whitehead) compatible , or that S isa DIFF
triangulationT of ¥ ,if for each co-ordinate chart (h, U) of S the

composition R_,n_] D h(U)h;1 Mg id My isa C* non-singular imbedding
on each closed simplex of some linear triangulation of h(U) C Rﬂp.

Note that if f:Mg—> Mg, isa PL isomorphism , then the DIFF
structure fZ on M’ is compatible with S’ .

A basic theorem of J. H. C. Whitehead [Whl 1 [Mul] states that
every DIFF manifold My hasa DIFF triangulation S . In factif C

¥ This is a convenient abuse of language ; S is at best a maximal family of
piecewise-linearly related triangulations .
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isclosedin M ,and R isa DIFF triangulation of £|U where U isa
neighborhood of C, then there exists a DIFF triangulation S of MZ
that agrees with B near C.

ASSERTION: The results of this essay , together with Whitehead'’s
triangulation theorem provide a proof of 5.3 when m>6,0or m=35
and oM CC.

Proof of assertion .

By 5.1, (ignoring s) there isa DIFF structure ¢’ on M and a
DIFF conditioned concordance I ret C X RS from T to o' X RS.
However , ¢’ may not be compatible with s, nor I'" with 1Xs X RS,
Using Whitehead’s result find s° a DIFF triangulation of ¢’ equalto s
near C,and find G' a DIFF triangulation of T'', giving a conditioned
PL concordance from s X RS to s' X RS rel C X RS.

We shall construct a PL isomorphism F : (I XM X RS)G: -
IXM X RS which fixes a neighborhood of 0 XM XR® U IXCXR®
and is a product with I and with RS near 1 XM X RS. Then
F(I) =T will clearly be the required concordance compatible with
IXsX RS, and F(1Xo" X RS =1Xo X RS will define o .

We proceed to define F as a composition

s E s hXid s
(I XM XR%) s, (IXM), XR®> ——=IXM_XR">.
G g s

By Theorem 5.1 , Remark 1, applied to I X M, there is a PL structure
g that is a conditioned concordance s to s rel C, and thereisa PL
homeomorphism H equal to the identity near {0,1} XM X RSUIX

C X RS. Finally by Theorem 4.1 , there isa PL homeomorphism
h:({X M)g - I X M; so that h=id near 0 XM and h is a product
with 1 near 1 X M . This establishes 5.3 incase m>6, or m=35 and
oMCC. =

5.4. OBSERVATION . In the Concordince Extension Theorem 4.2.1
(rel a closed subset) suppose M isa PL manifold. For “CAT
structure” read ‘‘compatible DIFF structure’ . There results a valid
concordance extension theorem for compatible DIFF structures. Its
proof is an easy consequence of 4.2 for DIFF reinforced by 4.1 , for
PL and we leave it as an exercise . Again some low dimensions are not
covered by this proof .
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As a corollary one deduces a local version of the Cairns-Hirsch
theorem analogous t0 5.2 . ’

These results provide , for dimension > 5 | the basis for Hirsch’s
first obstruction theory [Hiz! for introducing and classifying up to
concordance compatible DIFF structures on a given PL manifold .
More elaborate theories of Hirsch and Mazur [Higq )} [HiM] [Mor 1 [Hi5]
[Higl and of Lashof and Rothenberg [LR ;] also use these results .

It is of course a telling fault that we do'not deal with compatible
DIFF structures on PL manifolds of dimension <4 . But the theory
is rather joyless there ; compatible structures exist and are unique up to
concordance [Ce|] .
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Appendix A . COLLARING THEOREMS

We define a local collaring of a closed subset M of a metric space
W to be an open neighborhood U of M X 0 in M X [0, ) and an
open topological imbedding f: U — W satisfying f(p X 0)=p forall p
in M. Incase W and M are CAT objects (CAT = TOP, PL or DIFF},
and f isin addition a CAT embedding , then f is called a CAT local
collaring .

THEOREM A.1. Local collaring uniqueness .

Consider the following data : M a CAT manifold (CAT =TOP,
PL or DIFF) ; W a CAT manifold , with metricd , possibly with
corners if CAT = DIFF , and containing M as a closed subset ;
fg:U=>W two CAT local collarings of M in W, C a closed subset
of M such that f=g near CX 0 in CX [0, o); D another closed
subset of M ; e : W [0, o) a continuous function , positive on D .

With these data there exists an isotopy h,, 0<t<1, of idiW

fixing M so that f=h,g near DX 0 and d(ht(x),x)< e(x) forall
x€W. Theisotopy h,g is constant near CX 0 in CX [0,°)NU.

4. We will indicate a proof of this presently . Familiar (relative)
collarmg existence theorems foliow from this , (see [Ar]} [Bm] [Cny] for
TOIi 5 {Hu,] for PL; {Mul] for DIFF.)

It is not difficult to deduce a global uniqueness result .

DEF]NITION If a CAT local collaring f: M X [0,90) - W restricts to
aclpsed imbedding of M X [0, 1] , we call the restriction f IM X [0, 1]
a 'CAT clean collaring .

THEOREM A.2 . Collaring uniqueness .

%Conszder CAT clean collarings f,g : M X [0, 1] =W of MCW.
Suppose =g neara closed subset CX [0, 1] . Let D CM be closed
ang%let V CW be an open neighborhood of f(D X [0, 1])VU

,./%:v n 11)
p:! L
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Then there existsa CAT isotopy hy, 0<t<1,of idlW, fixing
all points near f(C X {0, 1]) and all points outside V , such that
f=h,g near DX [0,1]. Further,if f=g near DX 0, then h,=id
near M. .

The reader should be able to obtain the local collaring uniqueness
theorem from the following key lemma , suggested by [Cny] . (There is
an extra step unique to DIFF concerning angle of departure from the
boundary ; cf. [Muy, §6] .)

LEMMA A.3.

Let U be an open neighborhood of M X (-0, 0] in M X R and
let f:U—>MXR beanopen CAT imbedding equal the identity on
M X (=0, 0] ; let D CM beaclosed set andlet € : M X R~ [0, )
be a continuous function positive on D X 0.

Then there existsa CAT e-isotopy h;, 0<t<1I, of idIM X R
fixing M X (~oo, 0] so that hy =f near DX 0. ’

If f is the identity on a neighborhood of C X (-0, 0] in CXR
for some closed set C C M, then the isotopy h,, 0<t<1, canbe
50 chosen that the same is true of it .

Proof of Lemma (in outline). Concerning smallness, it will suffice to
show that the isotopy h; can be made to have support in e1(0,0)
and can simultaneously be made as small as we please for the fine co
topology, equivalently for the majorant topology, cf. §4 and App.C .,
Using normality, find a closed neighborhood Y of DX0 in MXR
contained in the open set ¢'1(0,%0) ,disjoint from the closed set
MXR~ [(U) ,and so small that { | {YN(CXR) } = identity
Define X = f1(Y) .
Construct ‘sliding’ CAT isotopies
o : MXR-> MXR , 0<t<1,
of id | MXR such that:
(@) op =identity on MXR-(XNY) ;
(b) o (xXR)=xXR and o¢(xX(~°,0]) D xX(e0,0] forall t and x
(© 0, (MX(=,0)) D DX(=,0] ;
(d) oy is as small as we please for the majorant topology.
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Consider the rule
ft = thot'l , o<t<l1 .

By (ZI) , f; is an isotopy of f through open imbeddings U-*MXR s
wiﬂl}?gpport in XNY and disjoint from CX0 . By (b) , f; fixes
MX(g20,01 . By (c) , f is the identity near DX(=%>,0] . By (d) f;
is as‘jﬁmall as we please for the majorant topology.

iggy (a) again, f;U=fU and fy=f outside X . Since Y = f(X)
is cl_g_'gms_éd, and f(U) is open we can define hy , O<t<1 , by the rules

h(y) = £f'(y) for y € f(U)
h(y)=vy for y & f(X) .

ThlSilS the isotopy required. It is as small as we please for the majorant
topglogy. =

iégf}"here are two ways in which it is often useful to generalize the

“ . . . .

aboye.results . Neither generalization requires much more than
“:(" ’0: .

notational change in the proofs .

(a)i}‘ OP can be enlarged to the category of continuous maps of metric
spaégjyj ; PL can be enlarged to the category of piecewise-linear maps of

loq{ﬂ,ly compact polyhedra .

A.4§E}ENERALIZATIONS

el

(b)':f@_?espectful versions). One supposes W equipped with a family
{Wg}; of closed subsets . Then one insists in hypotheses and conclusions
thaﬁ[gach isotopy mentioned respect each set W, or M, X R asthe
casgimay be . For our purposes {W,} is usually the set of fibers of a
CAggzil‘submersion p:W-=A toa CAT object A.
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Appendix B : SUBMERGING A PUNCTURED TORUS

This contains verbatim a letter from J. Milnor of October, 1969 ,
which gives an elementary construction of a submersion of the
punctured torus T™—point into euclidean space R™. Itisused in §3 .
A different elementary construction was found by D. Barden [Bar] [Ru]
earlier in 1969 , and another by S. Ferry , [Fel 19731 Milnor produces
a smooth C* (= DIFF) submersion . A secant approximation to it in
the sense of J. H. C. Whitehead [Muy , §9] provides a piecewise-linear
(=PL) submersion .

“Let M be a smooth compact manifold .

HYPOTHESIS . M has a codimension 1 embedding in euclidean space
so that , for some smooth disk D CM and some hyperplane P in
euclidean space , the orthogonal projection from M —D to P isa
submersion .

THEOREM . If M satisfies this hypothesis , so does M X St .
[t follows inductively that every torus satisfies the hypothesis .

PROOF . Suppose that M = MYl embeds in RK 5o that M — D
projects submersively to the hyperplane x; =0 . We will assume that
the subset M C RK lies in the half-space Xy > 0. Hence , rotating Rk
about RK=1 in R we obtain an embedding
(%,0) # (Xy yoey Xy _y s Xp COS O, X sin @) of MXS! in RKTT | This
embedding needs only a mild deformation in order to satisfy the required
property . .
Let ey ,..., ep4) be the standard basis for Rk*1 Let 15 be the
rotation
e ™ e cosf teyysind
e; » ¢ for i<k,
extl ¥ —esinf tepy) cosf .

Let n(x) =n,(x)e; ++ny(x)e, be the unit normal vector to M in RK,

t And still another by A. Gramain [Gra) 1973 .
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For x € M-D we can assume that n; is bounded away from zero . Say

ng =20>0.
Suppose that M lies in the open slab 0 <xp <p of RK . Choose

€ >0 so that the correspondence (x,t) + x+tn(x) embeds
M X (-e,e) diffeomorphically in this slab .
Choose a smooth map t : S! = (-e,e) so that

dt > 2B/a when 8 =0 ; cose% > 0 always.

do
L__.\u bt e
_/}I 21 8

The required embedding M X S! = REH s now given by

(x,0) + re(x +t(0)n(x)) .

V

Computation shows that the normal vector to this embedding is
p/lIpll where

p(x,0) = (x). * tnyrg(m) - 4
Leg v=e; -oegy) - Then p-v = A+B where

A= (x; + tm)n, - osing my) and B=acos€§~:—}- >0.
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Thus if x€M ~D we have

A>(xk+tnk)(2a—a) >0

hence p * v>0. On the other hand , forany x€M, if § =0, we
have
A=-B, B> a(28/) .

Hence p+*v >0 for 6 =0, and therefore p+v >0 for all sufficiently
small ¢ ; say for 16l <q.

It now follows that the complement (M X $!)—(D X [n, 27-11)
projects submersively to the hyperplane vl. This completes the proof .
[
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Appendix C. MAJORANT APPROXIMATION

This appendix collects some basic observations about majorant
approximation of functions, and it proves a theorem that provides a
local criterion for majorant approximating a ‘good’ function by a ‘better
function

el

Let X and Y be topologlcal spaces. If U is an open cover of Y
and f , & are two continuous functions ( = maps ), we say that f and g
are s -near if for each point x in X , both f(x) and g(x) belong to
somi; one set of the cover v .

{We topologize the set C(X,Y) of continuous maps X—~>Y in
terms of the sets

‘X N({,v) = {g€C(X,Y) | f and g are U -near }
by i(\ieﬁning aset NC C(X,Y) to be open if for each f€ N there exists
v sb that N(f,¥) C N . This is called the (target) majorant topology.

Factl If Y is a fully normal topological space , each set N(f,\s) is
a nezghborhood of f; then forfixed [ the sets N(f,\x) form a basis
of Afze,zghborhoods of f . Proof: Full normality means precisely that,

y open cover U , there exists an open cover W = {W;} such that
the starred cover W* refmes v .1 (By definition W* = {W*} where
W* U (W, IW; " W;# ¢} .) Then observe that

hEN(g lb) = N(h W) C N(g,v) - It follows that, for any

N C C(X,Y), the subset N* of all g in N , such that there exists a
N(g,\¥) C N , is an open set. This in turn implies that each N(f,l) isa
nelghborhood of f. =

Fact 2. For fEC(X,Y) and g€ C(Y,Z) the rule of composition
(fi g) . gf € C(X,Z) isa continuous mapping
C(X Y)XC(Y,Z)~ C(X,Z) provided Z is fully normal.

5” 1 Ful normality (as defined above) is easy to establish from metrizability. It
also follows from the existence of fine partitions of unity (by regarding them as
maps to nerves as in the proof of C.l below). Two equivalences are worth noting .
1)#full normality & paracompactness < existence of fine partitions of unity _
Z)jFor spaces that are regular (all points have small closed neighborhoods) , full
normality is equivalent to paracompactness (= existence of fine locally finite open
"S{XPrS) . See [Sto,] or any treatise, shunning superfluous separation axioms.
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Proof: Given N(gf,V) , find an open cover W such that W* < V.
Then f € N(f,g'w) and g’ € N(g,Wb) imply gf’ € N(gf,lv) and
f'g’ € N(gf’.w) , whence g'f’ € N(gf,Ww*) . =

Fact 3 . The group of homeomorphisms H(X) CC(X,X) isa
topological group, for the inherited majorant topology, provided again
that X is assumed to be fully normal. Proof: Given fact 2 we have only
to verify the continuity of the rule f+ -1 . But f‘fl ,g"l are U -near
@ f‘lg,id are U-near « g, f are f(¥)near . =

In case Y is a metric space there is an alternative definition of our
topology on C(X,Y) as follows. Call positive continuous functions
8 :Y > (0,00] majorants ,and for f in C(X,Y) define

Ng(f) = {g€CX,Y)|d(fx),a(x)) <8(f(x)) forall x in X }.

Fact 4. Asd varies, the sets Ng(f) give a basis of neighborhoods of
fin C(X,Y) . Proof: (i) Given & ,one has N(f,\s) C Ng (f) for
any cover b of Y such that, foreach VE VU |

diameter (V) <inf {§(y) ly&€V} . Toobtainsucha Y, we simply
cover each open set 6 =1(1/n,) with balls of radius < 1/2n .

(ii) Given ¥ ,one has Ng(f) C N(f,\s) for any majorant § such that,
forall y €Y, the ball Bg(y)(y) of radius 8(y) about y liesin some
VE VU . Toobtain sucha & first find a locally finite refinement

b= {W;} of U (recalling that metric = paracompact) ; then define

6; : Y= [0,%0) to be the distance to Y—W; ;and finally let

8(y) =max 8;(y) . Since W is locally finite the maximum 6(y) exists
and is continuous. ®

The following lemma shows that, in case f: X~ Y isproper (i.c.
K compact = f ~1K compact) , one could as well replace majorants
& on Y by majorants 8’ on X in the definition of Ng(f) , substi-
tuting <6'(x) for <8(f(x)) .

Lemma. Let f: XY bea proper continuous map to a metric space
Y ,andlet 8 : X —(0,o) be continuous. Then there exists a contin-
uous map 8:Y —=(0,) such that &(f(x)) <8'(x) forall xE X .

Proof . Since Y admits fine partitions of unity to help us build § it
is enough to check that each y € Y has a neighborhood V,, such that
inf {8'(x) |x € (Vy)}>0 . Since f~1(y) is compact, it has an
open neighborhood Uy such that inf{t?'(x) [x€Uy}>0 . Bu,
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as [ isproper, { maps closed sets to closed sets, so we can take
Vy = Y-[(X-Uy) . =

Putting these introductory observations aside, we proceed to
formulate the promised approximation theorem.

Let X and Y be topological spaces. We shall be working with the
collection & of continuous maps f: U~V where U isopenin X and
V isopenin Y . Letting $(V) denote the set of all such f having as
target the set V , We observe that the rule V+ 8(V) , together with
the restriction maps $(V)— S(V') for V' CV , constitute a sheaf of
sets T on Y* that is also denoted by § .

Let &4 C & C 8 be two subsheaves of 8§ . (Thus, for example,
&(V) isasubset of S(V) forallopen VCY.)

Alsolet m:Y = Y* bea continuous map to a space Y™ . It
serves to give a second, coarser topology on C(X,Y) ; the simplest case
Y =Y™* with # =identity is perhaps the most usual, and we choose our
language to conform to it.

We pose the following

Approximation Problem . Given f: XY in &(Y) and given an open
cover Y of Y* under what conditions can we find amap g: X~ Y in
&Y) such that [ and g are \s-near in the sense that forall x in X ,
the two points f(x) and g(x) lie in some one set w1V with V€ ?

Example . Given a homeomorphism f:X—Y of smooth manifolds
and open cover U of Y*, when can we find a diffeomorphism

g: XY thatis VU-near to f ? This question fits into the above frame-
work when one defines & [respectively &, |} to be the subsheaf of 8
consisting of all maps that are homeomorphisms, [respectively diffeo-
morphisms].

The answer we can give in general terms, is merely that it usually
suffices to verify the strongly relative local criterion below. Let Y be

1 A sheaf of sets 6n (or over) Y is a contravariant functor § from the
inclusions of open subsets of Y to the category of sets, such that the following
‘unique pasting’ axiom is verified. For any open V CY and any open cover {Vi}
of V the elements of $(V) correspond bijectively via restriction to the indexed
collections {x; lxi ES(Vi)} such that for any pair of indices i,j the elements x;,
% restrict to the same element of g(vir\vj) .
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a fixed open cover of Y* . (When Y* is Hausdorff (= T, ) and
locally compact a popular choice for Y is the open sets in Y* that have
compact closure.) The ‘strongly relative’ local criterion is stated as
follows in terms of the data X , m:Y = Y™ , &, &4, 4

%) Let C and D be closed subsets of Y™ with D contained in
some UEY . Let V bean open neighborhood of D - C.

Considerany f: XY in &(Y) thatisin &, near C T.
Then there exists g: X > Y in & equalto f near CU(Y*-V)

such that g isin &, near CUD .

APPROXIMATION THEOREM C.1 .

Given thedata X ,w:Y~>Y* &, &.. Y}, as presented above,
suppose that () is verified.
Provide that Y™ is fully normal and paracompact.

Then, given f: X~ Y in & , together with any open cover & of
Y* |, there exists fee XY in & , such that [ and f, are \-near.

Furthermore suppose that f isin &, near a closed set CCY *
Let D beany closed setin Y* ,and V any open neighborhood of
D—C . Then thereexists g: X~>Y in & , U-near to [, such thut g
isin &, near CVUD and equals [ near CU(Y*~y)

Example . In §4, this theorem can provide part of the proof of the
Concordance Implies Isotopy Theorem. With the notation used there,
Y* will be the manifold M , X and Y will be IXMXI and # will

be the projection to M=Y™ . For V openin Y ,an element

f: U=V of &(V) will be a homeomorphism respecting projection to
the first interval factor, and equal to the identity both on U N (0XMXI)
and near U N (IXMXO0) ;this f lies in &, (V) if it givesa CAT iso-
morphism UN (IXMXI)F to VN (IXMEXI) . Thusa f:X—=Y in
& is a topological isotopy of id |{(MXI) rel MX0 toa CAT
isomorphism (MXDp - MxXI) .

Remarks. We have made the approximation theorem just general enough
to cover the handful of applications in these essays. One can generalize
it by allowing & , &, to be arbitrary sheaves of sets, given together

1 This means that for some open neighborhood N¢ of C |, the map
lm-INo >IN , obtained by restricting f , liesin &y(7~INQ) . Similar
‘abuse’ of language will persist.
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with sheaf morphisms &, - & - 8 that are not necessarily subsheaf
inclusions. This generalization is somewhat more awkward to discuss T,
but it permits one simplification: the (generalised) case where Y=Y*
and 7= identity immediately implies the most general case.

PROOF OF THE APPROXIMATION THEOREM .

We need only prove the first assertion of C.1 ;the stronger asser-
tion involving given subsets C , D and V of Y* can then be
deduced by applying the first assertion to suitable subsheaves &' and
&, of & and &, ,namely:

&' = the mapsin & equal to { near CU (Y*-V) (wherever defined).

&4 = the mapsin &' thatliein &4 near D (wherever defined).

This works because the local criterion () is verified for &'
and &} in place of & and &, above.

To prove the first assertion we begin by using paracompactness of
Y* to find an open cover W= {W;} of Y* that refines the two
covers |} and U .

Since Y is fully normal as well as paracompact, there exists a parti-
tion of unity {a;} on Y* with ozi"l(O,l] CW; foreach i . Thiscan
be interpreted as a continuous map

a: Y > (wl
to the nerve of the cover W ;namely the one such that, for each y in
Y* and each index i , the point a(y) has a;(y) for its barycentric
coordinate with respect to the vertex w; corresponding to W; .

The appropriate topology for | W} is the ‘weak’ topology ¥ , for
which a set is closed if and only if it meets each closed simplex of |l |
in a closed set. The continuity of the functions «; implies that oz'l(a)
is closed for each closed simplex ¢ and that « is continuous over each
such ¢ . Local finiteness of the partition {;} implies local finiteness
‘value-wise’ of the collection {a~1(¢)} in Y* —ie.,given x in Y*

t Forexample, f:X—>Y in & comes to mean an element { of &(Y)
whose image in S(Y) is a continuous map X—=>Y .

1 The three standard topologies on | W] (cartesian, metric, weak) coincide
precisely if W isstar-finite . The covering W can always be chosen to be star-finite
precisely if Y* is strongly paracompact . Every locally separable metric space, and
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there is an open set U containing x so that { a~1(a)NU }

( o varying) is a finite collection. Thus, a setin Y™ is closed precisely
if it meets each set a~1(0) in a closed set. It follows that o (A) is
closed if A is closed; so the continuity of o is now explained.

writing | w! = K for convenience, suppose for an induction over
the skelleta K() [r>—1, that we have built f;: X—>Y in & that
isin &, near K(f) . The induction begins with { | =f .

For any closed simplex o of |W]| we have a standard open
‘spindle neighborhood’ N(o) of into = (0-0d0) , namely the open star
of into in the first barycentric subdivision of {W |1 .

N(0) 1]

R 1

e

N(t)

T
.~

Observe that, if N(o) meets N(7) , then either 6 <7 or 7 <0 .

For each closed (r+1)-simplex o of lol= K , apply the criterion
(9) with the substitutions C+ oKD | D +» o~l(o) ,
V + o IN(g) ,toobtainamap g;:X~>Y in & equal to f, near
Y*—aI(N(o)) andlyingin &, near o!(K(T U g) . Since the open
sets a1 N(o) are pairwise disjoint, we can I piece together a unique
map f.¢ :X—>Y suchthat f; coincides with f. near Y*—Nr|
where

Nk = U {N(o) | dimo=k ,0 <K}

and f.,; coincides with g, over a~IN(o) . Clearly f,,, isin &,
over o~!(K(rt1)) | This completes the induction to construct a
sequence fy ,fy ,fy, .. of maps X>Y .

1t If O hasvertices w, , ..., W then N(0) is the set of all points z € |1}
such that if w; isnot a vertex of 0 then wy(z) < min {wy (), oo, ws(x)} .
This N(0) is clearly open in the weak topology; it is often not open for the other
two,

§ The collectionof all &' N(G) , 0 a simplex of |\ , is easily seen to be
alocally finite open cover of Y* , because W islocally finite. But beware that, in
general, the open covers {N(0)} and {N } of [Inl are natlacally finite
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The collection {a”!N_|r=0, 1, ..} is locally finite in Y™
because W is locally finite . Thusany point yE€ Y™ hasa
neighborhood Vy meeting only finitely many sets a‘lNr . It follows
that the sequence f. |V ,r=1,2,.. ,iseventually constant. This
shows that g=1limf; isa well defined map XY in & . It clearly
liesin &,

Finally, we show that g is \s-near to f . Forany point x€ X ,
suppose the eventually constant sequence f(x), 0(X),f(x), ... moves
just before fr(n)(x) ,n=0,1,..,s . Then fr(n—l)(x) and fr(n)(x)
lie insome «~IN(o,) . Thus N(o,,) meets N(oj,,) ,n=0 y ey S— 1y
and clearly this implies that oy <o, <..<ogg . If w; is avertex of
0y , then the barycentric coordinate for w; is posmve on
N(op) V... UN(gg) . Thus oz"l(O 1] contams both f(x) and g(x) ,
i.e. f and g are (-near, where G = {oz“l(() 1]} . Since <<V ,
the proof is complete. =

Source majorant approximation (supplementary remarks) .

There is a companion to the majorant approximation problem dis-
cussed above; it arises when one wishes to measure progress in the
source space X rather than the target Y.

e %To simplify we assume henceforth that X and Y are metric and
that X is locally compact.

One gives to C(X,Y) the source majorant topology , letting a
basns of neighborhoods of f: X— Y be the sets

N(f‘ )={eg€CX,Y) | d(f(x),2(y)) < e(x) forall x in X}

where € : X (0,90) ranges over all positive continuous functions
(majorants) This is also known as the ‘fine Whitney topology”’ or

the “fine CO topology’, cf. {Mu),p.29] . Itis in general finer than the
(target) majorant topology first consxdered as the exarhiple X=R ,
Y;,,..V,[O,l] amply illustrates. Of course, when X is compact, both

m "Morant topologies coincide with-the compact-open topology.

F / Fixing attention on the source space X ,let U be any open
subset of X ,and denote by §(U) the set of contmuous functions
U—* Y . Wlth obvious restriction maps, the sets $(U) form a sheaf of
sets on X as U varies; it is denoted § . We consider subsheaves
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&+ C&CS8 of ‘good’ functions & and ‘better’ functions &4 .
Pause here to note that & could for example be the open immersions
to Y ,butit could not be the open embeddings. (Just inspect the basic
axiom for sheaveson X 1)

Approximation Problem: Is &(X) dense in &(X) for the source
majorant topology?

To be sure, one can pose this problem in a strongly relative form,
but, as noted in the proof of C.1, such generality is illusory.

We indicate how to solve this problem in two steps.

Step I). &4(X) is indeed dense in &(X) provided the following
strongly relative local criterion is verified:

(38) Given f.:X~=>Y in & thatisin &y neara closedset CCX ,
and given a compactum D C X and an open neighborhood V of D ,
there always exist approximations g to f thatarein &4 near CUD
and are equal to f near CU(X—-V) .

Note that this property (3) remains just as strong if we suppose
that V has compact closure, or if we suppose that V is contained in
some set of a fixed open covering of X .

It is still unsatisfactory that in (d) we should have to hypothesize
approximations; nevertheless it is encouraging to note that it does not
matter which topology we use on &(X) ,since V may as well have
compact closure.

The proof of I)is left as an exercise, cf. [Sijy ,Proof of 6.3 ] .
Hint: It can exploit a well known ‘concentric annuli’ trick to express
X as Xg U X; where X and X; are closed sets each a discrete
sum of compacta. (For X =R? these compacta could be concentric
annuli.)

Step II). Verification of (J) .

Frequently, when one is faced with a specific approximation
problem, the criterion (J8) is directly verifiable . This will be the case
for approximation of maps by ones transversal to a TOP microbundle
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(111, §11 ;of for approximation of continuous functions by TOP
Morse functions [III, §2] .

However, it is reassuring to observe that C.1 reduces (d) toa
criterion not involving approximation.

Assertion: (3) is implied by the weaker version (3)* where g is
no longer required to be an approximation to { but instead one in-
sists that g(V) lie in a prescribed neighborhood of (V) .

Proof: Regard (Jd) as a target majorant approximation problem as
follows. With the notation of (3) lei’ &' be the sheaf on Y consist-
ing of continuous maps h : U'= V' with U’ open X and V' open
in Y ,so that Ut v c,Y isin & and h equals f near
UN{CUX=-V)} . Alsolet &, C &' be the subsheaf of maps h
such that U~ V'C, Y isin &4 near U'N(CUD) . Thenin
view of C.l , the criterion (d) for &'+C & is implied by (9) for
&, C &' . This (?) isin turn implied by (3)* . 5
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§0. INTRODUCTION

A sliced family of CAT (=DIFF or PL ) structures on a mani-
fold M with parametersin A (a simplex or any CAT manifold) is a
CAT manifold structure I' on the product AXM that is sliced over T
A in the sense that the projection (AXM)p—> A isa CAT submersion.
Then, for each point u in A , I' givesto uXM a CAT structure I';, .
Beware that a family I' is decidely more than the collection
{Fu fu€ A} ofits ‘members’, whenever dimM =1 . ¥

Akey result of §1 is that the projection p;: (AXM)P - A
isa CAT bundle projection provided dimM #* 4 % dimoM . When A
is contractible, this means that there isa CAT isomorphism
h: (AXM)p—~> AX(My) that is sliced over A (in the sense that
ph=p; ). This result requires no dimension restriction if M is com-
pact, since every proper CAT submersion is easily seen to be a CAT
bundle projection. In the noncompact case we shall use an engulfing
procedure in order to revert to the compact case; a simple covering trick
is involved. As first sketched in [KS4q], this argument enjoyed con-
siderable excess generality that was then intended to let one pursue the
study of limits of homeomorphisms, begun in [Siy](see [Sij,end]
for an example). We retain that generality here, but we have tampered
with the original proof to make it self-contained, and in addition we
have found a short-cut for the case at hand. R. Lashof and D. Burghelea
have in the meantime devised an alternative argument [BulL,I].

The above bundle theorem of §1 is extensively used in classifying
sliced families in FEssay V .

1 Beware of confusion with the notion of a “slice” in the theory of group
actions.

1 There is for example a DIFF structure I' on TIXS6 so that Iy is standard
forall ueA=Tl=R/Z ,but (T'XSO)p # T!XS6 . Tobuild T , letit be
standard near the complement of a disc  (=%,%) X R6 in TIXS6 | with
§6 = R6 Ueo | on which disc we make it the image of the standard structure under a
TOP Alexander isotopy H with compact support,to id IRS from hIR6 |
where h is an exotic DIFF automorphism [Miglof S releo ;more specifically
H can map (t,x)+ (t,8th(x/8t) for 0<t < 1/4 and (t,x)* (t,x) for —1/4 <t <
<0 .
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In §2 we refine the bundle theorem in case A isa simplex or
cube, showing that there is a majorant-small TOP isotopy h; ,
0<t<1, of id |(AXM) sliced over A ,so that h;I" is of the form
AXT ,with ¥ a CAT structureon M . If T was of the form AXZ
near AXZ , where A isa retract of A , this isotopy can be the identity
near AXM . There are further refinements, giving, in all, a complete
analogue for “sliced” concordances of the Concordance Implies
Isotopy Theorem of [I, §4].

This result of §2 is useful in converting information presented in
terms of such sliced concordances I' into geometrically useful isotopies.
For example it lets one approximate topological isotopies of the identity
by CAT isotopies of the identity. )

The 1972 version of this essay contained two further sections T
that studied the space of CAT concordances rel 3 of the structure
of a CAT manifold M , by generalizing directly the proof of the
Concordance Implies Isotopy Theorem of Essay I (cf. the announce-
ment [KS4]). In particular, provided dimM > 5 |, this space (semi-
simplicially or semi-cubically defined using sliced families) is contrac-
tible for CAT =PL and l-connected for CAT = DIFF . The reader
will find that such results can equally well be obtained by combining
§2 with the classifications of Essay V . Certainly the approach via
Essay V is more sophisticated; but on the other hand it is probably
more enlightening.

t To which, no doubt, stray references persist. Perhaps these sections will be
published in Manuscripta Mathematica . '
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§1. BUNDLE THEOREMS

A CAT map p:E-B (for CAT = DIFF,PL,TOP,T, T) is
called a CAT submersion if for each point x in E thereisa CAT
object U ,an open neighborhood B, of p(x) in B ,anda CAT
open imbedding f:B,XU~ E onto a neighborhood of x such that pf
is projection ByXU—B, C B . Such an imbedding f is called a
submersion chart. When f is normalized so that U is an open subset of
p‘lp(x) and f(p(x),u)=u for u in U ,then we sometimescall [ a
product chart about U for p . Note that every fiber of a CAT sub-
mersion isa CAT object. Also, for any openset E,CE , the restric-
tion plE, isa CAT submersion, and its image p(E,) isopenin B,

Using the CAT isotopy extension principle ( CAT# T, ) one can
show that any compactum in a fiber p~!(y) ofa CAT submersion p
is contained in the image of some submersion chart.f¥ Hence, if the
submersion p has compact fibers and is closed, i.e., maps closed sets to
closed sets, it follows that p is a locally trivial CAT bundle projection.

The aim of this section is to give conditions assuring that a CAT
submersion with noncompact fibers is a locally trivial CAT bundie
projection.

Our main result is a technical one, formulated so as to avoid restric-
tions of dimension or category.

1 T, is the category of all Hausdosff topological spaces and continuous maps,
PL could be enlarged in this section to contain all locally compact polyhedra and
piecewise linear maps.

I For CAT =T2 this applies nevertheless, if for example p'l(y) is Jocally
triangulable; see [Si; 2] for the relevant isotopy extension principle,

¥ See {Sij,;6.14, 6.15] for this reduction to the CAT isotopy extension
theorem. But note that,for CAT = DIFF or PL , very direct proofs exist. For
CAT =PL , [lil, Lemma 1,7] provides one. For CAT = DIFF , any smooth neigh-
borhood retraction r:Eg —>p‘1(y) provides one since r isa DIFF submersion
near p~l(y) .
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TECHNICAL BUNDLE THEOREM 1.1.

& Consider a CAT object E ( CAT=DIFF ,PL,TOP or T, ) ,
equzpped with

(a) za CAT submersion p:E—> A ontoa CAT object A . (For

u €A write F, =p~I(u) for the fiber of p over u.)

(b) i a merely continuousmap w:E—->R . (For a,b in R write

Ef a,b) = Fuﬂﬂ“l (a,b) ; adopt similar notation with any subset of

R in place of the open interval (a,b) ),

< We suppose verified an ‘engulfing’ condition somewhat weaker
than the statement that each F,fa,b) isa CAT product with R :

(*) . Forany u € A and any pair of integers a <b , there exists a
CAT isotopy hy, 0<t<1 ,of F, with compact support in
F,(a-1,b+1) such that

hy F(—ooa) O F(~eob]

. For CAT =T, we must assume that each fiber F,, is locally
triangulable T, and that, for each pair of integers a <b , the set
F,la,b] is connected and compact. ¥ Also we must assume that A is
paracompact and ¥ of covering dimension d < oo .

Under these hypotheses p : E = A is a locally trivial CAT bundle.

Rerhnarks on 1.1.

1) If CAT =DIFF ,PL ,or TOP the special case where A is a simplex
(or :cube) implies the general case.

2) 'The TOP version is clearly subsumed in the T, version.

3) The T, version could probably be proved differently in case E and
A are complete metric spaces, by using a selection theorem of E.
Mlqhael [Mic] .

4) :Whether the hypothesis dimA <eo is necessary is unknown. For
lhe'applications of the T, version to the closure of the homeo-
morphism group of a manifold envisaged in [Siyq] ,itisamost
undesuable restriction.

’( Or more generally verifies the general isotopy (local) extension principle of
[3112, 80,861 for parametersin A .
i £ This compactness, in fact, follows easily from (*) .
¥ i.e., each covering of A admits a refinement whose nerve is a simplicial
com'plex of dimension <X d, and d is the least such number. One could equiva-
lently use finite coverings only, see [Nag, p.22] [Dow] .
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5) The requirements on some new category CAT ,in order that 1.1
hold, could be axiomatized without difficulty.

6) The fibers of p may indeed not be a product with R . For
examples in dimension = 5 detected by class group obstructions, see
[Sigl . Asuitable 7 :F; >R can be gotten by identifying F,; with
the natural infinite cyclic covering of a band formed by gluing together
the ends of F, ,see [Sig,§2]

7) In stating this theorem in [KS4] , we forgot to mention the isotopy
hy to h; in (*) ;our proof definitely needs it.

PROOF OF THEOREM 1.1.

[ Certain parts of the proof not needed to establish the important
DIFF and PL Bundle Theorem 1.8 below are marked off by double
brackets. ]

We shall show that p factorizes a's
p=p-q:EHBBA |

where q isa CAT infinite cyclic covering, classified by a map
f:B-sl ,while p' is a closed CAT submersion with compact fibers,
and hence a CAT bundle projection .

It follows that p isalsoa CAT bundle projection. Proof* As the
condition is local in A , we can assume p’ is trivial, i.e.,
B = F'XA so that p’ becomes projection to A . To verify local CAT
triviality of p at u€ A , consider F, = q~}(F'Xu) and the infinite
cyclic covering

4y ¢ Fyxa WFwxid gyn - p

This covering q, is clearly classified by the map f,:F'XA~ sl
sending (x,v)* f(x,u) , and f_ agrees with f on F'Xu . Since clcse
maps F'— S! are canonically homotopic, these classifying maps
and f; are homotopic when we cut A down to a small neighborhood
of u . Then, by the bundle homotopy theorem [Hus} , q and 90
give isomorphic coverings of F'XA ,and so E= F XA making q
correspond to 4, , and hence p'q=p correspond to the projection
p'qy=py: FyXA—>A . This proves the wanted CAT local triviality .

The proposed factorization of p will be obtained by patiently
constructing an infinite cyclic covering translation on E .
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PART A). The following global sliced version #(y) of the engulfing
property (*) holds true, with v=dimA+1 =d+1 .

#(y):  Forany pair of integers a <b , there exists a CAT isotopy
hy ,O0<t<1, of d|E sliced over A , such that
hlfr"l(—oo,a) Dai(~o0p] ,
and the support of the isotopy h, is contained in
7 la—y,bty] .

To prove this we must consider also a weaker condition
#(v.0)

for C aclosed subset of A and r € (0,00] . This differs only through
weakening the inclusion condition to be -

hyal(=e02) D w-l(meop]np-lC
and suppressing even this condition except when
fa=y ,bty] C [—r+2,r~2]
Clearly #o5(7,A)=#(7) ;also #.(v,O)=#,8,D) if r=s , y<?d
and COD .

Addition Lemma 1.2 . The conditions #,(v,C) and #,(8,D)
together imply the condition #,(v+8,C UD) .

Proof of 1.2 : Given a pair of integers a <b ; the isotopy asserted by
#(v+8,CUD) can be defined as

he=hC-hP ,0<t<1 ,

Figure 1-A . -~ — —— e
bt+d = ——— 51—7
| e PR I
<._...JL__..
(wtof)al-——{ |  [|-===o—=-=
t
—_——— e e - a-y 6+'Y
S S S
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where htC is an isotopy provided by #r('y,C) for the pair (a,b+é§) ,
and h? is an isotopy provided by #.(8,D) for the pair (a—7y,b) .
Figure 1-A immediately suggests why. ®

Fixing now an integer r < oo , we seek closed sets Cy,C,, ..., C4
with union A so that #.(1,C;) holds for each C; . Then this addition
lemma (applied d times) establishes #.(d+1,A) . Since r is as large
as we please we shall have #(d+1) as required.for Part A.

Consider a (normalized) CAT product chart
¢ : Fy(-rnXA, = E
for the CAT submersion p , the set Au being an open neighborhood
of apoint u€ A .
Consider also a CAT isotopy g; of ileu(-r,r) , with compact

support.
Forany CAT function

o:A-[0,1]
with support contained in A, , we then define a map hy on Image(p)
he 1 0(0LY) * 0( gy (), V)

and extend as the identity outside Image(yp) to anisotopy hy of
id|E , sliced over A .

For the moment we fix ¢ and let « and g; vary.

3

Fact 1 . There exists an open neighborhood U of u in A, so small
that

support( o) C U

will imply that, as g; ranges over the finitely many isotopies promised
by (*) , one for each integral interval [a,b] C[—r+2;r—=2] , the
corresponding isotopies h; establish #,(1,C) , with C= a”l(1) .

(This is easily verified given the proviso that E is topologically
MXRXA with 7 and p projectionsto R and A ; for then h; can
be regarded as an isotopy of MXR with parameters in [0,1]XA .
Since this case is adequate for the important Bundle Theorem 1.8
below, we postpone the general argument to the end;see Lemma 1.3
below.)

Next, letting u and o vary for the first time (r still fixed) , we
form an open covering {Uj } of A by sets U as above.
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Fact 2 . We can decompose A into d+1 closed sets C,, ..., C;,
each set C; beinga disjoint discrete sum of closed sets Cij each
contained in some U, = Uk(ii)

(In case CAT =DIFF or PL we can assume A is the d-cube;
then the Cij can be the i-handles of a fine standard handle decomposi-
tion of the cube . Again, the general argument is postponed.)

For each C; we now form CAT functions ocij:A-* [0,1] with
O‘ij(Cij)=1 , each having as support a set Aij contained in Uk(ij) ,
so that A;= Uj Aij is again a disjoint discrete sum. Then the isotopies
corresponding to the T j varying, compose disjointly to establish
#.(1,C)

Finally, as promised, d applications of the addition lemma 1.2
deduce #.(d+1,A) and hence #(d+1) . =

[ It remains only to prove facts 1 and 2 in full generality.
To prove Fact | in full generality, one needs:

Lemma 1.3 . Let ¢: F (~rr)XA, = E bea normalized CAT
product chart for our CAT submersion p:E = A . Consider integers
a<b with [a,b] C(-rr) , together with a compactum X C F,(ab),
and an open set W of F,(-rr) containing F,la,b] . Then forall
vE& A sufficiently near u we have

(i) o(XXv)CF/(ab), and

(ii) o(W Xv) D F,la,b]

Proof of Lemma 1.3 .

Condition (i) is equivalent to XXv C p~tz~1(a,b) . As this last
set is open and contains XXu , this inclusion holds for all v near u in
virtue of the compactness of X . .

To prove (ii) recall that all Fu[a',b'] are compact, and choose a
comnact neishborhood Y CW of F..la.b]l . Choose also a point
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x€F,(ab) . Arguingas for (i), we have

(@) @(8Y Xv)NFlab]=¢ , 0 indicating frontier in Fu

() p(xNEF@b) ,

for all v near u . Since p(8YXy) isthe frontier (Y Xv) taken in
, the sets «p(Y Xv) and F, —p(YXv) then glve an open partition of

[a b], which is connected by hypothesis. But «p(YXv) does meet
F [a b] since (b) says y(x,v) isin both. Hence F,~p(YXv) does not
meet F,[a,b] , and so

F,[a,0] C p(YXv) C p(WXv)

for v near u , asrequired. ®

The derivation of Fact 1 using Lemma 1.3 is left as an exercise
for the reader; it is straightforward but does require some patience. ]

[ To prove Fact 2 in general, choose a refinement & of the
covering {Uy} that has nerve |&] of dimension <d , and then choose
a locally finite partition of unity on A subordinated to ® (using
paracompactness of A ). This partition can be regarded as a continuous
map

p:A =Rl
when |R] is given the least topology making all the barycentric
coordinate functions continuous. Let H; be the disjoint discrete sum
in |R] of all standard i-handles of || . (A standard i-handle is a
closed star in the second barycentric subdivision |R|" of a barycenter
of an i-simplex of || .) Clearly HO, Hd are closed with union
IRl so we can define C; —p"l(H) s, d . o® ]

This completes Part A.

The following shortcut should be taken by readers interested in the
Bundle Theorem 1.8 alone.

Shortcut 1.4. For CAT =DIFF or PL with A asimplex or cube the
property #(d+1) established by Part A implies (almost immediately) :
For any pair of integers a <b there exists an open set Eup in E
containing w1 [ab] such that

Eap —A
is a locally trivial CAT bundle.
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Froof:  Any automorphism h; of E sliced over A with
hyn “I(~co a) 0 Y G ,b] , as provided by #(d+1) , already is
infinite cyclic covering translation when restricted to the following open
set Eg, D 7 Ha,b]

Egp = U(h]Z,, I n=0, %1 ,£2,..} , where

Zap = hynl(me0a] = 77! (=00 2)
Indeed the compactum Z,y, is a fundamental domain. Local triviality

of plE,; as asserted now follows via the argument given before
Part A, =

In this situation one can go on to prove that p : E~ A itself isa
locally trivial bundle projection, by using an infinite collection of such
E,p together with the bundle homotopy theorem T ; the argument is
given for the Bundle Theorem 1.8 below. It is really just this last step
that breaks down in general, necessitating Part B.

[ PART B . The covering translation . ]
[ We use a classical meshing process to build it in general.

Adjoin two 1deal points e_ and €, to E ,forming a Hausdorff
topological space E=Eu {e_€,} , by specifying the sets
e, Um l(al ) , a&Z , to be a basis of neighborhoods for €, in E
and similarly specifying e_ U 7! (~o0 a) , a€Z , to be a basis for
€_ .

Complementation in E will be indicated by the superscript ¢ ;
thus S¢=E-§ .

& will denote the set of CAT automorphisms of E sliced over
A that each fix some neighborhood of {e_,ep} .

Given UD U' , two neighborhoods of e, in E, we say that U’
is compressible toward e, in U and write

U've, (U)

if, for any neighborhood U" of €, , there exists h € & fixing U so
that h(U')yC U" .

Define U, = !(k(d+1),) , KEZ ,and observe that #(d+1)
of Part A implies

t This theorem shows that bundles over a cube or a simplex are trivial,
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Ug Ve, (Ug_;) and U Ve (Uﬁ_l)

Insertion Lemma 1.5 . Given four neighborhoods U,U', V, V' of
€, in E sothat U'\e, (U) and V'\e, (V) | thereexists h € &
fixing (UL V)€ , such that
UDHWV')DU'
Similarly with e_ in place of €, .
Proof of Lemima : Find h; € & fixing V° such that h (V)CU
Find h, €& fixing U® such that hy(U) Ch (V) . Then
h=h3'ch, willserve. ®

Assertion . There exists a CAT automorphism h of E sliced over A

such that for all odd k
Up 2 hUp 32 Upo
This h will be the covering translation.

Proof of Assertion.
We will say that g€ &, (with r<1 odd)if g€ & and
U DV 1 PU_ 42 " 2U 5,2V, 2U  where V, denotes
g(Uk__4)
We begin an induction by using the insertion lemma to find
h, €&, . Thensuppose we have h €& (rodd) . Since
U._, DV, DU  while
Viep Yer (Vi) and Uy, Vey (U
the insertion lemma provides fi &€ & fixing Vrc_l so that
Ur 2 f+Vr+l 2 Ur+2
Similarly, passing to complements and changing the sign of subscripts,
weobtain L €& fixing V_,, sothat US, D Ve  DU° , ,ie.
U,, 2LV ;DU
Setting f =f_f, we have
hr+2 = frhr = &r+2
This completes an induction to construct h) ,hy,hs, -
Noting that fs fixes w![-r+2,r-2] forall s>r , We can

define a unique h=limh : E—~>E such that h=h, over
7l [-r+2,r-2] forallodd r . This h establishes the assertion. ®
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Let h be the automorphism of E provided by the assertion, and

form the quotient
qg:E >B=E/{h(x)=x | x€E}

Since h is sliced over A , there is a unique map p': B > A so that
p'q=p

The inclusions Uy D hUy _3 D Uy, ( k odd) show that q is
an infinite cyclic covering map , when we recall that U,
Uk 71 (k(d+1),) . Further T, as principal Z-bundle, q: E—~B
is induced from R - R/Z (=S!) by a ‘classifying' map {:B— R/Z
Indeed, when B is regarded as a quotient of h1r"l(— 00 ,0] = 71 (—0,0)
the desired f can be = itselfon #~1[0,1] and be zero (in R/Z )
elsewhere!

Since h isa CAT automorphism, B inheritsa CAT structure
making q a CAT covering . Themap p' isa CAT submersion ,
because p is one, while q isa CAT covering.

Each fiber of p' is compact since it is a quotient of a compactum
F,l0,r] , r large ( 1= 5(d+1) will do). Also themap p' is closed,
in the sense that the image of every closed set is closed. Proof: Itis
enough to check that p is closed when restricted some set that maps
onto B , for example #~1[0,5(d+1)] . In fact, we can show that
p jr! [a,b] is closed for any integers a<b . Being a property that is
local in the target A , this does follow immediately from Lemma 1.3
and the compactness of the sets F jfa—1,b+1]

' From this much information, we have deduced at the very outset
that p:E— A isalocally trivial bundle. Theorem 1.1 is now
estabhshed in full generality. | =

Remarks on the proof of 1.1 .

* The proof in the 1972-3 preprint version of this essay (cf. the
1970 sketch [KSy4] ) was slightly different: The exposition of the first
half was perhaps harder to understand although still briefer and more
exphc1t The second half gave a genuinely different construction for
the' ‘covering translation, by gluing together the ends of E making E ,
as it were, a bandage about your finger, then identifying the natural

_ 1 We cannot expect B to be paracompact, since in general Ax{0,1] may
not.even be normal [Rud] .



§1. Bundle theorems 69

infinite cyclic covering of this band with E . The shortcut was
overlooked.

Next we recall a classical engulfing result that helps us apply 1,1 .
Consider a connected CAT(=DIFF or PL) manifold F with a proper
map w:F— R . Weare interested in the property:

(**)  Given any neighborhoods U_. and U, of — and + in
F | one can find a CAT isotopy h[ ,0<t<1, of id|F
with compact support, such that (bU_ )V U, =F .

Proposition 1.6 . (CAT = DIFF or PL) .

Suppose this F is homeomorphic to a product PXR for some
compact manifold P , and suppose that dimF # 4+ dimdF ( or that
dimdF = 4 and F has property (**) ).

Then F has the property (**) , m being projection PXR - R .

Proofof 1.6 for dimF=3 : The 2-manifold P hasa CAT structure,
andso F is CAT isomorphic to PXR by a 3-dimensional
Hauptvermutung (Moise), which is provable by the method of [KS;],
cf. [Sig, §5] [Essay V, §5.3] . =

Proofof 1.6 for dimF =35 .

Stallings gave the required argument. [St)] [Hu,] if CAT=PL .
If 0F #0 , first do the engulfing in a collar of the boundary (or use
(**) there for dimaF =4 ) ,then engulf with compact support in
intM . This proof is adapted to CAT = DIFF either by using a
Whitehead triangulation of F or by doing the engulfing in just one
smooth coordinate chart at each stage in the way discovered by Newman
[Ne] for topological engulfing. (See the expositionin [Lu] .) The
engulfing isotopy is, in either case, a finite composition of standard
smooth isotopies that each engulf a linear simplex in a coordinate
chart. We recall that around any simplex smoothly imbedded in a DIFF
manifold one can build a smooth chart making this simplex linear. &

Proposition 1.7 . ( CAT =DIFF) .

Suppose F is homeomorphic to a product PXR for some
compact PL manifold P , by a homeomorphism h:PXR -~ F
that smoothly imbeds each simplex of some PL triangulation of PXR .
(Make no dimension restrictions.)
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Then F has the property (**)

Proofof 1.7 .

The Cairns-Hirsch PL-DIFF product Structure Theorem of
[HiM; 2] certainly implies this when we regard h as giving a
Whitehead compatible DIFF structure £ on the PL product PXR
(see [Essay I, §5]). But there is a simpler argument as follows that we
have from C. Morlet and C. Rourke (separately 1970), see [R02] .

For given a<b we find a PL triangulation of PX(—ee,b] such
that

(i) on each simplex the inclusion into (PXR)y isa DIFF imbedding,
and
(ii) there are simplicial expansions
dPX(—o0,a] 7 9PX(—oo,b]

PX(—e0,a] U aPX(~o0,b} # PX(—o0,b]
One first assures (i), then subdivides to assure (i), see [Hus] . Given
open U DPX(—ee,a] ,itis now an elementary matter to convert the
given expansions of (ii) , simplex by simplex, into a DIFF isotopy
hy , 0<t<1 ,of id | (NXR)y with compact support so that
h;(U) D PX(—e0,b] . This clearly establishes (**) , B

The following result concerning CAT (= DIFF or PL) structures
on a product AXM of a simplex with a m-manifold M will be our
most basic geometric tool in deriving the classification theorems of
Essay V .

BUNDLE THEOREM 1.8 . ( CAT =DIFF or PL) .

Let T bea CAT manifold structure on AXM sliced over the
simplex (or cube) A . Suppose that dimM +# 4 + dimdM (or that
dimoM = 4 and T' | AXOM is of the form AXy ).

Then the projection p; : (AXM)p > A isa CAT bundle projec-
tion (not just a CAT submersion) . Thus (AXM)p = AX(M,),) for
some v , by a CAT isomorphism sliced over A .

COMPLEMENT 1.8.1 . Let T" bea DIFF structure on AXM sliced
over the simplex A . Suppose M is a PL manifold and T' is
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Whitehead compatible (see [1, § 5.3]) with the product PL structure
on AXM . Then the conclusion of 1.8 hold; true (with no dimen-
sion restrictions).

Proof of 1.8 and 1.8.1.

We shall use 1.6 (or 1.7) in combination with the weak version
of 1.1 provided by Shortcut 1.4 .

Fix a point *€A andset #*Xy =T|(*XM) . Identify M=M’Y
to make M CAT . We can assume M is sigma compact.

Filter M by compact clean CAT m-submanifolds My CM, C... ,
with M; c M. i+ and U;M; =M . For the frontiers §M; choose
disjoint open CAT bncollarmgs U = 8MiXR in M ,the collar of
6Mi in Mi being BMiX(-°°,0] .

From this point on, all imbeddings will be normalised to be the
identity over *& A . This saves words. .

Proposition 1.6 (or 1.7 ) applies to any set uX&M;X(a,b) with
the structure inherited from I' . Hence we have the hypotheses of 1.1
with E=(AX8M;XR)p , the projections p and = of 1.1 being
cartesian factor projections. Thus Shortcut 1.4 provides an open
subset El' of this E containing AXSMiXO so that Ei' is a locally
trivial CAT bundle over A . The CAT bundle-homotopy theorem T
then provides bundle trivializations

¢ : AXF] = B[ C AXY;
sliced over A . Write Mj for Fi N\ M; =F; N 8M;X(—e0,0]
Define the compact CAT submanifold W; of (AXM)F by
Wi = ((AXM7E]) U gi(AXM) 11
noting that W, CWlJrl and U,W, i = (AXM)p

Projection Pyt Wi->A isa CAT submersion; since W, is com-
bact it is also a locally trivial (even trivial) CAT bundle projection.
Thus we get isomorphisms (2 AXMi-—> W; sliced over A . Given ¥
and ¢;,,; we canalwaysadjust y;,; by the CAT A-parametered
isotopy extension theorem [Ce;j] [P] [H“l,2] so that

1 This shows that any CAT bundle over a simplex is trivial. For
CAT =DIFF , see the footnote on corners in Essay V after §1.5 .
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iy 1AXM; = ¢, . This we can arrange inductively to hold
simultaneously forall i . Then we have ¢ =limy; a CAT
isomorphism ¢ : AXM > (AXM) establishing the theorem. ®
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§2 .SLICED CONCORDANCE IMPLIES SLICED ISOTOPY

In this section the DIFF or PL Bundle Theorem 1.8 is
combined with the TOP isotopy extension principle to derive a result,
reinforcing 1.8 , that is a sliced analogue of the Concordance Implies
Isotopy Theorem of Essay I .

Data. A astandard simplex or cube; M™ a TOP manifold;

€ : AXM— (0,) a continuous function; 2 a CAT ( =DIFF or
PL )structureon M ; T a CAT structure on AXM sliced over A
i.e. such that the projection (AXM)p—>A isa CAT submersion ;

C aclosed subset of M such that I' = AXY near AXC . This T" can
be described as a sliced A - parametered concordance constant near C .

SLICED CONCORDANCE THEOREM 2.1 . (for above data)

If CAT=PL ,let ACA beany contractible subpolyhedron of
A ( = PL retractof A ).

If CAT = DIFF |, assume more conservatively that A is some
face of A (not ¢ nor A ), or else is dA minus the interior of one
principal face.

In either case, suppose that T'|(AXM)=AXZ . (If CAT =DIFF
this means that T° I(AOXM)= AOXE for each face AO of A lying
in A .)

Suppose m # 4 # dim(IM—C) .

With these hypotheses, there exists an e-isotopy h; , 0<t<1,
of id {(AXM) , sliced over A ( i.e. respecting each slice uXM ,
uEA ) , toa CAT isomorphism h;: AXMs — (AXM)F , 50 that
the isotopy h; fixes AXM and a neighborhood of AXC .

Remark (explaining the restrictions on A ), The proof of 2.1 will
use the following fact: Any sliced CAT automorphism1 h of AXMx

1 For CAT = DIFF we mean by this a self-map that restricts to a DIFF
automorphism of AgXMy. slticed over Ag , for each face Ay of A in A .
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exfends to a sliced CAT automorphism H of AXMy . Furthermore
this automorphism H can be the identity near AXC if h is .
When A is a face, or CAT =PL , thereisa CAT retraction A—~> A
and this serves to extend h as required. For the remaining DIFF cases
recall that CAT automorphisms of Ak XMy , k=0, sliced over Ak
and equal the identity near AKXC | form a semi-simplicial group ( css
group). Any css group enjoys the Kan extension condition [May, p-.

p. 67] , which is just the statement italicized for A =simplex . When
A = cube , a similar, less formal argument ‘works; it is left as an exercise.

The following alternative version of 2.1 is sometimes more
convenient.

ALTERNATE SLICED CONCORDANCE THEOREM 2.2 . (same data)

Let A C A beany continuous deformation retract of A . 7
Suppose I'=AXZ near AXM , and suppose dimM + 4+
#dim(oM - C) .

Then there exists a sliced TOPF e-isotopy ht , 0t<1 , of
id{(AXM) , rel AXM U AXC ,toa CAT isomorphism
/1l : AXMZ-*(AXM)F .

Remark 2.3. Along with 2.1 and 2.2 , (or from them) one can
obtain more complicated versions of each, paraliel to the most general
Concordance Implies Isotopy Theorem of [I, §4] , involving a closed
set D in M and anopenset VDO D . One insists that hy be

rel A X (M—V) , while merely requiring h, tobea CAT isomorphism
near A X (CUD) .

The arguments proving the Concordance Implies Isotopy Theorem
in 84 of Essay I, amply show that to establish 2.1 and 2.2 (and
also 2.3 ), it will suffice to prove the following

HANDLE LEMMA 2.4 .

Make the hypothesesof 2.1 [ or 2.2 1, but forget about the
map € .
Suppose further that C=0M,and let D CTM bea compact set.

+ Readers familiar with shape theory will find that it is enough to suppose
A isacompactum in A having the shape of a point.
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Then there exists a compact support sliced isotopy h; ,
0<t<1l , of id|(AXM) , rel AXAM and fixing AXM , such that
hy: AXM -~ (AXM)p isa CAT imbedding on and over a neighbor-
hood of AXD . [ If we have the hypotheses of 2.2 , the isotopy ht
can be the identity on a neighborhood of AXM (independent of t ). |

Remark: The case (M,D)=BXX(R™,B") ,k+n=m, of a true handle
is really no easier to prove once 1.8 is available.

PROOF OF THE HANDLE LEMMA .
To save notation we identify M =My making M CAT .
The Bundle Theorem 1.8 provides a sliced CAT isomorphism
g AXM — (AXM)p

If we have the hypotheses of 1.1 , every sliced CAT automorph-
ism of AXM extends to asliced CAT automorphism of AXM
Thus we can arrange that

(1) ¢ | (AXM) = identity

[ Let us deal in brackets with the variant for the hypotheses of
22 .

[ By the device of cutting down M we can then arrange that T
is standard (equals AXZY ) on an open neighborhood of AXM that
is uniform , i.e. of the form A4 XM . .

[ From ¢[(A XM) we deduce asliced CAT automorphism &
of AXM equalto ¢ near AXM — as follows. Form a homotopy of
id | A fixing a neighborhood of A toacontinuousmap p:A—> Ly .
This uses the homotopy extension principle and our hypothesis that A
is a deformation retract of A . We easily make p CAT . Then
define

P(u,x) = (u,pyp(eW)x)) ,u€EA,xEM,
P, being projectionto M .
[ Using ® one adjusts ¢ so that

(1*) @ is the identity on a small neighborhood A*XM of AXM . ]

Next (for the hypotheses of 2.1 or 2.2 ) we choose a CAT
collaring aMXICM of 0M so that sMX0=0M . Applying a
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uniqueness lemma for CAT collarings sliced over A (see [I;
Appendix A.1, A4 ]) we correct ¢ so that

(2_) ¢ isa product along the collaring interval factor I , near
AXoM .

[ Condition (1*) can be preserved in this process. I Condition (1)
can at least be retrieved after, cf. the remark below 2.1 .

Finally we shall replace (2_) by the stronger condition:
(2) ¢ is the identity near AXoM .

To accomplish this by a correction of y in the collar AX3IMXI of
AX3M , it will clearly suffice to prove the

Lemma . Any CAT isotopy f; .t€A, of id|oM , equal to

id| oM for t€ A [ alternatively forall t near A ] , extends toan
isotopy Fy; ,t€ A, of id|M , with support in the collar of aM ,
and equal to id{M for t € A [ alternatively forall t near A | .

Proof (first for 2.1 ).

To define F; on the collar dMX[0,1] , choose r: A—>A,
0<u<1, a conditionedt CAT deformationof id|A respecting
A toa CAT mapinto A . (Onto is impossible if CAT = DIFF ,
unless A is merely a face.) Then for (x,u) € OMXI and t&€ A ,set

Ft(x,u) = (f(ry(H,%),u) € dMXICM ,
where ft(x) is written f(t,x) . = ,

[ Given the hypotheses for 2.2 , one proves the lemma rather
similarly using in place of r a conditioned CAT homotopy
py »Osus1, of id{A rel A ,toa CAT map p, with image
p;(A) in the neighborhood A* mentionedin (1*). ] =

At this point ¢: AXM —~ (AXM)F is a sliced CAT isomorphism
equal to the identity on [ ornear ] AXM , and also equal to the
identity near AXoM

Letting the TOP isotopy extension theorem intervene (see [EK]
[Sin, 86.5]) , we deduce asliced TOP automorphism ¢ of AXM
with compact support, that coincides with ¢ on and over AXD ,and
that equals the identity near AXdM ,and on AXM [ and even near
AXM J . This ¢ will be hl .

1 i.e.,constant for u near 0 and for u near 1 .
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Writing ¢, for the component of ¢ on M , we define the
desired isotopy ht ,0<t<1, of id|(AXM) tobe

hy(u,x) = (u,@,(r_(u),x)) , for (x,u) EAXM ,
ry being any continuous deformation of id|A , fixing A , to amap

onto A . This completes the proofs of the Handle Lemma 2.4 to
establish the sliced concordance theorems. ™

We conclude this section with some direct applications of the
Sliced Concordance Theorem(s) .

We shall need a variant of 2.1 to prove a sliced concordance
extension theorem; it is simple enough to be of interest in itself. (The
reader can check that 2.2 has a similar variant.)

2.5 VARIANTOF 2.1 .

Let T and T'' be two sliced CAT structures on AXM where M
isa TOP manifold, dimM # 4 # dimoM . Let C CM be closed and
let €:M—(0,°0) be continuous.

Suppose that T'=T"' near AXC ,and on AXM , where A isas
set out for 2.1 .

Then there exists a sliced TOP e-isotopy hy 0t , of
id\M , rel AXC and fixing AXM , to asliced CAT isomorphism
/Zl.' (AXM)F' "’(AXM)F .

Proof of 2.5 . The case where I'" is of the form AXZX is covered by
2.1 . But we can clearly reduce the proof to this case by finding a

sliced CAT isomorphism (AXM)F% AX(ME) that is sufficiently near
id|M . Such an isomorphism is provided by applying 2.1 with
A=point . =

SLICED CONCORDANCE EXTENSION THEOREM 2.6 .

Let T' beasliced CAT (= DIFF or PL ) structure on AXM ,
where M isa TOP manifold, dimM +# 4 #dimoM .

Let T* beasliced CAT structure on AXM* where M* an open
subset of M . Suppose that T' equals T'* on AXM* where A C A
is as set out for 2.1 .

Then T'* extends to asliced CAT structure T'F on AXM equal
to T on AXM .
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Proof of 2.6 . The variant 2.5 provides a sticed CAT isomorphism
h: (AXM*)P - (AXM*)F* that is e-near the identity for a continuous
map e:M—[0,%0) chosen to be positive on M* and zeto on M—-M* .
Then h extends to a sliced homeomorphism H: AXM - AXM equal
to the identity outside AXM* ,and wecanset '"=H(I) . =

Remarks.

1)  This theorem establishes a fibration property for spaces of
structures, that has a key role in Essay V .

2)  Since this result has the appropriate sharply relative form, Zorn’s
lemma extends it immediately to manifolds that are non-metrizable
(and even non-Hausdorff) .

The last application is a CAT approximation theorem for
isotopies that should prove useful in geometric problems.

ISOTOPY APPROXIMATION THEOREM 2.7 .

Let M™ and W™ be CAT ( = DIFF or PL ) manifolds with
m 74 #dimoM . Let H: AXM™ - AXW™ bea TOP open
imbedding, sliced over A , a simplex or cube. (This H is to be
regarded as a A-parametered TOP isotopy through open embeddings).
Suppose that H is CAT near AXC'U AXM where C is closed in M
and A is afcontinuous) retract of A .

Then, for any continuous function e: M —{0, ) we can find a
sliced TOP e-isotopy H, o0<t<l1, of H=H0 rel AXCUAXM
running through open imbeddings onto Image H toa CAT open
imbedding H, : AXM - AXW .

The e-smallness condition on H; asserts that d(Hy(x),H(x)) <
< e(py(x)) for all points x in AXM and t in [0,1] , the metric d
being a standard product metric on AXW .

Proof of 2.7 . Simply apply 2.2 to the sliced CAT structure I’
making H:(AXM)F->AXW a CAT imbedding. =

Remarks.

1) This theorem clearly has a slightly different version derived from
2.1 instead of 2.2 .

2) E.H. Connell {Cnl 1] invented radial engulfing to prove the first

Alhnmenan ~F thic cnrt
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§0. INTRODUCTION

The impressive array of existing classification theorems concerhing
differentiable C°°(= DIFF) manifolds of finite dimension > 5 are for
the most part derived, by methods involving algebraic topolegy, from a
handful of geometric ‘tool theorems’. For example, the geometric basis
of cobordism classifications is Thom’s transversality theorem.

To permit a parallel development of classification theorems for
metrizable topological (= TOP) manifolds of finite dimension =% we
here present proofs of topological analogues of some of the most impor-
tant tool theorems of differential topology. (Our choice is indicated by
the list of section headings opposite.) They are the basic tools required
for TOP versions of what are known as cobordism theory, handlebody
theory, and surgery. For a sampling of the TOP classification thecrems
that can be developed with these tools see [BruM] [Sijg] [Wa] .

Each of our proofs relies heavily on the Product Structure Theorem
and/or the Concordance Implies Isotopy Theorem (as proved in Essay I).
Typically they serve to lead back a given proof to (relative) applicaticns
of the corresponding DIFF theorem. For a quick introduction to this
procedure, read from §6to § 9 in [Sig] .

The results of Essay I just mentioned, were proved using only DIFF
handlebody t}‘eory and the Stable Homeomorphism Theorem of Kirby
[Kij]. The dependance of [Ki;] on the full machinery of non-simpiy
connected surgery [Wa] thus mars our otherwise relatively elementary
line of argument. Hence we indicate in Appendix A to what extent this
dependence on DIFF T surgery can be eliminated.

The maternal role played by differential topology in this develop-
ment could be taken over by piecewise linear topology (a willing step-

t That DIFF surgery can replace the traditional PL surgery in proving the
Stable Homeomorphism Theorem of [Kil] ,is shown by [V, Appendix B] .
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mother, so to speak) . T Indeed we often take the trouble to give the
required piecewise linear (= PL) arguments in parallel.

Occasionally we do yield to considerations of greater technical
convenience and work only from PL or only from DIFF principles.
For example we have discussed handle decompositions using PL prin-
ciples only and TOP Morse functions using DIFF principles only. ¥

Since this essay was first written, the use of Hilbert cube manifolds
by T. Chapman, R. Miller, and J. West has brought about a triumphant
extension of simple homotopy theory to arbitrary locally compact
metrisable ANR’s (= absolute neighborhood retracts). See [Chy]
and other references given in footnotes added to §4 and §5. Our
§4 merely extends simple homotopy theory to topological manifolds.
If the reader therefore bypasses §4 , he should probably still read §5 ,
generalizing the results proved there by replacing topological manifolds
where possible ¥ by Hilbert cube manifolds.

This essay will by no means offer all the tools that the study of
topological manifolds will demand, and we can only exhort our fellow
geometers to fashion new tools as fresh needs arise.

t Beware that the PL surgery used in [Kill requires M5(G/PL)=0 ,
which in turn requires the 5-dimensional PL Poincare theorem. Now recall that
this last depends on very difficult differential topology, indeed J. Cerf’s intricate
proof that T, =0 [Ceyl isrequired to compatibly smooth any PL homotopy
5-sphere, cf. [Mu3] (M'18] . This complication involving [Ce4] does not arise
in applying DIFF surgery .

i We must confess that the more refined transversality theorems of §1,
relying on the PL Appendix B, still seem inaccessible from the DIFF viewpoint.

# Where Poincare duality is concerned no generalization is possible.
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§1. TRANSVERSALITY

If M and N are two affine linear subspaces of an euclidean
space R™  the subspace M can always be perturbed slightly so that
M and N meet transversally in the sense that M N N is an affine
subspace of dimension dim M + dim N - n . Statements of a similar
flavor concerning manifolds are of vital importance both for
classification of manifolds and for applications of manifolds in other
realms . This long section treats several transversality problems for
TOP manifolds, in order of roughly increasing generality and increas-
ing difficulty .

First (Theorem 1.1) we discuss transversality of a map to a
subspace of its target when the subspace is equipped with a normat
microbundle . Thisisa TOP version of Thom’s DIFF transversality
theorem ; indeed it will follow from a simple case of Thom’s by an
application of the Product Structure Theorem .

We then treat the problem of making submanifolds of a given
manifold meet transversally .

Initially one of the two submanifolds is equipped with a normal
microbundle of Milnor. To obtaina TOP transversality result
(Theorem 1.5) here , we find it sonvenient to use a codimension = 3
straightening theorem (stated in Apperdix B) to help reduce to the
corresponding PL result 1.6 , which we then easily prove ‘by hand’ .

Sucha TOP transversality result would seem at first sight to be
of limited interest — although it is pleasant enough to state and not
unreasonably difficult to prove — simply because normal bundles for
TOP submanifolds often fail to exist or fail to be (isotopy) unique
(see [RS4] , [Stern]) . On the contrary , the viewpoint that evolved in
discussion with A. Marin maintains that it should (or at least can)
play the central role . This-is well-illustrated already in the PL
category where we observe (1.8) that the Rourke-Sanderson imbedded
block bundle transversality theorem follows from the PL imbedded
microbundle transversality theorem — which , in turn , we have
deduced from the PL analogue of the Sard-Brown theorem . In the
TOP category A. Marin has somewhat similarly obtained a general
transversality theorem for submanifolds through replacing block bundle
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transversality by a stable microbundle transversality - (Recall that
stably normal microbundles do exist and are isotopy unique , cf.
{1V, Appendix A] .) We conclude by introducing Marin’s work ,
which is still too difficult to present here in full .

In Appendix C we whall present an ad hoc transversality lemma
for immersions designed to adapt directly smooth surgery methods to
TOP manifolds . Where it applies many readers will prefer it to the
more ambitious approach of this section .

We draw the reader’s attention to two general position theories ,
perhaps as important as the transversality results we present here . One
for polyhedra in codimension =3 is mentioned in Appendix B
(conclusion) ; another for arbitrary () closed subsets is mentioned in
Appendix C (see C.3 and [Edql).

MICROBUNDLE TRANSVERSALITY FOR MAPS

Recall that a TOP n-microbundle £ over a space X can be
defined as a total space E(£) D X together with a retraction
p: E()—~ X that, near X, is a submersion whose fibers p~ l(x) s
x € X, are (open) n-manifolds .

A DIFF n-microbundle over a manifold is defined similarly
working within the category DIFF of smooth maps of smooth
manifolds . Similarly a PL microbundle over a polyhedron .

Consider a pair (Y,X) of topological spaces where X is closed in
Y and equipped with a normal microbundle £, i.e. E(f") isan
open neighborhood of X in Y .

Consider also a continuous map f : M™ =Y froma TOP m-
manifold to Y . Suppose £ !(X) isa TOP submanifold L C M™
and v" is a normal n-microbundle to L in M such that f|E() isa
TOP microbundle map to E(¢) (i.e. f gives an open TOP imbedding
of each fiber of v into some fiber of £). Then we say that f is
(TOP) transverseto ¢ (at v). Wesay f istransverseto £ on U
openin M ,if f|U istransverse to &. Transverse near C means
transverse on an open neighborhood of C.

If M™ and ¢" are DIFF we define DIFF transversality of f
ata DIFF normal microbundle » for L= X) . This means that
f1E() is by assumption a DIFF microbundle map to E(¢). We
do not however assume f: M —Y is DIFF ; it is convenient to allow
it to be merely continuous outside E(v). Similarly PL transversality .
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manifold Mmzand let U and V be open neighborhoods of C and
D respectively . Let " be a normal n-microbundle to a closed subset
X ofaspace Y.

FIRST TRANSVERSALITY THEOREM 1.1.

Suppose f: MM =Y isa continuous map TOP transverse to & T
on U at vy. Suppose m+* 4% m—n, and either OM CC or
m—1#4#*m-1-n .i

Then there exists a homotopy fi :M =Y, 0<t<1, of fp =f
fixing a neighborhood of CU (M—V) so that f, is transverse to £ on
an open neighborhood of CU D at a microbundle v equal v, near
C. Furthermore , if Y is a metric space with metric d ,and
€ : M~ (0, ) is continuous , then we can require that
d(fy(x) , f(x)) <e(x) forall X€EM andall t€(0,1] .

There is (in 1974) no reason to believe that the above dimension
restrictions are necessary . ¥ This question is in tight connection with
the question whether Rohlin’s theorem (on index of almost
parallelizable closed 4-manifolds) holds for TOP , see [Sig, §5] [Mat]
[Sch] .

We will say no more about the e-smallness condition . It can be
carried through the proof , beginning with an application of Sard’s
theorem to get a similar DIFF result involving € . On the other hand
one can always deduce the e-condition from tie version without €,
by exploiting the strongly relative nature of the theorem. Cf. [1,§4]
and [I,Appendix C] .

The idea of our proof is to use the Product Structure Theorern of
[I1 to reduce the proof to chart-by-chart applications of the following
easy

Theorem 1.2 (DIFF Transversality).

Consider f: MM —>RM g continuous map ofa DIFF manifold
M ; C,D closed subsets of M ; UN open neighborhoods of C,
D respectively.

If f is DIFF transverse on U to 0 (i.e. fo the trivial micro-
bundle 0G.R™ = 0) at v,y , then there exists a homotopy
f;:M—>R",0<t<1,o0f f=f, fixinga neighborhood of
CUM-V) sothat f, is DIFF transverse near CUD to 0 ata
DIFF microbundle v equal to v, near C.

1 Beware nf cavino trancvares tn ¥ fammitine € 1 raa diccanine ahane 1 4
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Proof of 1.2. This theorem would follow easily from the Sard-Brown
theorem [Mi8] , if we had

(1) assumed f everywhere DIFF , and

(2) required for transversality near S C M only differentiability near
£71(0) NS and surjectivity of the differential df, of f, near
£10)ns.

To see the difficulty related to (1) note that f is not
necessarily DIFF near C. So we cannot simply make f DIFF
everywhere on V without changing it near C. The difficulty is not
serious . Let C" C U be a closed neighborhood of C in M. Alter
f on E(wg) U (V-C')=V’ by a homotopy f;, 0<t<1 , to make it
first DIFF on V' [Muy , 8§41 , then transverse to 0 on V', cf.
[Mig] , in the sense of (2). Neither change need alter f near C
(because the transversality condition (2) is stable for the fine cl
topology) , nor outside V' ( since we can perturb less than € where
€ is a continuous function M — [0,o0) with 6_1(0, w)=V').

. Now onesees that f; is transverse to 0 in the sense of (2) on
C’'UVDCUD. Thusto attain DIFF transversality as we defined

it , we need only to equip the DIFF manifold L = f“l(O) N (&' uv)
with a DIFF normal microbundle v equal to vy near C. This
amounts to simply finding a DIFF neighborhood retraction

LCE 5L , equal to the projection r, of v, near C,since any such
r is a DIFF submersion near L by the implicit function theorem . ®

Another tool we need is the

Pinching Lemma 1.3.

Let v bea microbundle over a paracompact space L . Consider
D closed in L and a neighborhood Z of D in E(v). There exists
a homotopy py,0<t<1, of id| E(v) respecting fibers of v and
fixing all points outside Z and all points in L so that p?l L isa
neighborhood of D .

Proofof 1.3. First suppose E(»)=R?,Z=B" and C=L=0€R".
Then the construction of p¢ Is trivial .

Second suppose E(v) is an open sub-microbundle of L X R
with L=1L X 0. Itis this case we shall use for 1.1 . Let
¢ : L~ [0,%) be a continuous function positive on D so that
{(xy)ELXRY;|ly|<¢(x)}CZ. Let n:L~[0,1] be 1 near
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D and zero near §"‘](0). Writing o for the homotopy obtained for
the first case we can define p; onall L X R" by

pL(xY) = (X, 80000 G0 Ty))

if {(x)>0 and by p(x,y)= (x,y) otherwise . (The continuity is
obvious because of 1) .

In the general case p,; can be an infinite but locally finite
composition of homotopies obtained by the second case. We leave
this unused generality to the reader . ®

PROOF OF 1.1
Step 1. The case M openin R™ | Y =E(@)=R" and X=0.

Proof: Step 1 follows immediately from the DIFF transversality
theorem 1.2 as soon as we find a DIFF structure £’ on M such that
for some open neighborhood N of f71(0) N C, the microbundle
Vo MN:E( ) NN~ L NN is DIFF and f: My = R is DIFF
transverse to 0 near C at vy NN. Here L is the base space of
V..

© To find X' we apply the Local Product Structure Theorem

[1, §5.2] ,to E(v,) with the structure ¥ inherited from M C R™},
For this we regard E(v,) canonically as an open sub-microbundlé of
Lo X R by the rule E(vo) Dx+ (p(x), fx) e Lo X RD,

The appropriate substitutions into [I, §5.2] are

(MXRSW,2,D,V)» (L, XR", E(r)),Z,CNL,, V")

where V' is an open neighborhood of C in E(vy), whose closure in

E(vy) isclosedin M. Thus [I, §5.2] prov1des %' on E(v,) which
extends (by X ) outside V'CM to 2’ on MCRM g requ1red

If m-n=3 and L, has closed compact components ,
[T, §5.2] does not immediately apply . We can quickly recast the
argument however by first deleting from M the closed set F consist-
ing of all compact components of L, meeting C. Then enlarge C
to C' by adding a small closed neighborhood G of F and cut back
U to an open nelghborhood U’ of C’ such that all compact
components of (0) N U liein F. Then we can repeat the whole
argument with M—F , C'~F, and U-F in place of M, C, and U,
getting the wanted homotopy without encountering mvalld cases of
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Remark for m—n <3 . Even the nonstandard cases of the Product
Structure Theorem {I, §5] used in the above proof , viz. for
structures on LK X R?, k+n>5, k<3, with oL =¢ and L lack-
ing compact components if k =3, can be proved without recourse to
a microbundle classification of structures , by solving a sequence of
handle problems in dimension n + k corresponding to the critical
points of a proper Morse function on L lacking critical points of index
3. See [KS;] and (Sij;].

Step 2. Thecase M openin R™M | Y =E(), and £" a standard
trivial bundle (over any space X ).

X0 by
Proof: £ is X &> XXRP - )g So we can write f: M —> E(§) =
X X R™ componentwise f=(f;, f,). By step | there is a homotopy
rel CUM-V) from f, : M- R™ toamap f; which is transverse to
0 ona neighborhood W of CU D ata normal microbundle » to
L=£"'0)NW sothat v=v_ ona neighborhood U, CU of C.
We can assume WC U, UV .

The resulting homotopy from f=(f, ,f,) to f' =(f;,f3) does
not solve our problem since f; is perhaps not constant on the fibers
of v near .. To remedy this, find a neighborhood Z of
LN (€ UD) in E(w) whichisclosed in M, and, noting that
E@)CLXRY by x+ (p(x), f,(x)), apply the Pinching Lemma
1.3 to obtain a fiber preserving pinching homotopy pe, Ot 1, of
id | E(v) which extends by the identity outside Z toallM. Then
(fip¢,£3),0<t<1, is a homotopy of {' to " =(f,p; ,f; ). If
N C Z is a neighborhood of L N (C U D) so that p;, (N)CL, the
map ["=(fypy,f;) istransverse to & at » NN since f,p, is
constant on fibers of » "N . The homotopy f' to f" is constant
near C since f' isalready constant on fibers of » N U, (where f'=f
and v=vg). Hence the homotopy f' to f" has support in
Z-U, C W-U, C V . (Thesupport is the closure of the set of
points moved) . Recall that W C U; UV by choice .

The composed homotopy f to ' to f" establishes Step2. m

o

Now we let Y grow larger than E(§) .

Step 3. The case M™ openin RM | and " a trivialized bundle
ie. E(E") contains X X R™ as an open sub-microbundle .

N...~ L. Acmates Chnia MV vritls 4l avslandttartd nnn
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Proof: Apply Step 2 with the substitutions
M+ fTIX xR, .
C » {CUflXX®RI-BY)}NfIxX x RY,
D » DN lXXRY,

etc. to obtain a homotopy which extends as the constant homotopy
outside £~ 1(X X R™) to the required homotopy to transversality .
The normal microbundle v obtained may at first be smaller than Vo
near C if X X R E(%) , but this is trivial to remedy by adding on
to this » the restriction of v, to a small neighborhood of C. =
Next we allow ¢ to be arbitrary and M to be an open manifold .

Step4 . The case IM =¢ .

Proof: Let X be covered by open sets Xgo @ in some index set ,
where ¢" is trivialized over each X, ie. a microbundle map

X X RMC5 E(%) is given extending the inclusion

X X0= X G E(®).

There 1s a locally finite collection of co-ordinate chartsin M, R
=1,2, - suchthat DC U, BrJn , each R’}’C V , and each sot i’
p{f(R’}’) NE)} C X lies in some set X, which will be denoted
X;.

Suppose now for a construction by induction on 1> 0 that we
have constructed a continuous map fj: M~ Y transverse to £ onan
open subset U; CM ,at »; ,where U; D C;=CU {BTU --- UBT}.
At i=0 , we begin with Uy =U and fj =f . Apply Step 3 with the
substitutions M+~ Rf}; ; C+»CNRM; ; D+» BN, ; V&2BY,
Y= (Y-EE)VEEIXi+y) 5 E= 81X 5 2RI . There
results a homotopy f¢ ,i<t<i+l, constantoutside Rf}; ,an open
neighborhood Ujyy of Cjy ,anda microbundle vy, ,such that 4,
is transverse to £ on Ujyy at v,y ,while Ujyq and vy coincide
outside R{%; . This completes the induction to construct fi,
0<t<eo, U and v; for 0<K<i€Z .

To complete the proof of Step 4 , we have only to let ft,
0 <t <1, be the unique conditioned homotopy so that f, = o'z(t) ,
0 <t <1, where a(t) =t{(i-t), and near any compact set let v
equal Vi for j large enough. ®
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Step 5. The general case .

Proof : We are now allowing M a non-empty boundary . One simply
applies Step 4 twice , once to dM , trivially if aM C C, (hence the
condition mi— 1 #4# m —~1 —n, or dM CC) ; then once again to
intM . To prepare the application to intM one uses a collaring

oM X [0, 1) of 0M X 0 =0M in M so chosen that v, coincides near
dL,NC with (v, | aL,) X [0, 1) under this collaring . In providing
such a collaring one should apply the bundle homotopy theorem to the
restriction of v, toacollar of 9L, in L, and then apply relative
collaring theorems. B

MICROBUNDLE TRANSVERSALITY OF SUBMANIFOLDS

Two CAT submanifolds U" and VY (all manifolds without
boundary) in a CAT manifold WY are locally CAT transverse if the
triad (W ;V, V") islocally CAT isomorphic to a triad (RW; LY, L'Y)
given by transversally intersecting affine linear subspaces with
dimLYNLY)y=u+v— w.¥ L.EP. Hudson [Hug] (cf. [RS5]) esta-
blished the disturbing fact that , for CAT =PL or TOP, there exists
no relative transversality theorem involving this notion : If U and V
are locally transverse near a closed set CC W it is in generalimpossible
tomove U and/or V relative to C (or even alter them rel C) to make
U and V everywhere geometrically transverse . In his examples U
and V are certain topologically unknotted euclidean spaces of
codimension > 3 and closed in RY =W | with (u+v)—w=
4k + 1, k=1, while C isaneighborhood of oo,

In the PL category there is nevertheless a perfectly satisfactory
relative transversality theorem due to Rourke and Sanderson [RSg,II],

¥ For manifolds with boundary we use a model of the form
RY LY, L) X [00).
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which we will reprove as 1.8 . It involves a more strigent (non-local)
notion of transversality called block-transversality .

In the topological category , the theorem which we are led to prove
first is analogous to that of Rourke and Sanderson ; but (TOP)
microbundles replace (PL) block bundles.

DEFINITION 1 4.

Considera CAT map f: MM —Y and a CAT normal n-
microbundle (" to X in Y as given for our definition of transversality
of f to £ above 1.1 . Wesuppose that (Y,X) isa CAT manifold
pair and that f is a proper inclusion f: M C. Y onto a (clean) CAT
submanifold M=fM of Y.

We shall call M CAT imbedded-transverse to ¢ in Y if
f:MGY is CAT transverse to "' (see 1.0),and MNX isa CAT
submanifold of X (and hence also of Y). Note that M is then CAT
locally transverseto X in Y.

Wesay M is CAT imbedded-transverse to £ in Y near CC Y
if, for some open neighborhood Y, of C in Y, one finds Y0 NnM

imbedded-transverse to £ N Yo in Yo .

TOP IMBEDDED MICROBUNDLE TRANSVERSALITY THEOREM 1.5

In this situation , let M™ be imbedded-transverse to £" near a
closed subset CCY, andlet D CY bea closed set. Suppose M, X
and Y without boundary . Suppose also m ¥4+ m—n (as for
Theoremn 1.1), ard either dimY —dimM = 3 or dimY 4 #+dimX . T

Then there exists a homotopy f;, 0 t<1, of f:M—Y rel
C 5o that .
{a) fi(M} is imbedded-transverse fo ¥ near CUD
(b) the homotopy f;, 0<t<1, is realized by an ambient isotopy F,
of idY, ie. fi=Ff, and
{c) the ambient isotopy F ¢ Is as small as we please with support in a
prescribed neighborhood of D=C in Y.

Results for manifolds with boundary can be deduced with the help
of collaring theorems . (See last step of proofof 1.1 .)

TThe case m~ n=0,dimY #4, partially excluded in 1.5, can be proved
easily with the help of the Stable Homeomorphism Theorem of [Ki] , see
{Sijg, 8 7.2]. Thecase m —n<0 iscovered by Hommas’s method [Hom] ,
or by general position (see Appendix C) .
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Just as for 1.1, the dimension conditions may prove unnecessary .

The parallel DIFF and PL theorems hold true (without the
dimension conditions) ; the PL version is proved below as 1.6 , and
the DIFF one similarly .

The pattern of proof for the given (TOP) version is as for 1.1 , but
it is the PL version we fall back on ;the DIFF version would appear
to leave us with a metastability condition (m-n) <2g-3 on the co-
dimension q=dimY — dimM , instead of q= 3. The condition q= 3
is used to straighten a PL piece of M ina PL piece of Y ; this is
nontrivial (cf. Appendix B) and contributes to make the proof more
‘expensive’ than for 1.1 .

PROOF OF THEOREM 1.5 .

We perform a cumulative sequence of normalizations until we
reach a case that is clearly implied by the PL version . Each successive
normalization (@), (B),... is added without loss (of generality) — in
the sense that the general case remains & consequence .

(a) Without loss, D is compact .

(8 ) Without loss , we can leave aside the smallness conditions (c) on
the isotopy F i instead we make it have compact support in Y .

(v) Without loss, M and X are PL (indeed have a single chart) .

(8) Without loss, Y isopenina PL product X, X R"™ and
X=YN (X, X0) while £ is the inherited trivial normal microbundle
to X.

The normalizations () — (§) are clearly possible because of the
strongly relative nature of the theorem . (We could in fact have
Y = X X R without loss , but that would soon become a nuisance .)

(e) Withoutloss, M isa PL productalong R near CN X, where
M is already transverse to §.

Condition (¢) is realized through altering the PL structure on M
using the (local) Product Structure Theorem {1, §5.2] , which requires
m# 4% m-n (and for m—n = 3 the device of neglecting compact
transverse dim 3 intersection components , as for 1.1, Step 1 ).

At this point one has an open subset L, of MN X containing
M N X)NC with PL manifold structure so that , near Lo M
coincides as PL manifold with L, X R%,
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Figure 1-a

($) Without loss , L, G X is PL and locally flat (although not
closed) .

(n) Without loss, M G, Y is PL and locally flat.

With the normalizations (&) — (1) the theorem obviously follows
from its PL version (1.6 below) . It remains to verify ({), (#), and
for this we distinguish two cases .

Codimension M >3 .

In case dimY — dim M >3, we realise (¢) and (n) without
loss , using the codimension > 3 straightening theorem first proved by
R.T. Miller (see Appendix B for the precise statement) , A first
application alters the PL structure on X to realize (). Then
MG, Y is PL near CN X . A second application alters M C Y by
a compact support ambient isotopy of Y rel C sothat MC, Y is
PL locally flat near D N X . By then cutting back ¥ (and hence X
etc.) to a sufficiently small open neighborhood of DN X, we realize
(n) without loss , as well . This proves 1.5 for dimY — dimM >3 . m

Codimension M << 2.

In case q =(dimY — dimM) <2 and dimY # 4+ dimX , we
shall realise () and (n) by building a normal bundle to M and
exploiting the Product Structure Theorem , as follows. The PL
structure on M promised by (y) should be discarded now .

In codimension q <X 2, there is a relative existence theorem for
normal RY9-bundles ; for q =2 it requires ambient dimension # 4 as
the proofin [KSg] is based on handlebody theory and torus
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geometry ;for q =1 it follows trivially from collaring theorems ; and
for q <0 it is vacuous . Applying this to L in X, thento M in
Y rel CNX we obtain a normal R3-bundle »? to M in Y such
that »9 is a product along R near CN X . Asour theorem
normalized by (@), ...,(€) isstill sufficiently relative we can assume
without loss that M =~ R™M ; then »9 can be trivialized making
E()~M X RY .
This lets us apply the (local) Product Structure Theorem twice .
First we use it to concord the PL structure on X and on X4 so
that L,Cs X is PL locally flat, for some (new) PL structure on L.
Next we use it to find a concordance rel C N X of the structure
just obtained on 'Y C X, X R™ so that M C, Y becomes PL locally

flat for some (new) PL structure on M while M coincides PL with
Lo X R™ near CNX.

To this second concordance we apply the Concordance Implies
Isotopy Theorem [I, §4.1] to produce a compact support ambient
isotopy of Y rel C making M G Y locally flat PL, near DN X.
(We don’t alter the structure on Y C X, X R% at this point) .

Finally we cut back Y to a sufficiently small open neighborhood
of DNX in Xy X RY torealise ({) and () without loss of
generality . This closes the proofof 1.5 for dimY — dimM<?2 .=

For completeness we present the
PL IMBEDDED MICROBUNDLE TRANSVERSALITY THEOREM 1.6.

The transversality theorem 1.5 holds true in the PL category
without any restrictions concerning dimension .

The proof is based on the following simplicial lemma , which wik
play the role the Sard-Brown theorem had in 1.1 .
Lenuna 1.7. (well known) £very simpliciod map f: K = Ad ofa
finite complex onto the standard d-simplex is a PL (trivial) bundle
map over intAd . There are standard bundle charts which respect
every subcomplex of K .

Proofof 1.7. Topologically this is clear since K is canonically a sub-
complex of the join
KO*K]*...*Kd, Ki=f—l(Vi),

where vg, .. ., Vq are the vertices of Ad . For the PL version we can
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clearly assume that K is all of this join. Then there is a canonical
homeomorphism

¥ (intA) X Kg X ... X Kg= " lnta)

such that fi = projection , but it is not PL , by the standard mistake
(evenif fis AZ-Al ) . If A() is any closed linear d-simplex

in A we form the standard simplicial subdivision of the regular
convex linear cell complex Ag X Kg X ... X Ky and replace ¢ on
this by the simplex-wise linear map ¢ equal ¢ on the vertices . . Then

v A X KgX ... XKq=fla)

is a typical standard PL bundle chart respecting each subcomplex of
K. =

PROOF OF 1.6.

Without loss (of generality) we normalize imposing the conditions
(@), (B) and (8) used in the TOP proof. Further normalization is
required .

() Without loss , we can omit the condition that fi s F¢ be rel C
(Recall that F|M is required to be transverse to £" near
cuD).

To see this choose a small closed neighborhood C' of C in M
near which M is transverse to §0 and apply the new version after
replacing C by C' and D by D—C', and thendelete C from Y
(and from everything else) .

We can now choose a compact polyhedral neighborhood K of D
in Y and endow it with a finite PL triangulation such that M N K is
asubcomplex and the projection p,lK to R" is simplicial for some
triangulation of R™® . Then we can replace Y by the interior K of K
in Y cstablishing via the simplicial lemma 1.7 that :

(i)’ Without loss , over the interiors of the open n-simplices of a

triangulation of R™ | the PL projection Y B2 R™ isa PL
bundle with charts that respect M .

We would like such a chart over a neighborhood of the origin 0 in
R™ . So we choose an open relatively compact neighborhood X; of
DN X in X, then a small neighborhood R, of 0 in R® so that
Dnp; IR, € X, XR, C Y C X, XRM,

There clearly existsa PL isotopy G;,0<t<1, of id|Y such
that G; has compact supportin X, XR; , G; maps each fiber
(x X RMNY of £ into itself and (most important) for all x ina
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neighborhood of DN X in X one has
(*) G, (xv) = (x.g(v)
where g:R™" = R% jsa PL automorphism of R? with g(0) in
the interior of an n-simplex of the mentioned triangulation of R" .
See Figure 1-b .

Note that, provided R, issmall, since G respects each fiber
of ¢ ,the image G M will be transverse to én near C asis M
itself. Thus, in view of (*), we can have in place of (ii)
condition:
(ii) Without loss, for some small open neighborhood X o XR o

of (DNX)XO0 inY ,therecxistsa PL submersion chartf

p: Xy XR, =Y about X, for p,|: Y—>R" such that

P (X,NM) X R, isasubmersion chart for p,|: M —R"

about X,NM . See Figure I-c.

At this point M is necessarily locally PL transverse near CUD
to X in Y . Indeed the existence of ¢ in (ii) assures this; the
well-known PL lemma needed is Z™(A,B) = (SY,8%) =
(A,B) = (SY X1 and can be proved by induction on n using
‘pseudo-radial projection’ [Hus,, pg. 21].

Although M is not yet transverse to £® near C U D, we are
not far from this goal. Let §;:R, = R™ ,0<t<1, bea
P1L. deformation of 8= inclusion , fixing the origin, to the retraction

Figures 1-b to 1-d. Tc

—3 Delimits CAM
< Delimits DAM

TThis means that ¢ isa PL imbedding w(x,0)=x and p,p(x,v)=v for
all (x,v) € X, X R, .
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pg onto the origin. This determines an isotopy
o+ XoXRo = Y C X XRI by the rule

eix,y) = (P9(x,04(¥)) ,y) € X XR"
Now ¢, isa PL isotopy of open imbeddings fixing X X0=X, ,
and respecting M near CN X , that runs from ¢ = inclusion to
¢, = . Applying the PL (1-parameter) isotopy extension theorem
[RS3,pp.56-59] we obtain PL isotopy @, of id|Y with compact
support in Image(p) such that @ equals ¢, near DNX , while |
®; fixes X pointwise and near C respects M . The isotopy
<I>{1 ,0<t<1, moves M imbedded-transverse to £ near CUD in
the required fashion, cf. Figure 1-d. This completes the proof of the PL
{ransversality theorem 1.6. ®

Remark: The above argument rehabilitates (by simplification) R.
Williamson’s approach to transversality [Wi] .

+ The method of proof in [RS31 readily permits this (not the statements).
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GENERAL TRANSVERSALITY OF SUBMANIFOLDS

First we discuss PL block transversality, the general PL trans-
versality notion of Rourke and Sanderson, illustrating our contention
that microbundle transversality can play the central role.

We alter the PL data of 1.6 by making the normal microbundle
£ to X in Y rathera PL normal block bundle. Then E((") isa
closed PL regular neighborhood of X in Y ; X hasa given PL
regular cell-decomposition; for each k-cell ¢ of X there isa given
PL (n+k)<cell B, in E(¥) called the block over ¢ ,so that
B,NX =0 ; (Byo) = (B"™KBX) | E@) = U, B, ;

BOUBO" = U{BT {7 acellin oNg¢'} ; and intBoﬂmtBol= ¢
for 0 #0' . See [RSp.I] .

One says that M is block transverse to & near C in Y if for some
subdivision &' of & , making MNX a subcomplex of X (subdivided),
M coincides near CNX in Y with the restriction ¢ 1 (MNX) ,
which is just the union of the blocks over MN X .

The following result, due to Rourke and Sanderson [RSO,II] , was
first proved using an argument involving induction on dimensions.

PL IMBEDDED BLOCK BUNDLE TRANSVERSALITY THEOREM 1.8
Theorem 1.5 holds true in the PL category without any

dimension restrictions, even when £" isa PL block bundle and

imbedded-transverse means block transverse as formulated above.

A block bundle transversality theorem for maps is deduced in
[RS,11].
Proof of 1.8 from the.microbundlé analogue 1.6 : As the result is
strongly relative we can assume £ is trivial. Then it can be trivialized
respecting the blocks of any subdivision &' , in particular one so that
MNX isasubcomplex of X and M coincides with &' | (M N X)
near CNX ,cf. [RS(,I] . This makes ' simultaneously a micro-
bundle, to which 1.7 applies. Its conclusion gives 1.8 as soon as we
further subdivide X to make Fi(M)N X asubcomplex of X . =

Still another proof of 1.8 (a very pleasing global one) has
recently been given in [BuRS, Il Mockbundles] .
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Note that, in the PL definitions of transversality andin 1.6 &
1.8 , all mention of PL local flatness can be suppressed. Then 1.6
and 1.8 hold good (both statements and proofs) if M and X
are arbitrary polyhedra. Further generality still is possible in the PL
category! See [Ar;][Sto] [McR] [BuRS] [Milt] . Our grasp of TOP
transversality is still modest by comparison.

We return now to the topological category. Asusual M and X
denote TOP locally flat submanifolds of Y , both with boundary.
But now no normal microbundle § to X in Y isgiven.

In case X has codimension <2 in Y ,a normal microbundle §
for X in Y can always be introduced and is isotopy unique, except
perhaps if dimY =4 and dimX <2 ,see [KSs] . Thus the micro-
bundle transversality theorem 1.5 is quite adequate when X has
codimension < 2 (granting the other dimension restrictions). Again,
if M isof codimension <2 in Y , we get a theorem by exchanging
the rolesof X and M . When both M and X are of codimension
<2 , the two notions of transversality that result are equivalent by the
following easy lemma.

Lemma 1.9. Let M and N be submanifolds of W such that M has
a normal microbundle u in W to which N is transverse, and MNN
has a normal microbundle v' in M . Then v' extends to a normgl
microbundle vy hormalin Y , to a neighborhood No of MNN

in N , such that the projections of p and v, commute near MNN .
Proof of Lemma 1.9 : Let r; be a homotopy of id|M to a map

r; :M =M which coincides with the projection of v’ near MNN .
The microbundle homotopy theorem, cf. [IV, §1] provides a
microbundle homotopy p;:ip~ p over ry . If W, isnow a
sufficiently small open neighborhood of MNN in W | the required
microbundle v, over Ny =W, NN is

P
vy Ny & Wo— N,
as the reader will easily verify. =
Remark: This lemma admits a relative form; it also admits a slice

preserving form showing that the v is unique near MNN up to
isotopy fixing MUN .
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Let us therefore assume henceforth that both M and X are of
codimension = 3 in Y . Then an adequate substitute for a normal
bundle to X in Y turns out to be a stable normal microbundle to
XX0 in YXRS , s large, (which does exist and is isotopy unique).

DEFINITION 1.10. M is stably microbundle transverse to X in Y if
M is locally transverse to X in Y and if for some integer s=0 ,
there exists a normal microbundle § to XXO0 in YXRS so that
MXRS is imbedded microbundle transverse to £ in YXRS . We

write MIX (£) to express this, or simply MXX when & isnot
specified.

GENERAL TRANSVERSALITY THEOREM 1.11. (A. Marin [Mar]).

Suppose MY X near a closed subset C of Y ,andlet DCY
be another closed subset.

Under the same dimension restrictions as for the microbundle
analogue 1.5 , there exists a homotopy f; ,0<t<1, of ffM->Y
rel C so that:
fa) [(IMXY near CUD ,

(b) the homotopy [y is realized by an ambient isotopy F; of idlY ,
le. ft:Ft f . -

(c) the ambient isotopy F; is as small as we please, with

support in a prescribed neighborhood of D— C in Y

Furthermore, given (from the outset) a normal microbundle
k) to XX0 in YXRS , s large, such that MXRS is
transverse to &, near C , one can construct along with F;
another normal microbundle & , such that P}(M)XRS is
transverse to § near CUD ,and &= &, near C

The possibility of a general TOP transversality theorem has
been surmised since 1969 by several mathematicians. However,
even the formulation of a suitable definition has been a major
stumbling block; the only one seriously proposed hitherto is due to
Rourke and Sanderson [RS,] . Stable microbundle transversality
seems simpler and more maniable. It shares with PL block
transversality one feature vital for any chart by chart approach
to proving a transversality theorem — namely the local character
of the (ternary) relationship M ¥ X (¢) : this means that if
{Uy | « € A} is an indexed open covering of Y , then the
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relationship M I X (¥) implies and is implied by the collection
of relationships M, XX, (§,) , ®« € A , where subscripts « are
attached to indicate intersection with U, ,e.g. M, =MNU, .
Beware that the (binary) relationship MI X (omitting £)isnot of
local character, as Hudson’s examples showed. .
It would be possible to give a proof of Marin’s general transver-
sality theorem in parallel with that of the PL result 1.8 above, by
making strenuous use of the Rourke-Sanderson block bundle
technique [RS;] [R82]T in local charts, where enough triangulations
are available. Marin’s proof (the first prcof) is quite remarkable for
not using block bundle theory in earnest — although it does still appeal
to some PL topology. It too reduces the result finally to the micro-
bundle transversality theorem 1.5 | although along the way there.is
a surprising interchange in the roles of M and X . We will not
attempt to prove Marin’s theorem here; by either approach it is
nontrivial, and unfortunately involves at present the surgically proved
Casson-Sullivan imbedding theorem, cf. [ RSg] . Instead we shall
conclude by indicating the scope of Marin’s theorem and by describing
phenomena that seem essential to an understanding of transversality.

Marin shows (nontrivially!) that the relationship MX X is
symmetric. Note that the nonstable relationship is already symmetric
by the elementary Lemma 1.9 as soon as normal microbundles to
MNX in M and in X are known to exist.

The conclusion of 1.11 being thus in effect symmetric in X and
M (via the device of replacing F; by F 1 ), we can symmetrize the
hypotheses on dimension in 1.11 +. The reader will thus verify that
1.11 plus 1.5 fail to give together an adequate general transversality
theorem only for the following combinations of dimension involving 4 .
We write y=dimY , m=dimM , x=dimX
Excluded values of (y,m,x,m+x—y)

(v;m,x;4) , (4;m,x;m+x—4) , (yv;4;y-1,3) , (v;4,y-2;2)

— plus, of course, those obtained by interchanging the values given to
m and x .

1To avoid an annoying restriction to fiber dimension = 5 for TOP (micro-)

block bundles, that appears in [RS7, § 4] , one should assume any TOP block

bundles having fiber dimension 3 or 4 to be reduced to PL block bundles aver
the 2-skeleton. This applies to all TOP block bundles mentioned in this essay.

I Where the last statement of 1.11 (involving £ ) is concerned, a sharper
version of the symmetry above is needed, see [Mar].
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The case (7;4,4;1) should ostensibly be excluded too; but in this case
Marin gives a special argument to prove 1.11 , and notes that the parallel
nonstable result 1.5 is in this case equivalent to the unproved 4-dimen-
sional Annulus Conjecture.

Finally, leaving even the precise formulation aside, we mention that,
from 1.11 ,one can deduce a general transversality theorem for maps
paralle! to our first transversality theorem for maps 1.1 . In the state-
ment, the normal microbundle £ to X in Y of 1.1 becomes stable;
for the proof one uses a device of thickening X to let one apply 1.11 .

To help the reader acquire a global understanding of transversality,
here are two cardinal facts from [RSs] and [Mar] (or derivable with

the help of techniques given there and in [RS,II] [RSg]). With the
codimension >3 data of Definition 1.10 we consider M locally

transverse to X in Y . Then there is an obstruction in the group
[MNX,G/TOP] ,to M being stably microbundle transverse to X in Y
i.e. to having MIX . Furthemmore, when X and MNX are pre-
scribed, these obstructions in [M N X ; G/TOP] classify the locally
transverse choices of M near X , up to isotopy fixing X . Secondly,
fixing M as wellas X , suppose § givenso that MI X (£) . Then all
alternative choices ¢’ of ¢ with MX X (§') are classified up to isotopy
in YXRS fixing XX0 and respecting MXRS, by the elements of the
group [MNX ;2G/TOP)] .

TOP (micro-) block bundle T transversality (compare 1.8 ) makes
good sense in the situation of 1.10 as soon as the pair (X,MNX) is
{riangulated. A block bundle version of the two cardinal facts then holds
true — involving the same stable classifying space G/TOP . This in turn
reveals a useful stability:

block stable block stable microbundle
transversality < transversality « transversality

the second equivalence resulting trivally from blockwise application of
existence and uniqueness of stable normal microbundies. What is more,
the isotopy classes of germs of the three types of bundles, expressing
transversality of a fixed M , correspond naturally and bijectively. This
last fact is exactly what one needs to establish 1.11 imitating the proof
of 1.8 . (The patient reader can pause to verify this for himself.) To

FRecall the footnote to the discussion following 1.9 .
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sum up, TOP block bundles are adequate to discuss TOP transversality
provided enough triangulations ¥ exist. At worst, TOP block bundles
offer a useful tool to be used locally.

We close on an amusing note by comparing PL and TOP trans-
versality. Consider once more the codimension =3 situation above,
with M topologically locally transverse to X in Y , and suppose all
the manifolds and inclusions happen to be PL . Then M isalso PL
locally transverse to X in Y ,since Hudson has a criterion for this of
local homotopy theoretic character [Hug, Lemma 1] . There is an
obstruction € [MNX ;G/PL] to M being PL block transverse to
N in Y (by the PL version of the first cardinal fact, cf. [RS5]). The
map

[(MNX; G/PL] - [MNX;G/TOP] ,

whose kernel is  H3(MNX;Z,)/ ImH3MNX;Z) ,see [Sijq, §15] ,
carries this ¢ to the obstruction to TOP block transversality. Thus it
may occur that M is topologically but not piecewise linearly block
transverse to X in Y .

This curiosity is mitigated somewhat by the observation that in this
case an ambient TOP isotopy fixing X can move M to coincide near
X with a piece of PL submanifold that is PL block transverse to X
(just apply the first cardinal fact!).

It is mitigated further by the fact that, provided dim(MNX) #4
new global PL manifold structures can be assigned (changing the
concordance class of just one PL structure, that on MN X ) so as to
make M PL block transverse to X in Y .

1 Whether they do always exist is of course the residual triangulation problem
for manifolds, cf, [Sig] .
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§2. HANDLE DECOMPOSITIONS

Let W bea CAT (=PL or TOP) m-manifoldand MCW a
possibly empty clean m-submanifold (clean merely emphasizes that M
is a closed subset and the frontier is a manifold CAT bi-collared in W) .
A handlebody decomposition of W on M is a fiitration of W
(possibly infinite) , M =My, CM; C Mz oo, with UMy =W, by clean
submanifolds such that , for eachi, H;= closure (M M l) isa clean
compact submanifold of M; and (H H; N M;_ I)N (B aB ) X
BM™K for some k, O<k<m. Hjis cal]ed a handle . Itis supposed
that the collection {H;} is locally finite , so that each compactum in W
meets only finitely many handles . When such a filtration is present we
say W is ahandlebody on M.

EXISTENCE THEOREM 2.1 . (CAT = PL or TOP). \

Consider any CAT m-manifold W and clean CAT m-submanifold :
M. If CAT=TOP suppose m=6. Then W isa CAT handlebody on
M.

The PL case is easily proved using a triangulation of (W ,M) asa
combinatorial manifold pair , see [Hu, , pp.223-227} . We will deduce
the TOP case using the Product Structure Theorem .

PROOF OF 2.1 FOR CAT=TOP.

For greater simplicity we suppose at first that oW =¢ . Using a
co-ordinate covering of W of nerve dimension < m we find a closed
covering Ao , Ay ..., Ay, and cpensets U; D A; with PL manifold
structure such that each closure U is expres51ble as a disjoint locally
finite union of compacta .

REMARK 2.1.1. U can lie in the preimage in W, under a standard map
¢ : W~ |Wl to the nerve of a suitable covering W , of the open stars of :
barycenters of i-simplices of W} in the st barycentric subdivision Ilbl of*
{wl, see [I, §4) . More precisely, ¢ can come from a partition of

unity subordinate to W , and W can be any dim <X m covering by
relatively compact charts . Then the reader will verify that the handle
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decomposition to be constructed enjoys the property :

Each handle H lies in some chart of W, and the union of all charts of
W containing H contains all handles of some finite sub-handlebody on

M including H .

Thus the handle decomposition will be ‘fine’ if W is fine .

We propose to define a filtration M=M, CM, CM, C...C M=
=W so that M; isa handlebody on M;_y ,and so that
closure(M; - M;_1) , although probably not a single handle , is at least
compact or a locally finite disjoint union of compacta . Once Mi—l is
known to be a handlebody , it is easy to show (by adding the handles in
a suitable order) that M; isonetoo. Then W isa handlebody on M
as required.

Suppose for an inductive construction that we have obtained a
clean submanifold M;_ 1, i= 1, that contains M and is a neighborhood
of Ag U.. .UA,;_ . Apply the Product Structure Theorem to the
boundary of U,n Mi—l in U; to alter the PL structure on U; making
UiNM;_| a PL m-submanifold of U;. Recall now that
U;= Ui,l U Ui,2 U... isaunion of open subsets Uij , i=1, whose
closures are compact disjoint and form a locally finite collection . In
each Uij we find a clean PL m-submanifold M;; of the form
M N Uij union a compact neighborhood of Ai N Uij . The known PL
(and compact) version of 2.1 shows that M;: isa PL handlebody on
M1 N Uij . So adding to Mi-—l , we get MizMi—l U Mi,l U Mi,ZZ U...
a TOP handlebody on Mi—-l . This completes the inductive
construction of M=M, CM; C...CM_ =W asrequired to prove
2.1 when oW=¢ . m

The proof of 2.1 when W # 9 is word for word the same if
mz2 7. Howeverif m =6, the Product Structure Theorem does riot
apply unless

a_1) a(U,. ﬂMi__,) isa PL submanifold of U; near an.
So we will assume a;_1) inductively and also
bi_1) M- M isa clean submanifold of W -M.

Further, we arrange prior to the induction that , for each chart U, ,
Uj N M isaclean PL submanifold of Uj . (Just work from the outset
with such charts only) .
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Now the above construction works and produces
Mi=M;_ U Mi,l U Mi,2 U... whichcontains MU A, U... U A
and satisfies b;) when each Mij is chosen with the similar property .
Next we build M; C Mj verifying a;) as well — roughly by peeling M;
away from 9Ujy; .

Consider N;=Uj; ¢ N Mgo C Uiy - Choose a clean PL
submanifold X of U - oM lying in N; and containing a
neighborhood in Uy - M of (Ao U...U Ay).

Choose a narrow clean collaring
h:fdUy NN - M) X1 > N—M

that is PL near X and has image whose intersection with intW is
closed in intW . Define

M; = M - h{(@Uy; NN, ~ M -X) X [0,)} .

Then M; satisfies a;), b;) and if I is sufficiently narrow , Mi
contains MU A, U...UA;. But M;_; isahandiebody on M so Mj
clearly is also one . Then Mi is one because clearly (M; ,M) =~ (Mi ,M),
(see [Sig , Lemmasin §3] for assistance). ®

The last paragraph above is trivial but a bit confusing , so we
illustrate for dimension m =3 in Figure 2-a. W isdefined by x=0
or rather Ui+l is , since Uit isall weseeof W; M is x>0, z<0,
i.e. what lies below the xy plane ; Mj is M union the curved snowpile
on the xy-plane up against the yz wall. X lies beyond the piecewise
linear path in the yz wall ; the slab sitting on the xy plane on the dark
base is what is deleted from M; toget M;.

X

Figure 2-a .
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Handlebodies have CW spines, T

This basic observation was made circa 1970 by M. Cohen with a
helping hand from B. Sanderson. As we shall not in fact use this result
we are content to discuss a compact and non-relative version.

THEOREM 2.2.

Let W be a compact TOP m-manifold that is a handlebody
the handles being added in order of increasing t dimension.

Then W™ is homeomorphic to the mapping cylinder Map(f) of a
continuous map f: oW —> X toafinite CW complex X with one '
k-cell for each k-handleof W , 0<k<m .

X is called a spine of W . Incase dW=¢ ,one has X=W ,
ie. W itself isa CW complex. Thus every closed TOP manifold of
dimension =6 isa CW compiex. Isin fact every TOP manifold a
CW complex? Contrast this with the more delicate question whether
every TOP manifold is a simplicial complex, this latter being unsettled
in 1975 even for closed manifolds of high dimension, cf. [Sig],[Matu] .

Proof of 2.2.
Proceed by induction on the maximum handle index, using a
direct and elementary argument suggested by these diagrams:

7/

[ N

T The existence of polyhedral spines is discussed in {Ped(] .

1 Not an essential restriction; see [Edws] and any exposition of handlebody
theory.
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§3. MORSE FUNCTIONS. ¥

Consider a CAT (= DIFF or TOP) m-manifold M and a
continuous map f:M— [a,b] CR. Wecall f a CAT Morse function
(compare Morse [Ms,1) if for each point p € M, either f isa CAT
submersion into [a, b] near p, or p € int M and there exists a CAT
embedding h : R™M =M with h(0) = p so that for some k ,0 <k<m,
Fh(Xy , Xg 5o s X)) = F(P) = (xF +. . A xP)+ (kg + o x2)) for all
(X » -+, X)) near the origin 0=(0,.. ..0)€ RM | In the latter case p
is called a critical point of index k . Clearly the critical points are
isolated , so only finitely many lie in a given compactum . We will say
isMorse near asubset CCM if flU:U— R is Morse for some open
neighbourhood U of C.

Our main result in a convenient relative form is the

EXISTENCE THEOREM 3.1. (CAT = DIFF or TOP)

Let f: M= R bea continuous map of a CAT open manifold to
R, that is Morse on an open neighborhood U of a closed subset C of
M. Let DCM beclosed and V DO D an open neighborhood of D in
M. If CAT =TOP suppose m=6 .

One can find a continuous map g: M~ R equal to [ near
CU(M-V) so that g is Morse near CUD . Given €: M~ [0 o]
positive near D one can arrange that \g(x)-fix)| < e(x) forall x€EM.

Collaring devices let one deduce results for manifolds with boundary:
The DIFF version (cf. Morse [Ms{1}) is an elementary consequence i
of approximability of continuous functions by smooth functions [Mul ,
8§41 combined with the Sard-Brown theorem , see [Mi8 , proof of 2.7} .
From it we shall deduce the TOP version using both the Product
Structure Theorem and the Concordance Implies Isotopy Theorem .
The heart of the proof'is :

PROPOSITION 3.2.
Let f: M’g -+ R bea TOP Morse function defined on an a DIFF
manifold without boundary , of dimension m =6 .
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There exists a DIFF structure X' on M concordant to T so
that f: My = R isa DIFF Morse function .

Suppose f: My > R isalready DIFF Morse on an open
neighborhood U of a closed set CCM. Let D CM be compact and
VDD beopen. Then there existsa DIFF structure ' on M
concordant to % rel CU(M-V) such that : Ms+ —~ R is DIFF
Morse near CU D .

To get this particularly clearcut result we shall require some
assistance from a local contractibility principle for homeomorphisms .

PROOF OF THEOREM 3.1 (assuming 3.2) . By the usual finite chart-
by-chart induction , it suffices to prove the case where M = R™ and D
is compact . In this case 3.2 offersa CAT structure £’ on U C R™
concordant to the standard one , so that f : Uy'= R is DIFF Morse .
We extend %' toall M by the Concordance Extension Theorem [I,
4,21, then apply the DIFF version of 3.1 to conclude . =

PROOF OF PROPOSITION 3.2.

Clearly the second statement implies the first ; so let us prove the
second .

The second statement is clearly a consequence of two special cases
applied successively :

(a) D isa/(finite !) set of critical points .

(b) f has no critical pointsin D -C.
And the case (b) reduces by enlarging C and cutting back M and V,to
the case

(b") f has no critical points at all ,

Proof of case (a) .

The definition of TOP Morse function shows that there exists a
finite disjoint union B of closed discs i in V-C so that D CB and there
exists a structure ' on B so that f: BE" - R is DIFF Morse . The
Stableoﬂomeomorphlsm Theorem [Ki; ] shows that =B is concordant
to ZIB so that the Concordance Extension Theorem [I, 4.2] provides a
concordance ¥ = X' re] CU (M-V) with f: My: - R DIFF Morse
near CU D. Alternatively , use of [Ki] | and [I, 4.2] can be replaced
by solution of one 0-handle problem for €ach point of D-C , by the
method of [KS;]. =
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Concordance Implies Sliced Concordance Lemma 3.2.1.

Consider (MXDyp a conditioned CAT (= DIFF or PL) concordance
of CAT structures I': 2=3X' ,ona TOP m-manifold MM ,m>=5,
without boundary. Then, as CAT structure, T" is concordant rel MXol
to a structure T that is sliced over 1 in the sense that the projection
py : (MXDp'—=>1 isa CAT submersion; thus T is a conditioned and
sliced CAT concordance £ =3X' . Furthermore, if t T' is a product
along 1 near CXI , with C closed in M , then the asserted concordance
LT can be rel CXI .

Proof of 3.2.1. Apply to I' the Concordance Implies Isotopy Theorem
[1,84] (rel CXI if necessary) to get a sliced and conditioned concor-
dance © :['=XXI . This © is the image of (ZXI)XI by the isotopy
involved; and we can require that ® be constant on the initial haif [0,%]
of its interval. Let H be (id|M)Xh where h isa homeomorphism of
the square 1XI fixing IX0 and mapping 1X[%,1] linearly onto the
top IX! . Then H(®) is the concordance required I' ="' rel MXdl ,
at least if CAT=PL ;if CAT=DIFF , we must go on to unbend (see
§4.3) the corners of H(®) along MXh(0,1) and inversely create corners

along MX(1,1) , muchasin [I;§4,case 3] . ]
. e ’"”"L(eaves of F are vertical \\\\\
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T 1t suffices in fact to suppose that p, : (MxD)p =1 jsa CAT submersion:
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We are now ready to give the remaining
Proof of case (b’) .

To gain clarity we assume at first that C= ¢ and V=M ;
afterwards we will fill in the details when C# ® or V# M. Allowing
V #M will pose no problem at all since the concordances we find will
all have compact support and so extend by the constant concordance
from V toallof M.

Applying the local contractibility principle for homeomorphisms ,
we find a TOP foliation & on M transverse to the fibers of f, with
model RM-! , and with 1-dimensional leaves that are imbedded in R
by f ~ see [Sij,, §6.251 .

Forasubset SCfl(s) , sER, we often speak of a subset
i:SX[abl] Cs M, a<s < b. Thisinclusion map (if it exists) is
the unique continuous imbedding i such that for x €S and t €& [a, b]
one has i(x,s)=x, fi(x,t)=t, and i(x X [a, b]) lies in the leaf of F
through (x,s). For compact S, the inclusion i clearly does exist if
a, b are sufficiently near s, (since it exists locally) .

We can find , using compactness of D , numbers
n <r, <...<r , and compacta M, , ... s My_q so that

i M; € 7 (xy), and M; X [1j, 1j41) existsin M,
k-1

() U M; X I[r;, 1411 isaneighborhood of D in M.
i=1 1 1271

Next we can find compacta N; C £t (r), i=1, .. k, so that the
interior N; in f™'(r;) contains (M; X r;) U (M;_; X 1;) . There then
exists € > 0 so small that each Ni X [ri—e , ri+e] existsin M and
2e < fi41-1;, forall i. See Figure 3-a opposite.

. We apply the local Product Structure Theorem [I, §5.2] tc each
(Ni X (ri—-e , ri+€))2 , i=1, ..k, togeta DIFF structure 3* on

M with the properties
1) Z* isaproduct along (ri-e, ri+e) near (M;Xr) U (M;_; Xr;),

and (hence) f:Ms» = R isa DIFF submersion near

2) Z*=3 outsidea compactum .
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We next apply the lemma 3.2.1 proved above , together with the
Concordance Extension Theorem of [l] (M; X [r;, g1 Dy
we get a concordance nE P rel U(M X { 1ﬂ}) constant outside a

compactum in U(M X [rl, i1 D) 50 that f:My >R isa DIFF
submersion near UD X Iry, Tt 1] DD where D; is the compact

projection on M of DN (M X, . =
When C#¢ we must make the following additions to the proof .
We want the foliation & to be DIFF near C. To achieve this,

construct a vector field § on UD C, where f is DIFF , so that
fe &= ai~ Integrating £ we obtain a DIFF foliation & DIFF
X

transverse to f on U. Now construct & so that & = & o hear C,
using [Siy;, §6.25] .
k-1
Let C¥=Cn( 'Ul M; X[, 141D - By refining the partition
l=
Iy, .. I if necessary (on adding 1’ between r; and rjyj we can let
M =M; X r') we can find compacta C; in M; such that
k-1
(lll) C* C 1\:] ClX [ri, ri+I] )
k-1
(iv) f is DIFF near iL=)1 G X I 1l -

Next we choose € (above) so small that f is DIFF near the set denoted
{(Ci_] X)) U(C; X1} X [1y~¢, r;+e]  forgiving an obvious abuse of
notation . The local Product Structure Theorem [I, §5.2] is applied
relative to this set to assure that

3) XZ* isconcordantrel C to Z

and that we can apply the Concordance Implies Isotopy Theorem {I,
§4.1] rel Li)Ci X [r;, rjy1] getting a concordance X* = ' rel

cc Ll) Ci X {ri, ri+1] . This finishes the proofof 3.2. =

Our discussion of topological Morse functions would not be
complete without mention of gradient-like fields . For TOP we define
them inan integrated form .

DEFINITION 3.3 . Let f: M- [a,b] beaTOP Morse function on a
TOP manifold M™ . A gradient-like field & for f isa TOP foliationT

t Defined by an atlas of submersions into R,
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by lines transverse to the level surfaces of f, defined on the complement
of the critical points of [, such that about each critical point p € intM
of f, there are co-ordinates (x;, ... ,xm) so that f(X)= f(p) —

(CHIR NS SR CS PRI x3,) ,and & is given near p by the
integral curves of the vector field V(X) = (-Xp, .. , Xy » Xa41» - X)) -
If p is a non-critical point of f, there are co-ordinates (x, ... ,x)
near p such that f(X)=x; and,on theleavesof  , only x,

varies .

If &, isagradient-like field for flU where U is an open
neighborhood of C closed € M™ (any m), the local contractibility
theorem for homeomorphisms provides a gradient-like field & for f
equal JF  near C,see[Sij), §6.25] . One first builds & explicitly
near the (isolated!) critical points , then extends .

Using TOP gradient-like fields , one can carry through for the
topological case the elementary discussion of Morse functions as.they
relate to cobordisms , surgeries , handles etc . — following the discussion
in [Mi8 , §8§ 1-3] almost word for word .

3.4 THE FUNCTIONAL TOPOLOGICAL SMALE THEORY .

To conclude this section we indicate how the techniques of the
functional Smale-theory of [Mig] or [CeG] can be adapted to TOP
Morse functions in dimension m > 6 . Taken together with the simple
type theory of §4 and §35 below , these suffice to transcribe for TOP
manifolds the s-cobordism theorem [Key] , the boundary theorem of
[Si;]1 [Key] and the splitting theorem of Farrell & Hsiang [FH] . The
splitting theorem of Cappell [Cap] requires Appendix C as well .

Rearrangement of critical levels of a TOP Morse function on a
compact triad to get a ‘nice’ Morse function (of Smale) as in [Mi8 , $41
is possible as soon as a small ambient isotopy can eliminate all
intersections of locally flat ‘left hand’ spheres S‘Il, with ‘right hand’
spheres S‘l’{ when v+w<m-l ina noncritical level N™1 This is
easily done for m~12>5 by the stable homeomorphism theorem —
compare [Sim , §7.21 ; TOP general position always applies, cf. (Edsi

Creation of a pair of critical points [Mig ; §8] is a local matter and
poses no problems .

Elementary change of basis among critical points of index A,
2< A< m-2, [Mi8 , 87] requires at worst the stable homeomorphism
theorem once again , in getting a ‘linking’ isotopy to deform the
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gradient-like field .

Here is a discussion for m = 6 of techniques for eliminating a
pair of critical points p and q of index A and A+ ] with f(p) < f(q@)
and no critical vulues between . Consider N = f1(c), where f(p) < ¢
< f(q) . We assume f is proper so that the chart about q (normalizing
f) can be extended (using the gradient linesof & ) toa chart Uq
containing the ieft hand disc DL+ of increasing trajectories from N
to q with aD}*! =S, CN,so'that flUy and BIU, are DIFF.
Similarly from U_ about p, containing the right hand disc D?{)‘ with
aDR = SR CN. Bsing the Stable Homeomorphism Theorem repeatedly,
one can build a small isotopy of N™~! and use it to change ¥ (and

Up) as in [Mi8 , 94.7] so that
1) The structures of Up and Uq agree near Sp US| .

2) Sy is DIFF transverse to Sp at Sp N Sy (for the common

structure) .

By 1), Uy and Uy providea chart U D Di‘{)‘ U D}‘f'l making
fiU and U DIFF. By 2), S| and Sp intersect at isolated
pointsin U . If thereis only one intersection point, f can now be
changed on a compactum in U to eliminate the critical points p and
q, by the purely DIFF cancellation procedure of [Mi8 ,85]. m=

The above cancellation result makes it important to be able to
elimate superfluous intersection points of SR(p) and Sy (q) by
Whitney’s procedure . Suppose given a pair (a, b) of points of Sp N SL
having appropriate intersection number #*1 [Mi8 , §6] and aloop vy
consisting of a DIFF arc Ap running a to b in Sp anda DIFF arc
Ap running b to a in Sy such that y is contractiblein N . See
figure 3-b below .

Assertion . Whitney’s procedure [Whn,l can be adapted to eliminate
the intersection points a, b via an isotopy of id|N ~ under the usual
technical restrictions : m~125; dimSp>3; and m (N-Sg) ~
m N is injective when dimS; <72 .
Here are instructions for adapting the DIFF Whitney procedure in
{Whn,] or [Mi8] , somewhat different from those in [SiIO ,87) .
The DIFF procedure unaltered produces for us a DIFF imbedding

meD-D = ITAN
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Figure 3-b

of the Whitney model 2-disc D (of {Mig , §6.7]) minus the interior
of a central standard 2-disc Do . And we can at least find a continuous
map

g:DO->N—(SLUSR)

equal v on dD, .

Now apply any one of three techniques (a), (b), (¢c) menticned
below to find an open (m~1)~ball -BCN - (SL U SR) and an
approximation g’ to g equal g on aD so that BD g'(DO) .

(a) Regard D, asthe coneon aDo and use Newman’s chart-by-
chart version of engulfing [Ne] cf. [Si5] , to make a small ball
about g(cone point) swell up to engulf g'(D,) for some
approximation g' to g equal g on aDO.

(b) Apply Homma’s convergence technique [Glu] to find a
locally flat topological embedding g’ : Dy—>N- (SL (V] SR) equal
g on 9D, . Then an elementary stretching argument [Lac]
producesa (m-1)-ball BD g'(Do) .

(c) Replace Homma’s method in (b) by a chart-by-chart procedure
using general position and a smoothing theory or the Product
Structure Theorem to advance from chart to chart .
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Applying DIFF general position (the Sard-Brown theorem [Mig1)
in U, we now adjust g’ so that g'(D,) meets ¢(D —DO) CN in
9(®Dg) = g'@D)

Next we find a new DIFF structure £ on the open ball B so that
near oD, = g'aDo =g'Dy N - ]30) it agrees with the structure of
N N U . This is accomplished by an obstruction theory for smoothing
using Wi(TOP/O)= 0, i=0,1, see [KS;]JIIV][V] [SilO] . More
simply one can solve a zero- and a one-handle problem for two handles
with core in ¢(3D,) , by the method of [KSI] applied to DIFF .

Now (NNU) and By, together give a DIFF structure £’ ona
small nelghborhood V of oD - D o) Ne(Dy) in N extending that of
U near ¢(D- D o)

Finally alter pUg' extending ¢ toa DIFF embedding
@' 1 D= Vs . Then Whitney’s DIFF process applies to eliminate the
pair (a, b) of intersection points. ®

Remark : The argument outlined in [Si}qg, §7.3] , although tougher ,
is more elementary in that it does not use the surgery concealed in
[KS;1.

The I-parameter theory of generic functions due to J. Cerf has (in
1975) not yet been reworked in the TOP context. Nevertheless, the
TOP version of its main theorem ([Ce7] , [HaW]) has been established |
via a reduction to the smooth case, see [BaLR, pp. 148-9] (E. Pederson’s ;
appendix): Theorem: Let VR n=35, be a connected compact TOP r
manifold such that wyV acts trivially on nyV . Then the components
of the space of automorphisms of VBXI fixing (3VMXI U VX0 point:
wise, are in bijective correspondence with the elements of an algebmicallyj
defined abelian group Who(my V) ® Why(m, V;m V) thatis 0 when-
ever mV=0 . Incase V admitsa DIFF structure, the reductionisa ’
simple application of the Concordance Implies Isotopy Theorem (Essay I)f
and its I-parameter version (see Essays 11, V). In general one seeks to f
replace V by a subhandlebody of index <3 , which does admit a DIFF? L.
structure. (When n=35 , Pederson hypotheszses that VP isa handlebody,

T For 0 - and 1-handles ,a PL solution easily gives a DIFF solution ; so
[KSy] could be applied directly .
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§4. THE SIMPLE HOMOTOPY TYPE OF A
TOPOLOGICAL MANIFOLDT

We shall define a prefered simple type for a topological manifold M
by properly imbedding M in a high dimensional euclidean space R™
with closed normal disc bundle D ; the (local) Product Structure
Theorem of {1, §5.2] applied near 9D in R® gives D a
triangulation ; then by definition the preferred simple type of M is the
one making i: M C, D asimple equivalence . If this procedure is
carried out again yielding i* : M C, D* we observe using the
Concordance Implies Isotopy Theorem of [I, §4] that (after
stabilisation) there isa PL isomorphism f:D - D¥* so that fi is
proper homotopic to i* . This implies that our preferred simple type is
well-defined . The proofs are very easy ; most space is devoted to
recollecting basic facts about simple types , triangulations , normal
bundles and imbeddings .

First the basic facts about simple homotopy types (from [Chn2]
and [Si7]) .

A simplicial map f: X =Y of finite (unordered) simplicial
complexes is an elementary expansion if f is injective and Y - f(X)

T Since this essay was written T. Chapman has succeeded in defining the
simple type more generally for any locally compact metric space X such that
X X [0, 11%° is a manifold with model the Hilbert cube [0, 11°°, see [Chy1[Chy]
[Sij4] . (Forexample X canbea TOP manifold or locally a finite CW complex ;
it seems that X can be any locally compact ANR | see [Mil3)[Wes][Ed6]).This flows
from Chapman’s triangulation theorem and Hauptvermutung for Hilbert cube
manifolds M : one has M =K X [0, 11®® for some locally finite simplicial complex
K; andif K; X (0,1]% = K, X [0, 1]*° is a homeomorphism (or even proper
and cell-like [Chyl), then the proper homotopy equivalence K; - K,
determined is a simple equivalence of complexes . Several other interesting finite
dimensional arguments have since appeared , each showing at least that a
homeomorphism K, = K, of locally [inite simplicial complexes is a simple
equivalence [Edy] [Edy4] [Ch3] . The argument [Edq] [Sij4l of R.D.
Edwards is based on this section .
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consists of exactly two open simplices , one being a face of the other .

In the category C of injective simplicial maps (inclusions) of
locally finite unordered simplicial complexes we must specify the sub-
category & of expansions. It is the Jeast family in C containing
isomorphisms and elementary expansions that is closed under 1)
finite composition, 2) disjoint union, 3) pushout . Closed under
pushout means thatif X=YUZ in ¢ and YNZ C, Y isin &
then Z . X isalsoin & , see [Siy] . Amap f: XY of C
where X is compact clearly belongs to & if and only if it is a finite
composition of isomorphisms and elementary expansions .

A proper homotopy equivalence f: X ->Y of locally finite
simplicial complexes is simple if it is proper homotopic to a finite
composition X=X; >X, > ... > X, =Y where each map is an
expansion or a proper homotopy inverse to an expansion . Clearly each
expansion is a proper homotopy equivalence ~ i.e. a homotopy
equivalence in the category of proper continuous maps . It isan
elementary fact that a PL homeomorphism is a simple equivalence .

It is enlightening to recall (from Whitehead) that when X and Y
are properly simplicially imbedded in R™® and n> 2 max{dimX,
dimY} + 1,then X and Y have PL isomorphic regular neighborhoods
ifand only if X and Y are simple homotopy equivalent .

A simple type for an arbitrary (metrizable) space X is represented
by a proper homotopy equivalence f: XY to alocally finite
simplicial complex Y (if such f exist). Another such equivalence
f': X—=>Y' represents the same simple type if there exists a simple
proper homotopy equivalence s: Y~ Y’ so that sf is proper
homotopic to f'.

A space equipped with a given simple type will be called a simple
space . Every locally finite simplicial complex X has a canonical simple
type represented by the identity map XX ; so X is a simple space .
A proper homotopy equivalence f:X-=Y of simple spaces is called
simple if when g: Y~ Z represents the given simple type of Y, then
gf: X > Z represents that of X. When X and Y are locally finite
simplicial complexes this is equivalent to the earlier definition of a simple
proper homotopy equivalence .

THEOREM 4.1 .
Everv separable metrizable topological manifold M has a preferred
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simple type — so that M is a simple space . It can be defined by the
following CAT(= DIFF or PL) rule : Imbed any topological closed disc
bundle over M as a{clean) CAT codimension zero submanifold of an
euclidean space and select a CA Tt trigngulation T of it ; then the
inclusion map M = T represents the preferred simple type .

Other equivalent definitions of simple type will be discussed in §5 .

COROLLARY 4.1.1. Any homeomorphism h:M~—~M' of separable
metrizable topological manifolds is a proper simple homotopy
equivalence .

Proof of 4.1.1. from 4.1. Thisisseen in the nature of the rule defining
the preferred simple type . ®

We can establish the preferred simple type of 4.1 using only DIFF
oronly PL arguments ; for the readers convenience , the specifically
DIFF arguments are marked off by square brackets [ ] and/or double
stars +x. [If we use DIFF as our working tool , Whitehead’s C*
triangulation theory is of course used , in particular to prove :

+xLEMMA 4.2. If T and T' are two (Whitehead) DIFF triangulations
ofa DIFF manifold My possibly with corners , then the identity map
T = T isasimple homotopy equivalence ; in fact it is isotopic toa PL
homeomorphism .

The proof isin [Why] [Mu;,§10] . =

»+4.3. Straightening corners .

Let B2(8) = {(rcosp,rsing) € R2 1 0<r<1, 0<¢<0}.
If My has corners and N=B*@{2) X C C My is DIFF tubular
neighborhood of a manifold C of corners we can straighten (or unbend)
corners along C altering ¥ to Z* on B2(a/2) X C defining T* so
that p X @(dIC) : (B2(w/2) X Clypx = B2(m) X C isa diffeo-
morphism where p : (r cosy , rsing) + (r cos2y¢ , rsin2yp) doubles
angles .

++xLEMMA 4.3 (for DIFF with data above)
If T* isa DIFF triangulatioit of My «, the identity map T —T*
is a simple equivalence .

i Bv DIFF triansulation we mean a Whitehead C°° trianeulation iMual .
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Proof of 4.3. By 4.2 it suffices to prove this for suitable choices of
DIFF triangulation T and T* of £ and X* respectively . DIFF
triangulate C arbitrarily ; DIFF triangulate B?(w/2) (resp. B2(w)) by
bisecting it into two 2-simplices at /4 (resp. at w/2). Welet T anl\dj!
T* give the corresponding product trianguiations on B?(n/2) X C C
and we let T and T* both give the same DIFF triangulation T, of
(M - N)y . Then the inclusions T0 - T and To - T* are expansions ,
proving that id : T— T* issimple . (In fact it is not hard to see a
topological isotopy of it to a simplicial isomorphism) . ® ]

An essential tool will be the theorem of M. Hirsch and B. Mazur
stating that a bundle with fiber euclidean space contains a disc bundle
after stabilization , which is up to isotopy unique after (more)
stabilization . 1ts compactifying rOle is crucial ; recall that the fole of
torusin [I, §3] wassimilarly compactifying . So it is appropriate to
recall the precise statement required and indicate the proof .

Consider a locally trivial bundle E with fiber R™ and zero sectlon;
overan ENR X ; let X beidentified with the zero-section so that
X CE and the projection p:E~ X is aretraction that completely
specifies the bundle . We say E has fiber (R™, 0) since the group of E‘
as a Steenrod bundle is the group (with compact-open topology) of all
self homeomorphisms of (RP, 0), i.e. of R™ fixing 0. We will use
similar terminology for disc bundles .

PROPOSITION 4.4 (see [Hig] ,also [KuLy 5)."

A) (Mazur) The stabilized (R"*1,0) bundle EXR over X
containsa (B"*1,0) bundle D C E X R over X. This D is
understood to come from a reduction of E to the group of homeo-
morphisms h of R"™1 sothat nB"*1=p"*1 qng mo)=0.

B) (Hirsch) [If E itself contains two (B", 0) bundles D, ,D,,
then Dy XB', D, XB' areisomorphic (B”H 0) bundles. In
fact the (R"*1 0) bundle [1,2] X (E X R) over [1,2] X X
contains a (B”+1 0) bundle D' extending kX Dy XB' over kXX,
k=12 - called a concordance from D,XB' to D, XB' in EXR .

Proof of A).

Let 201 pe the ¢ sphere Rl Yoo, Thereis clearly a unique
(EHJrl 0,%) bundle S so that the complement of the eo-section is
EXR. Theclosurein S of EX [-1,) isa (B""! 0) bundle D.’

t Concerning reduction of (the group of) a bundle like E , see [Hus] .
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This D contains a disc bundle lyingin E X R . Indeed , by
Alexander’s theorem [Alll , any (B"Jrl 0) bundle reduces to the
group of homeomorphisms h of Bl 5o that h(x) = Ixlh(x/Ix}) for
x# 0. Soreduced , D contains a (BnJr 0) bundlein EX R of
any radiusin (0, 1). ®

Proof of B).
Let S bethe (Z™,0,c0) bundle associated to E, where =M=

RMUeo . By Alexander’s theorem , there is a reduction p; of S to the
group of those homeomorphisms h of =M fixing 0, with
h(x) = Ixl h(x/Ixl) for x# 0, oo, areduction such that D; is the
unit disc bundle . _

We assert that there is an isotopy h 0<t< 1, of idlS =
hy respectmg fibers and fixing the ZCI‘O-SCCUOH such that h;(D; X B!)
= D, where S and D were defined for A). Then , using the
reductlon of D mentioned for A) we have a (Brl+1 0) bundle %D
of radius % and can easily deduce from h; anisotopy hi of
idlS = hy, respecting fibers and zero sectlon so that hj (D, X Bl) = ¥D
and ht(D, XB!')CEXR, forall t. This h} givesa concordance
from D; X B! to %D in EXR. Similarly we get one from %D to
D, X B! | sofrom D; X B! to D, X B! as required .

. ]
:i:é |— l—:_/'mcbﬁs:»
T x3>0,y4,
0 s oo
0 -
| | 1 x{radlus)
~Q—
-1

Figure 4-a ( lllustration for the paragraph overleaf )
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To construct hy note that p; gives an obvious quotient map
q; : Ry XD, — E (polar coordinates)

where 8D, is the boundary sphere bundle of D; , and by natural
extensions quotient maps Ry X RX 8D; > EXR and

q: {(Ry X R)Ueo} X 8D, — S ,

so that with the notation of Figure'4-a D is the quotient of Q X 8D,
and D; X B! of Q; X 86D, . We leave the reader to produce an
isotopy gy, 0<t<1 of the identity of the Gauss sphere R? Ueo so
that g,(Q;)=Q , g(Q)C(REzXR)Ue , g(0)=0 , and
g X (id I8D) passes to the quotient by q defining the asserted isotopy
hy . (Justisotop Q; onto Qi , then Qj onto Q, taking care to
respect (y-axis) Ueo throughout!) =

PROOF OF 4.1.

Given M, let M'={MUM X [0, 1)}/ {dM=0M X 0} be M
with an open collar tacked on the boundary . Find an imbedding
i:M' = RM n large, with a closed locally flat disc bundle D’ C RP,
and let D CRP be the restriction of D' to M. We arrange that D is
a clean submanifold of RM.

[We recall simple ways of finding i and D’. Using an atlas and a
partition of unity imbed M’ insome R?®. Then using a proper map
M’ - R we get a proper imbedding M’ - R2" 1= R2 X R. We identify
M’ now with its image . By a tricky elementary argumentT[MiS] [His]
M’ has a normal microbundle in some RP , b>a+ 1. Thisisan open
neighborhood of M’  with aretraction to M’ that is a submersion
near M’, all fibers being open manifolds near M’ . This microbundle
(indeed any) contains a euclidean space bundle E’ by the Kister-Mazur
theorem [Kis] [KuL;] . Then E'XRC Rb+1 = R® containsa
disc-bundle D’ over M’ whose boundary sphere bundle 9D’ isa
copy of E’ with each fiber one-point compactified , see 4.4 . As D'
is a clean submanifold of E’ X R, we can assure that D and D’ are
clean submanifolds of R™ by choosing E’ so small that its closure in
the normal microbundle is its closure in R*™! = RO} .

T The argument of Hirsch is explained in [IV , Appendix A] ; Milnor’s
argument is different .
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Note that the manifold boundary 8D is bicollared in R" and
apply the Product Structure Theorem [I, §5.2] to obtaina CAT
structure £ on RP concordant to the standard one so that 0Dy and
Dy, are CAT submanifolds . Then fixa CAT triangulation of Ds as
asimplicial complex T . If CAT =PL this means that the identity map
0 : T-> Dy is PL; existence of T isan elementary fact [Hu,l . [If
CAT =DIFF, this means that 6 : T— Dy issmooth C™ non-
singular on each closed simplex ; existence of T is Whitehead’s
theorem [Mu;] d

By definition the canonical simple type for M is given by the
inclusion ;
M— T.
By the CAT Concordance Implies Isotopy Theorem [I, §4.1] , there
is a small isotopy of id|R™ carrying Dy ontoa CAT submanifold
of R, Thus the definition in the statement of 4.1 is seen to be

equivalent .
Note that we have already proved .

Local finiteness theorem 4.1.3 . Every metrizable topological manifcid
is proper homotopy equivalent to a locally finite simplicial complex . ®

Preliminary to showing that the chosen simple type is canonical
(i.e. independent of choices) here are two remarks :

(1) The final choice of T isirrelevant. (Recall thata PL iso-
morphism is simple [and for CAT = DIFF use 4.2] )

(2) Our choice of simple type is unaffected by the following
stabilization which we describe first for CAT = PL. Replace R" by
RPXR; Dby DXB'; X by TXR; T by TXB! (with
standard subdivision , B! having vertices ~1, 0, 1) . This holds because
TX0 = TXB! isanexpansion. And the stabilized construction is
again of the sort described . [If CAT = DIFF this stabilization is to be
corrected as follows : (a) Alter 2 X R on R“Jrl by a concordance ,
unbending the corners of (Z1D) X B! using a tube about 9D X 3B}
respecting D - thus getting T* for instance . (b) Replace T X B!
by any DIFF triangulation T* of (D X B')s» . Notethat T X B!
isnot a DIFF triangulation of Z*. However the identity map

TX B! = T* isa simple equivalence by 4.3 so the original reasoning
now applies .]
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Now suppose the constructionof i:M'-=R1 | D', D,
2, T hasbeen carried out in two ways indicated by subscripts |
and 2. We must show that

ML T, , M —2> T,

define the same simple type .
After stabilization as described in (2) above , we can arrange that

R™M =RM2 = RD | that i, , i, : M'=>R™ are proper , that there is a
clean proper imbedding

jrM X [1,2] » R®X[1,2]

equal i; X1 on M’X | andequal i, X2 on M’'X 2, and also
that there is a normal disc bundle B’ to j(M’X [1,2]) in

R X [1,2] extending D7 X1 and Dj X 2. We will give more
details for construction of j and B’ presently . Clearly , we can
arrange that, as a bundle, B’ isa product along {1,2] near
R:X 1 and RUX2.

Figure 4-b.
There exists a CAT structure 0 on R"X[1,2] extending X, X1
and X, X2 , also a product along [1,2] near both RP?X 1 and
R X 2. Then the restriction B i B’ to j(M X [1,2]) is CAT in
(R X [1, 2])6 near there . So the (local) Product Structure Theorem
[1,85.2) letsusalter § in R®X (1,2) sothat B is (everywhere)
a CAT submanifold By , which cannot in general be a CAT bundle.

Using the bundle homotopy theorem , identify B to D, X [1,2]
sendine M X [1.21) to i.(MYX I1.21 in the standard wav .



§4. The simple homotopy type of a topological manifold 125

D, X 1 toitself, and D, X2 to D, X 2. Then the Concordance
Implies Isotopy Theorem applied to (D, X [1, 2] )g provides us with a
CAT isomorphism h making the triangle

M

a0, - @Dy
|
\ (D2)22

I

(D, X 2)g

proper homotopy commutative , because ,asamap D, > D, , h is
TOP isotopic to the identity . In view of preliminary remark (1), we
have proved that the choices do not affect the simple type assigned to
M - i.e. the type is canonical . =

We conclude with

Notes on construction of j and B’ (cf. Figure 4-b) .

j is a concordance from i, to i, , constructed after stabilization
via preliminary remark (2) , much as we suggested i, and i, be"
constructed .

The concordance B’ from D} to D3 is a bit harder to find.
Hirsch’s elementary relative normal bundle existence theorem [Higl,
[IV]} coupled with the Kister-Mazur theorem [KuLll , does provide ,
after stablization , a concordance F say from E; to E,,viz. a
normal euclidean space bundle to j(M’ X {1,2]) in R® X [1, 2]
restricting to Ej Xk over ij(M"), k=1,2, here Ey beingthe
bundle in which Di{ was found . Just as one found D’ in E one
can find a disc bundle B’ in F after one stabilization , that is a clean
submanifold of R™ X [1,2]1. This B” can, as usual, be a product
along [1,2] near | and 2. If B”l(i;M’ X 1) is concordant to
D} X 1 asadisc bundlein E, X | and similarly in E, X 2, then
clearly B’ can be corrected near 1 and 2 togive B’ asrequired .
Now 4.4 asserts this after one more stabilization ;so then we get B'. =B
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§5. SIMPLE TYPES DECOMPOSITIONS AND DUALITY

This concluding section gives the essential links between our
definition of the canonical simple type of a TOP manifold and TOP
handlebody theory (or Morse function theory) and TOP surgery .
More specifically

(a) We prove that various definitions of simple type for a

topological manifold - using (arbitrary !) triangulations , handle

decompositions , or Morse functions - all give the same result when-
ever they apply Al

(b) We show that , with the canonical simple type , any compact

topological manifold (or triad) is a simple Poincaré duality space -

i.e. roughly speaking the Poincaré duality cap product comes from

a simple chain homotopy equivalence .

We continue to give two alternative arguments using DIFF and PL
methods respectively .

The oldest way td define the simple type of a manifold M involved
choosing if possible a CAT (= DIFF or PL) structure ~ on M, then
a CAT triangulation My»~T by a simplicial complex T . That this
gives the canonical simple type for M is a special case of

PROPOSITION 5.1. If D is any closed disc bundle over the TOP
manifold M and D hasa CAT (= DIFF or PL) structure and a CAT
triangulation ; then M C, D gives M the canonical simple type of §4.

Proof : CAT imbed D properly in euclidean space with a closed cleanly
imbedded normal CAT disc bundle D* (see [His, 6) for PL) and
CAT triangulate D* so that the projection p: D* = D is a piecewise-
linear map . [ for CAT = DIFF assure this by building the Whitehead
C™ triangulation [Mu1] [Whll of D* using only charts on D*
presenting p as a linear projection .] Now M C, D* gives by

T Where triangulations are concerned T. Chapman’s or R. D. Edwards’ more
recent results are stronger (see §4) . We recommend to the reader Chapman’s brief
proof [Ch3] that a proper cell-like mapping of simplicial complexes is a simple
equivalence .
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definition the canonical simple type . But the inclusion D C, D* is
simple , as an induction up through the skeleta of D readily shows
(alternatively the PL retraction p:D*—>D is collapsible [Chnll) .
Hence M C. D also gives the canonical simple type. ®

It is important in handlebody theory to have a rule that assigns a
simple type to a manifold X for each suitably well behaved filtration of
X . We present a simple geometric one that will apply to both handle-
body decompositions and arbitrary triangulations .

Let us operate in the category J of locally compact metrizable
spaces and proper continuous maps. (A map is proper if the preimage of
each compactum is compact) . Thus homotopy means proper homotopy;
the word equivalence means proper homotopy equivalence .

Aninclusion map X Cs Y isa cofibration if any map
fO:XX [0,1TUY X0 - Z extendstoamap Y X[0,1]1=>Z. We
are here working in J , to besure. But note that if an extension
f:YX[0,1] >Z ofaproper map f, existsso that f is continuous
but not proper , then one can deduce from it a proper extension using
the fact (easily proved) that f is necessarily proper on a sufficiently
small closed neighborhood of X X [0, 1] UY X0 in Y X[0,1].

Recall that theset S(X) of simple types on a locally finite
simplicial complex is an abelian group and that therule X + 8(X)
is functorial on proper homotopy classes of maps . An equivalence
f: XY of simplicial complexes represents an element [f] € §(X),
also denoted [Y, X] if f is an inclusion. Both addition and
functoriality come from astutely forming amalgamated sums [Si—,]
[Chnzl cif £:XC Y and g: X C Z with W=Y U Z and
X=YNZ, then g+: SX) > 8(Z) sends ([f] =[Y,X] to
[W,Z1;if g:X Cs Z isalso an equivalence one defines [} + [g] =
Y, X1+1Z,X] tobe [W,X] = [YUZ,X].

We extend this trivially fo a functor § : & o~ {Abelian groups}
where J o is the category of proper homotopy classes of maps between
spaces X such that there exists some (unspecified) proper equivalence
i X=X toalocally finite simplicial complex . We simply define

§(X)= 8(X"). This makes sense because , if ' : X—- X" is
another such equivalence , there is a uniquely determined isomorphism
ge: S(X) = 8(X") where gf =~ {". Here = indicates proper
homotopy .
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Beware that the group S(X) is not naturally identified to the
set of simple types on X unless X is asimple space. For X in J or
30 , the simple types form a merely affine set (possibly empty) , and
clearly it does not vary functorially with X in 3 . For X€& J,,
our group & (X) can be defined more intrinsically as a group whose

elements are ordered pairs of simple types on X.

DEFINITION 5.2 . A spaced simple block decomposition of a space X
in J, or an s-decomposition for short , consists of two things . First
is a finite filtration of X

Xo CXe CX, CXfCX, cXfc...cX, CX;=X
by closed subsets XiCX;’ (equal ¢ if i< 0) enjoying the
properties :

(a) Xi (- Xi+ is an equivalence .
(b) writing B; = CI(X; - X;_'_l) (Cl indicating closure in X), and
a_B; = B; ﬁXfC_l , the inclusion 8_B; C» X; is a cofibration .

Second is a prescription of simple type for each “block” B; and each
d_8B:.
-1

LEMMA 5.3 . Suppose Z€ 3 isaunion Z=7Z,YZ, ofclosed
subsets so that Z,=Z; N Z, Cs Z isa cofibration. If Zy,2y,2,
are simple spaces , then there is an equivalence of triads f:(Z:Z,,Z;)
=~ (Z';2%,2Z4%) toasimplicial triad in 3 , giving simple equivalences
f: Zy > Z}c, k=0,1,2, where Z, = Zy N Z; . Theresulting
simple type for Z is independent of choices .

Proof of 5.3. Form a hoimotopy commutative diagram

zy < oz g
(5.3.1) h] %I =QI
Zl < ZO I Z2

where f; ,f,,f, represent the simple typesof Z; ,Z o L2 respec-
tively . By simplicial approximation and a mapping cylinder device we
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can arrange that j; and j, aresimplicial inclusions of simplicial
complexes . Form Z’ from the sum of Zj and Z) identifying the
copies of Zg . Adjusting f; and f, using evident cofibration proper-
ties we can arrange that f; and f, agree with f, on Z  andsogivea
map f:Z-Z'. Thisis a (proper homotopy) equivalence ; indeed it is
an equivalence of triads (Z ;Z, ,Z,) =~ (Z' ;Z} ,Z}) ~ by awell
known argumentT [Di} [Si2 , Appendix III] . Now f defines the
wanted simple type . We insert

REMARK 5.3.2 . In the homotopy equivalence of triads

f:(Z';2Z, ,2Z,) > (Z';Z} ,Z}) let us look for the originally given
representative of the simple type of Z; , say f; o Z; >Z 0 We see
that Z}] can be a simplicial mapping cylinder of a map to Z) o -
namely j; in (5.3.1) made simplicial - so Zio & Zj isan
expansion . And flZ; canbe f; ,. ® ‘

That the simple type given by L7 s independent of
choices follows from the sum theorem of [Siqg] . This states that , if
g:(Z';Zy ,23) = (2" ;727 ,Z3) is an equivalence of tripples of
complexes ,thenin 8 (Z') one has

(5.4) le] =iielen] +isulen] —doxlgy]

where gy representing exl € 8 (Zy) isthe restriction of g toan
equivalence Zi( - Zi(' , and ik: Zi( - Z' induces ik*: s(Zi() -~
- 8 (Z). Thus g is asimple equivalenceif g, ,g, and g, arc.
This completes the proofof 5.3. =

REMARK 5.4 . Notice that the sum formula carries over automaticaily
to triads of simple spaces where all the subspaces are closed and their
inclusions cofibrations. B

We now deduce

THHEOREM 5.5 .
In a s-decomposition as above , each X j and each XT has a
preferred simple type . ’

Proof of 5.5. By hypothesis Xy =B, has a preferred simple type .
Suppose inductively that Xj_; hasone,where n>k>1. Giveto

T 1t transcribes without change into the proper category .
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X;E__l the simple type making Xk—-l - X;—-I a simple equivalence .
Now apply 5.3 to the tripple
.yt vt
Ky s Xg-1+B) > By =X 1 N By,

to define the simple type of X . This completes the induction to make
alt X;, X simple spaces. ®

REMARK 5.5.1. Suppose in the above theorem that X is a simplicial
complex which is szmplzczally s-decomposed in the sense that

(a) each Xx and Xl is a subcomplex and Xi & X is a simple
equivalence .

(b) B;j and 9B; are subcomplexes and are assigned their natural type .
Then it is clear that this theorem assigns to X its natural type (as
complex). ®m

DEFINITIONS 5.6. Consider f: X=X amapin J of spaces with
s-decompositions with the same number n+ 1 of blocks, such that for
each i, 0<i<n,the map f gives by 1estr1ct10n a homotopy
equivalence of triads (X ; X] 1 ,B) - (X 1 1 B) Then we call
f a blocked equivalence of sdecompos1t10ns

The s-decomposition of X is called complete if inclusion induces
the zero map 8 (B;) » 8 (X) foreach i.

THEOREM 5.7 (with data of 5.6). Theclassof f in &(X) is

bo #(by ~b1) +(by-b3) +...+(b,~b,), where b; is the image in
8(X) of the class in 8 (B}) ofthemap f B; ->B ana’ by is
similarly the image in S(X) of the class of f a_B - a_ B

Proofof 5.7. Useinduction on m , applying the sum theorem 5.4
extended to simple spaces. ®

COROLLARY 5.7.1. If an s-decomposition of a space X is
complete , the simple type it gives X (via 5.5) is independent of the
simple types chosen for the blocks B; and for a_Bi CB;. =

PROPOSITION 5.8. Let X beaspacein 3 withan s—decomposin'on.
There always exists a simplicially s«decomposed simplicial complex X
(see 5.7) and a blocked equivalence f: X — X.

Proof of 5.8. If this is true for decompositions of length n , it follows
forlength n+ [ by applying Lemma 5.3 and Remark 5.3.2. =



§5. Simple types and decompositions '{;31

DEFINITION 5.9. An s-decomposition of a TOP manifold M™ ;

M, CMICM, CMfC...CM CM} =M iscallda TOP s-

decomposition if :

a) Each M; and MJr isaclean TOP m-submanifold of M.

b) Each space S; = Cl(MJr M;) is a clean submanifold of MJr
and (S;,0.8) =~ a_§; X ({0 11,0) where 8_S; = S; ﬂM
Here = indicates homeomorphism . (Note that Si may well be

empty .)
¢) Each ‘block’ B = Cl(M M -1) 1saclean submanifold of M .
And both B; and 2B, i N M _1 have the canonical Smele

type of §4, (which is necessarlly true if (B;,d_B;) isadisjoint
union of handles) .

Example 5.9.1. From a TOP Morse function f: MMV, V) >
(10,11 ;0, 1) and a gradient-like field on a compact triad (see §3),a
familiar procedure [Mig , §3] producesa TOP s-decomposition of M
with M, a collar of V,and with one block B; for each critical value
of f, each (B;,d_Bp bemgadmomt union ofhandles copies of
(Bk aB ) X Bm'k for various k.

Example 5.9.2. Using §2 one obtains an s-decomposition for any TOP
manifold MM, m>6. An s-decomposition of M is complete as soon
as each component of each block lies in a contractible co-ordinate chart
(see 2.1.1) .

THEOREM 5.10. Every TOP s-decomposition of a TOP manifold M
yields (via 5.5) the canonical simple type for M defined in §4 .

Proof of 5.10. Assume indicutively that this holds for such
decompositions that have <n blocks. (It holds trivially for <1
block). Let M have n blocks ; then by inductive hypothesis M;-]
gets canonical type .

Choose an embedding of M™ in some euclidean space of high
dimension with normal cleanly embedded disc-bundle D. We find &
CAT (= DIFF or PL) structure X on DIM, arranging, by the’
(focal) Product Structure Theorem [I, §5. 2] that (DlM _p) isa
clean CAT submanifold of (DIM 2Dy

Then we find a CAT triangulation of the CAT triad
(DIM, ; DIM}_;, DIB_)5 . This clearly determines by inclusion the



132 L. Siebenmann and R. Kirby Essay 11

canonical simple type for all parts of the triad (M, ;M;_l , B) s even
for the intersection d_B, . Thus the canonical type for M,, agrees
with the type given by 5.5 .

The same is true for M =M because the inclusion M, ~ M+ isa
simple equivalence for the canomcal simple types . Indeed M C+ M+
is proper homotopic to a homeomorphism . This completes the proof of
5,10, =

COMPLEMENT 5.10.1. Supposea TOP manifold M hasan s-
decomposition , which is not TOP, but givesa TOP s-decomposition
of M X B" by producting withadisc B", r=0. Then this s-
decomposition of M again gives the canonical simple type of M .

Proof of 5.10.1. Theinclusion M X0,y x Brf is a simple equivalence

both if we use the canonical types of §4 and again if we use the s-
decomposition types of 5.5 (see 5.7) . Thus the result follows from 5.10
appliedto M XBf. =

t THEOREM 5.11. An arbitrary triangulation of a TOP manifold M
as a simplicial complex gives to M the canonical simple type of §4 .

Proof of 5.11,
Let M(l) be the i-skeleton of M for a fixed triangulation of M,
and define an s-decomposition of M by setting M;= M;' equal the

union of all closed simplices of M which meet M(). Here M" =
(M')" denotes a second derived subdivision of M.

Since My CM; CM, C... isa filtration of M by subcomplexes
of M", the simple type of the filtration is by 5.5.1 the simple type
defined by id :M—-M" oragainby id: M—->M.

But this s-decomposition also gives the canonical simple type , by
complement 5.10.1 , since we shall prove the

ASSERTION. My, XB3CM, XB3cC...C Mm X B3 isan unspaced
TOP s-decomposition of M X B3 .

The proof is broken into two steps .
¥ Omiit on first reading , as much stronger results are now available , eg .

[Ch3] . However this is a part of R. D. Edward’s proof that a homeomorphisms of
polyliedra is a simple equivalence [Sij4] [Edy] .
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Note that B; has one component H, for each i-simplex ¢ of
. Itis the closed star neighborhood St(3 M) of the center o of
'} (the vertex of M’ in the interior of o).

Step 1. The component (Hj,d_H;) of (B;, a_B) corresponding
toan i-simplex ¢ of M, is homeomorphzc to (B, 3BY) X cL.
Here B! =(i-disc),and cL isa copy of the closed cone on the link
Lo, M) of o in M. Also B; has collared frontierin M - M _]

Step 2. B; X B® is amanifoldand 3_B; X B® isa clean sub-
manifold of its boundary .

Proof of step 2. We verify this for any one component of (B;,3_B;),
which we express as (B1 9B X cL usingstep | . We know that

(mtB‘) X cL with ¢ mdlcatmg open cone , is an open subset of M.
Thus oL X Ri,Lx Ri*L LXRIFLX [0, 1), cL x Ritl, 3Bl x
cL X R?%, aBl X cL X B3 are successively seen to be manifolds ,
from which step 2 follows . ®

For completeness we give

Proof of step 1. For any simplicial complex M this step succeeds and
the result is in fact PL . In the first derived M’ of M we have the
join

Ny=(@0) + 0 « L
where L is the subcomplex with typical simplex (5, ,0,,... 01
spanned by the (bary-) centers of simplices with 0 <0, <0, <.. <0
Here < indicates ‘“a subcomplex of” . Recall that L isisomorphic
to the Ist derived of Lk(o M) by pseudo-radial projection sending the
vertex o of L to 71 , where 0;=0%7;. As N, isa neighbor-
hoodof H; in M it will suffice to examine N, N (M1 M 1) -
This is naturally (PL) homeomorphic to the pair (A UB,A) in Nj
described as follows . Use barycentric co-ordinates of the join N, to
express a typical point p of Nj as

p=u'x + vg +wz € (aa)’*a*LENG

with x€(@0), z€L and u,v,w in [0,1] with u+tv+w=1.
Then define

A={pl u=1/2} ; B={p | w< 1/4}.
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See Figure 5-a (left) . In fact the two pairs N; N M, Mx—l) and

(A U B, A) are identical when (following Zeeman [Ze Chap. 31) we
make special (non-standard) choices for the centers 7 of simplices T
of No< M to define the second derived — namely , so that if
1"‘=ux+va + wez, then (@) u=0,1/20rl, and (b)
w=0 or 1/4 when v# 0. (Ingeneral,the PL homeomorphism
comes from shift of centers , see Figure 5-a comparing right and left) .

With the special choices of centers H;=ANB = {p lu < 1/2,

< 1/4} , aH ={p lu=1/2 ,w<1/4} , oH={p lu <

12, w=1/4} , and NyN(M-M;_;) = {p lu < 1/2}. Step!

follows ; asuitable homeomorphlsm H, = c@0) X cL =~ B! X cL

isgiven by u-x + veg + wez (2u~x,4w-z) , and a suitable

(PL) collar of 3,H, in M-F_y is {p lu<1/2, 1/4<w<
1/21. =

Theorem 5.11 is now proved . =

Next is the result about s-decompositions necessary for the TOP
s-cobordism theorem .

THEOREM 5.12.

Let MyC Mfc M, CM{C...C M} 5 =M™ bea TOP
s-decompoaosition of a compact connected TOP m-manifold M such
that (B;, 9_B;) is a disjoint union of (i-1)-handles for i > 1.
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If j: My C M isa homotopy equivalence , its Whitehead torsion’
;) € Whim,M) = 8 (M) Iis the torsion of the finitely based acyclic
complex over Z{m M| derived from the induced filtration
My, C M, C...CM'™ of the universal covering M of M.

Proof of 5.12. By 5.8, there is an s-decomposed finite complex Z and
a blocked equivalence f: M —Z, giving, by 5.7 , a simple equivalence
M; = Z; foreach i. Then the induced map

fx: Ca(M,Mo) > Cx(Z,Z,)

of complexes associated to the filtrations of the universal covers is an
isomorphism commuting with the action of covering translations . As f
is blocked , it maps a prefered basis on the left to a prefered basis on the
right . [Recall that , for each handle component (H, 9_H) of
(Bjy1 .0 1+1) one forms a basis element for Ca«(M, My) as follows :
One chooses at will a lifting (H, 9 H) in M , and at will an integral
homology generator on (H,d_H) ~ (B1 9BY), giving an element of

Hi(Myy , M) = Hy(My,p, M) = C;(M,M,). Thisis the basis
element for (H, d_H). Similarly in C(Z,Z,). ]

Now the torsion 7() of j: My <, M equals the torsion of
Zy C, Z, which Milnor’s algebraic subdivision theorem [M19 85.21
proves to be that of C«(Z,Z). As the latter is based isomorphic to
C«(M, M), the proof is complete. =

We close this final section by explaining why Poincaré duality
expresses itself at the chain level by an algebraically simple chain homo-
topy equivalence . Complete proofs would involve the commodious
machinery of simple homotopy theory and thus require an extravagant
amount of space . We we will give proofs in outline , as in [Wa] , leaving
the reader to fill in the details ; some points are clarified by Maumary
[Mau] .

Considera TOP compact manifold triad (M ;M_, M), oM =
M_UM,, M_NMy = daM, . There always exists a finite simplicial

T The parallel statement and proof apply to Reidemeister representation
torsions [Mi9 , 88].
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complex triad (X ;X_,X,) and by 5.3 a simple homotopy equivalence
of triads f: (M ;M_,My) —» (X;X_, Xy). Itis understood here that
M,M_,M, and M_NM, = dM, have the canonical type of §4 .
The map f gives a simple equivalence of all four of these .

THEOREM 5.13. In this situation (X ; X, X,) isa(simple)
Poincaré duality triad in the sense of Wall {Wa, p.23] .

As this is independent of the choice of (X ;X_, Xy), see [Wa,
p.24] , it is convenient to say that (M ,M_,M,) itselfis a simple
Poincaré duality triad .

Proof of 5.13.

Let D be anormal disc bundle to M embedded as a clean CAT
(=DIFF or PL) submanifold of some R™, using the (local) Product
Structure Theorem [K85 ,5.2] we arrange that the three manifolds
D, = DIM,, D_= D IM_ and the sphere bundle D are clean
CAT submanifolds of 9D (possibly with corners if CAT = DIFF).
Then we choose a CAT triangulation of D giving CAT triangu-
lations of the submanifolds D ,Dy,D_. This makes D asimplicial
complex .

The proof centers on a homotopy commutative diagram of chain
homotopy equivalences (with shift of dimension) , over the group ring

= Z{m M]

N r [DIN
C*M, M) — C*®»,D.) ——— Ci(D, DUD+)

() [MIN l 1*[M]r\ lﬂU

Ty

As (X;X_,X,) canbe (D;D_, D,) our task is to show that i.[M}N
is always a simple homotopy equivalence .

With the one important difference that we use singular theory , we
adopt the conventions of Wall [Wa , Chap. 2] . For example , for any pai
(X,Y) with X mapping naturally to M (asdoes D), Cu(X,Y) is
the complex of singular chains of X modulo that of Y. Here X is
the covering of X induced from the universal covering M - M.
Similarly for Y. This complex C«(X,Y) isa free right A complex
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via the free right action of ;M on X as covering translations .
C*(X,Y) is Homp(Cx(X, Y), A), converted from a left to aright A
module using the involution of A givenby g + w;(g)g™* € A,

g € nyM. Recall that w; : wyM - Z, isthe Ist Stiefel-Whitney
classof M. C*(X,Y) isthought of as a graded group with C! in
dimension -i and with differential & : C'*! < C' equalto

(-)i Hom(d, A), d:Cjyj = C; (thesign (-1)! is essential to make
the cap products [M]N and [D]N chain maps). [M] isa
chain representing the fundamental homology class of M with w, -
twisted integer coeficient bundle Zpg . Similarly [D], but the
coeficients are untwisted : ZD =Z. U represents.the cohomology
Thom class of the bundle D—>M lying in Hk(D, D;Zyp , ktm=n.

Each complex of (%) is a simple complex , i.e. it is equipped with
a simple structure represented by a chain homotopy equivalence over
A to a free complex over A with a finite A-basis. This equivalence
is well defined only up to chain homotopy and composition with a
simple equivalence . We are imitating the notion of simple space given
in §4 ; we derive the notion of a simple equivalence of simple
complexes .

For example C«(D,Dy) is naturally chain homotopy equivalent
to the similarly defined chain complex C«(D, D;) of ceilular rather
than singular theory . See Wall [Wa| , Lemma 1] , or better , use a
cellular approximation to the natural map (SD, SD,) - (D, D) from
geometrically realized singular complexes . And C«(D,Dy) hasa
preferred finite A-base consisting of oriented liftsto D of the
simplices of D-Dj .

As (X;X_, X,) = (D;D_;Dy), the simple structure on
C«(M, M_) is the unique one so that rx is a simple equivalence .
Similarly r* issimple.

The cap product [D]N issimple because it is known to be simple
in celiular homology theory . One proof (Wall [Wa, 2.1]) uses dual
cells and special diagonal approximations , another uses a handle
induction’ in (D;D_, D).

¥ This sort ot handle induction could perhaps be used in (M ;M_,M,) to
prove 5.13 somewhat more directly in case M has a handle decomposition on (a
collar of) My ; we know it has one always for dim M > 6, but not always for
dimM <6 [Sigl .
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If we can prove that the Thom equivalence NU is simple , it will
follow that [M]N issimple. To check the simplicity of NU is easy
if M admits a handle decomposition on a (collar of) M, . Since the
result is clear for just one handle , it can then be established conveniently
by induction on the number of handles. When M does not admit
such a decomposition , we can reduce to the case where it does (§2,
§3), by producting everything with a disc to reach dimension =6 .
Alternatively reduce to this case by pulling back D overa copy M’
of D ; with this approach (M,M,) getsreplaced by a CAT pair
(M',M4),and §§2and 3 arenot needed .

Thus Poincaré duality is simple . =
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Appendix A
ON AVOIDING SURGERY BY USE OF STABLE STRUCTURES

A.l. ltisregretable that the very basic results of this essay depend via
the Product Structure Theorem [KSs , §5] on the sophisticated non-
simply-connected surgery used in [Ki;]. One aim of this appendix is to
show that this unfortunate dependence disappears if we reformulate all
our results in the realm of STABLE topological manifolds of Brown and
Gluck . Thus the basics of the theory of STABLE manifolds are
relatively elementary . What at present requires the sophisticated surgery
is the fact [Kij] that in high dimensions STABLE manifolds are
precisely TOP manifolds . Another aim is to show that this surgery is
entirely unnecessary to well-define the simple type of a TOP manifold
asin §4.

A.2. Recall that a homeomorphism h : U— U’ of open subsets of
R™M s called STABLE if for each point x € U, there is an open
neighborhood U, of x in U so that h |Ux is isotopic through open
embeddings to a restriction of a linear isomorphism R™M - R™M | When
such an isotopy exists , it can be made to fix x .

The topological isotopy extension theorem [EK] shows that the
above definition is equivalent to the more complex definition of Brown
and Gluck [BrnG] .

Then the STABLE homeomorphisms of open subsets of RM form
a pseudo-group [KN] , so we derive the notion of a STABLE m-
manifold without boundary .

If hy :M->M", 0<t<1,isan isotopy through open embeddings
where M and M’ are STABLE manifolds ,and h, isa STABLE
isomorphism onto its image in M’ , then h,; is likewise STABLE . The
proof is straightforward .

Henceif h: M~ M’ is a homeomorphism of connected STABLE
manifolds (without boundary) that is STABLE on some open subset ,
then h itself is STABLE . Thisis the cardinal fact about STABLE
structures .
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STABLE m-manifolds with boundary can be defined similarly
(‘asin [I, §5] ) by using R{? in place of R™ .

There is an equivalent definition as follows . A STABLE structure
on a manifold M with boundary @M consists of a pair (£,0) consisting
of a STABLE structure ~ on intM and a STABLE structure o on
OM such that , for one (or any) collar aM X [0,1] of sM =M X 0 in
M, the STABLE structures £ and ¢ X (0,1) coincide on oM X (0,1)
C intM . The pair (Z,0) together with the collar determine an unique
STABLE structure X’ in the first described sense , with model R .
And X' clearly gives back ¥ and o by restriction . The choice of
collar does not affect =’ since collars are (locally) unique up to isotopy
[I, Appendix A] .

We now give boldly the recipe for translating the results of this
essay into the realm of STABLE manifolds : In the definitions and
hypotheses , as well as in the conclusions of each theorem , each manifold
and homeomorphism which is mentioned or could naturally be
mentioned is to be supposed STABLE . Every condition of mutual
compatibility wiich can be naturally expressed for the STABLE
structures is to be insisted upon .

In practice this recipe should lead to a perfectly unique maximally
STABLE version of each notion and result . The reader is however
cautioned not to overlook manifolds given implicitly which should be
supposed STABLE . Let us illustrate by describing a STABLE Morse
function f: M™ >R where M is a STABLE manifold without
boundary . Let C be the set of critical points . For each point yE€R,
f71(y) - C is a “naturally expressed’’ manifold , so it is supposed to have
a given STABLE structure . (This is extra equipment necessarily given
with f!). These structures are naturally subject to a compatibility )
condition : for each x € M~C, there must exist U open in RM-1 x R
=R™ and a STABLE embedding h : U~ M-C so that x€hU, and
fh=p, : RM= R, and so that, for each y € R, the restriction of h to
un (Rm"1 Xy) > f71(y)~C is STABLE . Thus fIM-C isa STABLE
submersion in the best sense . About each critical point p for f thereis.’
aSTABLE chart h: R™ - M with h(0)=p so that fh(x) = f(p) + Q(x),
for x near 0, where Q(x; ,...,x)=txjxxj+...tx] . Further,
hear 0, h is a STABLE embedding of each smooth surface
Nl nnnctant Gntna a laval eneface nf £l Mo
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The STABLE results are in each case! to be proved like the
corresponding TOP result in § § 1-5 . Whenever the Product Structure
Theorem was applied for the TOP result the STABLE version of it [I,
§51] (using no surgery!) can be substituted when we rely on the
compatible system of STABLE structures that is carried (and developed)
throughout the STABLE proof .

A.3. The TOP h-cobordism theorem without surgery?? It seems
plausible to us that there is a still undiscovered proof , without difficult
surgery , of at least that part of the Stable Homeomorphism Theorem
(for dimensions > 5) [KiI] called the Annulus Theorem , which in
dimension n is equivalent to surjectivity of (TOPn—I) - T, (TOPn) .
To support this prejudice , note that the surjectivity w(TOP ) >
wi(TOPn) , 0<i<n=6,requires only the DIFF or PL s-cobordism
theorem and some geometry . (See [SiIO , §5] for example) .

Anyone fortunate enough to discover such an elementary proof
(for n>6) could for example show (cf. [BrnG]) that any simply
connected h-cobordism is STABLE and so acquire an elementary proof
of the TOP h-cobordism theorem .

Simple type without surgery . We turn now to the matter of well
defining the sifple homotopy type of a TOP manifold (in §4) without
reliance on surgery . The surgery intervened in the two applications of
the Product Structure Theorem of [1] : one application for constructing
the simple type , one for proving its well-definition . We can clearly
replace these two applications by applications of the STABLE Product
Structure Theorem (independent of surgery) as soon as we can prove

PROPOSITION A.4. Let M bea TOP manifold of which an oper
subset Mo Dint M has a given STABLE structure . If oM C M gives
a my surjection (of connected spaces) , one can find (by elementary
means) a unique STABLE structure o M X [~1 ,1] extending the
given STABLE structure on My X [-1,1).

T There is one exception . The discussion of elimination of double points by
Whitney’s method should follow [Sim , §7.3] not our treatment in §3 , which
relied on surgery .

1A Chapman’s recent more general results [Ch; 1 [Ch,]1[Sij4] certainly
do not require surgery either .
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Indeed, in revising the proof of 4.1 one applies this once to D and
to B. An allowable stabilization of each by X [-1, 1] isintroduced .

The above proposition follows from the next proposition applied to
oM X [-1,1]1). To see the implication recall the cardinal fact that
STABLE structures on a connected open manifold coinciding near sotne
point coincide throughout .

PROPOSITION A.5. Let M be a connected open TOP manifold and let
Mo CM bea connected open subset with a given STABLE structure .
If myMy —» wy M isasurjection , one can find (by elementary means)
a unique STABLE structure on M that extends that of M, .

Some preliminary remarks (from [BrG]) are required for the proof.
Given any topological manifold M without boundary there is a
canonical covering space p : M - M where M is equipped with a
STABLE structure. M is in a sense the space of STABLE structures
on M ;to construct it , form the disjoint sum of all U(J where U isan
open subset of M and ¢ isa STABLE structure on U, then idenlify
x €U, to another such point x'€ U,+ whenever, as points of M, x
equals x', and ¢ equals ¢’ near x in M. To see that the natural map
p:M - M isa covering , use the cardinal fact again . (By the STABLE
Homeomorphism Theorem of [Kl] , we know , for dimM # 4, that
M =M and p is the identity . But we avoid using this theorem and
treat p: M - M as a possibly nontrivial covering .)

Proof of A.5. A STABLE structure on an open subset U of M is the
same as 4 continuous section of p : M- M defined over U. Thus in the
proposition we are given a section s defined over M, . Given X €M,
let A:[0,11 =M bea path j  joining the base point x, =A(0) EM, to
A(I)=x. There is a lifting N of A to M unique once we lift x, to
s(Xq) - Let s(x)= )\(l) define s: M~ M . To see that s(x) is
independant of the choice of X, note that a different choice A’ givesa
loop “A7'e X" in M which deforms to a loop in M, ; but as the loop
in Mg lifts to a loop in M so does A7 lo . This s is the required
continuous section. =
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Appendix B. STRAIGHTENING POLYHEDRA IN CODIMENSION = 3.

This appendix briefly discusses (but does not prove) a strong
codimension > 3 straightening theorem due to R. T. Miller, J. L.
Bryant and others . It was first attained via simplicial techniques largely
unrelated to these essays | We made use of the version for manifolds in
our treatment of imbedded TOP microbundle transversality for
manifoldsin §1 of this essay .

Consider a polyhedron P topologically imbedded as a closed subset
of a TOP manifold M . We say that P is locally tame near CCM if
C is covered by open charts U of M with PL manifold structure ,
such that PNU C, U is piecewise linear from the PL structure of
P to thatof U.

THEOREM B.1. [Bry,] [BS, Theorem 3] [Milll

Let M™ bea PL manifold with metric d and PCM a
topologically imbedded polyhedron closed and locally tame in M .
Provide that m~-dimP = 3, and oM = ¢ . Then there exisis a
small homeomorphism h: M M such that P B M is PL.

One can also find a small isotopy h,, 0<t<1, of h to idlM,
(small means that for given continuous e: M ~ (0, o), one can find
h and h; so that d(h(x), x) < e(x) forall x €M andall
t € [0,1]). Further,if PCs M is PL near C closedin P, then
the isotopy can fix a neighborhood of C in M.

We add a few words about first proof available . An astute
convergence technique of T .Homma 1962, [Hol , cf. [Gl],
succeeds for 2dimP + 2 < m. Sowecanassume m=5 hence-
forth .

The case where P isa PL manifold was solved next . The
Stable Homeomorphism Theorem of Kirby [Kij1 1968, reinforced by
E. Connell’s PL approximation theorem for STABLE homeo-
morphisms [Cnll] 1963 (orby [I, §4.1]1), provided small ambient
isotopies making PC, M  PL on anygiven open ball . Using the
version with majorant approximation of the PL local unknotting
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theorem for codimension =3 proved in R. T. Miller’s thesis 1968
[Mil] , one easily puts together these local solutions to get a global one,
cf. Rushing [Ru] .

The proof when P is a non-manifold was reduced by J. Bryant
(and J. Cobb) [Bryzl 1970 to the manifold case .

There are several variants and alternatives to this proof , see [Rul
{KS51] [RS6] [Edwl] for information ; torus methods have succeeded ,
but only for the case of manifolds . From our point of view it would be
desirable for some future exposition to  (a) suppress the surgery
entering via [Kij ]‘l‘ , and  (b) suppress the delicate PL topology uset
in [Milll and [Bry2] . For manifolds , the result should follow
gracefully from the PL and TOP unknotting of spheres in codimension
>3, and topological geometry .

We have taken the trouble to mention the general version of B. 1
(treating polyhedra) since it is particularly useful - for example in
adapting to TOP manifolds the classical PL general position principles
[(Hu, ,Chap. 5] for mappings of polyhedra to PL manifolds . We
refer to [SGH] for a typical example of this applied in TOP engulfing.
Of course for B.1 to apply , the polyhedra must have codimension =
3. The intuitive idea behind these adaptions is that , so far as locally
tame sub-polyhedra of codimension >3 are concerned , the charts of a
TOP manifold are by B.1 asgoodas PL compatible . This naive idea
(an old one) is capable of making many other PL results topological .

T Thisis accomplished by very exacting PIL ‘ geometry in [Mi12] .
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Appendix C. A TRANSVERSALITY LEMMA USEFUL
FOR SURGERY.

In smooth surgery of dimension > 5 manifolds , as presented for
instance in [Wa] , the surgery obstructions are met and their invariance
ascertained through making certain smooth immersions suitably
transverse to themselves and to each another . We shall present lemmas
which permit one to carry over the same procedure to topological
manifolds . The point is that the manifolds immersed in the TOP
manifolds undergoing surgery are standard smooth manifolds such as
skx RP, BK X R1, etc. immersed with codimension zero! ; and the
expected intersection dimensions of the ‘cores’ sk x 0 , BKX 0 ,ete.
are <2 (even <1 itseems). This will permit us to adjust the
immersions producing a smooth open subset of the target manifold so
that the immersions become smooth open immersions into this open set .
Then the procedures of smooth surgery apply .

The tools we need for this smoothing are

—(a) a relatively new topological general position principle from

(Ed51[Su] [Ur] .

= (b) handle smoothing of index <2 (asin [KS;], cf. [Sijg, 851
corresponding to the vanishing of m;(TOP/DIFF) , i<2.

Now (a) could be replaced for surgery applications by the Miller-
Bryant straightening theorem B.l above ; however we prefer to introduce
the reader to this new and éxtremely useful topological principle . As
explained to us by R. D. Edwards , it requires nothing stronger than
simple engulfing in the sense of J. Stallings .

The reader will recall that (b) requires the full force of DIFF
surgery ; but that is a reasonable price to pay for TOP surgery .

Finally some hints for those readers who would prefer to set up
TOP surgery without using this appendix . First recall that the surgery
obstructions are encountered with immersions for which the expected
‘core’ intersections are of dimension 0 . This case is easily dealt with

i i.e. k+n is the dimension of the target and the immersion is open ; it is
thus equally a submersion .
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using only the Stable Homeomorphism Theorem of [Kij] (with [I,
§4.11) ; indeed we have already done as muchin §3.4 and [Sijq, §71.
Thus invariance of the surgery obstructions is the only real problem .

But there is a stronger (and perhaps more difficult...?) result known,

the invariance of surgery obstructions for Poincaré spaces . See [J] [Qn]
[Hod) [LLM] for the multiple approaches to this. In the simply
connected case , there is a brief homological argument [BrH] for
invariance of surgery obstructions .

The promised sequence of lemmas has to do with the following
situation : VW isa TOP manifold without boundary ; M C V¥ isa
closed subset’ and g VW > WWY is an open immersion (= submersion)
intoa TOP manifold W such that gIM is proper

Recall that one says M is k-LC imbedded*(k>1) in V if V-M
is k-LC in V, i.e. if for each point x €M and each neighborhood N
of x in V, there exists a smaller neighborhood N’ C N of x so that
each continuous map sk (N’ -M) is null-homotopic in N-M . Next
recall LCK means j-LC, for j=0,1,.. .k . These are local properties.

One says that a closed set M C V has Stan’ko homotopy
dimension of imbedding m in V and one writest demM =m in case
-1 < dimM < w and M is LCW™M-2 jmbedded in V but not better.
If dimM =-oo¥ or w we set demM = dimM . Here dim is the usual
covering dimension of M [Na] .

Observe that dem = dim for a subpolyhedron of euclidean space ;
dem < k closed subsets share some key properties of dim <k
subpolyhedra .

Note that demM <w -1 ¢ M isnowhere dense ; and that
demM<w-2 ¢ dimM< w-2 . If M isof dem<w-1 and LC!
imbedded in V, then demM =dimM<w-3. This is seen with the help

of Alexander duality applied in small open discs of V , together with the
basic fact that , when M is nowhere dense in V , it is LC™ if and only if,
for each open V, C 'V, the inclusion V -M C Vo is (k+1)-
connected , cf. [EW , Theorem !] . For examples of non-LC!
embeddings of Cantor sets and arcs in high dimensions see [B1]1{AnC] .-

* Perhaps a better term is k-LCC = k-colocally connected = having k-locally
connected complement .

T M will be supposed to be a manifold only in our final application C.6.

¥ Beware that $tan’ko writes demwM ,in [§tl] .

* We need the convention that dim® =-co (not-1).
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Given the facts set out above , one easily verifies that any closed
subset ofa dem <k setin V isof dem<k ;alsoas V iscomplete
metrizable , a closed countable union of closed dem <k sets is of
dem<k.

GENERAL POSITION LEMMA C.1 .

Consider an open immersion g : VW — WY ofTOP manifolds, w2 5
without boundary . Let M be a closed set of demm in V such that
gIM is proper. Let C CM bea closed subset such that glC isin
general position in the sense that the closed subset of V

SelC) = {(xe€C | dy€C, v#x, gly)=gx)}

isof dem< 2m-w. Finallylet D CM be compact .

Then there exists a regular’ homotopy g, : V¥V = WY, 0<t<1,
of g, =g fixing glC and with compact support in V , to an immersion
g1 - VW = WW which is in general position (as above) on CU D.
Further g; can be as near to g as we please .

Proof of C.1. Inview of the relative nature of this result we can assume
that gl D isinjective . This uses the basic fact (proved readily by
contradiction) that if glD isinjective then g’ is injective near D for
every immersion g’ : VW - WY sufficiently near to g .

In case glD is injective , we choose an open neighborhood V, of
D-C in V, having compact closure in V , so that D - C is closed in
Vo, and gl V,, isinjective . Then we use [Eds] [Sul[Ur] (the
noncompact general position theorem involving dem for embedded closed
setsis further explained in C.3 below) to obtain a small isotopy hy,
0<t<1, of idlg(V,) suchthat h,g(D -C) meets the dem <m set
gC in general position , i.e.

dem{x€D-Cl JyeC ,hjgx)=gy)} < demC + demD —w .
If hy is chosen (majorant) sufficiently near id| sV, it extends as the
identity outside g(V) to an isotopy h; of id|W . Then setting

g=hg on V, and g, =g elsewhere in V we have a regular homotopy
of g as required. ®

Ta regular homotopy is here just 2 homotopy through open immersions.
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We will want to a sharper result if M C V  is a manifold
with several components of various dimensions . Then we need a finer
notion of general position as follows . Suppose M = M, U.. .UMy,
where each M; is closed in VW and of dem <m;.

C.2. Complement to C.1.

The general position lemma holds true when the following meaning
is assigned to general position for g\C (and similarly for glfcuD)):
For each ordered pair of integers i,j in [1,k] (i=] allowed) we
suppose , writing C ; for CNM;, that :

S;j(elC) = {x€C; L dy€g;, y# x, g(y) = g(x)}
isofdem<ml-+mj—w.f

Proof of Complement . We can assume that m; <m, <... < my, and
that My CM, C...C M =M. Thenit further suffices to deal with the
case where D=D; EDN M;) for some i and Dy C C . This case is
dealt with much as before but in k steps. After the jth step we delete
the image of Mj from V ,so that at each step we use just the same
absolute (noncompact , epsilon) general position result . The details are
left to the reader ,see [Ur] . =

C.3. Background (from [EdS] [Su][Ur]).

Here is an indication of how two closed subsets X , Y of a co-
ordinate chart (or PL manifold) Vg , w5, are pushed to meet in
general position . This is just what is needed for C.1 and C.2 above.
For any continuous € : Vo—* (0, ) , (called a majorant) one can find a
closed polyhedron P in V  with dimP < demX = x so that X liesin
the e-neighborhood of P and can be ambient isotopically moved
arbitrarily near P by e-isotopies; P will be called an e-spine of X
in V. (The notion is due to J. Bryant [Bry;] and Stan’ko [Stl]). This

P can be the x-skeleton of a sufficiently fine PL triangulation of Vg ;
because the dual skeleton P* (of dimension w-x - 1) canbe PL

pushed a little to miss X , by the device (R. D. Edwards’) of simplex-by-
simplex engu]ﬁngi of P* with V ~-X, using Stallings’ engulfing and
connectivity facts we have mentioned above C.1.

t One can add that w=4 is permissible provided each m; is >2 ; the
technique explained in C.3 below applies unchanged .

¥ This argument fails if demX <1, i.. if dimP*>w -2 ; but the low dem

wmmenite nmathac acmirsmnnt [ Dee TIEA 1 Thic towr dam aranmant hreake dnwn for
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Similarly Y hasan e-spine QY ,.y =demY . We observe that , if
f and g are e—-pushes1L of X and Y respectively sufficiently near to P
and Q, then fXNgY has PNQ as e-spine. Also
dim(PNQ)<x+y-w if P and Q arein PL general position , as we
may suppose . Composing such pushes for infinitely many such pairs of
€,-spines , where the €, : Vo= (0,0) are majorants tending to zero
and carefully chosen by inductioni, one obtains e-pushes f , g. SO
that £, . XNg X has en—spines of dimension <x+y-w forall n.
Then f X NgeoY is easily seen to be as highly LCK imbedded as its
€,-spines , which implies that dem(f XNg Y) < x+y-w. ®

SMOOTHING LEMMA C.4.

Consider an open immersion g : VW-> WY of a CAT (= DIFF or
PL} manifold without boundary VW toa TOP manifold WY . Let
CCV beaclosed subset such that g is ‘weakly smooth’ near C in the
sense that for some open neighborhood VC of Cin V, g imposesa
CAT structure Qb on gV making Vi 5 (gVilg a CAT
immersion. Let D CV bea compact set such that
S={xe€D | J yeCuUD, y#x, gly)=glx)} isofdim < 2.
Finally provide that w=5.

Then there existsa CAT concordance T': X ~ X' rel C with
compact support , from the given CAT structure 2 of V to a new
CAT structure X' such that g:Vs.—> W is ‘weakly smooth’ near
cCubD,

Proof of C.4 . As this lemma is strongly relative , we can assume that g
is injective on an open neighborhood Vp of D in V. Let Vo= gVp
and X, be the structureon V_, making V= (V,.) a diffeo-

o o D o'z,

morphism . Then it suffices to find a concordance FgiZg~ 26 rel gC
with compact support to a structure X coinciding with Q near gS.
Indecd the wanted concordance I' can then be defined to have compact
support Vpy and make (Vp X Dp & (Vo X I)P0 a diffeomorphism .

T We mean homeomorphisms of V that are e-isotopic to ileO .

¥ To arrange that foo » Boo are homeomorphisms , one can apply to the
1-point compactification of V the fact that for any metric compactum (C, dg),the
space of homeomorphisms C - C has complete metric
d(h, b’y = sup{d.(h(x), X))+ d.(h™'(x), it xN | x € Cl.
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The existence of T’ follows from the next lemma using
substitutions we shall indicate presently :

LEMMACS.

Let A be a closed subset of (covering) dimension < 2 ina TOP
manifold W without boundary and of dimension 2 5. Let Ug- Vﬁ
be open neighborhoods of A in W equipped with CAT (= DIFF or
PL) structures o and B. Suppose o = neara closedset BCA.

Then there exists a concordance TI': o ~ a' rel B toa CAT
structure o' thatequals f near A.

Proof of Lemma C.5. According to the classification theorem [1V, 10.]
- 10.9} , the obstructions to finding ' lic in the Cech cohomology
groups H'(A, B ; m(TOP/CAT)) . These vanish for i=>3 since

dimA < 2 ; and they vanish for i<2 since #;(TOP/CAT)=0 for
i<2 by (K5} ,cf. [Sijg,85). =

Remark. - In case demA <2, one can (with due care) prove this more
directly using an e-spine P> of A in U, andsolving CAT handle
problems of index < 2, as the following sketch suggests for demA =
dimP=1. =

Here now are the substitutions in C.5-for the construction of I" in
the proofof C4: W= W ; U=V [ V& gVe [ anZ, ;|
g» R ; A»gS ; B+ g(SNC). LemmacC.5 yieldsa
concordance Eo ~ Z, reig(SNC) , toastructure X, equal
£ near gS. By the Concordance Extension Theorem {l, §4.2} we
deduce another concordance T'o:Z ~Z, relg(CNV p) and with
compact support , to £, equal $2 near gS, as required to prove C.4.
(]



Appendix C. A transversality lemma for surgery 151

Applying the topological general position lemma C.] & C.2 then
the smoothing lemma C.4 togcther with the (relative) Concordance
Implies Isotopy Theorem (1, §4.1) , and finally a DIFF transversality

theorem (essentially the Sard-Brown theorem {Mis]) one routinely
deduces :

TRANSVERSALITY LEMMA FOR SURGERY C6.

Consider an open immersion g : V¥ - WY ofa DIFF manifold
without boundary VV toa TOP manifold WW . Let MCV bea
DIFF submanifold (with components possibly of various dimensions)'r ,
so that g\M isproper. Let DCM be compact ,andlet CCM be
a closed subset .

Suppose that , for some open neighborhood Vi~ of C in V, the
restriction glV ~ is weakly smooth in the sense that it imposes a DIFF
structure §2 on gV making Ve & (g VC)SZ a DIFF immersion .

Suppose also that g\C isin DIFF transversal position in the
sense that , if glx)=gly) for x# y bothin C, then the images under
the differential Dg of the tangent planes 7;(M and 7;; M are linear
transversal .

Finally provide that w25, and that forall x€CUD and
y €D, onehas dim'I;,M+dim7}M-w < 2.1'

Then there exists an arbitrarily small regular homotopy g, :
VW o WY, 0<t<1, of g=g, rel C with compact supportin V
such that , on some neighborhood Vo~yp of CUD in V, g is
weakly smooth , and glC VU D is in transversal position , in the sense
explained above. ®

For manifolds with boundary one deduces a parallel result
exploiting suitable collarings of the boundary . (Beware a dimension = 5
condition for 9oV).

This lemma helps one establish for TOP manifolds just as for DIFF
manifolds not only the basic theorems of Wali’s book (Wa] but also
many recent geometrically proven theorems on surgery such as the
splitting theorems of Farrell & Hsiang {FH] and of Cappell [Capl] .

1 Against our usual conventions .

Y Generalization : 1t gl D is an imbedding , gtl D remains an imbedding
throughout any small regular homotopy of g. Thus, it suffices in this case to
assume dimT M+ dimTyM -w< 2 merelyfor x€C (not CUD),and y€E€D.
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1t can do no harm to describe how a TOP surgery is done (cf. {Ls} [Way] ),
at least in the absolute case One is faced with a degree one map f WY XW from
a closed TOP w-manifold W to a closed manifold or Poincaré space X ; and as
extra data one has a TOP microbundle "E and a stable microbundle map
p:7(W)—> ¢ covering f . The pair (f,p) is called a normal map . Given an element
X Em (D ,k<w, we shall see that a surgery on x is possible precisely if a
certain regular homotopy class of immersions Sk X R » WY n=w-k.
contains an imbedding. (A Haefliger introduced these immersions in the early 60s.)

The element x € mp 4 () is represented by the comutative square at left, which
we cover by a commutative square of stable microbundle maps at right :

w —L & x oW —2
o8 T I & 87] 1 v
aH=SkXRM C__, BK*!XRn = H r@H) —2 s r(H)

Given g , the map v exists since the handle H is contractible, then ¥y determines
97 uniquely. (By convention, for a manifold M with boundary, the tangent bundie
(M) is 7(My) , where My is the open manifold obtained by adding an open collar
(OM)X(—e2,0] along M =90MXO0 , and 7(aM) nat, (M) is defined using a
collaring of dM — see [V, §4} .) The stable map 0 is nevertheless , up to micro-
bundle homotopy, in a unique class of non-stable maps, because 7 TOP 2 m TOPy,
for k <w , by a stability theorem (KSLI [Si[0,§5,3] {V,851 . Thus, by TOP
immersion theory [Ls][Las;] {V,App.Al , we can arrange that 9g is an open
immersion while 3+ is its differential. By a parallel argument this process determines
a unique vegular homotopy class of immersions dg (except for reflection in RW-k ),

In case dg isan imbedding, surgery on x is done as follows: To WX{[0.1] ,
attach the compact handle BXXBUCH ,n=w-k,by imbedding (9B¥)XB" inte
into WXI using dgX1 , toget Z say. Referring to the right hand square, observe
that, as soon as ¢ is made a product along the first stabilising factor, ¢ and ¥
together will determine a stable microbundle map @ - 7(intZ) —> ¢ . over the map-
F:Z - X determined by f and g . (Pause to check this!) Certainly ¢ can then
be modified to extend as ¥ :7(Z;) > £ , leaving it unchanged near WXO0 . The
surgered normal map (f',¢") is then gol by restriction over 3(Z— WXO0) , from the’
nornal cobordism (F,®) .

A key question to decide, for k <w/2 , is whether immersion dg is regularly
homotopic to an imbedding. It always is by general position (C.1) if k <w/2 . For
k = w/2 our transversality lemma (C 6) leaves dg|SkX0 with just isolated double -
points of smooth transversal intersection. A suitable way of counting these (relative
to a fixed fundamental class) gives Wall’s self-intersection number p(dg) : and a
further application of C.6 . with 1-dimensional self-intersections, reveals that u(dg)
is regular homotopy invariant, i.e. u(dg) is u(x) . For w5 , Whitney’s process
(see [1V,§3.4]{Siqq, § 7.3] ) permits a regular homotopy of dg to an imbedding
precisely if u(x)=0 . ,

These u(x) determine a nonsingular quadratic form on 74 (f) when f is
k-connected, which, modulo hyperbolic forms. is Wall’s obstruction (for w5 )to .
surgering (f,p) repeatedly to obtain a siinple homotopy equivalence.
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§0. INTRODUCTION

Let M be a (metrizable) topological (= TOP) manifold of
dimension > 6 (or 2 5 if oM = ¢). In Essay I we have used results of
handlebody theory to establish the Product Structure Theorem [I, §5.11]
relating smooth C® (= DIFF) or piecewise-linear (=PL) manifold
structureson M to thoseon M X R, where R = {real numbers}. It
says, roughly , that the classifications up to isotopy are the same , a
bijection of isotopy classes being given by crossing with R .T Recail
that two CAT structures (CAT=DIFForPL) £ and X' on M
are isotopic if thereisa TOP isotopy (= path of homeomorphisms)
hy: M=>M, 0 <t <1, from he=idIM, the identity mapof M,
to h; : My = My a homeomorphism giving a CAT isomorphism
from M with the structure ¥ to M with structure X’.

Our goal in this essay is to use our Product Structure Theorem and

some well-established ideas of earlier smoothing theories to prove a
serviceable version of the

CLASSIFICATION THEOREM (see §10).

Let M bea (metrizable) topological manifold of dimension = 6
for 2 5) if the boundary oM is empty). There is a one-to-one
correspondence between isotopy classes of PL [respectively DIFF]
manifold structures on M and vertical homotopy classes of sections of
a{Hurewitz) fibration over M . It is natural for restriction to open
subsets of M.

This fibration is the pull-back , by the classifying map M — Brop
for the tangent microbundle 7(M) of M, of a fibration Bpp, =
Brop [resp. By~ Brop ] homotopy equivalent to the usual
* forgetful > map Bpp Brop [ resp. Bgo~ BTOP] , of stable
classifying spaces . The fiber , called TOP/PL [ resp. TOP/O ], has
homotopy groups w;(TOP/PL) equal zeroif i# 3 andequal Z, if

t Strangely enough, this is false in some cases where M has dimension 3 or 4,
see {1, §51, [Sial .
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i=3, see [KSyl, [ resp. m(TOP/O)= ©;=TI; if i>4, and
m(TOP/O) = m(TOP/PL) if i<6 ], cf. [Sijg] or §10.

The version of this theorem for PL structures was announced in
[KSy1. The proof outlined there proceeded handle by handle and used
results of handlebody theory , surgery and immersion theory . But as
we suggested there , this was more extravagant than necessary . It has
turned out that one can purify the arguments of [KS;] by following
either one of two radically different general methods . One method
(pioneered by Cerf , Haefliger , Lashof , and Morlet [CeO] [Ha;l
[Las] 1 [Mor2’3,4] ) is to rely heavily in one way or another on ideas of
immersion theory ; we shall exploit this method in Essay V getting
more precise (unstable , sliced) classification theorems , at the cost of
introducing numerous semi-simplicial spaces and fibrations .

As we have stated, the course we follow here relies on the Product
Structure Theorem , hence chiefly on handlebody theory . We were
encouraged to adopt it by some extremely direct and natural applications
in [1I11 of this Product Structure Theorem to TOP manifolds , which,
we hope , assure its role as a landmark in the theory .

An analogue of the Product Structure Theorem for compatible
DIFF structures on PL manifolds , called the Cairns-Hirsch theorem
has become well known since 1961 [Ca] [Hi2] [Hi4] . It allowed a
classification of compatible DIFF structures quite analogous to the
theorem of this article .7 The question of existence was first decided by
Milnor [Mi3,4,5] , who introduced microbundles for this purpose . The'
corresponding uniqueness question proved technically more delicate ; it
was worked out by Hirsch and Mazur and by Lashof and Rothenberg .
(See Morlet [Mor|] for an outline of the theory as of 1963 . See also
[MazP][HiM{][LR;}[Wh] and [HiMZ] ) After this work , it
became quite clear to the well-informed that a similar classification for
DIFF structures on TOP manifold would be feasible if and when our
Product Structure Theorem could be proved . This made us hesitate to
write down the details . But once started we made the exposition both .
leisurely and elementary . We are fortunate that no technical bugbear as:
nasty as the functorial triangulation of vector bundles [HiM] [LRl]
ever intervenes .

We now briefly sketch the proof to come .

T This classification was constructed against the background of Thom’s
coniectiires FThal and an ahstruction thearv of 1. Munkres [Mu-l .
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Milnor’s method for introducing a CAT (= DIFF or PL) structure
on the TOP manifold M involves the observation that when M is
embedded in euclidean space R™ as retract of a neighborhood N by
r:N - M, then the pull-back r*r(M) over N of the tangent ,
microbundle 7(M) of M containsa copy of M X R? asan open
neighborhood of embedded M . There results , given the Product
Structure Theorem , a mapping from concordance classes of CAT
microbundle structures on r*7(M) oron r*r(M) @ €5, s> 0, to
isotopy classes of CAT structureson M ; we call this mapping the
smoothing rule .

We proceed to prove in  § §4-6 that this smoothing rule is a
bijective correspondence provided that M C, N is a homotopy
equivalence (which is trivial to arrange once M is known to carry a
CAT structure) . The stable relative existence theorem for normal
microbundles makes this bijectivity fairly easy to verify; for the sake of
completeness we explain M. Hirsch’s proof of this theorem (His] in
Appendix A . (It was first established by R. Lashof and M. Rothenburg
in [LR|], for a similar purpose.) It remains then torecall, in §8 znd
§9 , the classification of stable concordance classes of CAT micro-
bundle structures on r*7(M) by sections of a fibration as described
above. Then the full classification theorem is presented in §10.

Hirsch and Mazur initially followed a slightly different route to the
classification of CAT structures on M (see [HiM;]), which we
quickly see to be equivalentin §7 . It reveals that the isotopy classes
of CAT structuresona CAT manifold M naturally form an abelian
group.

Some features of our exposition are intended to make the results
more readily applicable . We take care to describe how to pass efficiently
both from a manifold structure to a bundle section , and from bundle
section to a manifold structure . And at every stage we give a relative
version .

Since we will discuss certain non-manifolds in connection with
topological and piecewise bundles ,we adopt the following broad
meanings for TOP and PL in this essay . TOP indicates the category
of continuous maps of topological spaces ; PL indicates the category of
piecewise linear maps of (locally compact) polyhedra . However , DIFF
(as always) indicates the category of C°° smooth maps of finite
dimensional smooth manifolds .
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Our basic conventions about manifolds remain those of Essay I ,
§2 . Thus manifolds mean metrizable manifolds with boundary
(possibly an empty boundary) , having the same dimension in each
component . DIFF manitolds usually do not have corners ; but in a few
situations , where they obviously should have , we allow them without
mention . Forexampleif T' isa DIFF structureon M XTI,
I=00,1},where M isa TOP manifold with aM # ¢ , then
M X I)F by assumption has cornersat oM X0 U oM X 1 of the
same sortas My X1 has. Recall that T' isa concordance Z, to
Z, if TIMX{i}= EiX {i} for i=0,1.
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§1. RECOLLECTIONS CONCERNING MICROBUNDLES

The reader should familiarise himself with the rudiments of Milnor’s
notion of microbundle before proceeding ; see [Miz] . A n-micro-

bundie ¢ over aspace X isadiagram §: X 5 E L X (X = base;
i = zero section ; E = total space ; p = projection) so that pi=idlX ,
and in E near each point of i(X), p looks like the projection
X X R > X . Often, without special apology , we will identify X with
i(X) and regard X asa subspace of E(¥).

According to the Kister-Mazur theorem [Kis] [KuL]] [SGHI]
there is always a neighborhood U of i(X) in E such that

. lU .
£ : X 50 25X isa locally trivial bundle with fiber R" and

zero section i. And &, isunique up to isomorphism .

A micro-isomorphism &, - ¢, of n-microbundles over X
consists of a neighborhood U of the zero section i;(X) in the total
space E(¥;) of ¥, and a topologicai imbedding h onto a neighbor-
hood of i,(X) in E(%,), making this diagram commute .

S| A

E(¢,)

X

Then &, and &, arecalled (micro) isomorphic (= isomorphic in the
category of germs of micro-isomorphisms) . If h is an inclusion of a
subspace it is called a micro-identity and §, , & are calied micro-
identical . This is written &, = &, . Two micro-isomorphisms

h:§ —& and h':§, =>§; canbe composed to give a micro-
isoimorphism h'h : §; = &3 . But note that the domain of definition of

h'h is in general smaller than that of h.
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The microbundles defined above are called topological or TOP
microbundles .

The notion of a PL n-microbundle micro-isomorphism and micro-
identity are defined like the topological entities above but one works in
the category of piecewise linear maps of polyhedra (= Hausdor(f spaces
equipped with a maximal piecewise linearly compatible atlas of charts to
locally finite simplicial complexes , cf. {Hu,, §3]) . It is convenient to
allow that a topological microbundle isa PL microbundle if it is one
after deletion of part of the total space outside of a neighborhood of the
zero section .

Similarly define DIFF microbundies starting from the category of
DIFF manifolds and DIFF maps .

If X isa CAT submanifold of Y and § isa CAT microbundle
whose total space E(£) isa neighborhood of X in Y with inherited
CAT structure , we say that ¢ isa CAT normal microbundle to X in
Y . (See Appendix A .)

The Kister-Mazur theorem mentioned above is valid in all three
categories . A stronger version holding for DIFF states that DIFF
microbundles are essentially equivalent to vector bundles . However , we
retain DIFF microbundles for the sake of uniformity .

PROPOSITION 1.1 ; p

Every DIFF microbundle £: M = E(¢) > M cvera DIFF
manifold M contains a neighborhood E' of i(M) which can be
regarded as a smooth vector bundle with the same zero-section and
projection .

Furthermore suppose C is closed in M and E} is such a vector
bundle neighborhood of the zero section of £\U, where U isan open
neighborhood of C. Then E' can be chosen to coincide (as vector
bundle) with Ey over a neighborhood of C. Andif E" isanother
choice for E' there is an isotopy ‘hy: E'=>E of E' Cs E through
DIFF imbeddings yielding such vector bundle neighborhoods , to a
vector bundle isomorphism E'-E" .

Proof of 1.1. The uniqueness clause is a well known portion of the
uniqueness theorem for DIFF tubular neighborhoods , cf. [Lan] . But
it yields the existence assertion by dint of a chart-by-chart construction .
B

An alternative proof is suggested by Milnor [Mis ,8221. =
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If f:X =Y isamapand &, n are CAT n-microbundles over
X,Y a microbundle map f: & —> 7 covering f can be defined to be
a CAT map U - E(n) ofaneighborhood U of X in E(§) that
restrictsto £ on X C E(§), that respects fibers , and that gives a
CAT open embedding to each fiber . (See [Mis , §6] .) For example
one has a canonical CAT microbundle map f# :f*np > n when f
isa CAT map . The fiber product rule defining f*n shows this is
essentially the only example . Indeed ,if f isany CAT microbundle
map covering f, there is a unique micro-isomorphism ¢ : £ = * so
that fup = f. Beware that quite a variety of symbols such as fy or
v or f may stand for a microbundle map .

We will constantly use the basic homotopy theorem [Mig , §61
for microbundles . (It is perhaps worth noting that the Kister-Mazur
theorem mentioned above reduces this result to the parallel , better
known result for locally trivial CAT bundles with fiber euclidean space .)
It states that any CAT microbundle ¢ overaproduct IX X (X
being Hausdorff paracompact) admits a CAT micro-isomorphism
f: ¢ > IX§%&, where 0X ¢ isjustacopy of ¢I(0X X). The
standard relative version (which is easily deduced!) states that given C
closedin X and a CAT micro-isomorphism f': ¢IIXU) -

IX (¢1U), where U is an open neighborhood of C in X, itis
possible to choose f toagree! with ' over a neighborhood of C.
A sharply relative versiont states that if C is a closed and a CAT

T The domains of definition of [ and  in any fiber may differ nevertheless .

¥ 1o prove this sharply relative version , use the more basic Observation : To
make f agree with given f" over C it suffices to find, for each point x €C
an open neighborhood V.. in X anda CAT micro-isomorphism f, . § Irx V)
> IX(glVyx) sothat f, and f" agreeover IX(V, NC). To verify this
observation , reread the proof of the homotopy theorem in {Mi5 , §6] . To then
apply the observation to get the given sharply relative version choose V  so that
€1V, s trivial and there isa CAT retraction 1, :Vy > V, NC. Next, as
£V, s trivial , there exist CAT microbundle maps « and § covering 1X Ty »
and themselves retractions :

HAXVY) —2—s  IXEIV)

ad {8

;‘I(IX(VXOC)) -> IX(EIVXOC).
Now there is a canonical CAT micro-isomorphism fy making the square
commute and clearly f, agrees with f* over 1X (Vx ne).



162 L. Siebenmann Essay IV

retract of a neighborhood in X , then given a CAT micro-isomorphism
' ¢IIXC) = IX(¢IC) itis possible to choose f to agree with
f* over C.

Here is a useful reformulation of the microbundie homotopy
theorem , which explains itsname . If f: § - v isa CAT micro-
bundlemapover f: X - B say,and F:IXX - B isa CAT
homotopy of f, i.e. ppo(0X f) = FI(OX X), then there exists a
CAT microbundle homotopy over F F:IXE—>y of f,ie
F isa CAT microbundle map over F with p,0o (0 X f) =Fl(0 X §).
Here p, generically denotes projection to second factor. If F is
rel C,then F canbe rel C, ie. beequalto p,o(I X f) near
I X C (the relative version). If F=p,0 IXf) on IXC and C is
a CAT neighborhood retractin X ,then F can coincide with
p2e(1 X ) over 1 XC (asharply relative version) .

If £ isa TOP microbundle over a polyhedron X, a PL structure ,
on ¢, also called a reduction of ¢ to PL microbundle, ora PL
structure on ¢, issimply a PL niicrobundle ¢ whose base is the same’
polyhedron X and whose underlying TOP microbundleis &. If § °
isa TOP microbundle over a DIFF manifold X, we make a similar
definition with DIFF in place of PL . 3

t

A stable CAT structure on ¢ willmeana CAT structure g OIL
EDeS, s>0, where €8: XXX RS- X is the standard
trivial microbundle . If g’ isa CAT structure on ¢ 0 et , t =s,
then we write n=n' if n @ ™S & 5. This extends the (CAT)
micro-identity relation = to an evident equivalence relation = on
stable CAT structureson §.

Let & bea TOP microbundle overa CAT object X (CAT = .
DIFF or PL). A concordance between CAT structures &, , £, on
¢ isa CAT structure v on IX§ such that the restriction vli X X:
is CAT micro-identical to i X £ for i=0,1. (Insymbols
pli X X =i X &, for i=0,1 ) If C isclosedin X and there
is a neighborhood U of X suchthat yI(IXU) 21 X (4 1U),
then v iscalled a concordance rel C . Concordance rel C is an
equivalence relation , written

Eo ﬁE[ rel C.

The microbundle homotopy theorem provides a CAT micro-isomor-
phism h:~v—=>1X £. thatis the identitv near T X Henee
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§9 =¥, rel C means that there exists a neighborhood U of X in E({,
and anisotopy h;:U-E®), 0 <t < I, ofthe inclusion through
micro-isomorphisms of § toitself to a CAT micro-isomorphism

£y > &, ; further, hy can fix a neighborhood of C. Compare the
Concordance Implies Isotopy Theorem .

Next define stable concordance rel C of stable CAT structures
to,E; on § tomean & = §, = {§; =& (= being CAT
concordance rel C) for stabilizations §, of & and §; of § .

If n isastable CAT structure on |V for some neighborhood
V of C inthe base we will write

TOP/CAT (¢ rel C,q)

for the set of stable concordance classes rel C of stable CAT struc-
tures &' on E that coincide near C with 7 in the sense that
£1U & U for some neighborhood U of C. If the choice of 7
is evident we omit 7 from thesymbol ;. andif C= ¢ we omit rel
C,n getting simply TOP/CAT(%) .

The tangent CAT microbundle 7(M) (=7y) ofa CAT mani-
fold M without boundary is defined by Milnor to be

A
MM "> MXM 5 M where A(x) =(x, x) and py(X,y)=X.
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§2. ABSORBING THE BOUNDARY

Consider a TOP manifold M™ of dimension m , possibly with
boundary . Suppose that a CAT structure X, is given on a neighbor-
hood of a closed subset C of M. For m large we aim to settle ,
first in bundle theoretic terms , then in homotopy theoretic terms , the
problem of finding a CAT structure ¥ on M that agrees with X,
near C ,and of classifying all such structures up to concordance rel C
if one such exists . The symbol ScaTM rel C, Z,)
will denote the set of concordance classes rel C of such structures .

It is abbreviated by omitting X, if the choice of X, isevident (e.g.,
if M isa CAT manifold), and by omitting C if C=¢ .

The following consequence of the Product Structure Theorem
shows that , if m=>= 6, it will suffice to accomplish this task when
M=¢

PROPOSITION 2.1

Let M' be the open topological manifold obtained from M by
attaching to M the collar M X [0, o} identifying x in M to
(x,0) in oM X [0,e), Extend T, toa CAT structure Zj
on a neighborhood of C in M' that is a product along (0, =) in
aM X [0, =),

Provided that m=6 (or m=5 and oM CC)}, thereisa
natural bijection
8 SCATM rel C,Zo)> ScpATM’ rel C, =)

natural for restriction to open subsetsof M.

B

Remark . Naturality of 6 here means that 6 is defined by a rule
such that if M s openin M ,and

A A A A N N
C=MNC, 2, =3,IM, Z§y=z4IM
then one has a commutative square

T Readers content with the case oM = ¢ should pass directly on to §3.
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ScaTM rel C, Zp) g* ScaTM'rel C, Zg)
restriction l l restriction
SeaM rel C, o) % gopplirel &3 .

Most propositions of this essay will enjoy a similar naturality for re-
striction .

Proof of 2.1 . Todefine @ at the level of representing structures
consider a CAT structure 2 intheclass x € Scpm(M rel C, Z,) .
To represent 6(x) choosea CAT structure X' on M’ that coin-
cideswith © on M andisaproductalong [0,%) on aM X [0,o0).
Clearly, X' isuniqueif CAT=PL, and it coincides with Zj near
C. If CAT=DIFF wespecify X’ more precisely by choosing a
DIFF imbedding hy: dMy X ¢0,0] < My extending the

identity 9My X 0=0My and such that the resulting imbedding
hy : My X (-o0, ) = M’ is DIFF near (M NC) X 0 asamap

to the structure Zj . Then welet X' be the unique DIFF structure
on M' sothat hy isa DIFF imbedding and £'IM=2. Thus
Y'=3p near C and X' isaproducton oM X [0,e0).

If ¥ isconcordant relC to X; itiseasily verified that EZ' is
concordant rel C to X} (similarly constructed from ZXZ,). Thus 6
is well defined . Naturality of 0 isevident .

To show that g is onto consider any CAT structure X'
representing y € ScpTM’ rel C,2Z5). Choosea TOP collaring
h: oM X (-o0,0] = M of oM so that the resulting bicollaring
I': M X (=o0,00) > M’ of aM in M’ isa CAT imbedding near
(CNoM) X 0. Applying the Product Structure Theorem (local versicn)
to h’' one gets a concordance of X' rel C toastructure Xj thatis
aproduct along [0,00) near aM=9M X 0 in oM X [0,e) C M’.

Using themap F:1X oM X [0,00) = 1 X 8M X [0, ), defined
by F(t, x,u) = (t, x, (1-t)u) one can form a CAT concordance rel M
from Z) to Zj with 251(@BM X [0,9)) = (Z510M) X [0, 00).
Clearly the class of X3 , whichisstill y, liesin the image of 6 .

The injectivity of 0 rtequires a similar application of the Product

Structure Theorem . We leave the details to the reader . It would suffice
here that m > K& n
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§3. MILNOR'S CRITERION FOR TRIANGULATING
AND SMOOTHING

For the analysis we fix a topological imbeddingJr of MM ina
euclidean space R, n>>m, thatisa CAT locally flat imbedding
near C ; for simplicity we now regard M as a subspace of R". As
M isan ANR there exists an open neighborhood N of M in R"
that admits a retraction r: N—>M onto M (so that rIM=id). We
can and do arrange that r isa CAT map to Eo on the preimage of a
neighborhood of C. Then r*7(M) restricted to a neighborhood of C
in N hasa CAT microbundle structure that we call &, .

THEOREM 3.1

Consider the data: M an TOP manifold without boundary of
dimension m=5; CCM a closed subset ; 20 a CAT structure
defined on a neighborhoodof C in M ; r:N—M aneighborhood:
retraction as introduced above ; ‘Eo the CAT structure on the
restriction of r*r(M) to a neighborhood of C ,derived from X, as
above .

Suppose that the topological microbundle r*t(M) over N
admits after stabilizing a CAT structure § coinciding near C with
Eo . Then M admitsa CAT structure X coinciding with Z o Mnear
C. Conversely, if T exists, r*r(M) admits sucha CAT structure,
even without stabilizing .

Proof of 3.1. First we dispose of the converse using

3.2 The pull-back rule #. Givena CAT structure ¥ on M homo-
top r toa CAT map ©: N > My . Then, applying the micro-
bundle homotopy theorem to a homotopy from r to T, obtaina
TOP micro-isomorphism from r*7(M) to T*7(M). Now ?*T(ME)
isa CAT microbundle over N (since T is CAT), which is
topologically identical to T*r(M) . Hence the above isomorphism
endows ?*T(M) with 2 CAT microbundle structure §.

i It is not necessary to assume that this imbedding is locally flat, or even
proper . Hence for n> (m+I)m such an imbedding is easily deduced from a
covering of M™ by open subsets imbeddable in  R™ such that the nerve of the
covering has dimension <m. See[Mu;, §2.7], or [II,§1.1]
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the above isomorphism endows r*7(M) with a CAT microbundle
structure £.

If C#£¢ and T equals £, near C we take some care in
making § agreenear C with £,. Let H:IXN->M bea

homotopy from r to T fixing a neighborhood of C. Then H¥*7(M)

isidentical to I X r*r(M) near I X C. Using the microbundle homo-
topy theorem , extend this identification from a neighborhood of [ X C

to a micro-isomorphism H*r(M) = I X r*r(M) over IXN. Over
1 X N it gives a micro-isomorphism from H*r(M)I1 X N =

1 X f*rM) to 1 X r*r(M). Use this micro-isomorphism

ttr(M) = r*7(M) to define the structure § on r*7(M) as the image
of the structure ?*T(ME) on T*r(M). The construction X + § is
called the pull-back rule and isdenoted n. ®

It remains to suitably construct a CAT structureon M froma
CAT structureon t*7(M) @ €5, s > 0, using what we call (even
for CAT=PL):

A
3.3 The smoothing rule ¢. Since r(M)is M 5 MXM 3 M

with A(x)=(x, x) and p;(x,y)=x, theinduced microbundle
r*r(M) over N has total space Er*r(M)= {(y, r(y), x) € NXMXN }
while its projectionis (y, r(y), X) = y € N , and its zero sectian is
ity (y,r(y), t(y)) . There is a natural homeomorphism

g: Er*t(M) > M X N C M X R* givenby (y,r(y),x) + (X,¥)
which sends i(M) to A(M) C M X N. Composing with the
imbedding j: MX N® > M X R, jx,y) = (x,y-x) we get
an imbedding

h=jg: Er*r(M) > M X RO

that sends i(M) to M X0 by ix) » (x,0). Via h we can think
of Er*r(M) asanopensubsetof M X R" with iM)=M X 0.
Clearly h givesa CAT imbedding of a neighborhood of i(C) in
E¢,) C ErtrM) T

To proceed with the construction suppose that r*r(M) is
endowed with a structure of CAT microbundle (without stabilizing) ,
which agrees near i(C) in Er*r(M) with £, - Then a neighborhood
of i(M) in Er*r(M) has (a fortiori!) a CAT manifold structure

t This pleasantly explicit description was suggested by M . Brown [Bmgs] .
Milnor’s description is slightly more general . He uses only the fact that N isa

CAT manifald with tuioinl tnmnnew R TORUR T3S
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which h sendstoa CAT manifold structure © on a neighborhood
of MX0 in MXRI! coinciding with Zo X RM near CXO0. The
Product Structure Theorem (local version) produces a concordance of
® rel CX 0 toa CAT structure that is a product of the form

T X R™ near M X 0. This X isthe wanted structureon M.

For the general case suppose that r*7(M) @ €5 over N hasa
CAT structure ¢. As E@*M @ €5 = E(r*M) X RS, the
imbedding h X (idIR3) givesusa CAT structure near M X 0X 0 i
M X R X RS from which the Product Structure Theorem produces as
above a structure ¥ on M. This construction § + Z is called the
smoothing rule and denoted o. ®

The proof of 3.1 is now complete . =

We record the following proposition whose proof is straightforward

PROPOSITION 3.4 (for data of 3.1).
The pull-back rule w and the smoothing rule o yield two well-
defined mappings

g
TOP/CAT(r*r(M) rel C,£;) 7 ScatrM rel C, Zg).
m

Each is natural for restriction to open subsetsof M. =
The meaning of naturality was explained under 2.1 .

§4 . STATEMENTS ABOUT BIJECTIVITY OF THE SMOOTHING
RULE AND THE PULL-BACK RULE.

We now complement Theorem 3.1 by classifying CAT structures on
M when one is known to exist .

CLASSIFICATION THEOREM 4.1 (for data of 3.1)
If M Cs N isahomotopy equivalence , the smoothing rule
o : TOP/CAT(*T™M rel C, £) s cATM rel C, %)
is bijective (= one (0 one and onto) .

Remark . Once a CAT structure X isknownon M onecan
choose M - R™ tobea CAT imbedding of My , thus making
trivial the choice of the open set N sothat M C.s N isa homotopy
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equivalence .T

THEOREM 4.2 (for same data) . The composition on of the pull-
back rule w with the smoothing rule o is always the identity on
SCAT(M rel C, 20)

The proofs of 4.1 and 4.2 appear in §6 below .

Here is an important corollary of 4.] and 4.2 .

THEOREM 4.3. Suppose M isa CAT manifold without boundary of
dimension = 5 and C C M isclosed. Then there is a bijective
correspondence

0, : TOP/CAT(r(M) rel C) - ScAT(M rel C)

natural for restriction to open subsets of M. Itsinverse can be
described by a pull-back rule like that of 3.2 .

Proof of Theorem 4.3 from 4.1 and 4.2 . Consider the triangle ’

g
TOP/CAT(r*7(M) rel C) - ScapM rel C)

restn’ctic& / .

TOP/CAT(r(M) rel C)

where the data of 3.1 are so chosen that M C, R" isa CAT
imbeddingand r:N - M isa CAT deformation retraction. Then
the restriction map indicated is easily seen to be a bijection.i We
merely define o, to make the triangle commute .

Theorem 4.2 shows 05‘ can be defined by the following pull-
back rule. Let Z represent x € S ATM rel C). Find a
homotopy from idIM fixing a neighborhood of C toa CAT map
i'* M~ My, , and using the microbundle homotopy theorem , derive a
micro-isomorphism h: i'*T(Mz) - 7(M) thatis CAT near C. Then

i However, it is an elementary fact, related to the Kister-Mazur theorem
{Siy3] , that suchan N exists whenever M Co N is a topologically locally flat
imbedding .

i This requires some care when C# @ ; indeed , a neighborhood extension
property for microbundle maps is wanted . The bijectivity is anyhow implied by
Proposition 9.2 below .
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05‘ (x) isrepresented by the CAT structure § givento (M) by h.

This interpretation of 0(')' shows first that o is independent of
the imbedding M Cs R™ and the retraction r and second that 0o
is natural for restriction to open subsets .

This completes the proof of 4.3 granting 4.1 and 4.2. ®

4.4 Supplementary Remarks .

(i) If T isa CAT structure on M equal the standard one near
C the relative simplicial (or smooth) approximation theorem and a pull-
back rule define a natural bijection ¢ : TOP/CAT(r(M) tel C) -~
TOP/CAT(r(My) rel C). And onp =0, inview of the pull-back ruie
defining 06' . Thus 4.3 is meaningful and valid if M is merely a
topological manifold witha CAT structure specified near C.

(ii) This suggests that one define a CAT microbundle structure on
a TOP microbundle £ over any (paracompact) base space X ina
manner independent of any eventual CAT structure on X . Indeed it
can be defined as a TOP microbundle map g > 7%AT where '7%AT
over Bc AT(n) is a fixed universal CAT n-microbundie (cf. §8 below).
If X isa CAT object,and n isa CAT structure on &I inthe
original sense choose a CAT classifying map n(=§) - 'y% AT toget
a corresponding structure in the new sense . The resulting correspondence
gives a bijection of appropriate concdrdance classes .
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§5. THE MAIN LEMMA FOR BIJECTIVITY OF THE
SMOOTHING RULE

The proof of Theorem 4.1 will require the following proposition
which we shall deduce from Iirsch’s relative stable existence and unique-
ness theorem for normal microbundles given in Appendix A .

PROPOSITION 5.1 (CAT=DIFForPL).

Consider the data : N a CAT manifold without boundary ;
¢ N O E(%) B N a TOP microbundle over N;: © a CAT
manifold structure defined on a neighborhood of the zero-section N in
the total space  E(t) ; C C N a closed subset such that ©
endows the restriction of ¢ to a neighborhood of C witha CAT
microbundle structure .

Then there exists an integer s and a concordance rel C of the
restriction of © X RS to a neighborhood of N in E(t © &), to
a new structure that makes ¢ © € a CAT microbundle .

Proof of 5.1 : Clearly we can assume © is defined on all of E({).
Find an integer t and an embedding

h: IXN - IXEQ) X Rt

sothat h isaproductalong I=1[0,1] near {0,1}XN U IXC,
and hl(l1 XN) isa CAT embedding 1 XN - 1X E@®)g X Rt,
while hl(0 X N) istheinclusion O0XN - OXEQ®)X Rt. (See
Figure 5-a .)

N | Yees h(IxN)
Figure 5-a . -

I

T This integer s can be made to depend on dimN only . We shall use this
factin §9.4 . It is established by the proof below in view of the parallel remaik in
Appendix A (footnote to A.1 and A.2).
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(This is easily done if t is sufficiently large , using relative approxi-
mation of continuous maps by CAT maps , and a covering of N by
finitely many co-ordinate charts , cf. the 2nd last step of proof of 4.1 in
{ip.

The stable relative existence theorem for CAT and TOP normal
microbundles given in Appendix A assures that for some integer s > t,
there exists a normal microbundle n to h(I X N) in IXE({) X RS
thatisequal to IX (¢ ® €5, near 0 XN U I X C and that givesa
normal CAT microbundleto h(Il X N) in 1X E(§)® X RS. Indeed
the CAT version of Appendix A first gives 7nlh(l X N); then granted
an inflation of s the TOP version defines n onallof h(IXN).

The microbundle homotopy theorem now provides a neighborhood
U of N in E@®)X RS and an open imbedding

H: IXU - E() C IXEQ)XRS

that is the identity on 0 X U and a product along [ near [ X C,and
that presents a micro-isomorphism 1 X (¢ @ €5 - plh(1 X N).

This micro-isomorphism gives the desired new CAT structure on

¢ © €5; the desired concordance (I X U)p of this structure with Ug,
is just the structure making H a CAT imbedding into E(n) C
IXE@)g X RS. =

Remarks : This brief section contains the one essential intervention of
the stable existence and uniqueness theorems for normal microbundles
given in Appendix A . The reader may be convinced that this is the
right tool to use here by the

Observation :  Proposition 5.1 can conversely be used to prove the
stable relative existence theorem A.l for normal TOP microbundles .

Indeed as A.1 is suitably relative we need only prove A.l when the
ambient manifold is covered by one co-ordinate chart ; then 5.1 further
reduces A.l to the DIFF relative existence theorem for DIFF normal -
microbundles , which is trivially proved (see end of proof of 1.2 in
[1H1).

In the same vein , one can observe that the classification theorem
4.1 lets one quickly prove 5.1 . Indeed a simple pursuit of definitions
suffices , if, in 5.1, N is an open sgbset of euclidean space and ‘¢ is -

trivial . But as 5.1 is relative the general version of 5.1 follows .
It is reasonable to conclude that the cunning geometry in Appendix
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A is the keystone of the classification theorem 4.1 , indeed of this
essay ; it should not be neglected .

§6. BIJECTIVITY OF THE SMOOTHING RULE ; ITS INVERSE .

Proof of the classification theorem 4.1 .

() o isontol: TOPJCAT(r*r(M) rel C, §,) ~ 8y p(MrelC, 2,)
Let a CAT structure X representing a given

X € §cATM rel C,Z.). Then XX RM givesa CAT manifold

structure ©® on E(*7(M)), using the natural open embedding

h:Er*rM)) G MXRM

sending i(M) to M X 0. Then 5.1 finds an integer s and a
concordance of @ X RS to ©' making r*7(M) @ €5 a CAT
microbundle over N representing (say)

y € TOP/CAT(r*r(M) rel C,£,). Transferring the concordance by
hX (idRS) into M X R™S | we see that the smoothing rule o
sends y onto x. ®

(ii) o isinjective.

Let &, ,& betwo CAT structureson r*r(M) @ ¢5, s > 0,
agreeing near C in the total space with % X ROtS Supposing
a(¢,) = o(%,), we are required to show that &, and £, are stably
concordant rel i(C). Supposing o(%;) = o(¥,) we do clearly get ,
using h, a conditioned concordance I' rel C, from an open
neighborhood U of M in E(£,), to U asopen CAT sub-
manifold of E(%,).

Proposition 5.1 applied over I X N’ (where N'=NNU) says
that , after U is cut down if necessary but not N'=NNU, thereisa
stable concordance of (I X U)F rel WI)XC UIXC, toa CAT
structure I on I X UXR! making IX {r*r(M) @ ST X N
a CAT microbundle over I X N’'. This I'" gives a stable concordance
¢t rel C from &, IN to £ IN'.

Using a CAT homotopy of idIN fixing a neighborhood of C
toa CAT map f:N-—N',one easily derives , via the microbundle

T This also follows from 4.2 (proved below) , but this argument will heip the
reader to understand the proof of injectivity to follow.
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homotopy theorem , a stable concordance 1el C of & to & .
Indeed , pulling back by f we get a concordance f*§ : f*§, = f[*§,
rel C , but pulling back by the homotopy idIN =~ f rel C we
get concordances & = f*& rel C, i=1, 2 . Here the micro-
bundles involved are all topologically micro-identified to r*r(M) or

1 X r*7(M) via a single application of the relative topological micro-
bundle homotopy theorem to the homotopy (idIN) =~ f rel C. =

This completes Theorem 4.1 . ®

Remark 6.1. Without the Product Structure Theorem , the classification
theorem 4.1 and its proof would remain valid if Scp(M rel C,Z )
were replaced by the set of equivalence classes of CAT structures X on
MXRS, s> 0, coinciding with = X RS near CX R®, under the
equivalence & defined by agreeing that THXZ X R, and 24 X' if
Z and X' areconcordant rel C X RS.

Proof of Theorem 4.2 : o w = identity .

This does not require §5 ; it is for the most part a patient pursuit
of definitions . In fact it could well have been presented at the end of
§3!

Given § representing [£] € TOP/CAT(*r(M) rel C, EO)
obtained from x € 8cpp(M rel C,Z.j by the pull-back rule,
i.e. w(x) = [£]1, we are required to show that o[f] =

Recall that Er*(rM) is naturally homeomorphic to M X N so

that r*r(M) becomes N EN M XN Pa, N  where (y)=({(y),y)-
Also the imbedding h:Er*r(M) = M X R isthen h(x,y) =
(X, y-x%).

To establish ¢[(] =x amounts to showing that , when § is
regarded as a CAT manifold structure defined on a neighborhood of the
zero-section i(N) in Er*r(M), then there is a neighborhood U of
i(N) and a CAT concordance of E(¢U) to h™(T X RS)IU.

Following the pull-back rule ,let H:IXN - My bea
homotopy , fixing a neighborhood of C in M,from r toa CAT
map r':N = My . Then

”

EH**M)) = {(t,y, H(t,y),x) EIXNXM XM}

is naturally identified to I XMy XN by (t,y,H(t,y),x) +
(t, X, y). With this identification the zero-section j of H*r(M) is
it vy = (t H(t v vY and the nroiection ic the natural one



§6. Bijectivity of the pull-back rule 175

IXMXN = I XN. Thus

HYM): IXN > IXMy XN B [xN.

Note that H*r(M)I0 X N is OX r*r(M) and H*r(M) | 1 XN
with total space 1 X My, XN isthe CAT bundle 1 X r'*'r(ME) .

Using the microbundle homotopy theorem , find a micro-
isomorphism

f: IXr*(M) - H*1(M)

that is the micro-identity over 0 X N and is the natural micro-
isomorphism over a neighborhood of IXC. Let T' bea CAT
manifold structure defined near the zero-sectionin I X Er*r(M) so
that f is represented by a CAT imbeddinginto IXMy XN =
EH*r(M)) .

Certainly I' agrees with 0 X Z X N and is a product along 1
near IX i(C). The pull-back rule defines & sothat I'l1 XM XN
givesto | X r*r(M) the CAT bundle structure 1 X &. Thus

': ZTXN = E@}) rel i(C).

To conclude it suffices to give a further concordance

IM: ZTXN = h"HEZ XRM rel iC) ,
which is in fact easy ;weset I = J7'(I X Z X R™) where
JiIXMXN - IXMy XRP

is defined by J(i, %, y) =(t, x,y—gt(x)) with g : M- N a
homotopy , fixing a neighborhood of C, from M C, N toa CAT
map g; : My = N. This completes the proof. ®
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§7. APARALLEL CLASSIFICATION THEOREM

When the manifold M has a given CAT structure , an alternative
classification of CAT structures is available . Its directness and
simplicity are appealing ; what is more , it provides an abelian group
structure on 8o (M)  since Whitney sum makes TOP/CAT(e(M))
an abelian group , e(M) being the trivial bundle over M .

THEOREM 7.1 . _

Let M bea CAT manifold of dimension =5, without
boundary . Let CCM be aclosed subset and let e(M) be the
trivial (zero-dimensional) bundle over M. Then there is a natural
bijection

0y : TOP/CAT(eM) rel C) = SpT(M rel C).

The mapping o, , parallel to the smoothing rule of §3, is
defined as follows . If © isa CAT structure on a neighborhood of
M X0 in MXRS giving € = ¢(M) a CAT microbundle structure
representing x € TOP/CAT(M rel C),then o,(x) is represented by
any CAT manifold structure £ on M such that, for some neighbor-
hood U of M X 0, the structure (2 X R$IU is concordant
rel CX0 to ©IU. Itis, to be sure , the Product Structure Theorem
that assures ussucha X exists and has a well-defined class o;(x) in
ScaTM rel C), cf. [III, §5.1.17 .

Proof of Theorem 7.1 . A direct application of Proposition 5.1 ! ®

In the remainder of this section we relate 7.1 to the classification
theorem 4.1 and then discuss an exact sequence of abelian groups
entrapping TOP/CAT(e(M)) .

LEMMA 7.2 .

Consider: M a CAT object; n a CAT microbundle over M;
& a TOP microbundle over M ; & o @ CAT structure on the
restriction of § to a neighborhood of a closed subset C of M.

In this situation , Whitney sum induces a bijection
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“n®” : TOP/CAT(¢ rel C,&;) > TOP/CAT(n®§ rel C,nek,).

Proof of 7.2 : Choosing a CAT microbundle inverse ' to 71 (using
[Mi5] , cf. Appendix A), weget n' &n = ek where K _is the
trivial bundle of dimension k say,over M. Aninverseto “n&” is
provided by the composition of ‘‘n'®” with the natural isomorphism
TOP/CAT(n" ®@ne ¢ rel C) » TOP/CAT(¢ rel C) coming from the
evident micro-isomorphisms n'®n e = ek ot = to K. Since we
are dealing with stable CAT structures on §, the verification that this
is the inverse of ‘“‘n®” requiresa CAT isotopy of ilek+s to the
permutation map (X ,-.., Xk-l-s) B (K] s Xigpg s X oeens xk) for
seven. ®

We now have a triangle (for the data of 7.1)
TOP/CAT(EM) rel C) *(from 7.1)
“r(M)a” l (from 7.2) SCAT(M rel C).
TOP/CAT(r(M) rel C) 0, (from 4.1)

whose three sides are bijections .
Assertion 7.3 . This triangle is commutative .

Proofof 7.3 : Let v(M) bea CAT normal microbundle to M
appropriately imbedded in euclidean space RN , n large ; denote
the projection r: E(w) = N - M and choose an isomorphism
M)er(M) = MM = ¢M), toget as in the proof of 7.2 an inverse
“wo” to “r(M)e”.

Evidently it suffices to check that o,° “ve” = g, . For this we
observe natural CAT isomorphisms of manifolds

E@M)er(M)) = E(r*r(M)) = M XN

and identify M with the common zero-section AM . Now g0 “p®”
is determined by the rule that assigns to a CAT manifold structure ©
defined near M=AM X0 in MXNXRS | s> 0, and standard
near C=ACXO0, anew CAT structureon M obtained via the
Product Structure Theorem applied rel C using the trivialized normal
microbundle ver®eS = MM o M. On the other hand v,

is determined similarly , but using the distinct normal microbundle to
M havine fihere ¥ X N X RS x &M Fortunatelv theca tun (AT
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normal microbundles to M in M X N X R® are CAT isotopic, if
s islarge , by Appendix A . It follows immediately that these two rules
give the same map , i.e. 0,0 “v®” = ¢ as required. ®

To conclude this section , we briefly discuss an exact sequence of
abelian groups involving TOP/CAT(e(M)). Here M denotesa DIFF
manifold if CAT = DIFF or polyhedronif CAT=PL.

PROPOSITION 7.4 . There is a natural exact sequence of abelian groups
as described below :

CAT(M) s TOP(M) E, TOP/CAT(e(M)) L4 B CAT(M) i B TOP(M) .

(A version relative to a closed subset CCM could be described
similarly .)

B CAT(M) is the abelian group (see [Misl) of stable isomorphism
classes of CAT microbundles over M , the addition coming from
Whitney sum of microbundles (now CAT = TOP is allowed) .

TOP/CAT(e(M)) also has its addition from Whitney sum . It is
an exercise (using CAT isotopics of even permutationson R" to the
identity , as for 7.2) to verify that this addition is well-defined and
abelian . ‘

CAT(M) is the set of which a typical element is represented by a
CAT micro-isomorphism f:eM - ¢M ofa trivial bundle

em: M 3 M X R™ PL M. Another such g: el —> e represents
the same element of CAT(M) if there existsa CAT micro-isomorphisu
H: IX e > IXeS coincides with 0 X fX (id| RS™™) and

HI(1 X €% coincides with 1 X g X (id|RS™) . Wesay that h is
stably isotopicto h' and write h ~1'. An abelian group structure
in CAT(M) is induced by composition of micro-isomorphisms : thus,
given x,x’ in CAT(M),represent themby h,h': €5 = €5 ; then
h'h represents x+x’. To verify that this addition is abelian , i.e.

h'h ~ hh', we use

Lemma. he(idle") ~ (idleMoh (n even).

To prove this lemma one can conjugate using a CAT isotopy of
id| RS*™ fixing O to the permutation (x; , X ..., Xgppy)
(XS+1 gueey Xs+n s X geees XS) . L]
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From this lemma it follows that hh’~ heh'~ h'esh~ h’h. Thus
CAT(M) isindeed an abelian group .

The maps « and & are obvious forgetting maps. At the level
of representatives,  assigns toa TOP micro-isomorphism
h:em = e the CAT structure ™ on €" that makes
h: g » ¢ a CAT micro-isomorphism ; and vy assignstoa CAT
structure " on € the CAT microbundle M.

This completes our description of the sequence of Proposition 7.4 ;
it is clearly an exact sequence of group homomorphisms. ®



180 Essay 1V

§8. CLASSIFYING SPACES OBTAINED BY
E. H. BROWN'S METHOD

In this section and the next we aim to review the classification of
reductions of micro-bundles by vertical homotopy classes of sections of
suitable fiber spaces . Combined with the results of earlier sections this
will yield in §10a ‘homotopy’ classification of CAT manifold
structures on any topological manifold of high dimension .

The situation is much as for principal bundles with fiber a topo-
logical group (see [Hus]) . For any topological group G, the
contractible infinite join E = G+GxGx... with the natural right G-
action is a universal numerable principal G-bundle with base E/G
called Bg . Forany subgroup H C G the restricted action of H on
E is again principal , and since E is contractible we dare to write
E/H = By '. Now B is naturally a quotient of By, indeed we have
a bundle ot

®: G/H » By —= Bg
which is none other than the numerable bundie with fiber G/H
associated to the universal principal bundle E— B (read [Hus, p.
70]) . Hence reductions (= restrictions) to group H of any numerable
principal G-bundle £ over aspace X correspond naturally and
bijectively to liftings to By of any fixed classifying map ¢ : X~ Bg
for £ . (Recall that such a lifting of c¢ is equivalent to a section of the

T This notation suggests E - By is universal . Here are two cases where it is :

(i) If G~ G/H has local sections (equivalently , is a locally trivial H-bundle) then -
E=G#Gx =By is evidently locally trivial and hence universal (by [Hus , p.57), .
at Jeast for locally trivial principal H-bundles over arbitrary CW complexes . A.
Gleason showed that G - G/H does have local sections if H is a Lie group and is
closedin G while G is Hausdorff, see [Ser] .

(i)) If G isacomplete metric space ,and H C G is closed and LC™, then
Michael’s selection theorems [Mic] show that every pull-back of the principal
bundle E — BH over a CW complex is locally trivial . And it follows (as on p.57
of {Hus}) that E - By is again universal for locally trivial principal H-bundles
over CW complexes .



§8. Classifying spaces obtained by E.H. Brown's method 181

associated bundle §[G/H] .)

If H isanormal closed subgroup of G,then Gf/H isa
topological group and ® is a principal bundle with group G/H ., In
this case , when one lifting ¢': X~ By of c isfixed,all other lift-
ings ¢”: X = By of c arein bijective correspondence
¢« A(c'",c') withmaps A(c”,c) : X - G/H by therule
defining A(c"”,c’)}x) € G/H by

c'(x) = c'(x) A" ,c)
dot denoting the right action of G/H . This can be further explained by
observing that ¢’ provides a section of the induced bundle c*®& over
X, hence a trivialization of it as G/H bundle ; for sections of c*®
are precisely liftings of c.

This is the behavior we encounter with reductions of micro-
bundles . In fact, reductions of locally trivial topological R bundles
to vector bundies can be discussed in this framework ; it is really only
PL bundles that force us to adopt less concrete methods below .

PROPOSITION 8.1 . (CAT =PL or TOP) .

There exists a simplicial complex Bcy T(n) (locally finiteif CAT
=PL) anda CAT n-microbundle ~ 47 over BcAT(n) thatis
universal in the following relative sense .

{*) Let ¢ bea CAT n-microbundle over an euclidean
neighborhood retract X (polyhedronif CAT=PL); let U be
an open neighborhood of a closed set C C X ; and let

fo - ElU > 'y'C’, yr bea CAT microbundle map . Then there

exists a microbundle map f: & — v}y sothat £ = f, near
C.

Complement to 8.1. Incase CAT =DIFF Proposition 8.1 is valid
except that , to allow BDIFF(n) to bea DIFF manifold , we define it

to be the Grassmannian Gn(Rm'k) of n-planesin R™K large ,
rather than G (R™) which isnota DIFF manifold , and let "BIFF
be the standard vector bundle that enjoys a weakened universality,
namely (*) for DIFF manifolds X of dimension < k. For
convenience in what follows we choose BDIFF(n) inductively so that
k= kn > dim(BDIFF(n—] )) +n. =
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PROOF OF PROPOSITION 8.1 (cf. [Wes] [Whi]) .
This takes up the rest of the section .

There are semi-simplicial proofs [Mi3] [RSOI ; however we will
establish 8.1 using E. H. Brown’s theory of representability , which has
earned a reputation for being widely useful although its results are not
always the most precise .

Let C be the category of connected simplicial complexes with
base point and base point preserving piecewise linear maps . The
simplicial complexes are not supposed locally finite’ ; the compactly
generated (CW complex) topology is used . A piecewise-linear map
f: X = Y of such complexes is a continuous map such that for each
simplex (or finite subcomplex) A in X there is some linear sub-
division A’ of A suchthat f mapseachsimplex of A’ linearly
into some simplex of Y .

If X € C isnotlocally finite a PL n-microbundle § over X
isa TOP n-microbundle n over X together witha PL structure
¢lA on nlA for each simplex (or finite subcomplex) A of X;
the PL structures £l A are supposed to agree wherever they over-
lap . This certainly extends the definition valid for locally finite
complexes givenin §1 .

A PL n-microbundle § over X € O with basepoint Xy will
be said to be rooted [Mig , §7] if it is equipped with a microbundle
map b:glx, » € to the trivial bundle €": 0 - R™ > 0. Two
rooted n-microbundles (£(,b) and (£ ,b’) over X are called
equivalent if there exists a PL micro-isomorphism h:§ — £ so that
b'h=b near x, in Elxo .

Let H(X) be the set of equivalence classes of rooted PL n-
microbundles over X . The standard rule of pull-back makes of H a
contravariant functor

H: C - &
to the category & of pointed sets . It is straightforward to check that
H satisfies the classical axioms of E. H. Brown . First some notation :
if £:X Y in C , theinduced map H(f): H(X) « H(Y) is
written f*, and if f is an inclusion we write f*(u) = ulX,
u € H(Y).
t The use of arbitrary simplicial complexes is a device of D. White [Whi]

that serves to get a maximum of information from E. H. Brown’s method , and
with a minimum of effort .
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(1) Homotopy axiom . I/ f,g. XY are PL homotopic as
pointed maps then f*=g* asmaps H(X) < H(Y).

Proof . This follows from the microbundle homotopy theorem (§1),
applied (sharply) relative to base point . This relative microbundle
homotopy theorem is valid for arbitrary simplicial complexes , in the
form sharply relative to subcomplexes, since one can use the case of a
simplex relative to its boundary to obtain the general case via an
induction over skeleta. =

(2) Glueing (or Mayer-Vietoris) axiom . If X=X, UX, with
common base pointin Xy = X, NX, and x, € HX,) and x,
in H(X,) satisfy x,1Xy = x91Xy, then there exists x € H(X}
such that x|X; = x; and x|X, = xo. And x isuniqueif X is
the wedge (sum with common base point) X = X, v X,. ®

(3) Wedge axiom . The natural map
H(V,X,) - g H(X,)

is a bijection for the wedge VX, ofany collection {X o of
pointed complexes. ®

E. H. Brown’s celebrated representation theorem [Brn] [Sp] {Ad]
asserts that any functor H: C — &  verifying (1), (2) and (3) is
representable in the sense that it admits a ‘classifying’ space B and
‘universal’ element u as follows :

(**) Thereisan object B in C andan element u in H(B)
so that T,:[X,B] - H(X), defined by sending f: X - B to
f*u = H(fN(u) € H(X), is bijective forevery X in C . (Here
[X, B] denotes the set of pointed PL homotopy classes of
pointed PL maps X - B.)

] It is more usual for C to be the category C, of pointed CW
“complexes and pointed continuous maps . But , given the relative
simplicial approximation theorem of {Zey} , Brown’s arguments apply
toour PL category, cf. [Whi] ; indeed Brown even axiomatizes the

“properties of C that are essential [Brn] . Alternatively , since each
CW complex is homotopy equivalent to a simplicial complex and sirice
continuous maps of simplicial complexes can be homotoped to PL
maps in a relative way (for both facts use the relative simplicial
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approximation theorem in a skeletal induction) , one can extend H in.
an essentially unique way to

H: C, - &.
This functor still verifies axioms (1), (2)and (3). (Indeed (1) and (3)
are evident ; and (2) follows from the fact that any triad (X ; X, ,X;)
of CW complexes is homotopy equivalent to a simplicial triad , cf.
{hr, §5.21.)

Clearly B can be replaced by any complex homotopy equivalent
in C (or C ) Hence B can chosen to be countable because
mB = H(Sk) is countable for all kT ¥ : and then in addition B can
be made a locally finite simplicial complex , cf . [Miy] . Then
u € H(B) is represented by a ‘universal’ microbundle v . We write
B and v nowas Bpy,) and pL. -

Similarly , in fact more easily , one defines BTOP(n ) and

'Y’%‘OP
To establish 8.1 it remains only to prove .

ASSERTION 8.3 (for CAT =PLor TOP). Let ~f, bethe CAT.
microbundle over Beatin ) constructed above . The universality
property (**) implies the relative universality property (*) of 8.1.

The most obvious approach to the proof fails because one finds
that a micro-automorphism of & near C intervenes . Instead we
%(ue roughly that (*) holds for (X ,C) = (S , 0) , hence also for
aB ) , which implies the general case ; the details are given in four .
steps which apply to most bundle theones

Step(1). B and v remain universal in the sense of (**) if a new
base point b" € B is chosen and -~ is suitably re-rooted .

Proof of (1). There is a (pointed) homotopy equivalence (B,b) -
(B, b’) homotopic (freely) to idl B, hence covered by a micro-bundle.

T The countability of H(Sk) follows quickly from the fact that , up to
isomorphism , there are only countably many simplicial maps {:X-=Y of finite
simplicial complexes . Incidentally , if we were working in the topological
catel%ory , the Cernavskii local contractibility theorem [C‘e| 2] would assure that
H(S™) iscountable, cf. [Sij,, p.162] .

¥ Proving thatif #,B iscountable then B is homotopy equivalent to a

countable complex can be made an exercise with Brown’s method for representing
the fiinctar Y ou IV B
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map v ~> . From this fact step (1) follows easily . ®

Lemma 8.4 . Let f: € = €' bea CAT micro-isomorphism of the
trivial bundle € over Rk to itself such that f is the identity on
"0, where 0=originof 'Rk. There exists another CAT micro-
isomorphism f': €' = €" equal f near Rk _ 2pk (where Bk =
kball in R*) and equal the identity near B .

Proof of lemma : Indeed f' can be the pullback of f bya CAT
map RK - RK that maps 2 BK to the origin and fixes RK —%Bk .
]

Step (2) . Property (*) holds when X=Sk k>0, and C isa
hemisphere of sk. '

Proof of (2). We are given a CAT micro-bundle map f, : £lU - v,
U being an open neighborhood of C. Choose a base point x, € C
for Sk, and using step (1) let f,(x,) (f, covering f,) be the base
point for B. By (**) and the homotopy extension property we can find
a classifying map f: sk > B with f= fo on aneighborhood V of
C and a micro-isomorphism

p: &> [Fy.
Note that , as f*ylV = fX4lV, there is a natural micro-identification
@, - EIV > f¥ylV

which , composed with f*y — v, yields f,. And (**) tells us that
¢ can be chosen equal to ¢, on £lx,. By Lemma 8.4 we can alter
¢ near C to

g gy
sothat ¢' =y near C. Then the composed microbundle map
o' nat. 4

RIS

equals f, near C. ®m

Step (3) Property (*) holds when. X isa k-disc DX, k > 0, and
¢ = aDk.

Proof of (3). We can assume DK isa hemisphere of Sk . Extend
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fy . sk-1 = 3pk 5 B over the complementary hemisphere Dl_( to

get [ : DX » B. Identifying f*y™1SK~! naturally with &1k~
near Sk'1 form a microbundle &' over sk extending ¢ and

f*y4™ | together with a microbundle map f, : &1U" > 4",
U'=U U DK

-

extending f, . Nowapply Step(2). =

Step (4) . Property (*) holds in general .

Proof of (4). We can assume X is a simvlicial complex . If CAT =
TOP , arrange this by passing to a neighborhood in euclidean space
having the original X as retract . Triangulate the new X finely and
construct the required extension by induction applying step (3)
simplex by simplex. ®

This completes the proof of Assertion 8.3 and of Proposition 8.1 .
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§9. CLASSIFYING REDUCTIONS

The universal microbundle @, (CAT =DIFF or PL) can
be regarded as a TOP n-microbundle . Assuch it admits a map
in: 7CAT ~ YTop coveringamap iy : Boatm) > Brop(n) -
And by 8.1 in is unique up to homotopy . Using the well-known
device of Serre we now convert j, intoa Hurewicz fibration
Pn* BCAT(n) > Brop(n) - Thus wedefine Bpay(y) to be the set
of commutative squares of continuous maps

inclusion
0 — 1
jll
BeATny — BtoP(n)

endowed with the compact-open topology . (It can be described as the
space of paths in BTOP(n) each issueing from some specified point of
BCAT(H) .) There is an imbedding in . BCAT(H) -> B'ITOP(I‘I) as
constant paths and the initial point map is a deformation retraction

Bo AT() ~ Bc AT(n) while the final point map p,, : B¢ AT(m) =~

- BTOP(n) is a Hurewicz fibration extending jn *Be AT(@m) ~

- BTOP(n) , le. py has the homotopy lifting property .

PROPOSITION 9.1.

Let £ bea TOP n-microbundle overa CAT object
X (= DIFF manifold or polyhedron) and let f: & -~ vy over
f:X = Brop(n) classify £.

Then , there is a natural bijective correspondence between
concordance classes of CAT microbundle structures on &' and
vertical homotopy classes of liftings of f to Bgygqyy). (Vertical
means that composition with p, gives the constant homotopy of f.)

This bijection is denoted

¢n: TOP,JCAT,(§) - Lift(f).
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Proof of 9.1 (cf. Browder [Brl , §41) .

To lighten notation here we delete CAT , replace TOP by + and
usually suppress n .

Here is a rule that defines ¢, . Givena CAT structure n on §
choose a CAT microbundle map G: n - 4™ and consider the
composed TOP microbundiemap &£=n -y - p*'y+ , Which we
also call G . We will presently explain how to form a microbundle
homotopy H: IX§ - p*y, , H: G = F sothat p#F is the
givenmap f: & - ; thenif F: § - p*y, isoversay F: X -
B’ wehave pF=f. Therule n = F defines ¢ .

To form H above, first use 8.1 to obtain a TOP microbundle
homotopy Hy:1X§ ~ ., H : p4G = f, over Hy: IXX =
B, , Hy: pG =~ f, say. Then apply the homotopy lifting property
of p:B" = B, toobtainahomotopy H:1XX = B’, from G to
say F,andlifting H, (i.e. pH="H,). Finally note that H:IXX -
B’ and Hy: IX§ — y, together specify a microbundle homotopy
H: IX§ > p*yy asrequired.

Observation : The above rule is relative in the following sense : Let 7
be a CAT structureon £, = £lU where U is an open neighborhood
in X of agiven closed set C C X . Suppose the above construction
has been carried out for So » Ny and fo = f|U, yielding say

H,: Go o~ Fo . Then the construction can be carried out for £, 1
and f yieldingsay H: G =~ F insuchawaythat H equals H,
near 1XC. m

Applied to the bundle IX § (in place of &) with {0,1} X X
as C this observation shows that o, is well-defined.

Here is a rule defining a mapping ¢, that will be the inverse of
¢ - Given alifting F:X—>B’ of f, notethat F and f together
specify aunique F: & ~ p*y, lifting f. Since B isastrong
deformation retract of B’ ,wecan find H: IX§ = p*y, , -
H: G=F with G overa CAT map G:X - B C B’. (Use 8.
and CAT approximation of continuous maps here .) Now § hasa
canonical CAT structure n suchthat G: n=§ - p*7+|B = v,
becomes a CAT microbundle map n = . Therule F — 7 defines:
Vn -

The construction for y, has arelative form like that for ¢, .
Hence y, iswell-defined . Itis clear that ¢, and ¢, areinverse
to one another. Thus 9.1 isproved. =



§9.- Classifying reductions 189

Warning . The bijective correspondence of 9.1 is not well-determined
without a specific TOP microbundle map f: (M) - 'Y%OP being
given (even with ¢ and f: X - BTOP(n) well specified) . Without
f we have instead a classification of CAT structures on f*'YTOP

The map f amounts to giving in addition a micro-isomorphism

E=f *'Yl’i‘OP , and there may be many essentially different ones . See
end of §5 in [SiIO] for an example of the influence of the choics of
f when X=8% and § is trivial, and compare §7.4 above .

We now formulate a relative version of this proposition . Let é
bea CAT structure on #!U where U is an open neighborhood in X
of a given closed subset C C X . We wish to analyse the set

TOP/CAT, (¢ rel Cjg)

of concordance classes rel C of CAT structureson £ that coincide
near C with Eo

For simpljcity suppose now that fora CAT classifying map

D gy AT onehas j, Fo= fl(¢1U) as mapsto 'YTOP
Usmg 8 1 this can always be arranged , provided that we are free to
rechoose f. (If not see 9.2.1 below .)

Define

Lift (f rel C,F.)

to be the set of liftings of f to B'CAT(n) that equal F, near C,
divided by the equivalence relation of vertical homotopy rel C.

PROPOSITION 9.2 (relative version of 9.1) .
With the above data there exists a natural bijection

, : TOP, [CAT, (¢ rel C,E;) = Lift (f rel C,F).

Remark 9.2.1 . This bijection can also be set up in case we can not or
will not make a special choice of f as above. Instead we must specify
(a) a CAT classifying map G0 . 5 = YéaT and (b) a TOP

microbundle homotopy D IXE -*\pﬁ'y%op s Hyt Gy = Fy

from G, tosay F, E ~ pyrtop over (say) F : U = BoAT(m)
such that (pn)#F fI(EIU) and hence p.F = f flu. o

The proof of 9.2 i is a straightforward generalization of 9. 1 ‘and we
leave it aside . (Cf. [V, §2].) =

A word about the naturality in9.2. If a: & - & isa TOP
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microbundle map covering a CAT map g: X’ = X it means we have
a commutative square

)
TOP,/CAT, (¢ rel C,§) —> Lift,(f rel C,F)

o 5]
)
TOP/CAT, (¥ rel C',£)) — Lift (F rel C',F})

where C* C g1 C, & = (glg™ U)*g,, £ = fg, Fy =
= (F og)l (g7'U), and where « arises from pull-back while § is
defined at the level of representatives by sending a lifting F of f to
Fg. =

The space TOP,/CAT,, is defined to be the fiber (over a base
point) of p, : B¢ AT@m) ~ BTOP(n) . It is related to the function
¢ + TOP,/CAT,(£) above by 9.1,9.2; the homotopy type of
TOP,/CAT,, puts up the obstructions to finding liftings of f:X —
BTOP(n) to B'CAT(n) , or to homotoping two such liftings , etc.

Stable classification .
There is a homotopy commutative ladder

S
n
"2 BoATm)y T BeaTmen) T
L) 1 in l Inti
S

"> Bropm) —  Bropm+n” "

where the horizontal CAT map s, is defined up to homotopy by the
condition that it be covered by a CAT microbundle map

Sn i YCAT®€! fy%j&l—r It represents stabilization . Similarly for

3;1 . Recall that jn represents the forgetful functor and is covered by a
TOP microbundle map Y@t ~ Hop -

With the help of mapping cylinder constructions arrange inductively-
that all the stabilizations s, and s;l are inclusions of subcomplexes .,
Then , using inductively the homotopy extension property for these
inclusions , make the ladder (L) strictly commutative . Now we have

“stable” classifying spaces (complexes !)

Beat = Y Beatn) » Brop = Y Bropwm)
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and a “forgetful” map j= an * BcaT = Brop - Let BcaT be
the space of paths in Bpgp issueing each from a specified point in
BPL ; and adopt the compact-open topology for B AT - One has

Beat = YBeaT@) -
In fact the following classical lemma applied to Brop = UBTOP(n)
shows that any such path in Brar lies in some Bg AT(n) - More
generally , using the exponential law [Sp, p.6] , the lemma shows that
any compactum in  Beat lies in some B'C AT(n) -

Lemma . Let X be a topological space having its topology coinduced
(ISp, p.4]) from a nested sequence of subspaces X, C X, C X3 C-
with X = L,{Xn . If K C X is compact Hausdorff, then K liesin

some X, .

Proof of lemma (by contradiction) . If x, € K N (X-X) isa
sequence of distinct points , then the set- {xn In=1,2,3,...} € K has
discrete topology coinduced since it meets each X, ina finiteset. ®

Choosing base points to make the mapsin (L) pointed , we next
define the space  TOP/CAT to be the fiber of the natural Hurewicz
fibration p: BaT = Bmop and observe that

TOP/CAT = UTOPn/CATn .
n

Our definitions assure commutativity of the square
)
TOP,/CAT, (¢ rel C,E)) ———> Lift,(f rel CF,)

{

k k Pntk .
TOP, 4 /CAT, (£ @ €K rel C.f @ K) —— Lift, y (f rel C,Fy)

where the vertical arrows come from stabilization . Taking the limit on
k we get a bijection

(9:3) TOP/CAT( rel &) — 111?1 Lift 4y (f rel C,F,).
The right hand side maps naturally to Lift(f rel C,FO) defined for
p: B'CAT - BTOP . This mapping is bijective whenever X is

compact , because any map of a compactum into BoaT must lie in
Baas v forcome n Thie we have verified the fallawinae thanram
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incase X iscompact.

THEOREM 9.4. The natural mapping (from 9.3)

0 : TOP/CAT(¢ rel C,§)) - Lift(f rel C,F,)
is bijective provided the CAT object X is of finite dimension .

To prove 9.4 , it remains to establish that the natural map

1%11 Lift g (f rel C,F) = Lift(f rel C,F)

is also bijective in case X is noncompact .

A suitable stability lemma for the sequence TOPn/CATn will
permit one to establish this by building vertical deformations into some
Bc AT(n) of liftsto BgaT using a cell by cell skeletal induction in
X . Clearly the following result wi'l suffice :

Stability Theorem (proved in [KS; ] [LR2] [Sijp., 8511V, §5.21).
If k<n and n = 5, then wk(TOP/CAT, TOPn/CATn)=0.

We , however , prefer to use a weaker stability result whose proof
we shall give here using only methods familiar in this essay . The above
stability result requires (in all proofs given so far) some ideas {from the
rival immersion theoretic methods cf classification .

Weak Stability Lemma 9.5 . Given integers k and n,each =0,
there exists an integer s = 0 such that the stabilisation map

nk(TOPn+S/CATn+S ,TOPn/CATn) - nk(TOP/CAT , TOPn/CATn)
is surjective .
This is clearly also strong enough to prove 9.4 (but just !) . Beware

however that 9.4 is presumably' false for infinite dimensional objects
suchas X = Jl_(L sk, At any rate , it is easy to prove using Pontrjagin

. .. k . k
characteristic classes that [1LS ’BCAT] # 1_1_1)11 (s » Be AT(n)] .

n
Proof of 9.5. We can suppose with no loss of generality that k+n = 6
for the special case formally implies the general case . Using the method
of proof of 9.1 the reader will verify that 9.5 is equivalent to the
following geometric assertion.
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Assertion : Let "X pea CAT structure on the trivial bundle €%
over }':’»k such that near aB the structure § isa product with RX.
Then there exists an integer s dependingon n and k (but not on
£) such that ,for some y > 0 dependingon ¢, thereisa
concordance ¢MTXYY . e &V o~ ptS @ XTYS g aBk
n isa CAT structure on €™'S
I1X elH‘X'I'y )

, where

, and ¢ isa CAT structure on

Proof of assertion : To simplify notation we can assume $“+x
represented by a CAT manifold structure on all of BK X RIHX | we
remark that , in the proof below , Bk could be any CAT manifeld .
Regarding £ as a mere manifold structure , apply the Product
Structure Theorem rel boundary to obtain a conditioned concordance
I: ¢ = oXRX rel aBKXRM™X, where o isa CAT manifold
structure on Bk X R™. Now apply the main lemma 5.1 to I' and the
bundie [ X eKtIHX oyer X Bk, always working rel (I X 3BK) u
(0 X Bk) : first neéar theend 1 X Bk ,where I' is conditioned , to
produce 7"*S; and second rel 1 X BK to produce {MXFY .
toe = S @ ¢XtY=S | Observe that n™'S depends only on
(Bk X R“)0 via 5.1, whence s depends only on k (and noton £";
nor even on 1, an unnecessary bonus). ®

Remark : The early (but rigorous) treatment of smoothing theory by
Lashof and Rothenberg [LRI] modestly restricted attention essentially
to compact manifolds ; we have just faced the one technical problem
that presumably discouraged treating arbitrary noncompact manifolds .
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§10. HOMOTOPY CLASSIFICATION OF MANIFOLD STRUCTURES

Combining the isomorphism of 9.4 relating reductions to liftings ,
with the isomorphisms of the classification theorems 3.1 ,4.1 ,4.2,
4.3 ,7.2 relating manifold structures to reductions and with a theorem
to absorb the boundary 2.1 we immediately arrive at a theorem relating
CAT manifold structures to liftings of classifying maps , from Brop to
BoaT in the Hurewicz fibration (of §9) p: Bpat = Brop With
fiber TOP/CAT .

CLASSIFICATION THEOREM 10.1.

Consider the data : M™ a topological m-manifold (metrizable ,
and possibly with boundary); T o @ CAT manifold struciure defined
on an open neighborhood U ofaclosed CCM; F,:dM)I\U -
'y(’% AT @ microbundle map over F,:U-=Bey thatis CAT for the
CAT microbundle structure on (M)IU givenby Z,; f:1M) -
YFpp a TOP microbundie map over f:M - Brop(m) such that
by Fo =F near C.

Suppose m=dimM > 6, (or m=5 and dM CC). Then M
admitsa CAT manifold structure T equal Z, near C ifand only
if [ hasalifting M = Boyr equalto [, near C. In fact there
is a bijection 6

’m

7]
SCAT(M rel C,Zy) - Lift(f rel CF,)

mapping from concordance classes rel C of such structures X and
mapping to vertical homotopy classes rel C of liftings of f to
By equal F, o hear C. Further, when one such X is singled
out, there is a bijection 0,

6
ScATM el C,Z)) —> [M rel C, TOP/CAT]

to the homotopy classes rel C of maps M- TOP[CAT that send a
neighborhood of C to the base point .

t One can relax this restriction on f by giving mnore data , see 9.2.1 .
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The bijections 6 and 0, above are natural for restriction to
open subsets M of M. Thus there is a commutative square

0
ScATM rel CZ) — Lift(f rel CFy
restriction | 4 restriction
A A A 9 A A A
ScaTM rel CZj) — Lift(FIM rel CFy)

inwhich £, =L (UN M), C=cnM, BIUNM. And
there is a similar square with 0, in place of 0.

10.2 . Concerning boundary . When 0M # ¢, one defines (M) to
be T(M)IM where M' is M with the collar oM X [0,0)
attached by identifying oM = oM X 0 asin 2.1 . The case with

M # ¢ of 10.1 follows from 2.1 after an application to M’ of the
case without boundary , if we note that restriction gives an isomorphism

Lift(f rel C,Fy) — Lift(f rel CFy)

whenever ' :M' — Bypop extends f, while FE) :U" = Beat
lifts £1U' and extends F .
10.3. Descriptionof 8 . If X isa CAT structure representing
x € 8¢ AT(M) then 0(x) & Lift(f) can be quickly constructed as
follows . (See §4 and §9 for proof.) Let G:7(Mx) = YGAT
over G:M - Boar bea CAT microbundle map . Then 8.1 lets
us forma TOP microbundle homotopy H: IX (M) = yqp over
H:IXM - Bpgp from the composition j,G: (M) - TEAT =
’YI]]“()P to be given f: 7(M) — 'yrI}OP. With our specific deﬁmitiou1L of
BeaT, themaps G and H: IXM = Bpop (with 0X G lifting
HI(0 X M)) already constitute a lifting F: M — Bpa of f; this
represents 6(x) .

Now the relative case (C# ¢). If T represents
X € SCAT(M rel C,Z,) we can assure successively that G equals
F0 near C and that H isthe constant homotopy of G near
I X C. Then the lifting F cquals Fj near C in X, and F once
more represents 0(x) .

10.4. Description of 871 . If y € Lift(f) is represented by
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F:M = Bopt, then 07'(y) € Scp1(M) can be defined as follows
when oM = ¢ = C. Asin §3, let M beimbeddedin R", n
large ,and let r: N - M bearetractionto M of an open neighbor-
hood of M in RP. We arrange that F(M) C BCAT(r), ™ <t
< oo (see 9.4 and related discussion). Then F and f:7(M) ®
eb-m op © et™M  together provide amap F: r(M) ® ¢t™M —
p;" 7%-01) over F . Find a microbundle homotopy of its composition
with r*r(M) © €™ > (M) @ e™™ {0 a microbundle map

p: T M) © el - 'YEZAT overa CAT map N = Boat() ©
Be AT(t) - Then r*r(M) o gt-m gels a canonical CAT microbundle
structure making ¢ CAT . But a neighborhood of M in

E(r*r(M) @ ¢t ™) ~ M X N X RY™ imbeds naturaily onto a
neighborhood of M X 0 in M X Rt , as explained in §3 . Then the
Product Structure Theorem deducers from the last mentioned CAT
structure a CAT manifold structure ¥ on M X0=M. This 2
represents 0 f(y). Themap 97! can be described similarly in the
relative case .

10.5. Either surgery or STABLE structures . Theorem 10.1
unfortunately depends on surgery through the Product Structure
Theorem (which contains the Annulus Theoremn of [Kil ] , whichin
turn uses surgery) . However , when 10.1 and the Product Structure
Theorem are reformulated with the Brown-Gluck notion of STABLE
topological manifold and STABLE homeomorphism in place of the
usual TOP notions , then the dependence on surgery and the Annulus
Theorem vanishes . Compare [I, §5] . Of course , the reformulated
result is equivalent by [Ki]] but we don’t know this without surgery .

10.6. Sections can replace liftings . Observe that liftings of f
correspond naturally and bijectively to sections of that fibration over M
which is the pull-back of the fibration B’C AT = BtoP by the
classifying map f:M = Bpgp for (M) (cf. the introduction §0).

10.7. TOP/CAT as an H-space . Theset [M rel C,TOP/CAT] is
by 9.2 naturally isomorphic to TOP/CAT(e(M) rel C), whichisan
abelian group under Whitney sum. Indeed TOP/CAT like BoaT and
Brop can readily be given H-space structures representing the Whitney
sum operation , cf. [Ad] . For stronger results along this line , see [Bo]
[BoV][Seg] .
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10.8. Obstructions appear with untwisted coefficients . The stable
homeomorphism [Ki;] theorem shows that Z, =m, (TOP) =

T BTOP(mZ) =m BCAT(m) , for m>=5. Hence Mo (TOP/CAT)
Further = m; (B P) acts trivially on 7« (TOP/CAT) in the
fibration TOP/CAT - BEAT B Bygp - To see this, observe that on
TOP/CAT(e(S yrel ) = m (TOP/CAT) it acts by reflection in any
factor of the trivial bundie over S*. Alternatively ,as p isan H-
map of H-spaces by 10.7 , it follows , cf. [Sp, p.385] , that

Im(m; Bop) € mBpop acts trivially on the fiber TOP/CAT .
Thus one has a classical obstruction theory with untwisted coefficients
to calculate Lift(f rel C,Fj) and [M rel C,TOP/CAT] .

10.9. The obstructions appear in Cech cohomology .

The obstructions to finding an element of Lift(f rel C,F o) lie
in the Cech cohomology groups HI(M C; M 1) (coeffi mentsm
mi] = wl_l(TOPlCAT) understood) . More general]y if D isclosed
in M, D D C, and we seek a neighborhood V of D and alift of
flv to B AT equal F_ near C, then the obstructions lie in the

Cech groups H(D , C ; s 1) -

The proof that Cech groups appear requires only the taughtness
(continuity) property of Cech theory [Sp, p.316, p.334] , naturality
of obstructions , and the fact that we are dealing with sections of a
bundle over an ENR (an ANR should do ) .

Here are the details . Making M a retract of an open neighbor-
hood in euclidean space , we see that it suffices to give a proof when M
is a simplicial complex . Consider closed subpolyhedra L D K of M,
neighborhoods of D and C respectively , soAthat AK C U (= domain
of F,). A smaller such pair will be denoted L O K. Suppose now
that F isagiven (i-1)-liftingof flL equal F, on K. Thereis
classically a unique obstruction ~ 6(F) € H\(L ,K ;m_;) to
extending F toan ilifting equalto F, on K. When k-liftings
are appropriately defined (as below) one observes that F restrlcts
canonically to an (1—-1) lifting F of fIT, equal F on K and
O(F) restricts to @(F) e 1 (L K mi_) - 1t follows immediately
that the obstruction to finding an 1-11ft1ng G of f,defined on some
neighborhood of D in ‘M ,equal F, onsome neighborhood of C,
and extending F ,is none other than the image of O(F) in

hmH‘(L R, ™)) = o, c; smip)
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the limit being taken over all small neighborhoods i s I,i of D,C as
described.

It remains to define a k-lifting (k > 0) of fIL equal F, on
K. There are two valid alternatives that are related but not identical :
Classical definition . F is represented by a true lifting G of f
extending F K and defined on KULQ() where L1(.k) is the k-
skeleton of some PL triangulation 7 of L making K asub-
complex . It is essential to agree that another such lifting G’ defined
sayon KU L(' , represents the same k-lifting F if there exists a
lifting of £ 1{(I X K) U a X L)¥)} extending 0XG , 1XG’
and 1X (F, 1K), where ¢ isa PL triangulation of I X L making
IXK a subcomplex and extending OX 7 and 1 X7,

Modern definition : F is precisely a true lifting F:L — By of fIL
into the k-th stage fibration Py : By = Bpgp of the Postnikov
decomposition of the fibration p: B = Brop » such that
FIK = qgF 1K, where

dx Pk
p: Bcar — By — Byop

is the k-th stage factorization of p . Recali that P+l = PrO%+] »
where oy 4y :Byy; = By isa fibration with fiber an Eilenberg-
MacLane space K(wk(TOP/CAT) , k).

10.10. Interpreting the Postnikov decomposition of p : BecaT= Brop:
The terminology has just been established above . In case
CAT = PL it turns out that TOP/PL ~ K(Z, , 3); thus one chooses
By = Bpop for k < 3 and By = Bpy, for k = 4 I In case
CAT = DIFF it turns out that By isitself a stable classifying space of
a manifold theory ; vertical homotopy classes of liftings of f to By
correspond (for M = ¢ and dimM > 5) to conditioned
concordance classes of k-smooth manifold structureson M. The
pseudo-group of k-smooth homeomorphisms of open subsets of R,
n > 5, isdefined to contain h:U - V if h is C® nonsingular
except perhaps on a closed subset of U having Stanko homotopy
dimension < (n-k-1) (such as the dual of the k-skeleton of some
triangulation) , cf. [IIl , Appendix C] . Thus one has an infinite
sequence of manifold theories T strung out between the smooth and the
topological, corresponding to BC AT > e > Bk +By_; >~ Bg=

ool o vern o e
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= Btop - Finally we note that PL is essentially one of these theories ;
indeed By ~ Bpy for 4 < k < 7 simply because the canorjical
forgetful map Bppp = Bpyp, (from Whitehead’s triangulation
theorem) is 7-connected . We shall not attempt to prove these things
here ; instead see [Si15] .

10.11. Classification relative to an open subset .

For the data of 10.1 , consider the problem of discovering and
classifying CAT structureson M that coincide with Z, on all of
the open subset U (rather than just near C). Agree that two such,
2" and X', are equivalent if there exists a CAT concordance
[':2'= 2" sothat T'I(UXI) = Z,X1I;and denote the set of
equivalence classes

SCAT(M rel U’EO) .
Fortunately this problem is isomorphic to an associated problem in
dimension m + 1 which is solved by 10.1 . Consider ’

Z=MXI-M-UXO0.

Assertion : SCAT(M rel UZ)) & Scpap(Z rel UXO, Z,XI).
The asserted isomorphism is defined by sending ¥ representing
X € ScaTM rel UZ) to (ZX DIZ . To show that this map is
onto , consider © representing y € Scao(Z rel UXO0, ZoXD.
Apply the Concordance Implies (small!) Isotopy Theorem to
©I(U XI) togetanisotopy hy of (id {Z) rel UXO0 fixing points
outsidle UXT sothat h;(@)I(UXI) = £, XI. Extend h,® toa
CAT structureon Z U M X [1,0),thaton M X [1,%) isa product
ZX[l,2) andon U X [0,) isa product with [0,~). (For DIFF
one needs local collaring theorems here , from [1, Appendix A] .)
Translating uniformly to e inthe R factor we clearly obtain a
concordance (on Z) of h;® rel U X1 tothestructure (£ X DIZ.
A similar (but relative) use of the Concordance Implies Isotopy
Theorem shows this map is injective , which proves the assertion .
Finally , note that H*(Z ,U X 0) = H*(M , U) for any thecry
H* — by the projection Z - M, (use the 5-lemma). Thus, for
purposes of calculation the problem behaves as if U were a closed
ENR in M. However , beware that Fj obviously may not extend
beyond U even if EO does ; in general it will only extend up to
homotopy .
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10.12 The Homotopy Groups of ' TOP/CAT .

We indicate how this vital determination can best be carried out
using our present classification resuit and surgery.

For readers interested in understanding why TOP/PL isnot con-
tractible rather than in fully calculating 7« (TOP/CAT) , we have
written Appendix B that reduces the prerequisites to mere handlebody
theory and V.A. Rohlin’s signature theorem.

For m =5 | there is a group isomorphism
¢ Ty(TOP/CAT) => @CAT

It is the forgetting map from 7 ,(TOP/CAT) =Scpp(S™) ,cf. 108 ,
to the abelian group ©SAT of oriented isomorphism classes of
oriented CAT m-manifolds homotopy equivalent to S™ | addition
being connected sum [KeM] . Indeed surjectivity of ¢ is the (weak)
CAT Poincaré theorem, which is proved readily by engulfing for
mz=5 , cf. [Sto] [Lu]l [Huyl [RS3] . Additivity is easy to check. To
check injectivity suppose S§ goes to zero in OGAT ;then S§ is the
boundary of a contractible CAT manifold WM*! and as Wm+l js
homeomorphic to BM*! by the same engulfin‘g or Smale’s h-cobordisin
theorem [Mig] [Hu9l , we see by coning that Z extends over Bm+l
whence [Z] =0 in m(TOP/CAT) .

The group G)fnL is zero for m>=5 . The PL h-cobordism theorem
suffices to prove this for m 2 6 , via coning. For m = 5., one first
shows using classical PL-DIFF smoothing theory T and Cerf’s
['; =0 [Ces] ,thatany PL homotopy 5-sphere M5 admits a
Whitehead compatible DIFF structure ¢ . Then the equation
ODIFF =0 of [KeM] implies that Mg is diffeomorphic to S35 ,
whence, by Whitehead’s smooth triangulation uniqueness theorem
[Whjl[Muj] , M? is PL homeomorphic to S5 .

The group ©PIFF of smooth homotopy spheres was made
famous by Milnor and Kervaire [KeM] who proved that it is finite for
m= 5 ,and indeed largely determined it. For m=35,6,7,8,9, 10,
11, itsvaluesare 0,0,Zyg,Zy, 202,82y, Zg,Logy . See also
[Bru] {Bry]

Whether 7p,(TOP/CAT)=©SAT forall m , is an intriguing

t See comment in Appendix B (below B.2 ).
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question (especially since an affirmative answer contradicts the classical
Poincaré conjecture). Nothing is known about @%AT for m =3, 4,
(except that ©FL = @DIFF by classical smoothing theory [Mu3]
[Hiz] ).

For k< 6 , one exploits homotopy tori to prove that
R (TOP/CAT) = m(K(Z,,3)) ,

i.e. that it is nonzero only if k=3 , whenitis Z, . See [KS|] .
The proof we recommend to readers of this essay is very close to the
one presented in §5.3 of Essay V . It is already accessiblc to readers
of this essay, and we shall merely add a few comments here to let the
reader adapt that argument efficiently . Work with the 6-manifold
IkXT6-k to calculate m(TOP/CAT) . Replace TOP,/CAT,, by
TOP/CAT and when a classification theorem of Essay V is called
uponuse 10.1 instead. Thereby a map

€3 i (TOP/CAT) —» SO(IKXT6 rel 3)

is constructed to the set of those ‘homotopy-CAT’ structures on
IkXT6-k rel 9 tliat are invariant under passage to standard coverings.
This set is m(K(Z,,3)) by a surgical calculation that is described in
[V, Appendix B] . Then the device of passage to a standard covering
of T6-k plus the s-cobordism theorem and the local contractibility
principle for homeomorphisms [Cey 7] [EK] are combined to show
that (#) is bijective; the details are in [V, §5.3]

We now indicate how to dispense with the local contractibility
principle in the above argument (this would be its first intervention
in EssaysI and 1V ). Itisusedin [V, §5.3] to prove injectivity of
(#) and again to prove surjectivity. In each case, it reveals that a cer-
tain small self-homeomorphism, o say , of IXXTP rel d is isotopic
rel 0 to the identity.

1) For injectivity of (#) one can instead observe that it suffices to
prove that a universal cover & : IKXRM = [KXRN of « is isotopic
rel 8 to the identity. Now o is rel d (by a suitable choice) and we
can extend it by the identity to a self-homeomorphism of RkXRM =
=Rk+  As o is of bounded distance to id | RK*? the formula
ap(®) = ta(X/t) ,0<t<1, givesan isotopy with support in fkxrn
from & =&} to the identity, cf. [Kij] .
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2) For the proof of surjectivity of (#) , a becomesa CAT automor-
phism of 12XT3 rel 8 , and this time we observe that it suffices
instead to obtain a topological pseudo-isotopy ( = concordance) rel 9
from « to the identity. It is easy to deduce from the definition of

8:; that o is CAT concordant rel @ to its standard A3-fold covering
( A any integer >1 ). Then a pleasant infinité iteration process
pictured in [Si)g, §3] provides the wanted topological concordancc
from o to id 1(I12XT3) retd .

We have established a homotopy equivalence TOP/PL ~ K(Z,,3) .
This means that the primary obstructions met in calculating PL
structure sets are the only ones. More precisely, using 10.8, 109,
10.11 , we see that in the situation of 10.1 the TOP manifold M
admits a PL manifold sfructure equal to Zq near C ,if and only if
a well-defined obstruction A(M) in H4(MC Zy) vamshes When one
such structure is singled out, the pointed set 8py (M rel C,Z¢) is
naturally isomorphic to H3(M C;Z,) . Also C may be openin M
instead of closed. o

Knowledge of . (TOP/DIFF) on the other hand, is merely a good
first step towards evaluating Spjpp(M rel C,Z5) in 10.1 . The next
big step is perhaps to describe the homotopy type and H-space struc-
ture of TOP/DIFF ; this is a subject of current research requiring
methods little related to the present essays, see [Sull] [MorgS]}[BruM]
[MadM] .



Appendix A. NORMAL BUNDLES

We shall explain M. Hirsch’s proof [Hig] of the relative stable
existence and uniqueness theorems for normal microbundles . (If our
exposition is at all more accessible than in [Hig] it is only because we
have abandoned some of the generality there .) T

We adopt the PL or TOP category consistently throughout , and
we use the conventions of §1 concerning microbundles .

A normal microbundleto M in W DO M is amicrobundle §
over M whose total space E =E(¥) is aneighborhoodof M in W.
Twosuch, &, and &, , are(sliced) concordant if there is a normal
microbundle n to MXI in WXI, I=[0,1] with £ Xk =
pIM Xk for k=0and 1, such that foreach t&1, the restriction
7IM X t is a normal microbundle to M Xt in W X t. We write
n: & ¢ §, . Observe that , by the microbundle homotopy theorem: ,
onehas §, ¢ §, ifand onlyif &, isisotopic to ¥, in thesense
that there is a neighborhood V of M in E(%,) and anisotopy
F:VXI - WX1 (anopenembedding fixing M X I with
P2 = P F) from F, =inclusion: V C3 W to F; a micro-iso-
morphism & — &, . Wewrite F:& ~ & . Asin[I, §2] wecan
equally well discuss concordance and isotopy relative to a closed subset
C C M, i.e, constant on a neighborhood of C in W.

We shall encounter composed microbundles ., If §:X C, Y B X
and n: Y &G Z 4 Y are microbundies, then the composition
ton: X G Z X, is again a microbundle as a simple pursuit of
definitions shows .

Data. MM € WW denote henceforth manifolds without boundary with
M imbedded as a closed subset of W. A closed subset C C M is
given , with an open neighborhood U of C in M and anormal
microbundle ¥ to U in W.

-t For stronger results consult R. Stern [Ste] ; in particular , provided

w-m = 5+1i, (a) existence holdsfor n=0 if w = 2Zm-i-1{, i=0,1,2, and
(b) uniqueness holds for n=0 if w > 2m-i , i=0,1,2, For ¢xamples of
imbeddings for which normal bundles fail to exist or fail to be unique , see {RSq 41 .
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STABLE EXISTENCE THEOREM A.1.
For some in!tegeﬁL n =0, MX0 admitsa normal microbundle
£t in WXR" sothat & equais v ® €' near CXO0 in WXR"

STABLE UNIQUENESS THEOREM A.2.
Suppose £, and &, are normal microbundlesto M in W.
Then there exists an integer’ n = 0 such that % © €" and
& @ €" areisotopic normal microbundles to M X 0 in W XR™.
The following strongly relative form holds. Suppose &, coin-
cides with &, near C in W; let D C M beagiven closed set and
V' an open neighborhood of D in M. Then there exists an integer
n = 0, an open neighborhood E' of M X0 in WXR" andan
isotopy [y E' > WXR", 0<t<1,rel CU(M-V) and
fixing M from the inclusion f, to f, giving (by restriction)a
micro-isomorphism (§, ® €' )(CUD) > (¢, & ¢Yl(CUD).

As usual results for manifolds with boundary can be deduced .

Uniqueness implies existence . We recall how the existence theorem A.l
follows from the uniqueness theorem A.2 . We can assume M is
locally flat in W since a construction given in §3 shows M is
locally flatin W X R™ . Then we can use a partition of unity to find a
coveringof M by < m+l open sets M. - .,Mm in M each with
a trivial normal microbundle in W . Anevident m+l step application
of the strongly relative uniqueness result then constructs & .

A key case of uniqueness : D=M™ ¢ R™,
Consider the two natural tangent imicrobundles

A Py
nM:M > MXM — M, k=1,2,

where py(x; , X;) =Xy . ldentifying M to AM these are two
normal microbundlesto AM in MXM.

Factl1. 7\M ¢ 7, M

Proof : This is at least clear for M = R! , where it is a trivial case of theé
(bi)collaring uniqueness theorem ; it follows for M =RM™ by
producting ; then for M (open !)in R™ it follows simply by
restriction. =

T The nranf af Hircrh nracantad horo daae chas that tha cbakifinios fabamas o
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Cutting back W if necessary we choose a retraction r: W - M.

Fact 2. The homeomorphism h: W XR™ - wX R™  n(x, y)=
(x, y+r(x)) carries M X0 onto AM C W X R™, sending the
normal microbundle £ ® €" of M X0 in WXR™ (¢ being
ks or &) to the following composed normal microbundle to AM
in WXR™M:

A i
(tTiM)o(XM): M = E() XM - M
where 7r(x,y)=pE(x).

MxM j | fber o 5™ and
4 (GM)+(ExM)
n ks fiber of
Ir 2 (TH)IM
j g = EM)+(5xM)
/
Aw /// 1
% =X (x,0) -Mx0 M/ Wx0
v

Figure A-1

Proof: The one total space is contained in the other E(§) X M C E(§)
X R™M and the projections agree : (X, y) + pg(x); but h respetts
this projection and carries the one zero section to the other : A(x) =
h(x,0). =

Fact 3. A4 sliced concordance n: T\M & 1,M (from Fact 1) yields
canonically a sliced concordance

St maM)e B XM) & (1oM)o (§, XM), k=0,1.
Proof: Indeed the concordanceis §p = no(f XMXI1). =
Fact4. (1,M)o (¢ X M) = 1,WIM.
Préof.' The composed microbundle is M -é E(®) XM p2—> M. =

Conclusion . We now have sliced concordances
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ot Mo X M) ¢ m,WIM,  k=0,1.

Thus by Fact 2, & ® €™ =~ &, @ €™ which was the first assertion
to prove . Unfortunately it is not immediately clear that &, ® €™ =~
g © €M rel C, since n:7;M ¢ 7,M isnotrel C, which
implies { isnot rel C , k=0,1.

However &, =%, near C doesimply that {, =¢; near ACX
X1 in WXMXI. Applying the microbundle theorem to ¢, and
¢; respectively we obtain isotopiesin WX M

f o, WIM =~ (1,M)o (§ X M)
g T WIM ~ (r;M)o (& X M)

Since {o=¢, near ACXI1 wecanassume that f, =g, near AC
in WXM. Then h™'giofi'h, 0 <t <1, isanisotopy
9™ ~ g @ €M rel C asreauired to establish the key case of
uniqueness. B

Proof of the uniqueness theorem in general .

Given the case just proved , the (stable) isotopy extension result
below implies the more general case where D # M is allowed , but
MM ¢ RM . This strongly relative case then serves to prove the
completely general case (M™ C R not supposed) by a routine
(m+1)-step induction using a coveringof M by m+l coordinate
charts. =

It remains to prove

ISOTOPY EXTENSION LEMMA A.3 . (for usual data)1L

Let E bean open neighborhood of C in W, and let
ft: E = W beanisotopyof E & W fixing MNOE D C
There exists a neighborhood E' of M X0 in WXR andan
isotopy H,:E' > WXR of E' & W X R fixingallof MX0
and equal fy X R near CXJ0.

Proof of A.3 : Consider the isotopy

Fi:EXR = WXR, Fy(x,9)=(fs (), 9)

T M and W need not be manifolds here (we just use normality of M) ;but
if they are manifolds and M islocally flat in W then the stabilisation is known to-
be unnecessary and H; could be an ambient isotopy , cf. [EK] .
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where 7: RX1 = I satisfies:

s, t)=t for s =2 -1, 7(,1)=0 for s < -2 or t=0 .

L 4 £ 4

Ir
W,

— R=fR
/

.
N7 7 Jien

INS S SAS
T(Ex (oo, )]) s hatched

QO =N

2
3

Figure A-2

Choose a function v : W = R equalto 0 near C and equal
to 3 near W-E (using normality of W), and form the homeo-
morphism

T:WXR > WXR, T(xs)=(xs-¢x)).
We can set
Ht=T"‘FtT t EX(-1,1) > WXR
and extend Ht by the identity to
Hi: WX (-1,1) = WXR.

Weset E'=W X (-1, 1). The reader will easily verify , cf. Figure A-2
that this is an isotopy as asserted by A.3. =
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Appendix B. EXAMPLES OF HOMOTOPY TORI

We explain a beautifully simpls ‘handle’ construction of A .
CassonT starting from the Klein-Poincaré homology 3-sphere P3 =
=S0(3)/As , the group As being the 60 orientation preserving
symmetries of the dodecahedron.

1ts importance to us lies in the fact that it provides just the limited
information about homotopy tori that is required to carry out the very
succinct disproof of the Hauptvermutung in [Sijg, §2]1 . (A less
efficient ad hoc construction was given in [Sig, §5] ; for the full
classification, see Essay V, Appendix B ).

As usual, we work in a CAT (= DIFF or PL)setting. The set
S(13XTN rel ) has typical element represented by a CAT manifold
M3 homotopy equivalent to T together with a CAT identification
of a neighborhood of dM to a neighborhood of 9I3XT! . And
another such manifold NK*1 represents the same element [M] = [N]
in S(I3XTN rel 3) when thereisa CAT isomorphism MK+ —» Nk+il
that is the identity near @ . (It is easy to show using a little obstruc-
tion theory that S(I3XT™rel 8) coincides with the set of homotopy-
CAT structures on I3XTMrel 9 as defined in [V, §5.4 & App. B] )

We shall use the fact that P3 is ( CAT isomorphic to) the
boundary of the Milnor plumbing P4 of 8 copies of the unit tangent .
disc bundle of S? according to the Eg graph, cf. [Migl .

oo pos

For this identificationsee [KiK}, 'Mi; ol »and perhaps simplest of all
[Rol] . The intersection matrix for H,(P4) has determinant 1 and
signature 8 . From the determinant | , it is readily deduced that
9P4 = P3 has indeed the same integral homology as S3 .

 Casson has exploiled this construction Lo study 4-manifolds, compare [Schy)
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ASSERTION B.1.

If 3+n>5 , there exists an element [M3™M] in S(I3XTN rel )
that is nontrivial, but is nevertheless invariant under passage to standard
coverings of 13XTI |

By matching M3tD with a copy of 13XTN along the commen
boundary 913 XTN one obtains t a CAT manifold homoiopy
equivalent to S3XTN but not CAT isomorphic to S3XTM | ie. one
obtains a CAT exotic homotopy S3xTn |

Again, by indentifying the opposite ends of the three interval
factors of 13 one derives from M3*N g CAT exotic homotopy T3*h.

The Construction .

The whole construction of Casson is determined (up to various
isomorphisms) by one arbitrary choice of an element +y that is in the
perfect group « =, P3 but not in the subgroup Z, = S0(3) . As
As issimple, v kills w ¥

Let P3 be the interior connected sum 13 #P3 | of. [KeM] ;
this is homeomorphic to P3 minus a standard open ball.

Attach a compact 2-handle to [0,1] XP3XID along
lX'mt(PgXIn) , choosing the attaching rube to represent v and so as
to.keep the result parallelizable. Since 4+n=5 ,theresultisa
simply connected CAT cobordism rel 8 from OXP,XI! to a simply
connected CAT manifold Q%J‘" having the homology of
340 4 (82xSM*1) | justasif P3 were I3 .

t In the DIFF construction some routine rounding of corners is required here
and later on (see [IIl, §4.21) , we shall leave this up to the reader.

1 This means that the least normal subgroup (y) containing < is the whole
group @ . Indeed, As is the full even permutation group on five objects (inscribed
tetrahedra ) hence is simple; this implies (y) hasindex <2 . Butindex 2 contra-
dicts = being perfect, as follows: The exact sequence 0 Z) = 7= Ag~> 0
would then be split exact, while Z, is central, being the kernel of the (universal)
covering homomorphism of connected Lie groups (7 C) $3 - S0(3)

+ The reader who does not understand why P3 = 3P4 may wish to replace P3
by 9P4 |, and, without bothering to calculate P4 | carry out Casson’s process
using not one element v of 1r18P4 but rather any finite collection 7y ,...,vy sulfi-
cient to kill 7r13P4 . (Obviously <8 will do).
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Attach a 3-handle to inth’)’rn to kill the 2-dimensional homo-
topy class. This operation is possible (and even unique up to isotopy) ,
since 3+n>5 and 7 Q3*"=0 .

It is easy to see that the manifold

[0,11XPyXI? U {the handles}
gives a contractible cobordism, rel boundary, from P XI™ = OXP X1,

to a contractible manifold that we denote (P XI“)
Then, enlarging from n-cube to n-torus,

X4t = [0,11XP,XT! U {the handles}
is a cobordism rel @ from P XT™! to

(P XTM™ = (PXIN™ U P X (T - int (M)
This manifold (POXTH)m is the asserted M3*™0 | ®

The invariance under ‘transfer’

We now verify that, for any CAT covering map c:T0— T | of
degree d say, the corresponding cover M of M= (P3 XTM™ satisfies -
[M] [M] E€S(I3XTrel 8) . To establish this consxder the covering
X4 5 M3 of x4+n correspondmg to ¢ . Itisacopy of
[0,1] XP3XTN with 2d handles attatched Match X+ to X+ along
OXPEXTR (only), forming Y4*% | Inspecting the handle decomposi-
tion of Y4 on M3*1  one sees that Y4 is an h-cobordism
rel boundary with zero torsion. Then the s-cobordism theorem pro- -
vides the required isomorphism M->M . L

Two theorems, neither dependent on surgical techniques, will
play a vital role in establishing the asserted non-triviality of M3t11

B.2. V. A. Rohlin’s Signature Theorem .
Every closed oriented smooth 4-manifold M* of which the

second Stiefel-Whitney class wo(M) is zero has signature o(M)EZ
divisible by 16 .

We suggest the reader study, first of all, the elementary reduction
of Milnor and Kervaire [MiK] to the isomorphism Z,, 2= w3,,S" ,
n large, a result of Serre [Se|] , also proved in [MiK] [Toda] , and
in textbooks. A proof along the iines of Rohlin’s original geometric .
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arguments [Rohj] usingsurfacesin M4 , and exploiting an Arf invar-
iant, has been pointed out by A. Casson,see [FrK] (and also [Rohyl) .

If M is merely a (simplicial) homology manifold, o(M) is still
divisible by 8 since the quadratic form is even (see [MiH] ) . But
divisibility by 16 fails;indeed the Milnor plumbing P4 produces,
on smashing 8P4 , a key example P4 = P4/3P4 with signature exactly
8 . Rohlin’s theorem does hold for PL manifolds by classical smooth-
ing theory [Mugz]{Hiz][HiM5] ;itis undecided for TOP manifolds.

Comment on classical smoothing theory . Forlow dimensions where
the obstruction groups I'j vanish, we like best the simple handle by
handle approach of M. Hirsch’s article [Hiz] . It relies on the
‘classical’ PL-DIFF analogues of the results of our Essay I , as

proved in Hirsch’s article [HiM7,I] . Granting these, Hirsch argues as
follows. Uniqueness questions reduce to existence questions by the
Concordance Implies Isotopy Theorem . To answer existence questions
it is enough to show how to extend (the germ of) a smoothing defined
near the boundary sphere 9B¥ in an open k-handle RKXRM to a
(germ of) a smoothing near BK =BXX0 . The (local) PL-DIFF Pro-
duct Structure Theorem reduces this to finding a concordance from a
smoothing of dBK to the standard one. Finally the PL-DIFF Con-
-cordance Implies Isotopy Theorem together with Whitehead’s DIFF
-triangulation theorems and a little PL topology quickly show that
concordance classes of smoothings of aBX correspond bijectively to
oriented diffeomorphism classes of smooth twisted (k—1)-spheres
[Mig, p.110] , which correspond bijectively to the elements of Iy | .

The second theorem comes from handlebody theory.

B.3. F.T. Farrell’s Fibration Theorem

Consider a map f:M™M ~ T! of a compact CAT manifold to the
circle such that f10M™ isa CAT locally trivial fibration. The
following assumptions assure that f is homotopic fixing f1oM to a
CAT locally trivial fibration MM~ T1 |

(a) dimM=6 .

(b) The infinite cyclic covering M of M , pulled back from
R=R/Z=T! by f, has finite homotopy type.
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(c) w;(M) is free abelian (or free or poly-Z ).

In [Fa) , Farrell gives a brief and elegant reduction to the
s-cobordism theorem, the thesis {Kejl ,and the nuliity
Wh(mr M)=0= Eo("l M) proved in [BHS][FH;] . For more
general ‘splitting’ theorems of this sort are known, see [FH;][Cap] .
Note that condition (b) is assured if f is the Tl-component of
a homotopy equivalence M=~ XXT! where X is homotopy equivalent
to a finite complex .

Proofs of nontriviality

If [M3*1] were trivial in S(I3XTM rel @) , it would follow that,
on matching M3™ to I3XT" alongthe common boundary, we get a
manifold M, thatis CAT isomorphic to S3XTN .

But supposing M,2 S3XTN we shall now derive a contradiction
to Rohlin’s theorem. Note that M, is the boundary of Wq =P4X
XTN U {two handles} . Using the supposed isomorphism
M, = S3XTR | attach to Wy a copy of B4XT™ to get a closed CAT
manifold W41 . One has W4 =~ PEXTN ;indeed, a copy of
P4XTR is in a standard way a subset of each, the remainders being
homotopy equivalent to T ;and there is no obstruction to extending
this identification of subsets to a homotopy equivalence.

Applying Farell’s theorem (n—1) times, find a sequence of CAT
manifolds WM D W3 >  D>W5 =P4XT! . Then, making the
composed map W35 - T! at least transverse to O , we get an orient-
able CAT manifold W# C W3 which, we assert, contradicts Rohlin’s
theorem.

The fact that w,(W4t) =0 | is seen by restricting to P4XTn |
which is parallelizable. Since each WK js bicollared in Wk*1 one can
check that wo(WK)=0 k=>4 .

Finally o(W#)=0(CP,XW4) ,and CP,XW* is cobordant to
a manifold V8= CP,XP4 that comes from applying Farrell’s theorem -
to the equivalence CPyXW3 — CP,XP4XT! . (The cobordism lies in
the co-cyclic covering of CP, XWS ). Thus o(W4)=og(V8)=
= o(CP, XPi) = o(P‘:;) =8 , which brings the required contradiction
to M, =S3XTH . =
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To check the last nontriviality statement of B.1 let My = T37

be the manifold obtained from M3* = (I3XP3)" by identifying

opposite ends of the three interval factors of 13 . If M3 were PL

isomorphic to T3*M | we could construct a PL manifold W' ~

~ (T4 #PHXTR , which would contradict Rohlin’s theorcm, much

as above. For details see [Sijg, §21 . L]

Application to Hauptvermutung and Triangulation Conjecture .

For the disproof in [Sijp, §2] , the reader will need the PL
automorphism rel 9

o 2XT=[2XTR | 24n=5 ,

unique up to PL pseudo-isotopy (= concordance) that one obtains by
trivializing (PgXT“)n regarded as an s-cobordism rel @ from
OXIZXTN to 1XI2XTN . In addition he needsa PL pseudo-isotopy
H reld from « to o,thestandard 28-fold covering of « . It
exists because we have constructed a CAT identification rel @

from (P%XT“)“ to its standard 2M-fold covering. (The reader may
find it amusing to make the construction of o and H more concrete
still.) ‘

At this point the catastrophe pictured in [Sijg, Fig.2a] inter-
venes to provide a TOP pseudo-isotopy rel @ from « to id [(I2XT™)

From this, one rapidly deduces, for example, that M, is
(topologically!) homeomorphic to S3XTN and that a TOP manifold
W o P‘}Q(Tn exists although we have observed that there exists no
PL manifold of this homotopy type.
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§0. INTRODUCTION

The classification we shall establish asserts’ , in its simplest form
2.3, a homotopy equivalence CAT(M™) ~ Lift(f to BCAT(m)
from a space CAT(M™) of sliced families of CAT (= smooth C*°
or piecewise linear ) manifold structures on a topological m-manifold
M™ without boundary (m# 4) to aspace of liftings to B¢ AT(m)
of any fixed classifying map f: M - BTOP(m) for the tangent
microbundle of M.

The sliced concordance implies isotopy theorem , proved by some
careful engulfing in Essay II , brings this classification theorem within
easy reach . The simplest version of it sufficient for our needs below is
the '

BUNDLE THEOREM 0.1. Let M bhe a metrizable topological mani-
fold with dimM + 4 # dimoM , andlet ¥ bea CAT manifold
structure on AKX M such that projection p, : ( Ak x M)y = Ak
isa CAT submersion onto the standard k-simplex (k = 0). Then

by : (%X M)y > AK isa trivial CAT bundle.

This result was established as Theorem 1.8 in [II,§1] . A structure =
as described is none other than a typical k-simplex of the (semi-
simplicial) space CAT(M™) . This bundle theorem reveals that if M™
isa CAT manifold , and Autca(M) denotes a similarly defined
semi-simplicial space of CAT automorphisms of M, then

(see 1.5) . Thus the classification theorem is a key tool for comparing
the spaces of TOP and CAT automorphisms of M.

T The present formulation is Morlet’s [Morg] [Mor,] , it improves on earlier
ideas of ours [KS{] .

¥ This modest result may be our largest contribution to the final classification
theorem ; we worked it out in 1969 in the face of a widespread belief that it was
’irielevant and/or obvious and/or provable for all dimensions , (cf. [Mor3] [R02] and
the 1969 version of [Mory]) . Such a belief was not so unreasonable since 0.1 is
obvious in case M is compact : every proper CAT submersion is a locally trivial
bundle .
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Our dedication to Claude Morlet is made in recognition of his
important and precocious contributions to this classification theory in
[Mor,] [Morg] [Mor4] . Morlet showed us that a nonstable classifi-
cation theorem for sliced families was a much better goal for the handle-
by-handle classification proceedure we sketched in [KSII . He
observed that the remarkable equations 4y 41(TOP /CAT ) =
= m(AutcpAT(B™ rel 3B™)) (see §3) follow naturally from the
sliced theory and the topological Alexander isotopy .

Credit for first discovering such an equation goes to Jean Cerf. In
fact , in 1962 [CeO] , Cerf derived the case CAT = DIFF from
certain technical conjectures [Ceo ;p-18 , p.23] , all of which were
then known for m =3 through work of Moise and can now be
verified readily for m # 4 by use of the version with epsilons of the
Sliced Concordance Implies Isotopy Theorem of [II, §2.1] .
Although Cerf’s equation looks different, it is exactly equivalent - see
§3.4.

M. W. Hirsch too had done some early work on sliced classification
theorems ; unfortunately , his results were never announced correctly
[Hig , p.75] , cf. [R02] . R. K. Lashof’s work on classification also fits
into this context .

All approaches to the sliced classification theory seem to exploit
ideas that first arose in the Smale-Hirsch classification of immersions
around 1957-9 [Sm][Hi;] . Even Cerf uses them in [CeO] .

Our exposition will follow closely the outline we gave in [KS4l , -
cf. [Si6 , 8§41 , and will exploit the ideas of immersion theory in a way
formalized and popularized by M. L. Gromov [Gr] [Ha2] . (This
includes a well-oiled ‘handle-induction’ mechanism replacing that in
[KS{]). This technique is eminenty worth learning as it has a great
many other applications far and near ; for example the classification of .
[Sig , §41 is one of the many results of Haefliger (cf. [HaO] {(Ha;]
[RS,]) that can be pleasantly reproved and strengthened by this means:

Morlet’s original line of argument , cf. Mory] , seems to have :
been rather less direct than our present one, as it involved spaces of -
immersions; it is perhaps now fully explained in [BuL] . C. Rourke
was working out a direct proof of the sliced classification theorem at the
same time we were (see [Ro;] ), and we would like to acknowledge a
mutually helpful exchange of ideas (through R. Kirby) in summer 1970
Probably all direct proofs will of necessity have much in common.
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We round out our exposition with a review in §5 of known results
(including our own and Morlet’s) concerning the fiber TOP /CATm
of the forgetful map B AT(m) ~ BTOP(m)‘ This is the fiber whose
homotopy obstructs the liftings mentioned in the classification theorem .

We have largely neglected the classical problem of classification of
DIFF (=smooth C™) structures on M™ compatible (in the sense
of Whitehead) with a fixed PL (= piecewise linear) structure .
Fortunately C. Rourke {Ro4] has announced an exposition emphasizing
this problem . Our discussion does apply with no essential change to
this PL-DIFF version up to the end of the first classification theorem
1.4 . (A notable feature is that the restrictions concerning dimension 4
vanish) .

We adopt the terminology of [I, §2] , all of it we hope self-
explanatory . When an object of the form I X A XM is considered
where 1=1[0,1] and A isa manifold, it is convenient to write
J(A X A X M) orsimply the heiroglyph 1 for (IX 8A X M) U
(IX AXM). The expression re/ C means ‘leaving fixed the
restriction to some neighborhood of C °.
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§1 CLASSIFYING CAT STRUCTURES ON MANIFOLDS
BY CAT STRUCTURES ON MICROBUNDLES

1.1  Fora TOP manifold without boundary M™ we wish to
acquire an understanding of the space CAT(M) of CAT manifold
structureson M . It is defined as a complete semi-simplicial set

(= cssset = cssspace = css complex )“L as follows . A typical k-
simplex £ € CATM)K) of CAT(M) isa CAT (=DIFFor PL)
manifold structure on AK X M such that projection (Ak X M)E -
AK isa CAT submersion . One often writes X . AK CATM) .
Forany CAT map A: A% Ak, there is an induced ma 7\# :
CATOM® « cATAM)K) sending T to the pullback AFZ of X
by A . Here (Ak X M)y pulis back just likea CAT bundle over
AK . For the injective and surjective ordered simplicial maps

Az Al > Ak we get the face and degeneracy operators in CAT(M) .

1.2 Since the question of existence of a CAT structureon M has
been extensively discussed elsewhere [Lasyl [IV] [Siyq» §41 ,it
would not be unreasonable to suppose that M is CAT (so that
CAT(M) isnonempty). This makes it easy to define a space
CAT(r(M)) of CAT structures on the tangent microbundle 7(M) or
indeed on any microbundle & over M. Recall that 7(M) has total
spacc E(7M) = M X M, projection p, :M XM — M (tosecond
factor) , and zero-section 6§ :M = M XM , 8(X) = (x,X). ;

A CAT structure ¥ ona TOP m-microbundle §: X —
E(®) B X overa CAT manifold X is by definition a CAT mani-
fold structure X~ on an open neighborhood U in E(§) of the zero
section i(X) such that p: UE - X isa CAT submersion . If in
addition i:X — Uy is CAT wecall £ a CAT microbundle

t For instruction in semmi-simplicial topology see {Lam}[May] [RS{] . Let
A be the category whose objects are the standard simplices Ak C R+l |
k=0,1,2, - ,and whose morphisms are the order preserving simplicial maps
among these AK . Thena css set X is by definition a contravariant functor
from A’ to the category of sets. We write X . Ak » X&) and call X&) the
set of k-simplices of X .
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structure on £ . Another such , 2, has the same germ about the zero
section if ¥ = Z' on some open neighborhood of i(X). We define a
k-simplex of the space CAT(£) (respectively CAT(£)] to be the
germ about the zero section , of X, a CAT structure [respectively a
CAT microbundle structure] on the product bundle Ak x ¢ over
AKX X. (Theinclusion CAT(() C» CAT(E) is usually and perhaps
always a homotopy equivalence , see §2.1).
Analogous to the differential in immersion theory is a mapping of

css complexes

d: CAT(M) - CAT(r(M))

defined as follows when M is CAT . For Te&CATM)X) define
dX to be the germ about the zero-section of the CAT structure 3 XM
on E(AK X7M) = AKX XM XM . We have expressly chosen as pro-
jection of 7(M) the second factor p, : MXM =M , p,(xy)=y ,in
order to make this most important rule optimally simple. We propose
to prove in this section that d is a homotopy equivalence except perhaps
in some cases when m=4 .
Beware that dX does not lie in the subspace CAT(T(M)) of

. CAT(r(M)) unless the identity mapping M - My happens to be

CAT . We will clear up this pointin §2.1 below .

1.3 Aslightly more general ““differential” is wanted when the TQP
~manifold M without boundary has no given CAT manifold structure i
‘What one does is choose a topological embedding M - N into any
" CAT manifold N along with a continuous retraction r :N—=M CN .
(As M isan ANR [Sp], r existsassoonas N isreplaced by a
small neighborhood of M ). Consider the pullback % =r*r(M) over
N. Itis

P2
F:MXN— N,where 8(y) = (r(y),y) EMXN.
§
As N is CAT, the space CAT(?) is well defined , and the rule
T+» XXN isa map CAT(M) - CAT(7 ) ; then passage to germs
of structures about 8(M) in M X N defines a complex CATT (M) =
=lim{CAT@1U); M C U openin N} and a restriction map
_)

CAT(T) = CAT 7(M). The new differential

T The generality is also helpful in checking that the ultimate classifications of
§§2, 3,4 donot depend on certain choices , like the preferred structire on M in 1?2
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d : CAT(M) = CAT 7 (M)

is the composition of these two maps , and clearly coincides with the old
differential if M=N.

1.4 FIRST CLASSIFICATION THEOREM .
Forany TOP manifold M™  without boundary , m+ 4,

d: CAT(M) - CAT T (M)
is a homotopy equivalence of c¢ss Kan complexes .

ADDENDUM (41 . If m=4 and CAT=PL, d isahomotopy
equivalence provided no component of M is compact (cf. [Las _,/
[LasZI/SiJO, §4/)7L

If CAT =PL , one verifies the Kan extension condition for these
two complexes by applying the pullback rule to PL retractions
Ak - Ak i (where Ay i is dA™ minus the interior of the face
opposite the ith vertex) . "The Kan condltlon is not so obvious if CAT=.
DIFF as there is no DIFF retraction AK - Ak,x » and we shall post-
pone its verification (using 0.1) to the very end .

The homotopy theory of css Kan complexes is the classical
homotopy theory of their geometric realizations (see especially [RSl-l ,
§6]) . The reader is urged to exploit this fact constantly to avoid ;
technical difficulties in verifying homotopy equivalences below . Fora -.
css complex X the geometric realization X! isthe CW complex
formed from the sum JI_<L Ak X X(k) (where X(k) is regarded as an

abstract set with discrete topology) by identifyi geach point
x,0)€ Akxo, 6 € X® 1o x,r)e Alxr, rex?
whem}zer A:ak 5 A% g an order preserving simplicial map and

o= . Geometrical realization is cleatly a functor from css
complexes to CW complexes. It is even faithful (injective) if we
retain, in the CW complex structure of |X| , the natural
characteristic maps Ak 5 x| , one for each nondegenerate simplex i;
of X. This permits us to identify ¢ss complexes with their geometrical:
realizations . Any ordered simplicial complex K is thus identified withj
(the geometrical realization of) the css complex of all order preserving;,l

 For closed M* see the partial results of [LS] ;for CAT = DIFF ,cf. 1.6(A2:,

T A degenerate simplex is one of the form )\#T for some A:Ak - At with-;.c
k>2 .
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simplicial maps Ak K , k=0,1,2,.... A map between css
complexes is aiways understood to be a css map , until the contrary is
stated .

Here is a useful semi-simplicial approximation lemma from [RS 1-L
§5.3, §6.9] . Any merely continuous map f: K - X froman
ordered simplicial complex K toa css Kan complex X, canbe
continuously homotoped toa css map ' : K = X ; furtherif f is
css on asubcomplex L C K, the homotopy can leave fiL fixed .
This lemma will give us the liberty to choose convenient representatives
for elements of homotopy groups .

A css map w: X = Y iscalled a Kan fibration if to any com-
mutative diagram

Ay = X
rl V@
Ak 7y

one can add a map Ak - x preserving commutativity . Observe that
X isaKan complex (i.e., satisfies the Kan extension condition) pre-
cisely if the constant map X - A® isa Kan fibration . It is a very
convenient fact that the geometrical realization of a Kan fibration

7:X = Y of Kan complexes is a Serre fibration [Q] ; thus it has
the homotopy lifting property for simplices--and hence for CW
complexes .

PROOF OF THE CLASSIFICATION 1.4 FOR CAT=PL.

Given the Kan complex conditions , arguments conceived for
immersion theory , (see especially [HaP] , also [Gr] [Hazl) permit a
proof of the homotopy equivalence as soon as we verify a few simple
facts .

(1) Therules U + CAT(U) and U + CAT7(U) are contra-
variantly functorial on inclusions of open subsets of M. They convert
(1) union of two into fiber product
(i) disjoint discrete sum (possibly infinite) into cartesian product. ®

Definition : For any subset A C M we use injective limits to define

+ These rules in fact constitute what are called sheaves of css sets. (see



224 L. Siebenmann Essay V

CATy(A) = Ijln{CAT(U); A C U openin M}

CAT7(A) = h;{)n{CAT(?IV) ;A C V openin N}

Note that we have a natural ‘ differential > dp : CATy(A) ~ CAT7(A)
still defined via therule £ +» £ X N.

Note that the extended rules A +* CATy(A) and A +»CAT7(A) wil
also enjoy properties (i) & (ii) of (1) , when restricted to closéd sets A.
(2) If B is a simplex (linear in some chart of M ) and A CB isa point
then the restriction maps

(i) CATy(B) > CATy(A) , (ii) CAT7(B) - CAT7(A)
are homotopy equivalences.

Proof of (2)(i) . There exists a homotopy h , 0<t<1l ,of -
id{M = hg such that hy , 0<t<1 ,isanisotopy fixing A with _
ht(B)CB , while h,crushes B onto A and induces a homeomorphism
M-B~ M—A . Using this isotopy h; , 0<t<I , one readily shows
that the restriction (i) induces an isomorphism of semi-simplicially
defined homotopy groups.

Proof of (2)(ii) . The proof is similar but requires instead CAT homo-
topies in N . More precisely, using relative CAT approximation of
continuous functions [Ze,][Mu, ,§4] , one obtains, for prescribed
open neighborhoods UCV of A and B respectively in N ,a CAT
homotopy f; , 0<t<1 ,of id|V =f, fixing A so that f;(B)CU
Such homotopies f; let one show that restriction (ii) likewise induces -
an isomorphism of semi-simplicially defined homotopy groups. ®
(3) If A C M isapoint,then d:CATy(A) - CAT7(4) isa
homotopy equivalence .

Proof of (3) . Indeed one shows that restriction r ; CATT(A) —
CAT(7|A) isa homotopy equivalence by using a CAT deformation of
an neighborhood of A to a retraction onto A . Now , (pleasant
surprise!) the composition rd : CATp(A) ~ CAT(71A) isatrue
isomorphism of css sets. =

(4) Forany compact pair A CB in M , the two natural restriction’
mappings induced '

(i) CATy(B) - CATy(A) , (ii) CAT#(B) > CAT7(A)

are hoth Kan fibrations
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Proof of (4) .

For A and B open (not compact) the sliced concordance
extension theorem [I1, §2.1] says precisely that (i) is a Kan
fibration since CATM(B) is a Kan complex . The same follows for
quite arbitrary pairs A C B in M by taking injective limits . The
reader should also deduce fibration (i) for compact A and B from
the less refined Bundle Theorem 0.1 with the help of the CAT and
TOP isotopy extension theorems . We have here a very essential use of
g .

As for fibration (ii) , given open neighborhoods U C V in N of
the closed sets A C B respectively , and a CAT structure X on
A iX T(V) U AKX 7(U) wecan find (as CAT=PL) a CAT map

r: AKXV = Ay XV U AKXU
respecting projection to V and fixing Ay ; XV union a neightor-

hood of AKX X A . Then existence of the pdllback r*2  asa well-

defined CAT structure on Ak X 7(V) establishes the fibration (ii) .

Given these four properties , the proof of 1.4, is reduced to
homotopy theory by the famous ‘handle induction machine’ of immersion
theory [HaP]}{Gr] . Here is an outline Al For A C M, &(A) isthe
statement that dy : CATy(A) = CAT7T(A) isa homotopy
equivalence . 1t is understood that the simplicial complexes mentioned
below are simplicially imbedded in some co-ordinate chart of M .

(o) &(A) holds for any simplex A . Proof: Combine (3} with
).

®) If & holds for the compacta A,B,A N B, italso holds
for AVUB. Proof: Apply (1) and (4) to the commutative
square of four inclusions . (Cf. proof of A.2 in Appendix A .)

(v) &(A) holds for any finite simplicial complex A . Proof:
Use (o), (8) and induction on the number of open
simplices .

(8) &(A) holds for any compactum A in a co-ordinate chart .
Proof : A is an intersection of finite simplicial complexes .

T For the student it is eminently worthwhile to fill in the details , and as

alanantly ac mAccihia
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(e) &(A) holds for an arbitrary compactum A C M. Proof:
A is a [inite union of compacta in co-ordinate charts , a
union to which one applies () inductively .

(¥) &(M) holds. Proof : Onecanassume M connected ,so
that M is a union of nested compacta A; C A, C with
A; € A1+l Define B [respectively Boe] to be the
dlSJOlIlt union of the compacta Agiry — Ao [respectively
Agi- A21—1] for i=0,1,2,.... Now apply the proof of (§) to
the union M=B,UB, using(4), (¢) and (1)

This concludes the proof of 1.4 for CAT=PL. =

PROOF OF ADDENDUM 14.1 for CAT =PL .

The reader may omit this proof , as the result is of marginal
importance . It does however apply to all dimmensions .

The appearance of a weak homotopy lifting property and a homo-
topy micro-lifting property (= ‘micro-gibki’ property) in the relevant
immersion theoretic method make it convenient to enrich our semi-
simplicial complexes to become polyhedral quasi-spaces (as in [Sijq ,
§4), cf Appendix A). Thusamap P — CAT*(M) to the enriched"
space CAT*(M) is by definition a CAT structure £ on PXM
such that first factor projection py : (P XM)y = P isa PL sub-
mersion with each fiber a PL manifold . Andif ¢ isa TOP micro-
bundle over a locally compact polyhedron B,amap P — CAT*(¥) is
a PL structure on the microbundle P X & . Thus our css complexes
become contravariant functors from the category of compact polyhedra.
to the category of sets ; this change is indicated by an added star . We
must show that the differential

d : CAT*(M) —= CAT*7(M)

is a weak homotopy equivalence of polyhedral quasi-spaces , i.e. gives an’
isomorphism on homotopy groups (defined as for ordinary spaces) .

All the basic properties (1)—(4) remain essentially valid in this
quasi-space context except the fibration (4)(i) above , established using.
m# 4. Note that the Kan fibration property becomes the Serre 7
fibration property (= homotopy lifting property for compact polyhedra)}
Also weak homotopy equivalence replaces homotopy equivalence .

This missing fibration property (4)(i) is replaced here by the
following micro-gibki property or ‘homotopy micro-lifting’ property .
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() Given any commutative square

F0
OXP > CATy(B)

il | ™= (restriction)

f *
IXP > CATH(A)

3

where P is a compact polyhedron and (B,A) isa compact pairin M ,
there existsan € >0 and a map '

Fe ' [0,€]XP - CATy(B)
extending F so that aF.=f|([0,]XP)

Proof of (1) : This property follows from the PL and TOP (many-
parameter) isotopy extension theorems via the ‘union lemma for submer-
sion product charts’ [Sijo; 6.9,6.10,6.15] , applied to charts around
parts of the fiber OXPXM of the submersion p; : IXPXM ~ 1 Lina
form respecting all fibers of the projection p, to P .

More precisely, one obtains such a product chart
¢ [08]XPXV > IXPXM , V anopen neighborhoodof B in M ,
such that, representing f by (IXPXU)y ,one can restrict the chart ¢
toa PL product chart ¢ | for the PL submersion py : IXPXU)y > 1
with the image of ¢ | a neighborhood of OXPXA . Then if (PXV)E0
represents Fy , the image structure o(IXZ) yields Fe (for all
small ¢) . ® -

By a remarkable geometric argument [Gr, §3.3.1] [Haj] that we
will not repeat here, (u) lets one prove that restriction
‘CAT*(B) » CAT™(A) isaSerre fibration after all in case (B, A) isa
closed polyhedral pair and dim(B—A) <m . (B is supposed a subpoly-
hedron of some open subset of M that carries a PL manifold structure.)

Then the classical immersion theoretic method , cf. [HaP] or {Gr]
goes on to prove that dy; is a homotopy equivalence as required in case
M posesses by hypothesis some PL manifold structure. An infinite
“handle decomposition of M with no handle of index m is used .
(Beware that the restrictions from thickening in this handle filtration
‘have only the weak homotopy lifting property, cf. Appendix A .)

It remains then to show that M does have a PL manifold structure
whenever CAT (M) isnonempty. The following fairly quick proof of
thjs is due to R. Lashof [Lap] , cf. Appendix A .
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Suppose 1.4.1 proved for manifolds covered by < s co-ordinate
charts ,and let M be a manifold covered by s charts, of which U
say isone ,and V say is the union of the rest . Using the normality of
M find aclosed subset B of M in V suchthat UUB = M and
BN U isaclosed subcomplex of the chart U (suitably linearly
triangulated) . Let C C U be the (in-1)-skeletonof U- B.

Recall that &(X) is the statement that dp is a (weak) homo-
topy equivalence . Now &(V) holds by inductive hypothesis , and
likewise &(B), &(C) and &(B N C) — by alimit argument . Since
restriction from C to BN C isa Serre fibration , one deduces that
& holdsfor BUC = BUUM-D ¢ () above. We can
suppose CATT(M) # ¢ (otherwise 1.4.1 is vacuously true) . Thena
neighborhood M, of BU y(m-1) admits a PL manifold structure .
If S isthe discrete setin M consisting of the centers of all the m-
simplices of U outside B, we easily construct open embeddings
M - (M-S) - M0 . Hence M like M0 admitsa PL structure,
in which case &(M) follows, closing up the induction .

This completes our limited discussion of 1.4.1. =

PROOF OF THE CLASSIFICATION 1.4 FOR CAT = DIFF .
The above PL proof applies except for

(a) verification of the Kan extension conditions for DIFF(M) and
DIFFT(M), forany M (asgiven),

(b) verification that DIFFT(B) » DIFF7(A) is a Kan fibration ,
Jor compacta ACB in M.

In each case , the difficulty arises because simplices have corners . Both
difficulties will be overcome by extensive use of the bundle theorem
0.1.

(a) The Kan complex conditions .

Lemma (see [May, §17.1, §18.2]1). Considerany css group Y
and XCVY a css subgroup. Then the coset complex Y/X isa
Kan css complex and the quotient map Y — Y/X isa Kan
fibration. =
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To apply this, let ¢ be astructureon M™ ;let X= Auts, (M)
by the css group of CAT automorphisms of M, ,and let
Y=AutTOP(M0) be the css group of TOP automorphismsof M .
A typical k-simplex HEY(k) isa TOP automorphism
H: AkXxM » AKX M sliced over aK. There is a natural map
Y - CAT(M) defined by therule H = H(A X ¢) . It clearly induces
an injective c¢ss map

Of: Y/X = CATM)

But the Bundle Theorem 0.1 shows that , for dimM # 4 # dimdM , the
image of o is a union of connected components of CAT(M) one of
which is certainly the component CATM), of o = A®X¢
Varying ¢ now establishes the Kan complex condition for all of
CAT(M). =

The Kan fibrations (for dimM # 4 # dimdM and CAT =

or DIFF)
o

(15)  Autgyp(My) > Autgop(M) . B CATOM)

are themselves very worthwhile ; they show that , for k = 1,

T (Autpop(M) , Autcat(Mg) = mCAT(M),; (butnotfor k=0).
Here the base points for the groups are taken at the identity . We observe
that (1.5) admits a version relative to a closed subset C C M. One uses
(simplices of) automorphisms fixing some neighborhood of C in M
and (simplices of) structures that coincide near C with the given
structure ¢ ; the same proof applies using a relative version of the
Bundle Theorem from [II, §1.11.

A similar argument will now show that DIFF 7(M) is Kan .
Assertion . For any locally topologically trivial bundle n:E - N with
fiver R™ | m+ 4, overa DIFF manifold N, the following css
complex DIFF (n) is Kan.

A k-simplex of DIFF (n) isa DIFF manifold structure T' on
A X E such that prOJectlon (Ak X E) > AKX N isa DIFF sub-
mersion . Thisisa DIFF bundle with flber R™M by 0.1 since sach
point of AKX N hasa neighborhood that is a smooth simplex . So by
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the DIFF bundle homotopy theorem! we have
(**) @*xB)p = akx (&)
for some v, by an isomorphism sliced over AKX N.

Now it follows by the argument above that for any O-simplex
A’ X 7' of DIFF ,(n) we have a Kan fibration

AutDIFF(‘n') - AutTOP(n) g DIFFO(TI)

identifying the quotient of the automorphism groups to certain
components of DIFF (1), of which one certainly contains A X7,
This establishes the assertion. ®

We now know that DIFF (n) is Kan for any RM.pyndle 7
contained in any restriction of 7. Recall that by the Kister-Mazur
theorem [KuL 1, every microbundle (over a triangulable space or
retract of one) containsa (R™M,0) bundle n with the same zero-
section . It follows immediately that DIFF7(M) isKan. ®

(b) The fibration DIFF7(B) - DIFF7(A)

Using the notation established above and the property (**) one
easily proves that for any compact (or closed) K in X the restriction:
DIFFO(n) - DIP:‘FO(n near K) is a Kan fibration , where by definition
DIFF (1 near K) = 1i_r)n DIFF ,(n [U) , the injective limit being taken
over open neighborhoods U of K in X . The desired fibration
clearly follows. ®

1.6 REMARKS COMPLEMENTARY TO THE CLASSIFICATIONS
1.4 AND 14.1.

A) DIFF structures on open 4-manifolds . The main obstacle to proving:
the DIFF version of the PL classification theorem 1.4.1 for open 4-
manifolds is to prove that the complexes involved are Kan complexes .
We would not underestimate the difficulty of giving a proof, although
we expect it is in no sense to be compared with the problem of proving_

¥ To avoid any possible difficulty here'involving corners , observe that the
conditioning procedure below (see p* inproof 2.4) producesa DIFF con-
cordance © - '~T" , sliced over X Ak XN ,to a structure T that extends to-
r on RK*lX B sliced over RKFIXN (recall ak c rk+l ). By one
application of the bundle homotopy theorem we have (Ak XE)p = (Ak X E)p
sliced over AK X N. By asecond (k + I)-fold application to (IX*! X E)pwr we
get a further isomorphism (Ak X E)pe = ak x (EY) sliced over AKX M .



§1. Classifying CAT structures by structures on 7(M) 231

the stronger Bundle Theorem 0.1 for open 4-manifolds. What one can
prove without difficulty is the quasi-space version of 1.4.1 stating that
therule d: (P XM)y + Z XN givesa weak homotopy equivalence

d: CAT*(M) - CAT*7T(M)
of DIFF quasi-spaces for CAT = DIFF , defined just as for CAT =PL
_above but using arbitrary DIFF manifolds and maps in place of compact
polyhedra and PL maps. Homotopy groups are understood to be
- defined using the standard smooth disks and spheres . The familiar
DIFF devices for conditioning homotopies etc. , using an DIFF hcmo-
topy of id1[0,%0), fixing 0 and [2,e°), to a map sending [0, 1] tc O
serve to make the (weak) homotopy theory of these quasi-spaces
function well . Difficulties with kinks and corners are thus avoided . 1t
seems to us that every result in this essay which involves PL 4-mani-
folds , can be proved for DIFF with little more effort , on the
condition that it be formulated and proved for DIFF quasi-spaces. The
Kan property for the corresponding css complexes would let one
deduce the css versions using the device of conditioning simplices (as
_in proving assertion 2.4 below) .

B) Non-metrizable manifolds .
Such manifolds are usually regarded as remote curiosities and
excluded from consideration . This many not be a wise attitude since
"'some turn up quite naturally . To illustrate , if a non-compact Lie group
G ,like (R, +) , acts smoothly and freely on a smooth manifold W in
such a way that every point in W is ‘wandering’ i , then the orbit space
. W/G is a smooth manifold which is , in general , not even Hausdorff
“(see | Pa2]) ; interesting examples appear already in the plane W=R? |
-(see [Kap]) . Thus in any classical dynamical system the open set of
“wandering’ points always yields a possibly non-metrizable manifold as
_orbit space .
‘Recall that we proved in {IT, §2.1] that the restriction mapping
‘CAT((V) - CAT(U) is a Kan fibration for arbitrary open subsets of a
CAT manifold M with dimM # 4 # dimoM . The classification
theorems of this section did not need the full strength of this result , but
on non-metrizable manifolds it becomes a powerful tool . The rule
U » CAT(U) always constitutes a sheaf of css sets on the space M,
T Thepoint p in W is wandering if there exists a neighborhood U of

p suchthat glU)NU = ¢ forall g€G outside some compactum in G
(depending on p) .
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(cf. Appendix A) . If ®: U » ®(U) isasheaf of css setsona
topological space M, we willsay @ is strongly flexible if the
restriction ®(V) = &(U) is a Kan fibration for every pair (V,U) of
open setsin M . Using Zorn’s lemma one readily verifies the
Proposition . A sheaf ® of css sets on an arbitrary topological space
M is strongly flexible if it is locally strongly flexible , i.e. if the .
restriction ®| Uy is strongly flexible for every set U, ofsome open:
covering U = {Ua} of M. If d:® — ® isamorphism of strongly
flexible sheaves on M, then dy : ®(M) - ®'(M) isa homotopy
equivalence whenever dy : ®(U) » ®'(U) is a homotopy equivalence
Jor every openset U such that U C U, forsome U,€ U. '

This implies that CAT(M™) is contractible for any possibly non-.
metrizable m-manifold , in case CAT(U) is known to be contractible
for every open U CR{" (m#4) .(Justmake ®' the constant sheaf -
U + @'(U) = A®.) Infact Cerf has proved CAT(M™) contractible
for metrizable M™ | provided m < 2, or provided CAT=PL and -*
m=3, (see [Ce|] ,and a proofin §§4.4,5.8,5.9 below); the same:
now follows for possibly non-metrizable manifolds . Similarly one can
show DIFF(M3) is I-connected for possibly non-metrizable 3-
manifolds (see §5.8).

It should be possible to prove that the sheaf U + CATT(U) is
strongly flexible (m # 4) and so obtain the equivalence
d: CAT(M) > CATT(M) of 1.4 for possibly non-metrizable manifolds;i

Two words of caution :
(i) CAT sliced concordance does rot imply CAT isomorphism on nons:
metrizable manifolds . For example , although CAT(M) is contractible?
for the long line M! = (0, §) of Cantor and Alexandroff , it is known'>
that the long line has infinitely (uncountably?) many non-isomorphic
CAT structures ; indeed Koch and Puppe give a DIFF construction
[KP] . To give a similar PL construction is an amusing exercise —
disproving the Hauptvermutung on the long line .
(ii) What we have said under this rubric B) does not apply to DIFF . .,
structures Whitehead compatible with a fixed PL structure, cf. [I, §42]j
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§2 CAT STRUCTURES AND CLASSIFYING SPACES

To render useful the equivalences d : CAT(M) = CAT7(M) of
§1 one needs an analysis of CAT7(M) in terms of microbundle
classifying spaces .

2.0 . This analysis applies to any TOP m-microbundle § overa
(metrizable) CAT object X (CAT =DIFF or PL). We will need a
universal CAT m-microbundle 'Y(';HAT over Boatm) . Itisknown,
cf. [IV, §1.11, that 'yB‘lF F canbe a smooth universal m-vector-
bundie , while Bpjpp@m) can be built up as an open subset of €,

(a smooth infinite dimensional Hilbert manifold) . Also BPL(m) can
be a locally finite simplicial complex [IV, §81] .

We need a notion of CAT microbundlemap 6 : &, > §;, of CAT
microbundles £, : X, o, Eqy P, Xy - This consists of an open
neighborhood U of i;(X;) in E; and CAT maps H:U—>E, ,
h:X; > X, sothat (a) p,H=hp; and Hi; =i,h, and (b) H
isan open CAT imbedding of each fiber of p, U into a fiber of p,.
“These compose naturally .

We fix from the outset a classifying (m-microbundle) map
@w:§&— Top -coveringa continuous map f:X - Byop(m) - Also
we fix a classifying TOP microbundle map 8y — Yfop Overa
map j, : BecaTm) ~ Brop(m) - By Serre’sdevice [IV, §9] we
extend j,, toa Hurewicz fibration j- i’ BCAT(m) =~ Btop(m)

‘The subspace Beatm) & BCAT(m) is a deformation retract .

A k-simplex ¢ of the Kan complex Lift(f to BeaTm)) is
defined to be a continuous map ¢ s AKX X - BCAT(m) so that
j’ma = fpy : AKX X > Bropm) Where p, isprojectionto X.

TThISJustlﬁes writing  Bo(y,) for BpirF(m) and later on TOP /0
for TOP m/PIFF ete.
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THEOREM 2.1 (above data) .
Assuming CAT(®) is Kan T, CAT()~ CAT(E) isa homotopy
equivalence of Kan complexes . ’

THEOREM 2.2 (same data)
There are canonical and natural homotopy equivalences of Kan
complexes
CAT(f) < CATS(¢) > Lift(f to Bearqm)

CATCIS(E) is defined in the proof of 2.2 , which is postponed in
favor of corollaries .

For any subset A C X we can take injective limit over open
neighborhoods of A in X to obtain from 2.1 and 2.2 homotopy
equivalences (for same data) denoted :

2.1.1. CAT(¢ near A) < CAT(¢ near A) (for m#%4 or CAT #DIFF) )
22.1. CAT( near A)«< CAT™(% near A) - Lift(f to Bcpr(m) near A)

all natural for restriction (i.e. behaving contraviariant functorially with :
respect to inclusions) . The notation introduced here will be used
repeatedly .

To apply this result in the setting of §1.1, we choose a micro-
bundle map ¢: 7(M) = ypop overamap f:M = Brop(m)
This we extend to ¢ : 7 > ¥, over T :N = Byopgm) - by
composition with the natural microbundle map 7 = r* (M) - T(M)
over r. We note that for any A CM , the restriction

p: Lift(f to Boprm) near A) - Lift(f to Bcatm) near A)

is a homotopy equivalence ; the inverse equivalence p’ comes from
using the retraction r: N —= M to extend lifts . (Proof of equivalences;
pp' = id is clear ;.to provide a homotopy p'p ~ id useahomotopy‘f
r:N=>N, 0<t<1,of ro=idIN fixing M so that *
ri = r onaneighborhood of M in N . This homotopy exists
because M and N are ANR’s.)

Y This is evident for CAT =PL . It is established for DIFF (£) , for m#4,
below 1.5 ; the same argument applies to DIFF(¢) , forall m , in fact much
more ditectly , using the DIFF microbundle homotopy theorem .
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CLASSIFICATION THEOREM 2.3 .

Under the hypotheses of 1.4 or 1.4.1 , there is, given
¢ 7(M) = vfop ., a homotopy equivalence
0 : CAT(M™) = Lift(f to Bcyrpm) /) well-defined up to homotopy .
And for any subset A CM there is a homotopy equivalence
04 CAT,,(A) = Lift(f to Bcyrm) near A) . These equivalences
behave naturally under restriction, viz. when A C B the square

-
0p LY 04
in which the verticals are restrictions,is homotopy commutative .

Indeed @, arises from the sequence of four perfectly canonical
and natural equivalences

23.1. CAT(A) i CAT7(A) = CAT(T near A) <«

«CAT(# near A)< CATS(7 near A) o8, Lift(f to BcAT(m) near A)

established by §1 and 2.1.1 and 2.2.1 . The existence of this canonical
sequence is a good practical substitute for a canonical (prefered) choice
of 64 as cssmap. It will prevent any loss of precision in passing to

" relative versions and versions with boundary . =

" COMPLEMENT 2.3.2 . The homotopy class of the equivalence

04 : CATy(A) > Lift(f to Bcyrpm) near A)  does not depend pn

.:choice of the embedding M Cs N or the retraction r: N = M.
A proof of 2.3.2 is given at the end of this section .

PROOF OF 2.1 : CAT(¥) =~ CAT(¥).
Suppose given

_ z: %, 288 > (CAT®) ,CAT®)
In the microbundle p
Ixakxg: 1x AKX E@ 2 1xakxx

" we approximate i by asection i’ V\:hich is CAT on 0X AKX X

- with respect to the CAT manifold structure! IX X and equals i on
“J= (X @A) X X) U (1 X AK X X) . This requires only chart by

" ¢hart use of the relative approximation of continuous functions to the
fiber R™ by CAT ones, as proved by Zeeman [Ze,] for CAT=PL
and by Whitney [Why] [See] for DIFF . ¥ Replacing i by i' we

- i We are using the same symbol % fora CAT structure with germ Z.

¥ The need of approximation sharply relative to 1 could be obviated by a
= conditioning procedure as in the proof of 2.4 below .
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have a new TOP microbundle ¢ over IX Ak x X', to which we
apply the nncrobundle homotopy theorem to get a TOP morphism

H: ¢ > I1XAKXE over (idlIX Akxg) and equal tothe
identity over . (Recall here that (I X A ) U (X aak) = 1xak
under a self-homeomorphism of all X A ) . The imageof IX Z
under H isanew CAT structure on IX AKX £, equalto IXZ
over _1 (near the zero section), and havinga CAT zero section over
0X AKX X. Thus H({I X Z) provides a homotopy of ¥ fixing
aak into CAT(¢) assoonas I X Ak is triangulated suitably . ®

THE EQUIVALENCES CAT(Y) < cATS(t) B, Lift(f to BCAT(m)
OF 2.2.
We shall define natural ‘forgetful’ maps of css Kan complexes

BcarX) = (BSIXT(X) g {X, Bcat(m)}
and pass to fibers .

A typical k-simplex of {X,Y} isa continuous map
AKX X—>Y. And {XYJoar is the subcomplex of simplices that
are CAT maps

AT(X) has typical k-snmplex represented by a CAT m-
microbundle vy over Ak x x equipped with a CAT morphism
g: v~ 7(I:nAT . ( ® indicates m-microbundles ; and cls classifying
map). To avoid set-theoretical difficulties we can insist that E(y) beas
subset of some X X R? C X X R™. Another such pair (v’ ,g")
represents the same k-simplex iff (y,g) and (v’ ,g’) have the same
germ , i.e. coincide (are identical) on a neighborhood of the
respective zero-sections .

To define Bcar(X) we just omit mention of g .

For CAT =DIFF or PL we also define (B%IRT (X) containing -
(B‘élAT(X) as deformation retract as follows. To the above deﬁmtlon of
a typical k-simplex of (BCAT(X) we add, to get all of (BCAT()\)
the germ of a morphism h : I Xy—> yfop such that y=0Xy> ’yTOp:
coincides with v & YCaT = Yiop - It is not difficult to show that’ .
the forgetting map :

o0 > o500
which selects v =1Xy b, YTop » is a Kan fibration.

ASSERTION 2.4 . Boap(X) <€ 885:(%) g {XBcaT(m)} are
equivalences, where o and [ merely forget.
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Proof of 2.4 .

B isa composition ®SXT(X) > {X.Boat(mlcat &
{X,BcaT(m)} of two easily verified natural equivalences of which the
second requires relative CAT approximation of continuous maps [Ze,]
[Whn,] .

It is the following universality of 'YE:nAT that establishes the
equivalence o.

(*) Forany CAT microbundle 7™ over Y (an ENR), any closed
set CCY, andany CAT microbundle map g:{(nlU) - Veur
where U is an open neighborhood of C in Y, there existsa CAT
morphism G:qn —> 72'nAT equal g over C.

This is a standard version , cf [IV, §8.1] f

It is not at first clear that this suffices , particularly for CAT =
DIFF . So considerany CAT m-microbundle ¥™ over AKX X and
amorphism g: M @AK X X) = 4@\ thatis CAT (wherever this
makes sense) . Let r 1Ak > Ak o<t <, pea CAT homo-
topy of idl AK respecting aA% 5o that ;! (BA ) contains an open
nelﬁhborhood U of 3AK. ( For CAT=DIFF, 1, cannot fix

(pointwise) ; it can be constructed by composing (k + 1) homo-
topies that squash a collar of a face 9, AK into 9, Ak followmg the
lines radiating from v; ). Now deﬁne aself-map p of 1X Ak x x
by p(t,u,x)=(t, rt(u) x) and consider the pullback p*(I X v) over
1x Ak x x ¥

This bundle inherits from

p*UXy) > IXy~>y and g:v1@AXX) > 78y
amicrobundle map p*(I X PIA > 4@ | A= Xx3ak U 1xU)
X X, thatis CAT wherever this makes sense . By ’the standard CAT
umversahty property cited this extends rel I X AKX X toall of

p*(I X y)! 7 to produce a map$ aa x aky - &CIST(X) which
establishes the homotopy equivalence «. ®

T The condition that Y bean ENR can be replaced by the condition
that 7™ be numerable if we use the more general form of the Kister-Mazur

theorem in {Hol] together with Milnor’s classilying space for R™- bundles
{Hus] .

¥ In terminology we have occasion to use elsewhere the CAT homotopy T
of idlak yields a conditioning p*(1 X v) ofthe simplex 7 : sk - BeatX) s
the conditioned simplex is p*(I X Y1 X Ak x X

* Determined by a convenient simplicial subdivision of the prism 1X ak,
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Continuing the proof of 2.2 , consider now the natural commutative
diagram of ‘forgetful’ maps

& ] =
BearX) < &0 > X Beatem)

1 i 1
o cls p
Brop(X) « ®ropX) = {X,Bropm)!
in which the verticals are known to be Kan ribrations while the
horizontals are known to be homotopy equivalences . For the point
(t,p) of (BT()P(X) we have a,9=% and BE,p) =f on
identifying AYXX=X . The resulting two equivalences between the -
three css fibers of the three vertical maps, over the points & , (¢4) ,-
and f (in this order ) , are by definition the wanted natural
equivalences of Kan complexes

CAT(®) < CATC]s(‘;‘) ﬁ-—> Lift(f to Beatam) ) -

This completes the proof of 2.2 and also of the classification theorem
23. =

PROOF OF COMPLEMENT 2.3.2 .

Consider two choices of embedding i:M C, N and retraction 3
r:N—-M distinguished by subscripts 0 and 1, yielding equivalencéf;
g , 6 via23. B
(a) Suppose Ny C N; and that thereisa CAT retraction )
p:N;—= Ny sothat ri =rqp . Thenis is clear that 62 —’=0}1 . "

Using (a) we easily reduce the proof of 2.3.2 to the case where Ny,
N, are open subsets of Rf , nlarge, and one has a topological
embedding 1:IXM Cs N C I XR" and neighborhood retraction
r:N~>IXM sothat i, ¥ both are a product along 1 near 0

and 1, and give concordances i: ip ~i; and ¥: ry ~ry -

(b) In this situation 63 >0} : CATy(A) ~ Lift(f t0 Bey gy, near 4)
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To prove (b) we form a diagram ®
CAT\(A) & CAT( near WIXA)), -

9t
> LiftIXF to Beap(my near IXA) > Lft(F to Boyp(m) near A)

Here 7 is N5 MXNZ5N with jy)=(@Fy)y) , p being the
natural projection 1(IXM)=M ; d is the differential X+ IXN ;
® s the equivalence of 2.2.1 composed with restrictionto I XM .
(This equivalence of 2.2.1 being obtained using 0T nat, T (M) 8
7%"0P over f=fpr). Finally q;, 0 <t < I, comes from
restriction to t X M . It is easy to see that 02 ~ qe®d and

05 =~ q:®d ; hence the homotopy gy, 0 < t < I, establishes

3 =~ 0, asrequired to complete the proof 0f 2.3.2. =
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§3. THE RELATIVE CLASSIFICATION THEOREM

For the hypotheses of 1.4 or 1.4.1 , the classification theorem 2.3
provides homotopy equivalences 8 and ¢ ina homotopy
commutative square

]
CAT(M) _—> Llft(f to BCAT(m) )

o] o |
CATM(C) -_—> Lift(fto BCAT(m) near C)

where the verticals are restrictions We suppose C CM is closed to
assure that r, is aKan fibration . The restriction r, isalwaysa
fibration for m=dimM > 5, see property (4) in proof of 1.4 ; for

m =4 we secure this fibration by assuming H*(M, C;Z,)=0 (for
Cech cohomology) , see proof of 1.4.1 and Appendix A . It follows now;
that there are equivalences of the fibersof r; and r, over components'
corresponding under 8¢ . To fix notationslet X, bea CAT
structure defined on an open neighborhood U, of C in M, and let
go be the lift corresponding to X under By, - Then we write

]
(3.2) CATM rel C; Z,) = Lift(f to BoaT(m) relC;go)

for the induced equivalence of the fibers over the germs of X and go
respectively . Note thal this § again arises from a sequence of four
perfectly canonical and natural equivalences . o
We apply this now taking M=N=R™M m > 5 ; C=RM-pMi
Z, standard ; and g, constant . The left hand side of (3.2) become‘s"'%g’
CAT(R™M rel Rm—Bm) = CAT(B™ rel aB™). The right hand side
becomes the singular complex of the space of those maps BM/dBM -
- TOPm/CATm sending a neighborhood of the base point (quotlent
of 3BM) to the base point (image of g) . Here TOP, /CAT,, is -.
the fiber of j: BcaT(m) = Brop(m) over the base point (image
of f ). Thus the right hand side is equivalent to the mth loop space
.Qm(TOPm/CATm) , and we have deduced an equivalence

(3.3) CAT(B™ rel 3B™) ~ Q™(TOP /CAT,,).
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Now the loop space of CAT(B™ rel 9B™) pointed by the standard
structure is (up to homotopy) the css group of CAT automorphisms
Autc o 7(B™ rel aB™) because we have the natural Kan fibration’

Autcat(B™ rel 8) = Autrop(B™ rel 9) - CAT(B™ rel )

where the total space Autrop (Bm rel 3) is contractible by Alexander’s
device [A11] * . Thus we have verified

MORLET’S THEOREM 3.4 .
Aut,7(B™ rel 9B™) ~ szm’fl(ropm/cmm) for m#4 . @

Since Autpp (B™ rel 9B™) is contractible by the PL version of
the Alexander device, one has, for m # 4 | Q.mH(TOPm [PLy,) = (point)
thatis, 7,1 (TOP,/PLy) = 0, k=>1 .

Historical Remarks : Morlet first obtained and made famous this
striking result for PL_./DIFF, in his cours Peccot 1969 [Mory} . It
was probably the raison d’étre for his formulation of the sliced classifi-
cation theorems [Morg}[Mory} . Several mathematicians besides us
have since taken the trouble to verify it themseives (A. Chenciner , C.
‘Rourke, D. Burghelia,

Cerf’s version of 3.4 for CAT = DIFF in [Cey] * is (with a slight
shift of terminology)

(3.4.1) mAutppp(S™),0(m+1)) = Typm+1(Autpop(S™),0(m+1)).

He regards AutcatS™  as a topological group, with C* topology

for CAT = DIFF , and with C° topology for CAT = TOP .
Exploiting the natural fibrations AutcapS™ — ™ and

O(m+1) = S™ | one shows without difficulty that 3.4.1 is equivalent
to 3.4 in the equation form

(342)  m(Autppp(BM rel 3BM)) = my .| (TOPy/DIFE,,) .

T Geometrically realized , this is a Serre fibration [Q] .

t One can homotop any map of the contractible spaces AutTop(Bm rel 3) —
- A CAT(B™ rel 3) to be fiber preserving over CAT(B™ re] 9). There results a
homotopy equivalence of the fibers Autca T(B™ rel 9) ~ Q CAT(B™ rel 9) .

* For interested readers unable to find {Ceyq] , Theorem 4 on p. 365 of
.[Ce3] closely approaches the case m=3.



242 Essay V

§4. CLASSIFICATIONS FOR MAN{FOLDS WITH BOUNDARY

An interesting variant of Morlet’s theorem ([Mor;] [Mor3]) comes
from generalizing the classification theorem to manifolds with non-
empty boundary M™ , (m #4#m-1) .

4.0. For technical convenience we initially single out an open neighbor-
hood W of aM in M with an open embedding o : W— aMX[0,)
so that, for all x in M , a(x) = (x,0) . Also, we form My by
attaching oaMX(—=,0} to M identifying OMX0 to oM . Write §My
for OMX(—=,0] viewed as a subset of My ; write W, =M, UW |
and extend « trivially to oy @ Wy = aMXR .

aM

! i
CT’” M |
M l

M, >

Consider the css complex CAT (M) of which a typical k-simplex =
isa CAT structure (AkXM)Z ,w1th p; a CAT submersion to A, so
that £ is a product near AKX9M along the factor [0,c0) (offered by 5
AKX near AKX3M) . Then 2 extends canonically to AKXM, asa ;
product along (—c0 , o) near Ak X(—=c0,0]X0M , making CAT (M) a "f
subcomplex of CAT(My) .

Observe that we have a fiber product square

Oy
CAT (M) — CAT(M,)

(4.1) | !

Oty
CAT(oM) — CATM+(5 My)

in which ay indicates maps naturally determined by « and the ver-
tical maps are restrictions. The vertical maps are Kan fibrations (see §]2:
the horizontal maps are inclusions. As our classification theorem already:
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applies to all but CAT (M) we will be able to get a result for CAT (M)

too. We will prepare the usual equipment for this application with some

extra care. '
There is a commutative diagram relating stabilization to forgetting

_ ]

To5tee! — A8 BeaT(m-1)  — BcaAT(m)
ot . » »
Jm—lGBEI l im l Jm-—ll Jm l

-1
YHopee! —  ior Brop(m-1) —> BTOP(m)

in which s is CAT . (It is unique up to microbundle homotopy). We
choose a microbundle map 3¢ : 7(dM)~> 'yr'r"d'[! , OVer say

3f : 9M~ Bop(m-1) - Note that 7(@MXR) = (r(dM)XR) @ ¢!
(canonically) and that oy gives a morphism 7(cty) : 7(Wy) > 7(dMXR)
over oy . Thus we can make a special choice of morphism

oy T(My) > 2ppp oversay fi:My=>Brop(m) , asfollows. Define
¢ first near 6My as

t 1
rws) T8 oMxR) 2 ramee! L2 Rt - ylop

then extend rel 6M, over all T(M+) . Finally, choose a CAT manifold
N; D M, and aretraction r, : N, > M, ;for dM we insist on taking
N = r]_l W, D aM with thc composite retraction

N 5w, > OMXR - oM .

With all these choices made, one gets using 2.3 a well-defined
‘homotopy equivalence, from the diagram 4.1 without CAT(M) , to
the fiber product diagram below without L .

L ——————— Lift(f+ to BeaT(m))
(4.2) l 1 restriction
o
Lift(3f to BeaT(m-1)) —— Lift(fs to BoaT(m) near 5My)

Here ax isdefined ona k-simplex g: AKX3M = Bear(m-1) on the
left by defining a«(g) near AKXSM, as

_ AKX j
© AW S ARXOMXR 5 AXOM 5 Boapgny) -



244 L.. Siebenmann Essay V

To check that the classifying equivalences 6 carry ax in(4.1) to oy

in (4.2) isstraightforward, given 7(dMXR) = (‘r(aM)XR)eae1
Admittedly one has to check down through the stages of the constructiof
tion of 8 , (cf. 2.3.1). We then deduce an equivalence CAT, (M) = L,}
since the vertical maps in both squares are Kan fibrations. By collaring
theorems (existence for CAT 1 and uniqueness for TOP ), the inclu-
sion map is an equivalence CATa(M) G CAT(M) to the space of all
CAT structures on M (without corners if CAT = DIFF ). And (4.2)

is homotopy equivalent by restriction to the simpler fiber product

square of Kan fibrations.

Lift(f,of to BCAT(m)aBCAT(m-—l)) — Lift(l to BCAT(m))

4.3) | l

Lift(af to BCAT(m—l)) ——————> Lift(f | aM to BCAT(m))‘;

In all, we have an equivalence:
(4.4) CAT(M) ——— Lift(f,3f to BcAT(m)-BCcAT(m-1)) »

valid f for dimM # 4 # dimdM . This classification has a version
relative to a closed subset C C M for just the same reasons for which
the absolute theorem 2.3 has the one formulated as (3.2) . With
notation generalizing that for (3.2) in the obvious way, it gives an
equivalence

(4.5) CAT(M rel C ; Tg) —
—— Lift(f,2f to BcAT(m)-BcAT(m-1) el C ; £0,080):
Applying this to M = [0,2)XBM-! with C=M—{[0,1)XB™!}’
and with f,af, gy, dgy all constant maps we get (for
m¥4+#m-1) :
(4.6) miAutcaAT(IXBT! rel 1) = sy + 1 (TOPy, /CATy) TOPy, _ /CAT!
1t says nothing new for CAT=PL . But, for CAT = DIFF , Cerf ~

tFor CAT = DIFF | integration of vector fields may as well be used. For
CAT =PL and for TOP exploit [ I, Appendix A]. =

tAnd also valid if (i) m=4 and M connected non-compact, or (ii) m=5
and 9M has no nonempty compact component. The same proof applies, '

although for CAT = DIFF we would have to use DIFF quasi-spaces.



§4. Classifications for manifolds with boundary 245

[Ce3] has proved, by studying generic i-parameter families of smooth
real functions, that, for m=6 and i=0 , the left side is zero.. This
adds one dimension to the stability of TOPm/DIFFm implied by the
s-cobordism theorem (see 5.2 below).

On the other hand, for i =1 , 1. Volodin [Voll has asserted
that the left hand side is Wh3(0) ® Z, , provided m is large
(m2>=> ). K. Igusa (thesis, Princeton Univ., 1976) has confirmed
that it is non-zero, admitting a homomorphism onto the advertized
Z, . Itisknown that K3(Z) =Z,g , (see [Kar] and joint articles of
R.Lee and R.H. Szczarba to appear), and it is thought that Wh3(Q)
will be the order 2 quotient by Zyq .
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§5. THE HOMOTOPY GROUPS 7 ,(TOP_,/CAT )

5.0. The calculations we review can be summarized as follows: T

(1) TOP,/PL, =K(Z,,3) for m>5 . See 5.5 .
(2) TOP,/PL,, is contractible for m<3 . See 5.8,5.9 .

(3) My 14y (TOP, /DIFF, ) = m Autppp(B™ rel 8B™) ,m#4 .
See 3.4.

Tys 1+ (TOP/DIFF TOP  \/DIFF_. ) = m Autppp(BT~!XIre
m#4#m-1 . See 4.6 .
(4) m (TOP/DIFF,TOP_/DIFF, ) = 0 ,k<m+2,m>5,
where TOP/DIFF =UTOP /DIFF, . See 4.6,5.2.
(5) m,,(TOP/DIFF) = ©, , m=5,
= an(ZZ,S) , m<6 . See 5.5 .
(6) m (TOP,/DIFF;) = 0 ,k<4 . See 5.8 .
@) TOPm/DIFFm is contractible m<2 . See 5.9 .

5.1. Recall that TOP,/CAT,, is by definition the standard homotopy.
fiber of the forgetful map j, : BcAT(m) = Brop(m) (see 2.0) over
a chosen base point. One can arrange that all the squares

S
BeaT(m) ™ BeaT(m+1)

l {
S
Brop(m) = BroP(m+1)

relating stabilizations s to forgetting maps (verticals) are commutativgl_i
and present each s as an inclusion. One need only enlarge the spaces -
by mapping cylinder devices and suitably choose the maps. This done,”

define

Beat = YBcar(my and  Brop = Y Brop(m)

T Some further information can be found in {BuL] .
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One notes that s : TOP /CAT, —~ TOP,, /CAT,, isthen alsoan
inclusion and that, in analogy with 'I‘OPm/CATm , thespace TOP/CAT =
= Ln{ (TOPm/EATm) is precisely the fiber of the standard Serre path
fibration BCAT -> BTOP

FIRST STABILITY THEOREM 5.2 . (CAT=DIFForPL ; m+#+4,5 ) .
For 0<k<m , m,, (TOP,/CAT,, TOP, _ [CAT, _,)=0 .
Hence w(TOP/CAT,TOP, [CAT, )=0 fori<m+l and m=35 .

Proofof 5.2. By (4.5) , this group is in bijective correspondence with
1TOCAT(IXBkXRn rel 1) where 1 +k+n=m . But the latter is zero
by the Concordance Implies Isotopy Theorem (already in its handle ver-
sion {I, §3]) .

Our present heavy machinery could eliminate parts of the proof of
(1,831, cf. proof of 5.3 below. But both the CAT s-cobordism
theorem and some topological geometry (involving infinite processes or
coverings, and the Alexander isotopy) do seem irreplaceable ingredients.
The cases m < 3 will be covered again by the next result. =

THEOREM 5.3 (CAT = DIFF or PL) [KSII .
Suppose 4#m <6 ,and k<m.. Then w (TOP, [CAT,)=20
unless 3=k <m , in which case we have 7r3(T0Pm/CATm)=Z2 )

Proof of 5.3 . [ with arguments for m =3 marked off ] .

For suitable compact CAT manifoids MM = KxTh , m=k+n ,
with boundary oM we will compare S (M rel 0) = 1r0(CAT(Mm rel oM))
with the set 8*(M rel ) of homotopy smoothings (or triangulaticns) of
M rel boundary . An element of &*(M rel 3) is represented by a homo-
topy equivalence f; : (M;,0M;) - (M,0M) from a compact CAT
m-manifold M, ,such that f; |aM;isa CAT isomorphism aM, - aM
and f; isa CAT embedding near dM, . Another such equivalence
f2 ' (M,,0M,) - (M,dM) represents the same element of §*(M,oM) if
and only if there is a CAT isomorphism h : M; - M, so that fyh is
homotopic to f; : (M,dM;) (M,aM) fixing a neighborhood of the
boundary. [ Incase m =3, we supplement this definition by supposing
tl;at Ml is Poincaré i.e., contains no fake 3-disc (=compact CAT ccntrac-
tible 3-manifold not isomorphic to B3).1



248 L. Siebenmann Essay V

The natural map §(M,0) = $*(M,3) sends [Z] to the element
represented by id : (My,0My) = (M,aM) . [ For m =3 , to see that
this a valid definition one must know that My = (IkXT“)E contains
no fake CAT 3-disc. A proof is given by [Mac][HeM] 1 in fact for the ;
universal covering. We prefer not to appeal to Moise’s proof of the
Hauptvermutung in dimension 3 [Mo] . |

Represent a given element x of nk(TOPm/CATm) by a map
1k - TOP,,,/CAT, ) sending 91X to the base point (image of a classifying
map for the standard structure). Then extend to IKXT™-K by projec-
tion to I¥ . To this map there corresponds by 3.2 a well defined ele- -
ment [Z]€ g(IkXTMk rel 9) represented by a structure X .

If x#0,then the image [Z|* of [Z] in g*(IXXTMK rel 9)
under the forgetful map S —> 8% cannot be zero. To see this, suppose
it were, that is, suppose one had a CAT isomorphism
h: IXXT" - (*XT%)s , n=m—k, fixing a neighborhood of 3 and
homotopic to the identity rel @ . Then some standard finite A?-fold
covering hy ,A=>1, of .h will be seen to be topologically isotopic to
the identity rel 0 . Here h)\ fixes @ and makes commutative the
square

h
Xt R (g

idX(N) | l dX(*N)
text s (pexr),

where (*A) : T" > T" indicates multiplication by X\ and Iy is
defined to make the right hand map a CAT covering map (X" fold) .
For A large one checks that the component of hy on T can
approach that of the identity. Further, up to a standard isotopy, hy
has component on 1k arbitrarily near the identity. This standard )
‘Alexander’ type isotopy extends hy by the identity over all of RkXT!};
then conjugates hy by an isotopy. that shrinks ik in RK radially to
towards a point. From the local contractibility theorem [EK] for the

+ An alternative proof of 5.3 for m=3 (suggested in [Sig, 851) nea
avoids this technicality by solving handle problems in coordinate charts where the
Alexander ‘Shoenflies theorem’ [A12][Cel 1precludes fake 3—dia;lcsl. In follo;vix'lg
technique of [KS;1 ,one should use the Novikov imbedding T x RG R in
place of the Kirby immersion (TM-point) = R™ . This approach gives our favorite’
proof of the Hauptverinutung and the triangulation conjecture in dimension 3. Seé);
also the recent article of A J.S, Hamilton [Hal] , who has succeeded even with the,_i:i,é,
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group of homeomorphisms of IXXT? fixed on the boundary 9 ,we
conclude that hy is isotopic to the identity rel 9 for A large, which
shows [Z1=0 in 8(IkXT" rel 3 ) . Since a classifying map for Ty
is the covering idX(*A) followed by that for Z , we can conclude
that x =0 by restricting the nul-homotopy of the classifying map of
2y to ¥X(point) C I¥XT"

We have seen that [Z] lies in the subgroup
SAIKXTM K rel 9)
of &% consisting of those elements that are unchanged by passage to
standard N®X_fold coverings, A>1 ;i.., those [f] € 8% |
f:M = IXXTM-K such that [f]=[f] whenever one forms a fiber
product square

il } 1dX(°A)
M ._f__.> Ik XTm—k

Thus the next step is to exploit the important surgical calculation of
and g5 from [HS] and [Wa] .

Theorem 5.4 . (CAT =DIFF or PL)

For m<3 ,onehas SIFXT™*reld)=0 .

For m=5 or 6 (or m=25 and CAT=PL ), one has a
bijection from S*(I*XT™* rel 3) to H}(I*XT™* 3, Z,) =
= g3-k(pn-k . Z, ) . Under this bijection the self-maps of 8* and
H3 respectively,induced by the standard N"~*_fold covering,
correspond to one another .

Since this XK -fold covering in fact induces multiplication by the
integer A3-K in the cohomology group we have the

Corollary 5.4.1. For 4#m<6 ,.the set Sz(IkXTm“k reld) of
homotopy smoothings or triangulations invariant under passage to
standard N™k -fold coverings is zero unless 3 =k <m , in which case
SNPFEXT * rela)=2, . ™

C(;_mments on the proofof 54. (see also Appendices B and C ).
The proof for m >4 isgivenin [HS] and (Wa] (ef. {Sig]) for



250 L. Siebenmann Essay V

CAT = PL,and the DIFF proof is identical since ;(G/PL) = m;(G/O)
for i< 6 . It requires the full strength of non-simply-connected
surgery [Wa] and the periodicity in surgery related to producting with
CP, . The source of the Z, is Rohlin’s theorem that closed smooth
almost parallelizable 4-manifolds have signature divisible by 16 (not
just 8 ). The reader should be reminded that the PL proof relies on
the PL Poincaré theorem stating that $*(S°)=0 . There is still no
proof of the latter without Cerf’s difficult proof that I’y =0 [Ce,] .

[ The proof of 5.4 for m =3 is essentially due to Stallings [Stl]
His setting is PL , but there would be no obstacle to giving essentially
the same proof for the DIFF caicgory. To convert Stallings’
construction of fiberings over the circle into the result 5.4 one uses
the fact that any CAT automorphism of IkxT2* ,0<k<2, rel
boundary is CAT isotopic rel boundary to the identity. This easily
is proved if CAT =PL [Sco] ,and the DIFF result follows using
example 5.9 below.] =

Returning to the proof of 5.3 recall that we have established an
injection

#)  m(TOP/CAT) ~ SSAKXTMK re] 3)

In view of the vanishing of Sg assured by 5.4.1 we know now that
wk(TOPm/CATm) =0 when 4#¥m<6 andeither k#3 or
m<3 .

Incase k=3 and m =S5 or 6 ,the target of the injection (#) is.%
not zero but rather Z, = 8*(I3XTm*k rel @) . The source is naturally;
isomorphic to S(I3XTM X el 3 ) ; indeed, the relative classification
theorem 3.2 yields S(I°XT™3 rel 3) = [I3XTM-3/3 ; TOP ,/CAT,, |2
= H3(BXTIM-3,3; 13 (TOP /[CAT,,)) = HO(T™3;m,(TOP  [CAT,)) =
=m3(TOP,/CAT,,)

For m =6 , we now show that (#) is surjective. Thus
m3(TOP [CAT, ) =Z, for m =6 , and the same follows for all
m =5 by the stability 5.2 .

Represent the nontrivial element of $*(13XT3 rel 8) by
f:(M,dM)=> (13XT%,9) . Our aim is to show that f can be a homeo-
morphism. We can apply the CAT s~cobordlsm theorem to the CAT
relative h-cobordism

= (M ; £HOXI2XT3), L (IXI2XT?))
recalling that Wh(an“) =0 . Thus we obtain a CAT isomorphism
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f': M > IBXT? equal f near £1(3J)=YUXI2 U IXa12)XT3). This
provides a CAT automorphism O0Xg= f'£=1 ;. oxX12XT3 - OX12 XT3
equal the identity near 0X3I2XT?

If g is topologically isotopic rel @ to the identity we can alter f'
near f~1(0OXI2XT3) to obtain a homeomorphism h : M- 3 XT3
equal f near dM . Then h is necessarily homotopic to f rel 9 , the
obstructions being in  H*(I3XT3,3;m (13XT3))=0 . This would then
complete the proof.

To establish this, find a topological isotopy rel @ to the identity
from a standard A3-fold covering g\ of g (A alarge integer) , by
precisely the argument used in establishing the injectivity of (#)

Now it is clear that gy = fjfx' | OXI?XT® ,where f},fy : My > 13XT?
are the corresponding standard A3-fold coverings of f,f' respectively.
Thus we now know that f;\ can be replaced by a homeomorphism
h)\:M)\—>I3XT3 homotopic rel @ to f) . Fortunately any standard
covering f>\: My —~ BXT3 of f still represents the unique nontrivial
element of g*=g("; . Thus we have a CAT identification My =M so
that hy is homotopic rel @ to . The surjectivity of (#) is now
established and with it Theorem 5.3 , ®

Remarks:

(a) We have presented the basic elements of the above argument tefore
(XS] [Kiz] [Sig] [Sijg] . The reader wishing to see variants or more
details should consult these references.

(b) It is worth noting that, that if we accept the classification theorem
of Essay 1V rather the results of this essay, then the above argument
does prove that ﬂi(TOP/CAT) =m(K(Z,,3)) for i<6 . Asimilar
remark applies to the next theorem.

We are now in a position to draw the threads together.

THEOREM 5.5 .

I) For m=5, TOPm/PLm =~ K(ZZ,.S’) >~ TOP/PL .

1) TOP/DIFF = TOP/O %t has homotopy groups m;= mK(Z,,3)

Jor i<6 and m;=©; for i=5 . Here ©; is the Kervaire-Milnor
group [KeM] of oriented isomorphism classes DIFF homotopy spkeres
spheres under connected sum; and K(Z 2,3) is, of course, the
Eilenberg-Maclane space with w(K(Z,,3) =Z, .

T See 2.0.
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Proofof II) : 1n view of 5.2,5.3,and [Kil | T it remains only to prove
7(TOP /O, )=©,, ,m>5 . Borrowing notation from 5.3 we
have a forgetful map $¥(S™ rel Bm) ~ 0, , where B:‘} ,B® are the
northern and southern hemispheres of Sm . It is bijective by the DIFF
isotopy uniqueness of oriented imbeddings of B™ into S™ . By §3,
T(TOP /O )= 8(S™ rel BT ) . But
S(Sm rel Bm) =5 8%(S™ rel B™) ; indeed surjectivity results from the
Poincaré theorem in dimension m (cf. [Mig]) and injectivity results
from the Alexander isotopy. Thus nm(TOPm/Om) =@, . (Welet
the reader verify that the bijection established is a group isomorphism.) #

Proof of I} : ‘This result follows from 3.3 , 5.2 and the argument for -
1) above, in view of the PL Poincaré theorem that g*(SMy=0 for
m=6 [Sm2] [Hu2] . This completes the proofof 5.5 . =

5.6 . For a given topological manifold M™ , m>6 (or m=>5 if

oM =¢ ) , we can now observe that the one obstructlon to introducing -
a PL structure on M is a cohomology class k(M)E H4(M;Z2) , namely-
the one obstruction to lifting the classifying map

f: M- Brop(m) € Brop for 7(M) to BpL(m) , or equivalently to
Bpy, . The obstruction to sectioning the fibration

(*%) K(Z3,3) =~ Bp > Brop

is the universal triangulation obstruction k€ H* Brop,Z;) (also
denoted A ), and k(M) =f"k by naturality of obstructions. We
represent k by amap k : Byop > K(Z,,4) and observe that there isa_
commutative square unique up to homotopy:

BpL —k; AK(Z,,4) = (K(Z, ,4), point){1,O)
il | p
Brop = K(Z,,4)
(One can specify k' using any contraction of kj |BpL to the base point.)-‘
One observes easily that k' gives a homotopy equivalence on fibers:
TOP/PL — K(Z,,3)= QK(Z,.4) ,

and so a homotopy equivalence Lift(f to BPL) - Lift(kf to AK(Z2,4))
When we single out a fixed lift g: M - AK(Z,,4) we deduce by

t Beware that 5.2 failed to prove: my(TOP/CAT , TOP,/CAT,)=0 ,
for m >5 . Cf. [III, Appendix A] .
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matching common end points of paths, an equivalence
Lift(kf to AK(Z,.4) > K(Z, 3M  to the space 1 of mapsof M to
K(Z, ,3) = QK(Z,4) for which g also offers a natural inverse
equivalence. We can conclude that when M™ isa PL manifold, with
m=>6 (or m=5 and oM =¢), one has
(5.7) CAT(M) = K(Z,,3M
Of course there is a relative version. It would be more usual to obtain
this result by observing that a section of the pullback £ of (**) by
f: M- Byop amounts to a homotopy trivialization of £ .

For more information concerning the triangulation obstruction,
the reader should consult [Sim].{HoM] [Mor] [BruM] . ‘

To tie up the loose ends let us review the situation in low
dimensions.

Nothing is known about the structure of TOP,/CAT 4 » although
something is known of its significance [LS][CLS] .

For dimension 3 one has

THEOREM 5.8. (J.Cerf)

1) TOP;/PL; is contractible.

II) 7ri(TOP3/03) =0 for i<4.

Proof: ﬂi(TOP3/CAT3)=0 for i<3 by 5.3 . And by Morlet’s

theorem 94(TOP3/CAT3)EAMCAT(B3 rel 9B3) which is

contractible for CAT =PL (Alexander), and connected by Cerf [Ce |

for CAT=DIFF . =

Conjecture (Smale 1958) . AutDlFF(B3 rel 9B%) is contractible .
This has often been announced (at least once in print [Ak] [Ro; 1

no correct proof has appeared.

The picture is complete for m <2 .

THEOREM 5.9 . TOPm/CATm is contractible for m <2 .

Proof .
For CAT=PL , the proof of 5.8 applies.

1+ Recall that this space is naturally homotopy equivalent to its singular
complex [Mig] .
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For CAT = DIFF , observe that TOPm/CATm contractible
means that j : BcaT(m) = Btop(m)) is a homotopy equivalence. In
view of the Kister-Mazur theorem ‘microbundles are bundles’ the latter
is equivalent to the inclusion O(m) Cs Homeo(R™,0) being a homotop
homotopy equivalence. This last condition is what we establish.

m=1 : The orientation preserving self-homeomorphisms of (Rl,O)
form a convex hence contractible subset of the continuous maps
R!->R! .

m=2 : Already in 1926 [Kn] H. Kneser published a pleasant proof
based on conformal mappmg theorv. In 1958 [Sm{] Smale proved that
that AuthF(B rel 3B2) is contractible, cf. [Ce ] ; this accomplishes
an indirect second proof, via the argument presented for 5.8 . n

We wish to advertise an elementary proof that is a variant of the
reasoning in [Kiz] T . Bjorn Friberg gives a full discussion in [Fr] .

We denote by TOPJr the space of orientation preserving
homeomorphisms of the Gauss plane C =~ R? fixing the point 1 (not
0 ). Its topology is, of course, the compact-open topology. There is a
locally trivial fibration

H*=p=t©0) ¢ Tort B c- (1)
where p selects the image of 0&€C . Pulling back this fibration over
the universal cover of C— {1}, one sees that O(2) G Homeo(R?2 ,0) is
a homotopy equivalence if and only if the inclusion ‘
H =pl(0) G TOP} is deformable to the constant map.

To establish thls deformability, consider a typical h eH' . There R
isan isotopy h ~h; fixing 0 and 1 and depending continuously on )
h toa homeomorphism h; such that loglh;(z)| —loglz| < 1o
This involves shuffling circles with center 0 with their images under h.-

Then there is a wrapping and unwrapping device (see [EK,
Appendix] and [Sijg, §4.9] ), yielding h, €H™ such that
h,(ez) =eh,(z) , where e =exp(l) ,and h, = h; ona neighborhood.
of 1 independent of h . The rule hy+ h2 is again continuous.

Lifting h2|C in the universal covering exp : C = C—-{0} =C*
there results a unique covering h; of h, |C* with expehy = h,-exp
and h;(0)=0 . This h3 commutes with translation by the points

t Reasoning that is unfortunately fallacious in dimensions > 2 , but
see [KSS] .
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m+2#7in in C with m,n€Z . Thus |h;(z) —z| is bounded for
2z€C , and so the formulae h3’0 =id|C , h3,t(z)= th;(z/t) ,
0<t<1 ,give an isotopy id{C~ hy .

Find a homeomorphism ¢ : C— C equal to exp near 0. Set
hy = phs <p‘l , and observe that exp-h; =h,.exp and h3(l) =]
imply that hy =h, =h; near 1 . As hyh7!=id|C near 1 , there
is an Alexander isotopy h4h'l‘l ~id|C fixing 1 . Also note that
id ~ h; yields id ~h 4 by conjugation.

One now has isotopies h ~h; ~h, ~id{C in TOP; depending
continuously on h . =
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APPENDIX A. THE IMMERSION THEORETIC METHOD
WITHOUT HANDLE DECOMPOSITIONS

This appendix was written to complete the proof of the ‘foliated’
classification theorem of [Silo , 841" for pseudo-group structures on
a connected open topological manifold . It is needed in case that mani-
fold admits no handle-decompositions ; such manifolds unfortunately
exist in dimension 4 and/or 5 . The chart-by-chart procedure given here
may appear to some to be a pleasantly uniform way to prove , without
handlebodies Morse functions or global triangulations, those many other
classification theorems which rely on the “micro-gibki” property
( = homotopy micro-lifting property) singled out by Gromov [Gr] .
One exampile is the sliced structure classification theorem for open 4-
manifolds given in §1.4.1 (and §1.6) of this essay .

This mild extension of the immersion theoretic procedure is made
possible by the following sequence of lemmas each of which is an
exercise in elementary topology . After these lemmas , we shall make
precise the extension we have in mind ; however the reader motivated by
any of the above applications should by himself be abie to put these
lemnmas to work .

(a) Collapsinglemma . Let(B,A) be a pair of finite simplicial complexe'w
of dimension < m , such that H™B, A; Z,)=0. Then B collapses :
simplicially to A union a subcomplex of the (m-1)-skeleton B(m 1
of B. Hint: Hy, (B, A;Z,) =0, and this implies that , if dim(B-A) = m
some msmplex S of B-A hasa (m-1)-face T notin A norin.
another m-simplex of B ;then deletion of ntT U intS isa collapse )
preserving the homological conditici. ®

(b) Finitenesslemma . If A is a compactum in a locally compact,
locally connected and connected Hausdorff space M, then each open ™
neighborhood U of A contains all but finitely many of the conneclei
components of M-A. Hint : We can assume that closure U in M is
compact ; then the compact frontier 6U can meet only finitely manyu
of the (disjoint and open !) componentsof M-A. =

t Reprinted in this volume.
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Definition : Given M asabove and a closed subset A , any
connected component of M-A that is bounded (i.e. has compact
closurein M) iscalleda hole in A. .

(c) Drainage lemma . In the settingof (b) if B D A and V C M is
an open set , each connected component of which meets M-B , then the
holes in (A-V) filled by B (ie. contained in B) are precisely those
holes of A filled by B which fail to meet V. m

(d) Detection lemma . Let (B, A) be a closed pair in a manifold M™
without boundary . Then B fills no hole in A if and only if

H™(B, A; Z,) = 0 (for Cech cohomology). Hint : By a simple
injective limit argument using taughtness (continuity) of Cech grougs
{Sp,p.316, p.334] , it suffices to prove the case B=M . Now use
the (sadly neglected) Poincaré duality isomorphism Hm(M A;Z,) =
=~ 1t (M—-A Z,) where Hj 2 denotes homology based on singular
chams locally finite in M but possibly infinite. =

(e) Intersection lemuna . Let (B, A) be a compact pair in a chart of
the topological m-manifold without boundary M™  such that

™, A; Z,)=0. There exists a nested sequence (B, A; ) D

D (B,y, Ay) D of finite simplicial pairs satisfying H”'(B i Zy) =
=0, and (B, A)= ﬂ{(B A)lz 1,2,...}.

Hint: Given (B, A'), a s1mphc1al pair containing (B, A) such that

B’ does fill (i.e. contain) a hole H in A', we have available one of
two remedies : if B does not fill H delete from B’ the interior of a
PL discin H disjoint from B ; if B does fill H then using the
drainage lemma delete from A’ theinterior V of a connected closed
PL neighborhood of a PL path running from H to the complement of
B and chosensothat VNA =¢. =

(f) Elementary engulfinglemma . Let A be a simplex linearly
embedded in R™ andlet A be 3A minusa (m—1)-face. Let V
be an open set containing A andlet W be a neighborhood of

A-V. There exists an isotopy hy, 0 <t < 1, of h =id| RM with
compact supportin W so that h(V) D A. ®

(g) Induction lemma . Let (B, A) be a compact pair in a topological
m-manifold without boundary M™ | so that H™(B, A; Z,) = 0. If
the closure CHB-A) is covered by k co-ordinate charts , there exists a
closedset B', A C B' C B, sothat -
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H™B, B'; Z,) = H™B', A; Z,)= 0 and each of Cl(B-B') and
CI(B'-A) is contained in < k co-ordinate charts .
Proof: Let U be one of the k charts covering CI(B-A), and let W
be the union of the rest . Choose any compactum Bo , AC B0 CB,
so that Cl(Bo—A) C W and Cl(B-—BO) C U. To B, add every
holein B, that is filled by B and liesin W . In view of the finiteness
lemma , the result , still denoted B0 , is compact , satisfies the same
conditions , and has only finitely inany holes Hy,. . .,HS filled by B.

We shall get rid of these holes using the drainage lemma. As B
contains no component of M-A , there exists , for each i, a path
7;:1 =~ (M-A) from 'yi(O) € H; to 7;(1) € (M-B). Applyinga
chart by chart engulfing process to these paths regarded as a homotopy
of the set {7i(1)|i=1,. ..,8} into U we can find new pathsin M-A,
say 'yi , i=l,...,s, joining the same points , and an isotopy of idIM
with compact support in M-CI(B-B) toa homeomorphism h of M
such that

h(U) D U 7i(l)|i=l,2,. .8} U CI(B-B,) .

This h(U) isa new chart , constructed using (f) for 1-simplices. Let
Vi be a connected open neighborhood of the continuum 'yi(l) so that
CI(V;) isacompactum lyingin h(U)-A. We define B’ to be
BO—U{Vi|i=I,. ..,8}. Now C{(B'-A) C W a fortiori ; and CI(B-B") C
C hU because CI(B-B))UCI(V)) C h(U). = '

(g) Filtration lemma . Let (B, A) closed pair in a m-manifold M™
without boundary such that ﬁ”’(B, A;Z,)=0. Then B admitsa
ﬁltrationT A=A, CA, CA; C... by closed subsets such that , for all;
i, Ajp;—A; isboundedin M (= relatively compact) while

H™B, A;;Z,) =0, and (hence) H™(A;,7, A;j:Z,)=0. Hint: If A"
isany closed set , ACA"CB with A-A bounded , the finiteness
lemma lets one simply add to A’ every holein A’ filled by B to.
obtain a closed set A" with A"-A still bounded , which , by the
detection lemma , satisfies H™(B,A";Z,) = 0. =

+ Itisunderstood that U/ii=B where Ri is the interior of Ai in B (not .
in M ).
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Consider a contravariant functor @ from the category of
inclusions of open subsets of a topological space M to the category of
quasi-spaces' , which carries to projective limit of sets any injective
limit expressed as a union of open sets¥ . This @ is nothing but a
sheaf of quasi-spaces on M. We extend @ to arbitrary subsets
A C M Dbysetting P(A) = lgn {®(U)} where U varies over open
neighborhoodsof A in M.

In the examples we have in mind ([Sij, §41 and this essay
§1.4.1), M isa manifold and ® associates to eachopenset U C M
a suitably defined space of structures on U . The sheaf condition merely
expresses the fact that structures piece together uniquely . In these
examples there is a second such functor ®’ present and a trans-
formation d:® — ®'. It happens to be obvious that

t Intuitively a quasi-space is a sort of *space’ of which we want to know
only the sets of maps to it of certain specified pleasant spaces. The definition is
always set up so that projective and injective limits of quasi-spaces exist because
they exist in the category of sets. And one wants to allow enough pleasant spaces
- and maps between them in order to do some homotopy theory for quasi-spaces.
Classically a quasi-space Y is defined as a contravariant function from the category
C of Hausdorff compacta and continuous maps to the category of sets, which takes
union squares (pushout squares) to {iber product squares. Thus if we write
Y : X * [XY] for X compact,and X=X, UX, isaunion of compacta,
then the square
‘ (XYl = [X,.Y]

$ $
[X,,Y] = [X; NX,,Y]

of inclusion-induced ‘restriction’ maps is a fiber product square of sets; in other
words, for each pair x; € [X,,Y], i=1,2 mapping to the same element in

[X, NX,,Y], there is a unique element x € [X,Y] mapping to both Xy and x, .
We shall write x | X‘= X| s X lX2 =Xy - This definition suffices for [Si[0,§4] .
“However , for §1.4.1 of this essay we replace C by the category of piecewise-
linear maps of compact polyhedra, and in §1.6(A) we need still another definition.
If we replace C by the category of ordered simplicial complexes and order
" presetving simplicial maps , then the corresponding quasi-spaces are nothing more
nor less than css sets (as used in this essay).

t This amounts to saying thatif Uy ,a€1J ,is a collection of open sets then
for any allowable X (see previous note) and any selection of elements
' X €IX, ®(Uy)] ,a€J such that for each pair «,B€J one has
Xgl(Ug N Ug) = x31(U N Up) In (X, ®(Ug N Up)] , there exists exactly one
element x in [X, ®(UyN Uﬁ)] such that x|U,=x, foreach a€]J .
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dA 1 ®(A) - P'(A) is a weak homotopy equivalenceT if A isa
point , and the task of the immersion theoretic method is to prove if
possible that dM 1 (M) ~» P'(M) is also one.

For aninclusion i: A = B ofsubsetsof M consider the
‘restriction’ map &) : ®(B) - P(A). If ®(i) has the [weak] f
covering homotopy property for maps of a compact object , we say that
the pair (B,A) is [weakly] &®-flexible or that ® is [weakly]
flexible for (B,A). Again ,if ®(i) has the covering micro-homotopy
property in the sense that some initial interval of any homotopy of a
compact object can be lifted , we say (B, A) is ®-microflexible
(microgibki in Russian) .

Recall that in the examples we have in mind , the only immediately
provable property was ®-microflexibility for compact pairs .

A cardinal lemma of the immersion theoretic method asserts that
if MM is an open manifold and ® enjoys some extra functoriality*;
(as it often does) then ®-microflexibility implies ®-flexibility for any
simplicial pair of dimension < m in a co-ordinate chart. See [Gr,
§3.3.1] [Hal 1 ; we will not repeat the proof .

The same extra functoriality lets one quickly show , using the
elementary engulfing lemma , that in case A Cs B is a finite
simplicial expansion the restriction ®(B) - ®(A) is both a weak
fibration and a weak homotopy equivalence . (Compare §1.4,
property (2)(a) .)

With this much motivation we prove two theorems .

THEOREM A.1.

Let ®:U - ®U) beasheaf of quasi-spaces on a topological
m-manifold without boundary M™ . Suppose it is known that & is
[weakly] flexible for every compact pair (B, A) such that B isa
simplex linearly imbedded in some chart of M and either (i} or (ii)
holds : )

1 A weak homotopy equivalence gives isomorphisms of homotopy groups for
all base points. Avoid confusion with the usage of ‘weak’ in ‘weak covering
homotopy’ or ‘weakly flexible’.

1 This property is just the covering homotopy property for homotopies that
are constant on an initial interval of tine.

% The general nonsense formulation of this extra functoriality seems to run
as follows. For each pair of opensets U,V in M, there is a map of quasi-spaces
@y 1 lmb(U,V) - Map(®(V) , ®(U)) where Imb(U,V) is the quasi space of
open embeddings U~ V , and these ®yy together constituting an extension of

& to a auasi-confinnons contravariant functor of auaci-tanalacized rateoaries
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(i) dimB < m and A = 9B.
(ii) A is OB less one principal face (so that 3B C, A isan
elementary expansion) .

Then ® is [weakly] flexible for every closed pair (B, A) in
M such that H™(B, A;Z,) = 0.

THEOREM A.2 .
Let d: ® - ®' beanatural transformation between two sheaves

of quasi-spaces on a topological m-manifold without boundary , such
that :

(1) dy : ®A) > ®'(A) isaweak homotopy equivalence if A isa
single point .

(2) For any finite simplicial expansion i: A Cs B, the restrictions
®(i) and ®'(i) are weak homotopy equivalences .

(3) Every closed pair (B, A) verifying H™(B A;Z,) = 0 is weakly
flexible for both ® and ®'.

Then dy : ®(A) — ®'(4) is a weak homotopy equivalence for
every closed subset A C M verifying H™A;Z,) = 0.

Remark . Suppose in A.l and A.2 we delete the conditions

ﬁm(... 3 Zy) =0 from hypotheses and conclusions , and in A.1 we
suppress the condition < m ; then the modified statements are valid ,
classical , and far easier to prove - much as under §1.4 of this essay .

Proofs of A.1 and A.2 .
® and @' send any square

A UA, T’ A,

it 1 R

A, 2 ANA

of inclusions to a fiber product square (= projective limit square ) -

Hence if ®(i) is a has a covering homotopy property so has ®(i’)

and ®(") maps the fibers isomorphically . Alsoif ®(i), ®'(i) have
the weak covering homotopy property and if dy is a weak equivalence
for X=A;, A, ,and A;NA,, then,for X=A, UA,, the map
dx' is also a weak equivalence , by application of the 5-lemma .

- Every simplicial complex mentioned below is understood to be
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finite and simplex-wise linearly imbedded in some co-ordinate chart .
Now we can verify in order seven cases of A.1 . In this discussion

let it be agreed that (B, A) is a closed pairin M verifying the

condition H™(B, A;Z,)=0.

(o) (B, A) is finite simplicial of dimension < m . Proof: Apply (i).

B) (B, A) is finite simplicial and A Cs B is an expansion. Proof:
Apply (ii) .

(v) (B, A4) is finite simplicial . Proof : Apply (), (B), and the
collapsing lemma .

(8) (B, A4) is compact in a co-ordinate chart. Proof : Apply (y) and *
the intersection lemma .

(e) (B, A) iscompact. Proof : Apply (8) and the induction lemma.

(m) (B, A) is such that B-A has compact closure in M. Proof :

: Apply (¢) and the opening remarks about a square of inclusions .-

(§) The general case. Proof : Apply (n) the filtration lemma and an.
infinite induction to construct the liftings desired , (cf. last step
for A.2) . This completes the proofof A.1. =

Finally we go through the proof of A.2 in six cases . Here A is
understood to be a closed subset of M verifying H™(A;Z,)=0.

(o) A isasimplex. Proof: Apply (1)and (2).

B) A isa finite simplicial complex of dimension < m. Proof : Use
(o) , (3) and the preliminary remarks in an induction on the
number of simplices .

(v) A isa finite simplicial complex . Proof : Apply the collapsing
lemma and (2) to reduce to case (B) .

(8) A isacompactum in a co-ordinate chart. Proof : Apply the
intersection lemma and (y).

(e) A isacompactum . Proof : Apply (8) and the induction lemma
together with the preliminary remarks .

() The general case. Proof : The filtration lemma applied to the pau
(A, ¢) yields a filtration A; C A, C of A such that in the
commutative ladder

B(A;) < &(A;) < lim (A = B(A)
Yy ddy Lda
B(A;) « '(Ay) < limB(A) = ¥'(A)

the horizontals are weak ﬁbratlons by (3) while the veriticals are
weak equivalences by (e) .
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(Note that the equalities on the right are implied by the sheaf property
and the fact from the filtration lemma that A = u)ii , whereas
A=UA; wou[d not imply them !) This ladder will permit the reader to
check that d, maps all homotopy groups isomorphically for all base
points , as required to prove A.2. =B

Concluding remark : The above results A.1 , A.2 and their proofs ,
framed for TOP manifolds , apply verbatim to PL and DIFF
manifolds , and to other sorts . We did need to engulf a finite 1I-
complex chart by chart in the induction lemma (g) .

Microflexibility implies flexibility (sone indications) .

Above A.1 we bypassed the cardinal lemma [Gr,§3.3.1][Ha ] asserting that
microfiexibility of & implies flexibility for simplicial pairs in M™ of dimension
< m . To help the reader toward an understanding of it, we shall conclude by
isolating one idea in it:

Tucking Lemma: With the data above A.l , let B CM™ be a(linear) s}'mpiex.
Given a standard collar C of 0B in B , and an open neighborhood V of C in B ,
consider two maps fy , f; - P =~ ®(V) that(co-)restrict both to the same map

P~ ®(08) . Then, if dimB <m , there exists a homotopy F:PXI —~ &(V)

of fy =Fy . constant when restricted outside of a compactum in V | 10 a map

F;: P =~ ®(V) equalto f; near the collar C .

Proof: It'uses just the extra functoriality mentioned above A.l , not the micro-
flexibility. 1t is perhaps sufficient to illustrate the proof in the classical case M = R? ,
-®(U) = { open immersions U - R? }, with B = I-simplex , and P=point — as
follows:

/’::::\
Fy(V) (V) Fiv)y [ VY
l\\ !
n \
?\ 'nl \\:;17_‘11___\
f(9B) e > .——:.t:.:’.'.':/"““-"
~o "‘"\\
—~—T ~
fo(V) Sl S

One combines this lemma with a vigorous use of microflexibility ( PXI appears
where one might expect P ). It becomes easy to lift homotopies after inserting
finitely many pauses in their time flow. (The pauses give time to tuck.) This weaker
flexibility is just as serviceable as flexibility or weak flexibility, e.g. for A.l1,A.2 ;
‘but in fact, with a little more effort, one establishes genuine flexibility.

We remind the reader that, in the classical case just cited, when B isa 2-lisc,
flexibility fails utterly (even the weaker flexibility), because i does not boynd an
immersed 2-disc whereas the regularly homotopic immersion O does.
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Appendix B.
CLASSIFICATION OF HOMOTOPY TORI:
THE NECESSARY CALCULATIONS

This surgical classification of A. Casson, W.C. Hsiang & J. Shaneson,
and C.T.C. Wall was used to settle the Hauptvermutung in [KS}] .
One should recall that it was first applied in [Kij] to prove the Stable
Homeomorphism Theorem in dimensions > 5 . The latter’s role in
studying topological manifolds (in Essay III for example) is in itself so
vital that this monograph would be incomplete without an account of
the classification. The reader may wish to compare the original articles
on the PL classification [HS{] [Wa3] [HS91{Wa;l , which we donot -
follow in all details. )

In this appendix, we establish just that part of the classification
needed elsewhere in these essays, namely the fact that the set
So(lk XTNrel9) of CAT (= DIFF or PL) homotopy tori invariant
under passage (transfer) to standard finite coverings is m, (K(Z,,3))
provided k+n=35 and k<4 . For precise definitions see §5.4 and
below.

Notations: For typographical reasons the symbol §* of §5.4 be-
comes S in this appendix. A subscripted ‘oh’ asin Sy will continue
to indicate a (sub)set invariant under transfer to standard finite cover-
ings. Henceforth ‘rel @’ will usually be suppressed for brevity’s sake
from expressions of the form S(X reld) .

The case k=0 ,namely So(T")=0 , n=5 ,is the one used in
[Kij] . The other cases are needed to establish m (TOP/CAT) =
=m(K(Z,,3)) , k<4 ,inas [KS;] or [IV,§10.12] or [V,§5] .

To complete the picture, we shall go on in Appendix C to give a
full calculation of the homotopy-CAT structure sets S(IKXT1) |
k+n> 5 ,in all three categories DIFF ,PL and TOP .

What follows is a tour-de-force of the non-simply connected
surgery theory of Wall ;at the same time the strategy of the calcu-

lation (a splitting procedure) can be traced back to W. Browder’s
article [BrO] .
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A good deal of surgical machinery must be brought into view to
make the discussion understandable; we do this in finer print.

Let X henceforth be a compact oriented CAT m-manifold with boundary
0X (that is possibly empty, and possibly with corners if CAT = DIFF ). An element
of the set S(X) of homotopy-CAT structures on X rel 8 is represented by a
homotopy equivalence {: M — X defined on a compact CAT m-manifold M™ ,
such that { isa CAT isomorphism near 9 X (i.e. on the preimage of a neighborhood
of 83X ). Another such equivalence ' : M' = X represents the same element
[T']=1[f] in S(X) precisely if there exists an h-cobordism (W;M,M') from M to
M’ rel boundary, and a homotopy equivalence’ F : W—1 X X that is a product with
1 near 1X3X while F(x)=({(x),0) for x €M ,and F(x)=({'(x),]) for x€M’
after the identification W — F-} (fan) = MiLM' is made. When m > 6 ,and
7 X is [ree abelian, every h-cobordism is a product cobordism (cf. [1,§1] ), so
that {{]=[{"] then simply means there existsa CAT isomorphism G:M—> M’
with {'G=~Treld .

The first tool in the surgical analysis of S(X) is a map 7 to a rather
similarly defined set N (X) of normal invariants (with our conventions ‘tangential
invariants’ would be more appropriatc terminology !). An element of N (X) is
represented by a pair (fp) called a normal map to X rel 3 , where
f: MM > X isadegree *I map of a compact CAT manifold that is a CAT
isomorphism near 8X ,and ¢ :7(M)—> £ isa CAT stable bundle map over f
from the tangent (micro-)bundle of M to a CAT bundle ¢ over X . Ancther
such pair (f',p") represents the same element [[,p]=[l",¢'] € N(X)
precisely if there exists a normal map, called a normal cobordism , (F,®) to
IXX rel IXdX whose restrictions over 0XX and 1XX are identified to (fp)
and (I',p') respectively. It is plain to see that given [f] € S(X) there exisis a
unique element [f,p] € N(X) ; this rule [f] + [I,p] defines

7 85X) > NX)

The map 7 lends itself to computation because there is a natural bijection first
perceived by D. Sullivan (thesis Princeton 1965) N(X) — [Xreld,G/CAT] to
the g of the space of those maps of X to G/CAT carrying 09X to the base point.
It arises from a rule to derive from [f,p] € N(X) a homotopy trivialization
o: nk = Rk of the bundle nk = @p(X) so that « isa CAT bundle trivialization
near 3X (here »(X) is the normal bundle to X in euclidean space and £ is the
target of ¢ ). Since G/CAT classifies homotopy trivialized CAT bundles,
determines a class {a]J €[Xreld,G/CAT] . Now the recipe for a . Approximate
f:M—=>X reld bya CAT imbedding g: M— E(¢(®v(X)) . Thereisa
trivialization of the normal bundle ¢ to g(M) in this total space such that the
inclusion E(e) G E(¢ov(X)) of total spaces induces, on their stable tangen:
bundles, the original stable CAT bundle map ¢ : 7(M)—= ¢ up to CAT bundle
homotopy . Stabilizing £§®v(X) once, we can assume (see {III, § 4]) that
£0v(X)=nX containsa k-disc bundle 7, ,and that (after a standard move),

g(M) lies with trivialized normal bundle in the boundary sphere bundle én, . By
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the (pre-Thom) Pontrjagin construction, one deduces a map E(§n,) - Sk-! of
degree *1 on each fiber, and then, by coning, a fiber homotopy equivalence

a:n = RK to the trivial bundle over a point. Keeping the construction standard
near 0 we find that « isa CAT trivialization near 84X . It is not difficult to show
that this rule {f,p]+ [a] is well-defined and bijective: the inverse rule comes from
inaking a homolopy trivialization «.nk - Rk suitably transverse to 0€ Rk |
Compare [Wa,,§10] .

We can now enunciate

PROPOSITION B.1. If k<4 , the normal invariant mapping
71 SoUEXTM) = [IKXTM rel 9, G/CAT] is zero.

But the proof requires more basic theory.

G/CAT carries a Hopf-space structure representing Whitney sum, and making
the functor A + [ A,G/CAT] a contravariant functor to abelian groups, cf. [Ady].

This H-space structure on G/CAT,withthe connectivity of G/CAT,implies
that it does not matter whether the set of homotopy classes [A ,G/CAT] is defined
using base point preserving maps or arbitrary inaps A = G/CAT .

In case (Y,dY) isa CAT submanifold of (X, 3X) with trivial normal bundle
€ , there is a simple rule to express the restriction map [ X rel 9 ,G/CAT}~>
~[Y rel 3,G/CAT] in terms of normal maps and transversality. Given [[,p] €
€N(Xreld) , deform - M—> X rel @ to be transverse to Y (for € ), deforming
¢ correspondingly. Set N={-1(Y) , g=fIN , p=£1Y . Then 7(M)IN=7(N) -
stably, and thus ¢ givesa CAT stable bundle map ¢ : 7(N) = n over g . Now -
[g, ¥ | €N(Y) is the advertised restiiction of | f.p] € M(X) .

Wall has constructed by surgery a (usually non-additive) mapping of pointed sets.
6 NI — L(m X)

to an algebraically defined abelian group Lp,(m, X) that dependson m only
modulo 4 . The map § depends up to sign on the choice of homology orientation
classin Hpy(X,9X) . (In the so-called non-orientable case where w;(X) # 0 one
must use w(X)-twisted integer coefficients for Hp(X,0X) ;also Lpy(m; X) depends:-
thenon w(X):m)(X)—>Z, aswellason m(X) .) In thissituation the main
theorem of Wall’s surgery states that the kernel of  in N(X) is the image 7(S(X)),
provided m=dimX>5 . .

1

We shall make extensive use of Wall’s geometric periodicity theorem [Wa,,
§9.9] asserting that producting with P8 = (CPy y2 , or with any (CPy ¥ , does
not alter surgery obstructions, i.e. the square

MY s LX)

x| u

NEEXX) ~T L gm0
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is commutative, (See [Morg][Ran] for more general P .) The service rendered by
periodicity in this appendix is the technical one of lifting our calculations into high
dimensions out of the way of notorious difficulties met by surgery and handlebody
theory in dimensions 3,4 ,and 5, cf. [Sig] .

As starting material, we shall need information about 8 for 7{(X)=0 . The
group Ly(0) is 0,Z,,0,Z for m=1,2,3,4 respectively, see [Br;{Ser;][MiH].
Applied to [f,p] EN(XM) | f: MM > X, m=0 mod 4 , the map 8 yields
1/8 of the signature of the intersection form of M restricted to the kernel of
fr : He(M) = He(X) ;for m=2 mod4 , the map @ yields the Arf invariant (from
¢ ) of this form (for Z; coefficients), cf. [RSu] .

We shall gradually need to know that N(Sk) = T (G/CAT) (CAT=DIFF orPL)
is 0 for k=0 , and is isomorphic to Ly (0) for k=1,2,3,4 , while § is bijective
for k=2 and is mudtiplication by 2 for k=4 . For CAT = DIFF these results are
quickly deduced by using the fibration G/DIFF - By = Bg and the basic information
m0=2,,Z;,0,Z for k=0,1,2,3 and m(G)=2Z,,Z;,Z;,Z74,0 for
k=0,1,2,3,4 , cf. [Hus] [Serp] [MiK] . The reader should pause to do this most
basic calculation weaving in the following facts: (a) w; comes from Bg , (b) the
2-torus, with standard trivialization of its tangent bundle, represents an element x of”
m(G/DIFF) with Arf invariant 8(x)#0 , (“c) 730> 713G isonto [Toda] ,
equivalently any spin 3-manifold is spin nul-cobordant, cf. [Lick] , (d) the least
signature of a closed DIFF spin 4-manifold is 16 (Rohlin’s theorem) [MiK| .
cf. [V, Appendix B] .

The same result for CAT = PL is deduced from the DIFF calculation and a
map ¢ : ND[FF(Sk)—» NPL(Sk) , k<4 | constructed by Whitehead’s triangulation
theorems. This ¢ turns out to be bijective for k <4 by classical smoothing theory.
compare [1V, Appendix Bf . Fortunately Cerf’s difficult result 'y =0 [Ces] is not
needed, the injectivity for k=4 being assured by signatures. Also triangulation’and
smoothing of bundles is not strictly necessary; it is enough to triangulate and smooth
total spaces and use some normal bundle theoremsin [IV, Appendix A} .

For CAT =PL , the map 8 : my(G/CAT) = L, (0) is bijective forall k=5 .
One uses the PL Poincaré theorem (beware k =5 [IV, Appendix B} ), plus (for
surjectivity) Milnor’s plumbing [Bry] and (for injectivity) the main theorem of surgery.

© For CAT=TOP , it turns out (after our calculation of 7 (TOP/CAT) ) that
8 : m (G/TOP) » Ly (0) is bijective for all k,cf. [Sijg, §5, §13] , and C.1 below

The calculation of [IXXTMreld , G/CAT] is quite elementary.
Let H be any Hopf-space, such as G/CAT , for which the rule
Y+ [Y,H] is a functor to abelian groups. Applying this functor to the
Puppe cofibration sequence  X/d = (XXT1)/d = (XXD)/d = Z(X/d)
SCD(XXTV/9) > ..., we get an exact sequence of abelian groups

[X reld,H] «& [XXT! rel 3, H] & [XXIrel 3, H] <7
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Note that « is a retraction since (XXT1)/8 retracts canonically
onto X/0 . For a similar reason v is zero and so § is injective,
and we have a canonical decomposition

&) [(XxTt rel0,H] = [Xreld, H] ® [XXIreld,H]

1t is easily checked that the ‘transfer’ map in [XXT! rel 9, Hl
induced by multiplication by a positive integer A in F! respects
the summands on the right, {ixing the first while giving multiplication
by A in the second.

We use () n times in succession to establish
(B.2) [IkXTN rel 3, H ] eia(';)ukﬂ rel 3, HJ
o (D) mui() = o ()(skH  H]
After s applications there are 25 summands each of which will

split into two at the next stage. The first application {or example
gives

[IkxTR rel 3 ,H] = [IKXT™! rel 9, H] @ [IktIxTN rel 9 ,H]

Inspection shows that each one of these 2 =2 () summands -
[Sk+l H] corresponds naturally to a standard subtorus Ti of ™,
and that the composite map  (IKXTN)/d % (tkxTi)yja B, sk
induces the injection of this [Sk’*i ,H]l . Here a comes from pro-’
je.ction TR - Ti and B from collapsing the (i —1)-skeleton of
T .

Passage to the standard A-fold covering along any one factor
Tl of TR corresponds to the map on the right in (B.2) thatis
multiplication by \ in any summand {Sk*l H}] corresponding to a,
subtorus Ti containing this T! and to muitiplication by 1 in the"
remaining summands. Hence the subgroup, called [IXXT™ rel 8, H] 0':
invariant in (B.2) under passage to standard finite coverings is just
the summand (Sk , H] '

After all these preliminaries we can give

Proof of Proposition B.1

We have observed, for H = G/CAT , that the restriclion map - .
[IXXTM rel 9, H}o = [IK rel 3, H] = [Sk,H] is an isomorphism,
and also that 8 : [Sk,II] - Ly (0) is injective, k <4 . It follows,:
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using geometric periodicity and the discussion of normal maps, that
this injection @ can now be expressed as a composition

NokxTmy B yepxikxtny 2 npxiky L 1, (0)

where P = (CP,)2 ,and p is restriction (expressed via
transversality).

Consider now [f,¢] € NIKXTN) where f: M - IKXTD jsa
homotopy equivalence. By Farrell’s fibering theorem [Fa] (cf.
[IV, Appendix B.31 ), we can deform .PXf : PXM -

- PXIKXTM rel 3 (and PXy correspondingly) to a bundle map of
CAT bundles over TR . The deformed map then gives, by restric-
tion over PXIKX0 , a normal map (g,0) where g : N8tk — px]k
is a homotopy equivalence of fibers. This implies @[g,] =

=0 € Lgy(0)=1,(0) ,and we conclude, in view of our prelimi-
nary remarks, that 6[f,¢] = 0 . The proposition is proved. We
repeat that P merely served to jack up dimensions high enough to
apply Farrell’s result. =

K

We now need the full five-term Sullivan-Wall exact sequence
(B.3) nvaxx) L Lo L sx) D v L%

An element of L(X) is represented by a normal map (f,¢) to IXX rel OXX UIX3X
that gives a homotopy equivalence of m-manifolds over 1XXM™ . The equivalence
telation on these normal maps defining L(X) is normal cobordism rel 0XX U IX3X
giving an h-cobordism of m-manifolds over 1XXM . Thus, restriction over [XX
yieldsa map d as indicated. Clearly there is a forgetting map 8' as indicated. And
it is easy to see the resulting sequence of pointed sets is exact.

Surgery definesa map 0" : L(X) ~> L4 (7 X) which Wall [Way, §5.8,
‘§6.5] has shown to be bijective for m =dimX =5 . (His argument is strongly
.analogous to Stallings’ classification of s-cobordisms with initial end X .) This
_imposes an abelian group structure on L(X™M) for m>35 .,

One readily verifies that the abelian group law in [IXXrel d ,G/CAT]} = N(1XX)
arising from Whitney sum of bundles corresponds to fitting together two copies of
-1XX . Thus, for once, the addition can be seen in terms of normal maps; it is end to
end concatenation. An elementary additivity property of the surgery obstruction
then reveals that 6’ is additive.

It is easy to check then that d defines a bijection Cokernel(8') = Image(d) .
Wishing to know the latter we may as well calculate the former.
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If 7 (X) isfree abelian, a map p : LXXTYH) ~L(X) is defined
geometrically for dimX > 35 as follows. Given "[F,®] € L(XXT!) ,
where F : W IXXXT!, adjust F rel 0XX U IX3X using first Farrell’s
fibering theorem over 1XXXT! |, then mere transversality, in such a
way that F becomes transverse to IXXX0 giving a homotopy equiv-
alence over 1XXX0 . After this adjustment p[F,®] = [G,¥] € L(X),
where (G,¥) issimply the restriction of (F,®) over IXXX0=1IXX .

A left inverse to p is obtained by crossing with T! . It is readily
seen that both these maps are additive, once addition in L is suitably
expressed as a concatenation.

Proposition B.4 . (Shaneson [Sh] ,Wall [Wa, §13A.8])
LIXXTH) = LX) e L(XX]) , dimX>5 ,

where the injection of L(X) coines from crossing with T! and that of
L(XX1) comes from matching end pointsof 1 .

v

Proof of B.4.

The specified map L(XXI) = L(XXT!) is injective as it corre-
sponds to the obvious group injection m; X~ m (XXT!) , which hasa
right inverse making Ly, (7 X) aretract of Ly (m(XXT!)) (The
rule ™+ Lu(7) is covarianily functorial !)

Clearly L(XXI) C kernel(p) . In fact equality holds since
p{F,®] =0 , [F,®] € L(XXT!) , means that, in the transversal situa- -
tion discussed above, the restriction (G,¥) of (F,¥) over IXXX0 is
normally cobordant (in the restricted sense defining [G,¥] ) to the
trivial normal map involving id I(IXXX0) . Such a normal cobordism
of (G,y) , when thickened laterally along T! , provides a normal
cobordism (F,®) ~ (F',®") (of the restricted sort) so that F' and ¢'

are the identity over IXXXO0 . Then clearly [F,®] € lmage(L(XXI)) .
-]

With a little more work, one shows that the splitting
Lin+1 (Z%1) = Lip(Z0) @ Ly, (ZD) provided by B.4 (with
7y X =2" ) is independent of the geometry used to construct it; but
we do not use this fact.



Appendix B. The necessary calculations 271

We note that there is a parallel decomposition N(IXXXT!) =
=N(IXX) ® NIXXXI) , dimX arbitrary, which can be established by a
parallel argument (that is easier, as Farrell’s theorem is not needed over
IXXXT! ). Itis.then clear that these decompositions correspond under
the forgetting maps 6’ of (B.3) . Incidentally, one readily checks that
this decomposition corresponds to the one of [IXXXT! rel 9 ,G/CAT]
that we have used to prove Proposition B.2 .

The transfer map in L(XXT!) corresponding to multiplication by
A in T! is readily seen to respect both summands, fix L(X) and
multiply by X in L(XXI) . Similarly in MIXXXT!) .

We tend to regard the above result of Shaneson and Wall as an
integral part of the calculation of So(I¥XT™) .

It permits us to
somplete the calculation apace.

Applying the above results n times in succession to L(PXIKXTN),
ust as in proving B.2 , we decompose:

L(PXIKXTn) = eiB('i’)L(PXIk*i) = & () L1ucri(0)
ind similarly :

NEXITRXT) = @ () NPXIIHH)

9

N(II+kXTR) = ?(?)N(I"‘k”) = ® () T1414i(G/CAT)

Thereby, the left and bottom maps in the following commutative
quare are expressed as direct sums

nvaitkxrny 0" j(kxTn)

PX PXi = periodicity

NEPXIPR Ty 0 [ (PXIkXTn)
he diagonal map, which is isomorphic to the top map §' , is thus the

rect sum of 20 surgery maps:

o8 ¢ mgei(G/CAT) = Lyiygai(0) )
hose kernel and cokernel we henceforth denote Ky and K1tk |
spectively. We have proved

oposition B.5 . The cokernel of 6': N(IV*KXTN) - L(IKXTR) |

n>5 is the sum €!i9(‘l.‘)K1+k”i , 0f which the subgroup invariant
der transfer is K1¥k™ |
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In the Sullivan-Wall sequence (B.3) for X =1KXTn , thisis
equally the image of d or the kernel of 7 . Also the transfer in the
sets / , L and S clearly correspond under the maps and actions in

(B.3) . Thus, combining B.l and B.5 , we get

THEOREM B.6 .

For CAT =DIFF or PL , we have So(IXXTM rel 9) = K1tk =
= m (K(Z,,3)) provided k<4 k+n>=5.

The task of this appendix is accomplished.

Our budget of prequisites.

(i) It may be helpful to sum up our prerequisites for the result
SolT) =0, n=35 ,that is used to prove the Stable Homeomorphism -
Theorem [Ki 1} - The basics of non-simply connected surgery are essen
tial, including the geometric periodicity theorem [Wa),§5.8, §6.5] .
Thus most of the first 112 pages of [Wal] must in the end be underi;l{-?
stood.T The one algebraic result about L-groups required is L;(0)= 01;,}
for which a pleasant proof is given in [Bry] . To be sure, handlebod w
theory is nceded (as in Essay I ), plus Farrell’s fibering theorem [Fa)-:!
based on [Sij] . The PL result here requires no classical smoothing
theory. Either the PL or the DIFF result suffices to prove the Stablés
Homeomorphism Theorem as in { Kij ]

(ii) Concerning the prerequisites for proving So(IXXTM) =

= (K(Z,,3)) , k<4 , we can say much the same for CAT = DIFF
except that it is the calculation of Ly, (0) that is needed. When k =?
Rohlin’s Theorem [MiK] isvital. For CAT=PL , we must add
classical smoothing theory (at present 200 pages of arduous reading:
we suggest [Mus],then [Hig], then [HiM,I] ) plus Tj=0 for
13 (wesuggest [V, §3.4,§5.8] or [Cey,pp.127-1311 or againa’s
recent improvement of the latter by A. Douady [Lau, Appendix]).

+ Unfortunately for beginuers, Wall’s exposition is couched in the language ofif
(n+1)-ads. In learning this language note that [0,20) = R is naturally a (n+1)-ad™
(the i-th of n subsets being defined by vanishing of the i-th co-ordinate): it can_pl
a role of ‘model” analogous to that of the standard geometric n-simplex in semi- 37
simplicial work.
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Appendix C. SOME TOPOLOGICAL SURGERY

In contrast to Appendix B which carries out calculations vital to
these essays, the present appendix is optional material that exploits
what has gone before to enlarge the reader’s understanding of surgery
as it relates to topological manifolds. In particular it relies all on the
surgical apparatus set out in Appendix B, and on all the tools for the
TOP version of surgery that have been forged in Essay III.

Staying initially in the elementary line of argument of Appendix
B , we complete the classification of DIFF ,PL, or TOP homotopy
tori. A delightful isomorphism 6 : m (G/TOP)= L, (0) ,k>0Q, lets
one quickly calculate that STOP(IkXTN)=0  k+n>5 ;then structure
theory (essay IV or V) reveals that SCAT([kXTn) = [ZkTh TOP/CAT]
,k+n =5 . (Recall that these homotopy-CAT structure sets are rel
boundary. )

This done, we adopt F. Quinn’s semi-simplicial formulation
{Qny] of Wall’s surgery, and proceed to explain some far-reaching
consequences of the isomorphism w (G/TOP) =1L _(0) . To begin, we
derive the periodicity of Sullivan and Casson G/TOP = Q4(G/TOP;}
from the periodicity Ly (w) = Ly44(7) of algebraic surgery obstruction
groups. Then, having paid due attention to fundamental group, we
can observe a corresponding periodicity STOP(X) = STOP(14XX) in
homotopy-TOP structure sets (rel boundary), where X is any compact
TOP manifold of dimension = 5 . This makes the whole TOP
Sullivan-Wall exact sequence satisfy periodicity.

~ We close with a few applications of these ideas.

(i) STOP(1kXTNy=0 for k=5 , by induction on n via a simple
splitting argument; hence STOP(IKXTN)=0Q ,k+n>35 . And this
new proof applies immediately to significant generalizations by Wall
and Quinn that let one calculate many groups L (7) .
(ii) A PL analog of all the foregoing yields a rapid, if ultra sophisti-
cated, PL proof ab initio that SPL(IkXTR) = [ZkTN K(Z,3)] ,
k+n>5. (It must have much in common with A. Casson’s unpub-
lished semi-simplicial one dating from 1967-8.)
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(iii) We mention a long standing general program involving fibrations,
to reduce DIFF surgery problems to the study of the map

G/DIFF = G/TOP and to the parallel TOP surgery problems, which
enjoy periodicity.

We begin with

THEOREM C.1 . The surgery map 0y : m (G/TOP)~> Ly (0) isan
isomorphism forall k=1 .

Proof of C.1 .
For k=5 ,argue as for PL in Appendix B .

For k <4 the fibration TOP/CAT - G/CAT -~ G/TOP together
with the equation m (TOP/CAT) = m (K(Z,,3)) ( k<4 ,and
CAT =DIFF or PL ,see [IV, §10.11][V, §5] ) show that 0,
is an isomorphism for TOP since (Appendix B) it is one for CAT .

Coming to k =4 |, there is even some trouble defining 0,4 , since
there is (still !} no TOP microbundle transversality theorem when the:
expected preimage would have dimension 4 . (See [1II, §11 ;
one can in fact use M. Scharlemann’s transversality theorem [Sch] .J
Avoiding this problem, we define 0, to make the following square
commute, where P = (CP, >

74(G/TOP) = [$4,G/TOP] ——> L,(0)

x|

[PXS4,G/TOP] — L;,(0) .

The exact sequence 0 ~ 74 (G/CAT) ~ 74(G/TOP) -~
- m3(TOP/CAT) =~ 0 leaves just two possibilities: either 0, isan
isomorphisin, or m4(G/TOP)is Z® Z, and has the same image 2Z _
in Ly(0)=Z as my(G/CAT) . We thus complete the proof by show-:
ing 6,4 is onto.

The discussion in Appendix B (TOP version) identifies 8, to .
the geometric forgetting map

0': NIOP(Ixx) — LIOP(Xy=1,0) ,

where X =13XT , with 3+n=6 (say), and subscripted ‘oh’ con- .
tinues to indicate a (sub)set invariant under transfer to standard finite,..
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coverings. The surjectivity required now follows from the commuta-

tive diagram of forgetting maps with exact rows (see B.3 ).
’

04=0 d
NTOP(IXX) 2 LTOP(X) — STOP(X)

T o T zero 1 (by [5,Proof of 5.3],
' of. (IV,810.11})

0 d
NSAT(AXX) —— LSAT(X) — SSAT(X)=Z, by B.6)

onto

To verify the exactness observe that the square at left is a summand of
the similar square without subscripted oh’s. L]

For an alternative proof see [Sijp, §13.4 ] .

The classification of Appendix B is enlarged and clarified by

THEOREM C.2 . (with notations from Appendix B)
(i) STOP(KXTM)=0 ,for k+n=>5 .

(iiy SCAT(IkXTM) = [[kXTRrel @ , TOP/CAT]

® (1) mesi(TOP/CAT)

for CAT=DIFForPL ,andk+n=5 .

1}

:Proof of C.2 part (i) : TOP homotopy tori are trivial,

Imitating Appendix B , we apply the Sullivan-Wall exact
sequence (TOP version) :
(B.3) NIXX) — LX) 4, Sxy L N(X)——> Lig(m X)
with X=IkXT0 | m=k+n>5 . The analysis above B.5 shows that
‘the homomorphism @' decomposes as a sum of 2" surgery maps
8;: m(G/TOP) > Lj(0) . By C.1 each 0; is an isomorphism,so 6’
is an isomorphism.
" .+ At this point S(X) =0 amounts to showing that 6 has zero
Kernel.

-For k=21 ,and k+n> 6 , we have a proof in hand since 6
factorises (see below B.3 )as

N(IEXT™) b paxtxm —= L@,
whjle (as above) @' is an 1somorphlsm. If k>1 ,and k+n=35 , the
same argument works via the detour of producting with T! . L]

There remains the case k =0 , which is troublesome because
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6 : N(T™) — L,,(ZM) is not additive. (For example the composed map
[T8,G/TOP] = N(T®) —~ Lg(Z8)-> Lg(0) given by signature is not
additive as the Hirzebruch genus for sigriature shows; the non zero cup
productsin T8 cause the trouble).

J. Levine found the following elementary proof that
7: S(T") > N(TM) has image zero, see [HSy] . It entirely obviates
discussion of ¢ .

For each of the (}) subtori +Ti of TN we have a composed map
vy 225 yexny & vextl) & £50)  where p s restric-
tion. Summing these we get amap o : N(T™) — &;(1)L;(0) , which
could in fact be identified to @ . Avoiding even this identification
we propose to show that g7 =0 and then that ¢~1(0)=0 .

To show that ¢7=0 , consider any standard subtorus Ti and
the corresponding component S(TH) -~ L;(0) of o7 , which is the
composition S(TN) = N(TN) -P—>S->N(PXT") N N(PXTH) 9,
L Li(Zi) - L;j(0) . Farrell’s fibering theorerr) shows that the image
of any [f] €S(T") isrepresentedin N(PXT!) by a normal map that
is a homotopy equivalence, and therefore goes to zero in L;i(Z1) .

To show that ¢-1(0)=0 , we induct upwards on n (J. Levine’s
trick). If o(x) =0 , inductive hypothesis assures that the restriction
of x foreach standard TA~! C T™ is zero. Then the analysis of
[TN,G/TOP] (see B.2 ) shows that x lies in the injected subgroup
71(G/TOP) on which ¢ is clearly the injective surgery map
ﬂn(G/TOP) - Ln(0) . This completes the proof that 7 is zero, and
therewith the proof of Theorem C.2 . L]

Proof of C.2 part (ii) from part (i) .

Since the set {IKXXTNrel 3 , TOP/CAT] has been shown in §5
(orin Essay [1V] ) to be in bijective correspondence with the set
S(IKXTN) of concordance classes rel boundary of CAT manifold
structures on IKXTN , we have only to prove:

LEMMA C.3. Let X bea compact CAT manifold such that
STOP(X)y = 0=STOP(IXX) . Then the forgetting map S(X)~>
- SCAT(X) s bijective.

Proof of lemma . Surjectivity clearly follows from STOP(X)=0 ;
injectivity from STOP(IXX)=0 . L]
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PERIODICITY IN TOPOLOGICAL SURGERY

This is one of the distinguishing features of the topological cate-
gory as one can see by reading [Siyg, §14, §15] [MorgL] [CapS] .

THEOREM C 4 .

There exists a ‘periodicity’ map T1:G/TOP - Q4(G/TOP)
giving a homotopy equivalence to the identity component of
Q4(G/TOP) ,and a new (homotopy everything !) ¥ H-space structure
on G|TOP , such that for any compact TOP manifold XM (with
twisted orientation class) the resulting square (see below B.I for 8 )

[Xrel 3, G/TOP] L L (r %)

S

[14XX rel 3, G/TOP] L Linea(m X)

is a commutative square of group homomorphisms.

Remarks.

a) The proof as we explain it below is a typical application of F.
Quinn’s semi-simplicial formulation of Wall’s surgery [Qn}] .

b) The periodicity and H-space structure we shall describe in fact
coincide with those defined rather differently by D. Sullivan using his
Characteristic Variety Theorem [Sull}] . Further, J. Morgan is able to
verify the commutativity and additivity of the square (D) using his
unpublished generalization of the Characteristic Variety Theorem for
nori simply connected manifolds. (I am grateful to him for explaining
to me this line of proof.)

) It should be clear that this result can be of great assistance in calcu-

*+ All H-space structures we shall meet are homotopy associative and homo-
topy commutative. What is more, | believe that one could interpret H-spuace
structure henceforth to mean homotopy everything H-space structure, which is a
much more complicated and refined sort of structure, [BoV], cf. [Seg] [May7]
but perhaps little would be gained thereby.
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lating with the Sullivan-Wall surgery exact sequence. For example we
could have used it to abbreviate the classification of TOP homotopy
tori above (obviating J. Levine’s argument).

d) Adistinct periodicity I':G/TOP -~ 4(G/TOP) , (called the
Casson-Sullivan periodicity in [Sijg, §14] ) , has become well known
through C. Rourkes’s exposition |Rog] (which presents a correspond-
ing PL near-periodicity). Beware that T" fails in general to make the
square (0) of C.4 commute. For an example close to our heart, take
X =T8 and observe using Hirzebruch L-genus that even the square

(18,G/ToP] &> Lg(0)

r | |-
14x18,G/T0P] L 1,500

is non-commutative. The trouble arises because the construction of I’
involves Whitney sum; incidentally, we have already observed that the
upper € is not additive when Whitney sum is used in [T8,G/TOP]

In short, I has superior properties.

In what follows, m is a fixed integer >0 ,and 7 is a fixed finitely presented.
group equipped with a fixed ‘orientation’ homomorphism w: 7~ Z, . The sym- :
bols X, M, W, etc. stand for (varying) compact TOP manifolds each equipped
with an orientation class in W, -twisted integral homology.

We shall use the s-version of surgery involving sitnple rather than ordinary
homotopy equivalence, so the L-groups appearing are the LS-groups [Wa), p.249] *
Thus we rely on the result of [1lI, §5] that every (X, 8X) is a simple Poincaré ~
pair. There is no pressing reason for switching from the slightly simpler h-version
we have used so far, but the resuit of C.4 is clearly a little stronger in the s-versio

We shall need to use numerous semi-simplicial sets that lack degeneracy opera
tions; these are called A-sets, see [RS}, 1]

The proof of C.4 will follow Quinn’s article [Qn}] rather closely. We break
it into seven steps.

Eaipr- SOt

1) Lpy(m) is defined to be the A-set of which a typical zero-simplex is a referenced,
normal map f,y,g, where the pair f,p constitutes a degree 1 normal map over
f-(MM,aM) - (XM,3X) such that f:0M — 8X is a simple homotopy equivalence, -
and where g:X = K(w,1) is a ‘reference’ map such that wg, - ;X > Z, is the
orientation homomorphism of X . A 1-simplex is a referenced normal cobordismf‘
F,®,G between two such referenced normal maps f,p,g and f',¢’, g’ . Thusin?,
particular G : XM* > AFXK(m,1) is a bordism from g to g’ ,and F:M™MH 3
- XM+ s a pordism from f to f' (in XM*1) and F gives a simple equivalence
on that compact part of boundary not accounted for by f and ' .

RN
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Continuing in the obvious way, one defines a k-simplex of Ly,(w) as a triple
F,®,G where for example F: MPVk » XMk s 5 degree one map of compact
topological manifold poly-ads, whose model poly-ad is BMXAK with k+2 given
subsets BmXBiAk and (9BM)XAK | so tlat, on that part of boundary coming from
the boundary model poly-ad (3BM)XAK | the map F givesa simple homotopy
equivalence of poly-ads. (The mock-bundle notion of [BuRS} would be helpful
here.) Finally, the boundary maps in L(7) are defined by restriction.

The resulting A-set clearly verifies the Kan extension condition, there being no
trouble with corners. The same holds for all A-sets below (ordered simplicial com-
plexes excepted). Thus a well-behaved homotopy theory of these A-sets is available,
cf. [RS),1] ;for example one can regard them as quasi-spaces based on the cate-
gory of inclusion maps of ordered simplicial complexes (compare footnote in

. Appendix A ).

2)  Lp(w) is canonically an H-space. The multiplication Ly(m)XLpy(m)—=> Ly(m)
is just disjoint sum. There is a canonical hbomotopy-inverse operation, namely the
switch of orientations. There is a natural identity given by the empty normal map
and the empty (AK-fold ) normal cobordisms.

3) There is a canonical group homomorphism 6 : TjL(7)) = Liy4(7) to the

. algebraic Wall group, and it is an isomorphism if m+i>5 . One represents x € m;
-by a (quasi-space) map S!'—> Lyy(m) , where S! is the i-sphere triangulated as an

* ordered simplicial complex; then one assembies all the corresponding normal maps

?-»'a’nd cobordisms to get a well-defined normal map in dimension m+i and a reference
map from its target to SiXK(w,1) . Itssurgery obstruction, mapped thereby into

“ Lips(m) ,is 8(x) . Wall provides the nontrivial proof of isomorphism in [Way,

§9] .

) Lm(w)& Lm+4p(1r) the map defined by producting everything with

"P4P = (CP,)P isa homotopy equivalence if m =5 . Indeed it is an isomorphism on
homotopy groups by step 3 and Wall’s geometric periodicity theorem [Way,

- §9.9] . This map strictly respects H-space structure.

5) There is a composed homotopy equivalence of A-sets

Op : Qk(G/TOP) %> {Qk(G/TOP) }P———ﬁ—> N(IX XP rel 3) Y Lyeap(0)
provided k>0, k+4p>35 , and provided Lic+ap(0) is replaced by its identity
component when k=0 . Here §2K(G/TOP) is the singular complex of the usual
“keth loop-space of maps (I¥,3) = (G/TOP,x) , similarly for the second A-complex ;
‘a'c'omes from producting with P ; the A-complex N(Ik XP rel 8) has as typical
0-simplex a normal map to the fixed target 1XXP rel alkXP (cf. Appendix B ) ;

B comes from applying TOP transversality simplex by simplex (this requires

k+4p =5 ) ; finally, v is essentially a forgetting map as we may canonically install
feference maps using K(0,1) = point . On the i-th homotopy groups the composed
‘map Oy , is readily seen to give the surgery obstruction map

0 2 i3 (G/TOP) = Lisisap(0) = Lty (0) , which is an isomorphism by C.I if

itk >0 ,and zeroif itk=0 .
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6) The periodicity Il is now defined to make the square

0
G/ITOP —225 L,(0)
n 1 | xCP,
6
Q4(GITOP) B> Ly,4,(0)

homotopy commute. Here p =2 |, for convenience, but IT is clearly independent
of p . The desired H-space structure on G/TOP is the one transported from that
of L4p(0) by g, ;wecouldin fact replace G/TOP by L4p(0) using bop !

Assertion With this new H-space structure ort G[TOP , the periodicity 11 isan
H-map , ie., commutes up to homotopy with the multiplication laws.

Proof- Ths clearly amounts to the existence of an equivalence g4 : L4+4pi>
=04 L4p preserving Hespace structures so thiat p,84 , & 24(8gp) - To prove
this we can use four times over the fact that a standard equivalence

¢ Ly(m) - QL,_(7) exists preserving H-space structure and verifies

b4y p =~ 20y , . Tosec this last fact form a strictly commutative diagram

Qk(G/TOP) > Lgsap(0)
)
(point) = A§K (G/TOP) Ad, Aly44p(0) = (point)
)
Qk“(G/TOP) > Lis144p(0) %» QLy44p(0)

in which the columns are ad hoc Kan fibration sequences (cf. {BuRS, II, §5] )and
the maps on the right respect the disjoint sum operations, while the top and boltom .
maps are (homotopic to) 0 p and 8y ,p respectively. L]

7)  For any compact TOP manifold X there is a homotopy commutative diagram

) a
A(X+.G/TOP) —%2> A(X4,Lg(0)) — Linss(m;X)

(7 1 ~ ~ iXCPz ~ [ XCP,
b4,
A(X4,24(G/TOP)) = A(X4,L12(0) — Lpsya(m; X)
where the left hand square coines from the definition of IT and the maps o are
defined using the asseinbly operation first met in step 3 . We must specify what
we mean by A(Xy, ) .

Incase X is triangulable, let X be an ordered triangulation and 94X the
induced triangulation of the boundary. Then A(X4,?) is defined to be the A-set of %
which a k-simplex is a (quasispace) map (AKXX,)' = ? sending (&K X3:X)' to
the base point; here prime indicates a standard ordered triangulation which the
reader can supply. The right hand square commutes strictly and strictly respects
H-space multiplication. Thus, applying w, to the outer rectangle, we get a commu-
tative square. A straight forward pursuit of definitions reveals that this is our

square (O) .
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Incase X4 is not triangulable. let the space underlying X4 be a stable normal
disc bundle to X in a cuclidean space R _and let 34X be its restriction over the
boundary 0X . The pair (X4,04X) isreadily givena triangulation using the Pro-
duct Structure Theorem of Essay 1 ,(cf. [111. §4, §5] ). This restores meaning
to the left hand square. But untortunately the assembly procedure no longer caries
usinto Lpy,g(myX) and Lipyqa(m X) .

To remedy this simply,one can follow up the assembly procedure by an induc-
tive TOP microbundle transversality procedure, as now described. (Compare the
more sure-footed but tiresome arguments to resolve such technical difficulties in
§2 .) Discussing the upper ¢ first, observe that assembly canonically creates for
each k-simplex of A(Xy,Lg(0)) an assenbled normal inap f,p and an assembled
reference map g, , where MK**8 [, Nk+nt8 o, AkXXD | Assuming the
transversality process carried out for simplices of dimension <k , we apply the
first TOP transversality theorem of [1ll, § 1] in two steps. First make go trans-
verse Lo AKX XM ip AkXX'}L (for the given normal bundle); second make f
transverse to the new-found gc,"(Ak XXM) adjusting ¢ accordingly; both steps
are accomplished by homotopies fixing boundary which we then extend to higher
dimensional simplices witlt this face. After this inductive procedure is completzd,
we restrict over AKXXM | for each such k-simplex, and reference via a fixed map
X = K(m(X),1) soas toland up in Lgym(m;X) “as desired. Doing the same (in
relative fashion) for the lower map ¢ , we make the right hand square commutative,
o commutes with H-space multiplication at least up to homotopy. Then applying
Ty to the outside homotopy commutative rectangle we again get the square (Q) ;
this is amplified by step 8 below. L]

Our first target, the proof of the periodicity theorem C.4 has been reached.
We now restate it in a sharper semi-simplicial form and go on to establish the geo-
“metric periodicity S(X)= S(14XX) , dimX>5 .

8) The outer rectangle of (7) is naturally homotopy equivalent to the homotopy
cominutative square

GTOPYXID o g om0
4oy X sy @ %) )
The bottom @ for example is prescribed on a typical k-simplex as follows: regard
itasamap AKXI4XX— G/TOP ; use this map to pull back the universal bundle,
cross with P8 ; apply transversality to get a normal map to Ak X[4 XXM xPp8

rel AKX3(14XXXP) , and lastly regard this as a simplex of Ly 3(7; X) using the
obvious reference map to AKXK(m;X,I) . m

9) When dimX=m =5 |, the square (8) isnaturally equivalent to a square

NX) —8 LX)
9) n lf—v ~ | xcp,

NO4XX) —P— 1 ey
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N(X) is the A-set of normal maps to X (rel 3) : a typical k-simplex is a normal
map to AKXX rel AKXdX, (of course given in blocks, one over each AKXX ,so
that face maps are defined by restriction). The maps 6 just add the standard refer-
ence map to Ak XK(m; X,1) . The equivalence with (8) is given by a homotopy
commutative diagram:

o -——Ol—-) [+ — ] ——X—:’P—) ]
ol ale |
o : ° [} XT; o
where the outer rectangle is (8) and « is defined using TOP transversality. L]

10) S(X)*L* N(X) ~0—> Ll X) is a homotopy fibration for dmX=m=>35,
called the structure fibration. S(X) is here the A set of homotopy-TOP structures
on X reld defined in analogy with N(X) so that mS(X) = S(X) and more '
generally m S(X)) = S(1kXX) . The map 7 is defined by adding structure to con-
vert simple equivalences into normal maps (cf. Appendix B) .

‘The fibration property is proved by considering the Serre fiber F(X) of
0 . N(X)~ L;n(nl X) where L' is the sub A-set of L consisting of all simplices
for which the reference map is a 1-equivalence (on all faces). Using [Way, 8§91 ,
one shows that Lp, = Ly, by inclusion for m > 5 . There is a natural map
S(X) - F(X) which one readily shows to be a homotopy equivalence, see [Wa),§9]
by using the obstruction-free #-m surgery theorem of [Wa,,§4] .

It is not difficult to show that the long exact homotopy sequence of the struc- :
ture fibration is the Sullivan-Wall structure sequence.

What we have said here in (10) applies to DIFF and PL manifolds as well,
and even to Poincar€ spaces, cf. {J]{LLM]}[Qn 2]

11) There is a periodicity [1:S(X) > S(14 XX) ~ 248(X) of homotopy-TOP
structure A-sets for dimX =5 . 1t is defined to be the induced homotopy equi-
valence of the homotopy fibers of the maps 6 in the square (9) . Thus we havea -
homotopy commutative diagram )

s — N —Ls L x%)
(11 nlz 1 1: ©) =~ 1XCP2

SA4XX) T NIAXX) S Loy 4 (%)

To specify T :8(X)— S(14XX) in a preferred homotopy class, we need to
choose g homotopy making square (9) commute, this is best built in Lm+12(7rlX) ]
using TOP transversality, cf. (7) .

To then verify that the homotopy class of 1:S(X)~ SI4XX) is thereby well ”_
defined, independent of the choices involved, we can rely on the extendibility of its
construction as we have specified it. Thus, having specified constructions of this IT
for XX0 and again for XX1 (call the results IT; and II; ) , we can extend toa
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construction of an equivalence I1 : S(X) ~ S(14XX) where X is the triad
XX(1;0,1) , cf [Qn}] . We conclude that Ig=TIi; using lhe four equivalences by
restriction S(X) = S(XXi) ,and S(I4XX) = S(I4 XXXi) ,i= 1.

Here are some salient conclusions that require no semi-simplicial
language.

PERIODICITY THEOREM FOR STRUCTURES CJ5 .

For any compact TOP manifold XM m > 5 | the Sullivan-Wall
long exact structure sequence is a long exact sequence of abelian
groups, and it is canonically isomorphic to the one for 14XXM | n
particular S(X) = S(I4XX) .

As Wall remarks {Wayq, §10] , there is no sign that for DIFF
or PL manifolds (in place of TOP ) the structure sets should all
naturally be groups.

The periodicity S(X) == S(I4XX) should also exist for noncom-
pact TOP manifolds XM 'm>5,cf. [Maujy]

The periodicity C.5 is surely an attractive result; but my treat-
ment of it evokes a rueful song:

Maybe I’'m doin’ it wrong.

1t just don’t move me the way that it should ...
Sometimes I throw off a good one.

Least I think it is.

No, I know it is ...

Maybe I'm doin’ it wrong ...

Randy Newman



284 L. Siebenmann Essay V

APPLICATIONS OF PERIODICITY

I) Generalized Klein Bottles.

This is a reedition of [Wa;, § I5B] with an improved proof.

A group G is poly-Z of rank n if it has a filtration
0=Gy CG| C..CGy=G sothat Gy isnormalin Gy, withquo-
tient Gy41/Gy = Z (infinite cyclic), 0 <k <n . If t EG generates
G/Gy-1 , the inper automorphism 6(x) = t'!xt of Gy.; canbe
realized by a homotopy equivalence 0’ : K(Gy.,1) = K(Gy.1,1) and
one observes that the mapping torus of 9’ isa K(G,1) .

A generalized Klein bottle is a closed manifold X = K(G,l) with
G poly-Z . For homological reasons dim X =rankG . The Klein
bottle is the simplest one that is not a torus.

For any poly-Z group G , Farrell and Hsiang [FH7] have shown
that Wh(G) =0 . Also, we can see by induction on rank that K(G,l)
has finite homotopy type. This will let us use Farrell’s fibration
theorem [Fa] (cf. [IV, Appendix B.3] ).

HANDLEBODY LEMMA C.6 .

Let XM beacompact CAT(=PL or TOP ) manifold with
boundary, homotopy equivalent to K(G,1) where G is poly-Z of rank
n . Suppose m—-n=6 and w;y(0X) = w(X) by inclusion, i=0,1 .

Then the set S(XM) of homotopy CAT structures on XM yrel 9~
is zero.

Proof of Lemma C.6 by inductionon n .

Themap g: X—T! corresponding to G - G/Gp.; =7, T!
has homotopy fiber K(Gp.;,l) , and so Farrell’s fibration theorem
(see [Ill, §3] forits TOP version) tells us that g can be deformed
first on the boundary then in the interior to become a CAT bundle
projection with fiber X| = K(Gp.1,1) over 0E T! say, so that
mp0X; = X, by inclusion.
Remark: The necessary fact that the homotopy fiber of gloX above .
has finite type follows from use of Poincaré duality, with Z{Gp.;] \
coefficients, in the infinite cyclic covering. At the cost of assuming that.
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m >> rank G , one can see that both X and 9X split because X isa
regular neighborhood of a split K(G,1) , e.g. of one that is a mapping
torus as was described. This last argument adapts best to the generaliz-
ations mentioned below.

Consider now any [f] € S(XM) | f: (MM 3)—> (X,8) . Applying
Farrell’s theorem rel 0 to the map gf , we can deform gfrel 0 toa
CAT bundle projection with fiber Ml and deform f rel @ to-
respect fibers. Then f is split at an equivalence f; : M; = X, , repre-
senting [f;] €S(X ) zero by induction. We can thus further deform
f fixing 0 so that in addition f| is an isomorphism. Cutting X and
M open along X; and M; , we get from f a well defined homotopy
equivalence f : (Mg',) = (X§',9) representing [fy] €S(Xg)=0 ,
which again is zero by induction. Then we can finally deform [ fixing
(OM)U M, to anisomorphism. Thus [f] =0 .

The induction starts with S(BM)=0 , m=> 5 . This is the one
part of the argument that fails for DIFF. manifolds. =

UNIQUENESS THEOREM C.7 [Way, § 15B] .

Let XM m>5, beacompact TOP manifold that is a K(G,1)
with G poly-Z ( rank <m ). Then STOP(X)=0 .

Proof of C.7 : S(X)=S(I8XX) by TOP periodicity C.5 . And
SI8XX)=0 by C6 . =

Remark. Wall’s proof is rather different (more computational),
although at the crucial point he envisages the use of periodicity in
G/TOP (indeed C.4 exactly fits his needs). Is there a proof not
strongly dependent on periodicity? Wall suggests there is onc [Way,
p. 229} .

EXISTENCE THEOREM C.8 .

| Givenany poly-Z group G of rank m , there exists a closed
TOP manifold XM =~ K(G,1) .

Proof of C.8 (Wall’s argument): Consider the filtration

GyCGy C..CGp=G for G and suppose we have a TOP mani-
fold XM= K(Gy,1) ,1n > m . Then we have a homotopy equivalence
£1.X0—> X" whose mapping torus T(f) isa K(Gp+),l) . For n#4
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we can deform f to a homeomorphism and set T(f) = X0+l | This de-
formation is possible for n=3 by [St]][Neu] (as X3 will be irredu-
cible by construction). For n>35 it is possible by C.7 .

Thus the only remaining problem is to construct X> . As
S(X4XT')=0 , we can build M®=~K(Gs,1)XT! as above, then fiber
it over T! with fiber XSEK(G5,I) . B

STRUCTURE THEOREM CJ9 .

If w is poly-Z of rank m then 6 : [K(w,1),Q%(G/TOP)]
- Loy (w,wy) isan isomorphism for k >0 , where w, s the
orientation homomorphism for K{m,1) .

R

iR

Proof: Immediate from C.7 , C.8 and the Sullivan-Wall structure
sequence. L]

GENERALIZATIONS C.10 (by F. Quinn [Qny ] using [Cap) 23]

(i) Let g be Waldhausen’s simplest class of ‘accessible’ finitely
presented torsion-free groups, namely the one generated from the trivial
group by successive construction of free product with amalgamation and
and its one-sided analog ( = HNN extension). These include poly-Z -
groups, free groups, classical knot groups.

Theorem: In the s- or the h-surgery theory, for any TOP manifold
N =~ K(w,1) ,m=5,with 1€ g, thegroup S¢X) is 2-primary.
{Hints: One can imitate the proof above for the poly-Z case using,

in place of Farrell’s result, the strongest splitting theorem of 8.
Cappell {Capi ’2] , which lets one split up to h-cobordism provided
two 2-primary obstructions vanish (the more mysterious one comes
from Cappell’s UNil functor and may indeed be non-zero [Cap3z] )'{,
For technical convenience in extending the handlebody lemma C.6 , -
one can initially suppose that m > dim K(m,1) and that X isa pro-_l_
duct with [0,1] and suitably split T . This factor [0,1] of X per-.
mits geometric doubling in S(X) , which eventually kills Cappell’s
2-primary obstructions, and also any distinction between the h-and ~
s-theories. In a number of important special cases, e.g. surface groups

T See the 1emark in the handlebody lemma C.6 . Since Wh(xr) is not known

to be zero for m € g , one must add the elementary observation (for the h- or the.
s-theory), that S(X)=S(X") if X" is X with an h-cobordism added along aX
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and classical fibered knot groups, a closer examinations reveals that
S(X) = 0 since Cappell’s obstructions and Whitehead groups vanish, see
[Cap 1[Wald] .

(ii) We conclude that 0 is an isomorphism mod 2-primary groups
from {XMrel 9, G/TOP] to Ly(mX) , whenever
X=K(r,1) , n€g . And it is a strict isomorphism in the more
favorable cases mentioned.

(iii) According to Sullivan {Sullj] the group
[XM re] 9,G/TOP] is isomorphic mod 2-primary groups to
KOO(X™M rel 3) , and isomorphic rationally to @ {H4K(X,3;Q) ;

; ke€Z} ,all this for X connected and dX # ¢ .

(iv) Incase w;XM=0 ,and X™ ischosenin RM | one has an
(extraordinary) Poincaré duality isomorphism, from each of these three
(graduation 0 ) cohomology groups, to the corresponding m-th
(extraordinary) hoinology group of X . Thus we have (writing
mX=w ) '

0 : Hip(X;G/TOP) = Lpy(m) T

0 : KOp(X)y® Z[1/2] = Ly(mye Z[1/2]

0: @ Hyrg (5Q) = Lyp(m e Q
By (ii) the last two are isomorphisms if X =K(w,1) with # €g . For
the non-orientable case (with wy : ® > Z, non zero), see [Qn, 21 -

Il) PL homotopy tori by Casson’s approach.

" One can carry out the discussion of periodicity for PL. manifolds
in'place of TOP , because 6 : 7 (G/PL)—> L, (0) is an isomorphisra at
least for k>4 . Indeed periodicity was first exploited by Sullivan and
Casson in the PL context. We can pretend it is 1967 . The one,
notorious failure of @ to be an isomorphism (it is Z X2, 7 for
k=4 ) prevents the PL periodicity maps from being true homotopy
equivalences; in fact Tl : G/PL —~ Q4(G/PL) is easily seen to have fiber
X(Z,,3) .

" We propose to use the PL version of diagram (11) (preceding
C.5:), with X a compact PL manifold of dimension > 5 . Applied

. .t The spectrum for G/TOP is of course the periodic  Q-spectrum ..., Q4,
Q3.02.09 .. where 2k =QKG/TOP)
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twice, it gives a homotopy commutative diagram with rows homotopy

fibrations:

S(X) ————— (G/PLYX/D) —2s) (mX)

Ilg l Hgl > lx(cpz)z
SABXX) —T— Q3(G/PLYXN L o, X)

Here Ilg = (Q4H) oIl . Note that the homotopy fiber of Ilg : G/PL~
- Q8(G/PL) is just K(Z,,3) . Also note that the left hand square
is a (homotopy) fiber product square since an equivalence is induced
from the fiber 2L, of 7 to the fiber QL5 of 7', namely the
looping of ><(CP2)2 in the mapping of Puppe fibration sequences, /¢
follows that the fibers of the two maps Ilg are homotopy equivalent

The fiber of the Ilg atleftis S(X) for X=K(G,1) with G
poly-Z :indeed S(18tkXX)=0 ,k >0, by the (PL) handlebody
lemma C.6 , thus S(I8XX) is contractible, and so the fiber is
S(X) itself!

The fiber of the Ig at center is K(Z,,3)(X,0)

Therefore we have a natural homotopy equivalence
S(X)zK(Zz,3)(X/a) (for dimX>5 , X~=K(G,l) , G poly-Z ),
whence S(IkXX) = H3*(X,8;Z,) ,k>0 .

This elegant calculation must be a close approximation to A.
Casson’s unpublished semi-simplicial classification of PL homotopy
tori dating from 1967-68 . (It is not clear whether he took advantage:
of the handlebody lemma C.6 ). I have not given it greater emphasis
because of the sophistication required and equally because it would
seem to deny access lo TOP manifolds to those equipped with no
more than DIFF techniques.

III) Related problems .

Contemplate the following homotopy commutative diagram for
X a compact CAT m-manifold, m=5 .
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ST/C(X) —g—» (TOP/CAT)(X/3)

|

$CX)  —  (G/CATIKID —— L. (r, X)

. | |~

T —L GmopNd L (T x)

- The bottom row is the structure fibration (10) for TOP ; the middle
row is its analogue for CAT ;all vertical maps forget. ST/C(X) is the
pointed A-set of CAT manifold structures on X so defined that its
k-th homotopy group is naturally isomorphic to the set of concordance
classes (rel @ ) of CAT manifold structures on IXXX standard near
0 as discussed in Essay 1V . There is a natural map from ST/C(X)
to a Serre-type fiber of SC(X) = ST(X) and one requires only the TOP
s-cobordism theorem to show that it isa homotopy equivalence.

Since the lower left square is a fiber product square (argue as in II)
we can obtain a ‘classifying’ homotopy equivalence 7 as indicated.
One can show that, on arc components  , it is precisely the classifi-
cation of [IV, §10] (for X compact). To deal also with the
existence problem for CAT structures one can modify the middle
column (use spaces of liftings !).

This inserts the classification of }IV] into a larger context.
Although the proof of it provided thereby is not really easier than that
in- [IV] , there are analogous situations where this approach involving
surgery seems the most workable one. This is the case for the problem
-of classifying up to concordance arbitrary triangulations (perhaps not
PL homogeneous) of a given TOP manifold. For this we refer to
forthcoming articles by T. Matunoto and D. Galewski & R. Stern.

For a given CAT manifold a primary surgical problem is to
understand the vertical fibration on the left with base space ST(X) .
This has been accomplished (as Quinn notes [Qn 11 ) when CAT=PL
-and X is a torus (or PL generalized Klein bottle) ; indeed
ST/C(X) = §C(X) = K(Z,,3)X . In general, note that the vertical homo-
~t6py fibration on the left is the pull-back by 7 of the middle fibration.
But this 7 is the fiber of ¢ . Hence, if one can fully analyze the
middle vertical homotopy fibration and 6 (or 7 ), the job will be
dore. Much of Sullivan’s work on surgery [Sull] .21 has been directed
to understanding the middle fihration hesinnine with an avhanctina
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Stable homeomorphisms and
the annulus conjecture’

By Rosion C. KIRBY

A homeomorphism £ of R* to R" is stable if it can be written as a finite
composition of homeomorphisms, each of which is somewhere the identity,
that is, & = Ak, -+ b, and h;| U; = identity for each 7 where U, is open
in R*,

Stable Homeomorphism Conjecturs, SHC,: All orientation preserving
homeomorphisms of R are stable,

‘ ‘Stable homeomorphisms are particularly interesting because (see [3])
SHC, = AC,, and Ac, for all & < n = SHC, where Ac, is the

Annulus Conjecture, Ac,: Let f, g: 8" — R™ be disjoint, locally flat
itribeddings with £(S*") inside the bounded component of B — g(S**). Then
the closed region A bounded by f(S™') and ¢(S™*) is homeomorphic to
S*t x [0, 1].

Numerous attempts on these conjectures have been made ; for example,

1t is known that an orientation preserving homeomorphism is stable if it 1s.
dxfEerentlable at one point [10]} [12], if it can be approximated by a PL home-‘

omorplusm [6], or if it is (n — 2)-stable [4]. * Stable” versions of Ac, are
};nown ; A X [0, 1) is homeomorphic to S"* x I x [0,1), AX R is S™'x I X R,
and A.x S*is S"~* x I x S*if k is odd (see [7] and [13]). A counter-example
to Ac,, would provide a non-triangulable n-manifold [3].
~ "Here we reduce these conjectures to the following problem in PL theory.
Let T" be the cartesian product of # circles.

Hauptvermutung for Tori, HT,: Let T" and 7" be homeomorphic PL
@-mamfolds. Then T* and ¢* are PL homeomorphic.

f\"'"'THEOREM 1. Ifn = 6, then HT, = SHC,.
~ (Added December 1, 1968. It can now be shown that sHc, is true for

71, ¢ 4:Ifn <3, thisis a classical result. Theorem 1 also holds for # = 5,
smce Wall [19, p. 67} has shown that an end which is homeomorphic to S* x R

1s also PL homeomorphic to S* X R.

/A
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fis stable. Using only the fact that £ is a simple homotopy equivalence, Wall's’
non-simply connected surgery techniques [15] provide an “obstruction” in,
HYT=™; 7,) to finding a PL. homeomorphism between T" and z*. It is Sieben-.
mann’s idea to investigate the behavior of this obstruction under lifting,
fiT*— 7" toa 2"fold cover; he suggested that the obstruction would be-,
come zero. Wall [16] and Hsiang and Shaneson [17] have proved that this is;
the case; that is, if £" is the 2"-fold cover of a homotopy torus z*, n =5,
then £* is PL homeomorphic to T*(= T"). Therefore, following the proof of,
Theorem 1, f: T*— %" is stable, so f is stable, and thus suc, holds for n;&fL
Hence the annulus conjecture Ac, holds for n = 4. )

(Added April 15, 1969, Siebenmann has found a beautiful and surprlsmg‘
counter-example which leads to non-existence and non-uniqueness of trlangua
lations of manifolds. In particular aT, is false for » = 5, so it is necessary»
to take the 2"-fold covers, as above. One may then use the fact that f: 7*—
is homotopic to a PL. homeomorphism to show that f: T'— 7* was actually__
isotopic to a PL homeomorphism. Thus, although there are homeomorphism;sv'_
between T and another PL manifold which are not even homotopic to PL
homeomorphisms, they cannot be constructed as in Theorem 1. Details will
appear in a forthcoming paper by Siebenmann and the author. See also R. Co
Kirby and L. C. Siebenmann, On the triangulation of manifolds and the
Hauptvermutung, to appear in Bull. Amer. Math. Soc.) ‘

Let JC(M™) denote the space (with the compact-open topology) of orieﬁté ;
tion preserving homeomorphisms of an oriented stable n-manifold M, and ]\
8JC(M™) denote the subspace of stabla homeomorphisms.

THEOREM 2. SI((R") is both open and closed in JC(R™). 4
Since a stable homeomorphism of R" is isotopic to the identity, we have

the
COROLLARY. SIJ((R") is exactly the component of the identity in JC(R"

COROLLARY. A homeomorphism of R* is stable if and only if it is isp:
topic to the identity.

THEOREM 3. If M* is a stable manifold, then SIC(M") contains the;
identity component of JC(M™).
In general this does not imply that the identity component is arcwi -
connected (as it doss for M™ = R* or S"), but arcwise connectivity doby
follow from the remarkable result of Cernavskii [5] that JC(M") is local
contractible if M~ is compact and closed or M"* = R*. From the techniauess
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THEOREM 4. IJC(R™) is locally contractible.

We now give some definitions, then a few elementary propositions, t"e
crucial lemma, and finally the proofs of Theorems 1 — 4 in succession.

The following definitions may be found in Brown and Gluck [3], a good
source for material on stable homeomorphisms. A homeomorphism h between
open subsets U and V of R is called stable if each point % € I/ has a neigh-
borhood W, < U such that & | W, extends to a stable homeomorphism of 2.
Then we may define stable manifolds and stable homeomorphisms between
stable manifolds in the same way as is usually done in the p1, and different;ial
categories. Whenever it makes sense, we assume that a stable structure on
a manifold is inherited from the pL or differential structure. Home-
omorphisms will always be assumed to preserve orientation.

ProrosiTION 1. A homeomorphism of R" is stable if it agrees with o
stable homeamorphism on some open set.

ProrosiTioN 2. Let k€ J((E") and suppose there exists a constant M > 0
so that |h(x) — o} < M for all xe B*. Then h 1s stable.

Proor. This is Lemma 5 of [6].

Letting »B" be the n-ball of radius », we may consider 5D" = i(5B") 15
a subset of 7'*, via some fixed differentiable imbedding i: 5B™ — T'.

s

PropPoSITION 8. There exists an immersion a: T* — D* — R».

Proor. Since T" — D" is open and has a trivial tangent bundle, this
follows from (8, Th. 4. 7}.

ProrosiTioN 4. If A is an n X n matrixz of integers with determina@:"\t
one, then there exists a diffeomorphism f: T"— T* such that fo = A wlere
f* a(T*, t) — w(T" t,).

Proor. A can be written as a product of elementary matrices with
integer entries, and these can be represented by diffeomorphisms.

-PROPOSITION 5. A homeomorphism of a connected stable manifold s
“stable if its restriction to some open set is stable.
For the proof, see [3, p. 35]

~ .PrROPOSITION 6. Let f:S8"' x [—-1,1]— R* be an imbedding whic-
contains S in its interior. Then f|S* X 0 extends canonically to &
imbedding of B* in K.

EPROOF. This is shown in [9]. However, there is a simple proof; one
just re-proves the necessary part of [2] in a canonical way. This sort of
canonical construction is done carefully in the proof of Theorem 1 of [111.
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LEMMA. FEvery homeomorphism of T" is stable.
Proor. Let e: R*— T'* be the usual covering map defined by
3(971, ) xn) = (ezn.zlv St 62“:")
and let ¢, = (1,1, ---,1) = ¢(0, ---,0). ¢ fixes a differential and hence stabléji
structure on T,
Let 2 be a homeomorphism of 7'*, and assume at first that i(¢,) = £, and'

ho: T(T™, t)) — w(T™ t,) is the ldentlty matrix. & liftstoa homeomorphlsm}
f: B* — R* so that the following diagram commutes.

AL

o]

s 2, o
Since I =[0,1}] x --- x [0, 1] is compact,

M = sup {[h(x) — x||xe ")
exists. The condition %, = identity implies that & fixes all lattice pomts*
with integer coordinates. Thus & moves any other unit n-cube with vertlcesﬂ
in this lattice in the “same” way it moves I*; in particular lh(a,) -2l < M ‘
for all e R*. By Proposition 2, k is stable. e provides the coordmat%
patches on T*, so & is stable because e~'he | ¢~ (paich) extends to the stablg}
homeomorphxsm I for all patches.

Given any homeomorphism %4 of T", we may compose with a diffe
omorphism g so that gh(t,) = ¢,. If A = (gh);', then Proposition 4 providé
a diffeomorphism f with f, = A = (gh)3', so (fgh), = identity. We pro
above that fgh was stable so h = g='f='(fgh) is the product of stable home
omorphisms and therefore stable.

,ﬂ
s

ProoF oF THEOREM 1. Let g be a homeomorphism of E*. ga induce_s_;éé
new diﬁ'erentlable structure on T" — D", and we call this differentialy
manifold 7% — D". We have the following commutative diagram,

7% — D%, o " Dn
L b
rr % R
o and ga are differentiable and therefore stable, so ¢ is stable if and onlng;

the identity is stable (use Proposition 1).
Since T* — D" has one end which is homeomorphlc to S**' x R, and

~ A .t . .o - -
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gthe boundary is clearly a homotopy (n — 1)-sphere, we can take a C'-trian-
rulation and use the PL k-cobordism theorem to see that the boundary
i a PL (n — 1)-sphere. To be precise, there is a proper PL imbedding

1S x [0,1)— m”, and we add the boundary by taking the union

M" Ug S*! x [0, 1] over the map 3.

” Finally we add B" to this union, vie the identity map on the boundaries,
f’,’co obtain a closed rL manifold z”.

" We can assume that a2D" lies in 8(S*~* x [0, 1)). Thus 82D" lies in an
%n_—ball of z* and, since it is locally flat, bounds an x-ball by the topological
Schoenﬂies theorem {2]. Now, we may extend the 4d | T'* — 2D*, by coning
on 62D*, to a homeomorphism f: T'" — ",

~ Using HT,, we have a PL (hence stable) homeomorphism 4: T'* — z*. By

he Lemma, hA~'f: T" — T* is stable, so f = h(kh~'f) is stable, f| T* — 2D" =

Identity is stable, and finally g is stable.

Note that it is only necessary that HT, gives a stable homeomorphism A.

PROOF OF THEOREM 2. We shall show that a neighborhood of the

idéntity consists of stable homeomorphisms. But then by translation in the
!topologlcal group JC(R*), any stable homeomorphism has a neighborhood of
!_table homeomorphisms, so SJIC(X*) is open. Now it is well known that an
open subgroup is also closed (for a coset of SIC(R") in JC(R™) is open, 30 the
union of all cosets of SJFC(R") is open and is also the complement of SIC(R"),,
{yhlch is therefore closed).
" IfCisa compact subset of B* and ¢ > 0, then it is easily verified that
N(C €) = {heIC(R"||hx) — 2| < e forall z € C} is an open set in the co-
topology Let C be a compact set containing a(T* — D"). If ¢ >0 is
chosen small enough, then

ha(T" — D" c (T — 4D") Ca(T™ — 4D™) < ha(T™ — 3D™)
i cha(T* — 2D") c &(T* — D%)
for any he N(C,¢). There exists an imbedding 7;, which “lifts” & so that
the followmg diagram commutes.

T»—2D» P, s _ pn
l- |-
B, R
. To.define h first we cover C with finitely many open sets {U; }, t=1,+4,k,
so that « is an imbedding on each component of a%(U;),1 =1, - k. Let
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then (V) U;. Let W;=U;n a(T" — D*) and X; = V,Na(T" — 2D").
Since ha(T" — 2D"y c a(T* — D*), we have (X)) W, i =1, -+, k. Let
Wi J =1, ++, w; be the components of a~(Wy), let X, ; = W, ;N T" — 2D,
and let @;; = a| W;,; for all t and 5. Now we can define & by

h | Xi,; = (au;) " ha| X for all 7 and .

Clearly & is an imbedding.

a(T* —4D") € ha(T™ — 3D") which implies that a(4D* — D) > ha(33D%),
0 h(03D*)  4D" and hence ﬁ(é‘3D") bounds an n-ball in 4D*. By coning, we
extend & | T* — 3D* to a homeomorphism H: T*— T*. H is stable by the
lemma, so % is stable and % is stable. Hence N(C, ¢) is a neighborhood of
the identity consisting of stable homeomorphisms, finishing the proof of
Theorem 2.

Proor oF THEOREM 3. As in the proof of Theorem 2, it suflices to show
that a neighborhood of the identily consists of stable homeomorphisms; then
SIC(M™) is both open and closed and therefore contains the identity com-
ponent, .

Let j: B*— M be a coordinate patch, Let ¢ > 0and # > 0 be chosen 50
that N(rB", &) C JC(R") consists of stable homeomorphisms. Then thete
exists a < 0 such that if he N(j(rB"),5)c IC(M*), then hj(2rB") Cj(RY)
J7'hj | 2rB"~e N(rB", ¢). We may isotope j~'hj | 2rB™ to a homeomorphism ﬁ
of R* with H = j~'hj on rB* and therefore H e N(rB*, ¢) C J((R*). ThusH
is stable and so j'hj | 2rB" is stable. By Proposition 5, & is stable, \aﬁa
hence N (j(rB"), 8) is our required neighborhood of the identity.

Proor oF THEOREM 4. We will observe that Theorem 2 can be proved
in a “canonical ” fashion ; that is, if & varies continuously in J((R*), then H
varies continuously in J((T"). First note that J(R") may be contracted
onto J((R"), the homeomorphisms fixing the origin. The immersion
& T" — D*— R* can be chosen so that @e = id on 1/4B*. Pick a compiet
set C and € > 0 as in the proof of Theorem 2 and let he N(C, ¢). & lifts
canonically to h: T* — 2D* — T* — D", Since I?,(int 5D — 2D%) contaiﬁs
84D, it follows from Proposition 6 that 4(33D") bounds a canonical 'n-ball in
4D*. Then k| T* — 3D" extends by coning to H; T*— T™.
Clearly H(t) =i, and H, = identity so H lifts uniquely to a home
omorphism ¢: R*— R*, with |g(x) — x| < constant for all xe K, (see the
lemma), We have the commutative diagram
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Rn _ié Rn
| |
H
Tn Tn
U i U
T — 3D —> T"* — 2D"
al la
h
Rn 3 Rn
Since ¢(1/4B*) N 4D" = @ and ae = id on 1/4B", it follows that ¢ = 2
on 1/4B*. The construction of g being canonical means that the mag
¥ (R — H(R™), defined by (k) = g, is continuous.
Let P,: R*~— R*, t €0, 1], be the isotopy with P, = h and P, = ¢ defined
by )

P =g {1 1_ ; [g““h((l — t)x)]} ift<l,and P,=g.

Let Q:R*— R*, te[0,1] be the isotopy with Q, = ¢ and Q, = identity
defined by

Quz) = (1 — &) g( 1 - x) if t <1, and Q, = identity.

1 —
Now let h,: ' B*— R", ¢ [0, 1] be defined by

Py () if0st=<1/2

hl(w) = {ng_[(x) if 1/2 _S_ t é 1 .

It can be verified that h, is an isotopy of % to the identity which varies
continuously with respect to 4. Then H,: N(C, &) — J((R"), ¢t €[0, 1] defined
by H,(h) = h, is a contraction of N(C, ¢) to the identity where H, (identity) =
identity for all t [0, 1].

This proof can be easily modified to show that if a neighborhood V oi
the identity in JC,(R") is given, then C and € may be chosen so that N(C, ¢)
contracts to the identity and the contraction takes place in V. To see this,
pick 7 > 0 and 6 so that N (rB", §) < V. Then we may re-define ¢ and ¢ so
that ae = identity on »B*. If he N(rB*, 0), then P, € N(+B", §), and if ¢ ix
chosen small enough (with respect to d), then ke N(rB", &) implies thii
Q.€ N(rB", 8). Theréfore N(rB*,¢) contracts in V.
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{11]
(2]
(3]
(4]

(5]
(6]

7]
[8]
(9]

{10]
{11
12}
(13]
{14]
115)
116)
f17)

{18]

(18]
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ON THE TRIANGULATION OF MANIFOLDS AND
THE HAUPTVERMUTUNG

BY R. C. KIRBY! AND L. C. SIEBENMANN?
Communicated by William Browder, December 26, 1968

1. The first author's solution of the stable homeomorphism con-
jecture [5] leads naturally to a new method for deciding whether or
not every topological manifold of high dimension supports a piecewise
linear manifold structure (triangulation problem) that is essentially
unique (Hauptvermutung) cf. Sullivan [14]. At this time a single
obstacle remains®—namely to decide whether the homotopy group
m3(TOP/PL) is 0 or Z,. The positive results we obtain in splfe of this
obstacle are, in brief, these four: any (metrizable) topologital mani-
fold M of dimension 2 6 is triangulable, i.e. homeomorphic to a piece-
wise linear (=PL) manifold, provided H4(M; Z:;)=0; a homeo-
morphism k: M;— M. of PL manilolds of dimension Z6 is isotopic
to a PL homeomorphism provided H3(M; Z;) =0; any compact topo-
logical manifold has the homotopy type of a finite complex (with no
proviso); any (topological) homeomorphism of compact PL manifolds
is a simple homotopy equivalence (again with no proviso).

R. Lashof and M. Rothenberg have proved some of the resalts of
this paper, [9] and [10]. Our work is independent of {10]; on the
other hand, Lashof’s paper [9] was helpful to us in that it showed the
relevance of Lees’ immersion theorem [11] to our work and rein-
forced our suspicions that the Classificaiion theorem below was correct.

We have divided our main result into a Classification theorem and
a Structure theorem.

(1) CLASSIFICATION THEOREM. Let M™ be any topological manifold
of dimension mz6 (or 25 if the boundary dM is empty). There is a
natural one-lo-one correspondence belween isolopy classes of PL struc-
tures on M and equivalence classes of sitable reductions of the tangent
microbundle (M) of M io PL microbundle.

(There are good relative versions of this classification. See [7] and
proofs in §2.)

Explanations. Two PL structures Z and 2’ on M, each defined by a
PL compatible atlas of charts, are said to be isotopic if there exists a

1 Partially supported by NSF Grant GP 6530.
1 Partially supported by NSF Grant GP 7952X.
* See note added in proof at end of article.
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topological isotopy %, 0Sf=1, of 14 so that &, is a PL homeomor-
phism of (M, Z) with (M, Z’). 1f M has a metricd and €is a continuous
function A—(0, «), then A, is called an e-isotopy provided d(x, k.(x))
<e(x) for all xEM and all t& [0, 1]. To (1) we can add: Isotopic PL
structures are e-isolopic for any e.

By n-microbundle one can, by the Kister-Mazur theorem, under-
stand simply a locally-product bundle with fiber Euclidean #n-space
R", and zero-section. If £ is then a TOP (= topological) microbundle,
over a locally finite simplicial complex X, with fiber R", a reduction
of £ to PL microbundle is given by a triangulation of £ as a PL micro-
bundle over X. Two such triangulations of £ give equivalent reduc-
tions if the identity of £ is bundle isotopic to a PL isomorphism from
the one PL microbundle structure to the other. The notion of stable
reduction differs in allowing addition of a trivial bundle at any
moment. Since M is not a priori triangulable, one should, to define
reductions, first pull back 7(3{) to a homotopy-equivalent simplicial
complex. The total space of a normal microbundle of MU {collar on
aM} in R™** (k large) is convenient. This technicality obscures, but
does not destroy, the pleasant properties of the notion of reduction.

If TOPn/PL. is the fiber of the map, BPL..—BTOP,, of classifying
spaces for microbundles, define TOP/PL as the telescope of the
sequence TOP;/PL;—TOP,/PL,—TOP;/PL;— - -+ arising from
stabilization of bundles.

(I1) STRUCTURE THEOREM (PARTIALLY ANNOUNCED IN [8]).
m(TOP/PL) is 0 of #3 and Z, or 0 if i=3. Also w(TOP../PLy)
=, (TOP/PL) by stabilization, for k<m, m=5.

When it became known that, with Wall, we had shown that
w(TOP/PL) is 0 for k<3 and <Z, for k=3, we [8] and Lashof and
Rothenberg [10] independently noticed that Lees' immersion theo-
rem [11] gives the corresponding nonstable results above. This was
of critical importance to Lashof's triangulation theorem [9].

The equivalence classes of stable reductions of 7(AM) can be put in
one-to-one correspondence with vertical homotopy classes of sections
of a bundle over M with fiber TOP/PL, namely the pull-back by a
classifving map M —Brop for 7(M) of the fibration TOP/PL—Bp,,
—+Brop. Combining (1) and (I1) we find

(1) There is just one well-defined obstruction in HY(M ; w3(TOP/PL))
to imposing a PL structure on M.

(2) Gwen one PL structure on M the isolopy classes of PL
structuves on M are in (1-1)-correspondence with the elements of
H3(M; ng(TOP/PL)).
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As applications of (I) alone consider:

(a) The total space E of any normal k-disc bundle [3] of A" in
Rrtk, n-k 26, is triangulable as a PL manifold, since 7(E) is trivial.

(b) U h: E—E’ is a homeomorphism of parallelizable PL m-mauni-
folds, there exists a topological disc-bundle automeorphism a: E X D¢
—EXD* over E (s large) so that (hXid) oa: EXD*—E"XD* is
topologically isotopic to a PL homeomorphism.

Proor oF (b). The PL reduction of (E) given by % is classified by
an element ¥E[E, TOP./PL.]. Since 7(E) and 7(E’) are trivial
bundles, y comes from ¥E [E, TOP,]. Represent —x by an auto-
morphism 8: EXR"—EXR™ of the trivial R™ bundle. Then, up to
bundle isotopy 8X 1 extends [3] to a disc bundle automorphism
a: EXDmtl—EX D™+, where R =intD™+, The PL reductions of
T(EXDm+') given by (#Xid) o a and by z'dlEXD""“ are stablv the
same; so (b) follows from (I).

These seemingly innocent observations readily affirm two impor-
tant conjectures (cf. [13]).

(111) FINITENESS OF COMPACT TYPES., Every compact topological
manifold has the homotopy type of a finile complex—even if it be non-
triangulable.

(1V) TOPOLOGICAL INVARIANCE OF TORSIONS. Every topolegical
manifold M has a well-defined simple homolopy type*, namely the lype
of its normal disc bundles triangulated as PL manifolds. In particular,
if h: M— D' is a homeomorophism of compact connected PL manijolds,
the Whitehead torsion v(h) EWh (@ M) of h is zero,

2. We now sketch the proof of (1) and (11). Important elemects of
it were announced in [7], {8]. An important role is played by Lees’
recent classification theorem for topological immersions incodimen-
sion zero [11], and by Wall's surgery of nonsimply connected mani-
folds [15}; we suspect that one or both could be eliminated from the
proof of (I), but they are essential in the proof of (II). In this regard
see the weaker triangulation theorems of Lashof [9] and Lees [11]
proved before (I).

HANDLE STRAIGHTENING PROBLEM P (k). Consider a homeomorphism
h: BEXR*— V™, k4-n=m, (where B*=standard PL k-ball in R*) onlo
a PL manifold V so that h‘ dB*X R i< a PL homeomorphism. Can one
find a topological isotopy hy: B*XR*—V?, 0=t =1, of h=ho such that

(1) h|B*X B~ is PL,

(2) hy=h, 0=5t=1, on dB*XRJIB X (R*—rB") for some r ?

¢ This makes good sense even when M is noncompact, cf. [13, p. 74].
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One should think of B%*X R* as an opeu PL handle with core B*X0.
The analysis of P{k) is based on the main diagram below, which for
k=0, originated in [5].

MAIN DIAGRAM

Bt D" H': homeo, id. on @ BFy D7
J I =H" on Bkx2B"
H : homeo, covers g' "' g

Bfx R"

bounded, id. on @ B*x R*
l e =id x exp l e

1

Bt x 2B G BRx " £ gm 8 Bkx 17

homeo, PL on 9 PL homeo
j g=g' on d
1 id i
Brx(I"=D) ————= [B*x(T"=D))
o3 lid x {PL immersion} l ha, PL immersion
Bk < R® - o ym f
given homeo f=PL embedding |
PL on 8 that makes peri-
meter commute on
Bk x B

m=n-+k=5,d indicates boundary, B* =standard PL k-ball in R*,

Dr=a PL mn-ball with intD"= R"=cuclidean n-space, so that

bounded maps R*—R" extend by the identity to D*.
»=pn-lorus, the n-fold product of circles; Dy=a PL #n-ball, col-
lared in T,

Arrange that h is Pl. near dB*XR" and successively construct
e, a, W, g, g' (when possible), H, I, f.

Explanations. «, e and the inclusions of B* X 2B* arc chosen so that
the triangles at left commute; B*X (7" D,) with the unique PL
structure making ke PL is by definition [B*X(1™—Dy)}’; W is PL
and “caps it off”. g extends id. Finding g’ is the

Torus PROBLEM Q(g). To extend g|dB* X T* to a PL homeomorphism
homotopic to g.

Supposing g’ solves (g), form H and ‘squeeze’ to allow extension
‘to H'; then define f by engulfing to extend the natural PL identifica-
tion H'(B*XB")—h(B*XB"). Since f embeds the ball B*XD*, {or
any isotopy H{ of H’ fixing 8 (=boundary), there exists an isotopy
R of b fixing 9 and B* X R*—h~Yf(B* X D") so that, for each ¢, he=fH!
on BtX B, Thus, if H{ is the Alexander isotopy of H’ to the iden-
tity, k. solves P(h)!
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ProrositioN 1. If g is derived from h as above, Q(g) is solvablecsP(h)
is solvable.

PROOF. 1t remains to show «=. Using a solution &, of P(k) form an
isotopy #: IXB*XR*—IXV, fixing 9, from I to a PL homeomor-
phism. One can extend the construction of g from % to get from the
isotopy A 2 homeomorphism g: I X B*X T*— W’ with gl {0} XBEX T
=g, that is PL on @ minus {0} XintB*X T Applsing the s-cobordism
theorem to H' one gets a solution of Q(g). m

Given the problem P(k) consider the tangent bundle map
hy: 7(BEX R*)—7 (V™). Both bundles are PL trivial. Restricting over
B*X {0} in the source and projecting to the fiber in the target we get
a map (B* dB*)—(TOP., PL.) (to be understood semisimplicially
[12, §2]). Caliits classd (k) Em(TOP, PL ) 221 (TOP,./PLy). Denote
this group by II;(m).

ProrosiTioN 2. P(h) is solvable<>d(h) =0.

ProoOF. = is trivial. If d() =0, Lees’ immersion theorem [11],
together with its familiar PL counterpart due to Haefliger and
Poenaru, provides a regular homotopy (modulo 8) from % to a
PL immersion. The argument under Proposition 1 applies to solve

Q(g) and hence P(h). m

ProrositioN 2'. For each xCIly(m), k<m, there exists a problem
P(k) with d(h) =x.

PROOF. Immersion theory here provides an immersion kg: B* X R#
—Rm™, PL on 3, such that if V" is B* X R* with the PL structure mak-
ing hy PL, then h=1d: B*XR*— V" has d(h)=x.m

For any solution k. of P(k), the induced tangent bundle map gives
a map f: I X B*—TOP, sending IXdB*J {1} XB* into PLn. Thus,
given two solutions Ay, &/ of P(h) we can piece together f, ' to get a
‘difference’ class 6(k, h{) Emr1(TOP,, PLL) =wra(m).

ProrosiTioN 3. Let k. solve P(h) for h: B*XR*— V=, k<m. Given
any yin T (m-+1) there exists a solution hi of P(h) such that sé(h,, k)
=19 (s denoles stabilization whick by (11) is an 1somorphism).

INDICATION OF PROOF. One can reduce to the special case where #;
is the identity solution of P(id] B¥ X R*). Proposition 2’ provides a
problem P(l), hy: BHUXR*— Vit with d(l) =y, which yields a
torus problem Q(g1), gi: B¥F'XTr—Wn+l Impose on BFtIXT™
=] XB*XT" the PL structure £ making g; PL. Z is standard on 9.
Apply the s-cobordism theorem to (I3 0, 1) X B* X T with structure
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= to derive a PL automorphism 0 of {1} X B* X T* that fixes 3. Solve
P(idl B¥X R*) using 8 (for g’ of the main diagram) in place of 4, and
call the solution &¢. Then s6(id, h{)=2y.

Proor or (Il). (a) For m>k>3 there is an elementary proof that
I(m)=0. It is an induction on n=m—k=1 exploiting the main
diagram. Also, surgery can be used as in (b).

(b) y(m)=0 for m=5 and k=0, 1, 2. Represent x&Ily(m) by a
problem P(k) and pass to the torus problem Q(g). There is an ob-
struction [g]EH3*(T"; Zs) to solving Q(g). For [g] to exist, g need
only be a homotopy equivalence which is a PL. homeomorphism on
9, and, strictly speaking, [g] is the obstruction to homotoping g
(modulo 9) to a PL homeomorphism. Note that to solve P(k) it
suffices to solve Q(g) where g is the covering of g for (2Z2)*CZ»
==7F|(T”).

x4
pl2n 12"—f01d covering map.
pex 5w

To see this just add a new tier over g in the mdin diagram! Now
[2]=p*[¢]. But p* kills H**(T"; Zy). Thus P(h) is solvable and
x=0. (Also Q(g) is solvable by Proposition 1, so {g] was already 01)

(c) Hs(m)CZy for m=5. In the above argument p*=1id. But by
inspection of definitions x— [g| S HY(T*; Z,) is additive.

(d) Stability: s: Hs(m)—Ma(m-1) is an isomorphism, m25. That
s is onto follows by tlie descent argument for (a). To prove s is injec-
tive we check that, if P(h) gives Q(g) with surgery obstruction yEZ,,
then P(hX1g) also gives y&Z,.

Prior to this work, C. T. C. Wall, W. C. Hsiang, and J. Shaneson
(jointly), and A. Casson understood the classification of homotopy
tori (the case when k=0 above).® When our specific questions (see
[6] and [8]) were posed, Wall [16] and Hsiang and Shaneson [4],
independently verified that [g]=p*[g] and extended their work to
the cases 25<0. It seemns to us that the fibration theorem of Farrell
[1] reworked in [2] and [15]) plays an essenzial role in the construc-
tion and use of {g]. We thank W. Browder for a very transparent
definition of [g].

Propositions 1, 2, 2/, 3 and the above stability permit us to prove
).

Unigueness (Hauptvermutung). Consider an unbounded TOP
manifold M with two PL structures Z, 2’ giving reductions p, p’ of

¢ Casson apparently had examined the general case k20 [16].
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7(M) to PL microbundle that are (stably) related by a deformation
o of reductious. Take a handle decomposition of M, and suppose that,
for a subhandlebody M,, one has found an isotopy k., 0Z¢<s, of 1y
with h.| M, being PL, which realizesol M. If H is a k-handle attached
to Mo, the obstruction in m(TOP/PL) (Proposition 2) to prolonging
h, fixing M, to an isotopy A, 0SE<s41, with k| MoO\JH being
PL, can be identified with the obstruction to extending over M¢\J/H
the deformation determined by h.! M, between the reductions given
by 2 and 2'. It is zero because o| Mo\UH exists. Proposition 3 allows
us to choose kb, 0<t< 541, so as to realize o] Mg\JH. This indicates
how to construct inductively the desired isotopy. By using small
handles, one can make this isotopy small. In a relative form, which
this argument also yields, the case for open manifolds takes care of
manifolds with boundary.

Existence (Triangulation). Once it is stated in a relative form (see
[7]) we caa assume that @M =& and (by passing to charts of a locally
finite cover) that M is triangulable. Again we use a handle induction,
and spread the PL structure handle by handle. Proposition 2’ takes
the above role of Proposition 3, so this argument for existence is
simpler than that for uniqueness above.

ADDED IN ProoF. We have proved that w3 (TOP/PL) is Z; not 0,
see [17]. Here is an argument in outlinc. Surgery provides a homo-
topy equivalence g:B!*XT"—W, =5, that is a PL homeomorphism
on 9 and has nonzero invariant [g]EH*(T*; Z,). (Here and below
compare proof of I1.) Using the s-cobordism theorem (cf. Proposition
3) one derives from g a PL automorphism % of T, well-defined by
[¢] up to PL pseudo-isotopy (concordance). Let g, A=1, 3,5, - - - be
the standard A"-fold covering of g and let &\ be a A*-fold covering of
derived from g». For A large, /i can be arbitrarily close to id| T7; hence
is topologically isotopic to id| T* by a result of Cernavskii (Doklady
1968) provable [6] by a method of [5]. Thus if 7+(TOP/PL) were
zero, hix would be at least PL pseudo-isotopic to 4d| 7. But it is not,
since [gh] = [g] #0 as X is odd. Therefore #3(TOP/PL) = Z,.

This discovery leads to many striking conclusions (e.g. see Notices
Amer. Math. Soc., June 1969). These will be discussed fully in a
paper devoted to a careful development of our results.
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TOPOLOGICAL MANIFOLDS *

by L.C. SIEBENMANN

0. Introduction.

Homeomorphisms — topological isomorphisms — have repeatedly turned wp in
theorems of a strikingly conceptual character. For example :

(l)(l9“‘ century). There are continuously many non-isomorphic compact
Riemann surfaces, but, up to homeomorphism, only one of each genus.

(2) (B. Mazur 1959). Every smoothly embedded (n — 1)-sphere in euclidean
n-space R" bounds a topological n-ball,

(3) (R. Thom and J. Mather, recent work). Among smooth maps of one compact
smooth manifold to another the topologically stable ones form a dense open set.

In these examples and many others, homeomorphisms serve to reveal basic rela-
tionships by conveniently erasing some finer distinctions.

In this important role, PL (= piecewise-linear)(**) homeomorphisms of simplicial
complexes have until recently been favored because homeomorphisms in general
seemed intractable. However, PL. homeomorphisms have limitations, some of them
obvious ; to illustrate, the smooth, non-singular self-homeomorphism f: R -+ R

i
of the line given by f(x) = x + Y exp (— 1/x*) sin (1/x) can in no way be regarded

as a PL self-homeomorphism since it has infinitely many isolated fixed points near
the origin.

Developments that have intervened since 1966 fortunately have vastly increased
our understanding of homeomorphisms and of their natural home, the category
of (finite dimensional) topological manifolds(***).1 will describe justa few of them
below. One can expect that mathematicians will consequently come to use freely
the notions of homeomorphism and topological manifold untroubled by the frus-
trating difficulties that worried their early history.

(*) This report is based on theorems concerning homeomorphisms and topological mani-
folds [44] [45] [46] [46 A] developed with R.C. Kirby as a sequel to [42]. I have reviewed
some contiguous material and included a collection of examples related to my observation
that w,(TOP/PL) # 0. My oral report was largely devoted to results now adequately descri-
bed in [81], [82].

(**) A continuous map f : X = Y of (locally finite) simplicial complexes is called PL if
there exists a simplicial complex X’ and a homeomorphism 5 : X' = X such that s and
fs each map each simplex of X’ (affine) linearly into some simplex.

(***) In some situations one can comfortably go beyond manifolds [82]. Also, there has been
dramatic progress with infinite dimensional topological manifolds (see [48]).
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1. History.

A topological (= TOP) m-manifold M™ (with boundary) is a metrizable topo-
logical space in which each point has an open neighborhood U that admits an open
embedding (called a chart) f: U >Ry ={(x,,...,x,) € R"Ix, = 0}, giving a
homeomorphism U = f(U).

From Poincaré’s day until the last decade, the lack of techniques for working with
homeomorphisms in euclidean space R™ (m large) forced topologists to restrict
attention to manifolds M™ equipped with atlases of charts £, : U, Ry, VU, =M,
(« varing in some index set), in which the maps f;3 fe ! (where defined) are especially
tractable, for example all DIFF (infinitely differentiable), or all PL (piecewise
linear). Maximal such atlases are called respectively DIFF or PL manifold struc-
tures. Poincaré, for one, was emphatic about the importance of the naked
homeomorphism — when writing philosophically [68, §§ 1, 2] — yet his memoirs
treat DIFF or PL manifolds only.

Until 1956 the study of TOP manifolds as such was restricted to sporadic
attempts to prove existence of a PL atlas (= triangulation conjecture) and its
essential uniqueness (= Hauptvermutung). For m = 2, Rado proved existence,
1924 {70] (Kerékjartd's classification 1923 [38] implied uniqueness up to isomor-
phism). For m = 3, Moise proved existence and uniqueness, 1952 [62], cf. amisproof
of Furch 1924 {21].

A PL manifold is easily shown to be PL homeomorphic to a simplicial complex
that is a so-called combinatorial manifold [37]. So the triangulation conjecture is
that any TOP manifold M" admits a homeomorphism h : M - N to a combinatorial
manifold. The Hauptvermutung conjectures that if h and h' : M > N' are two
such, then the homeomorphism h'h™! : N > N’ can be replaced by a PL homeo-
morphism g : N - N'. One might reasonably demand that g be fopologically isotopic
to '™, or again homotopic to it. These variants of the Hauptvermutung willreap-
pear in §5 and §15.

The Hauptvermutung was first formultated in print by Steinitz 1907 (see[85]).
Around 1930, after homology groups had been proved to be topological invariants
without it, H. Kneser and J.W. Alexander began to advertise the Hauptvermutung
for its own sake, and the triangulation conjecture as well [47] [2]. Only a misproof
of Noebling [66] (for any m) ensued in the 1930’s, Soberingly delicate proofs of
triangulability of DIFF manifolds by Cairns and Whitehead appeared instead.

Milnor's proof (1956) that some ‘well-known’ S bundles over §* are homeomor:-
phic to S7 but not DIFF isomorphic to S7 strongly revived interest. It was very rele-
vant ; indeed homotopy theory sees the failure of the Hauptvermutung (1969) as
quite analogous. The latter gives the first nonzero homotopy group 7,(TOP/O) = Z,
of TOP/O ; Milnor's exotic 7-spheres form the second 7, (TOP/O) = Z,q.

In the early 1960’s, intense efforts by many mathematicians to unlock the geo-
metric secrets of topological manifolds brought a few unqualified successes :
for example the generalized Shoenflies theorem was proved by M. Brown [7] 4
the tangent microbundle was developed by Milnor [60] ; the topological Pomcare
conjecture in dimensions = 5 was proved by M.H.A. Newman [65].
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Of fundamental importance to TOP manifolds were Cernavskif’s proof in 1968
that the homeomorphism group of a compact manifold is locally contractible
[10] [11], and Kirby’s proof in 1968 of the stable homeomorphism conjecture with
the help of surgery [42]. Key geometric techniques were involved — a meshing idea
in the former, a particularly artful torus furling and unfurling idea(*) in the latter.
The disproof of the Hauptvermutung and the triangulation conjecture 1 sketch
below ‘uses neither, but was conceived using both. (See [44] [44 B] [46 A] for
alternatives).

2. Failure of the Hauptvermutung and the triangulation conjecture.

This section presents the most elementary disproof 1 know. I constructed it
for the Arbeitstagung, Bonn, 1969.

In this discussion B" = {— 1, 11" C R" is the standard PL ball ; and the sphere
S 1 = 3B™ is the boundary of B". T" =R"/Z" is the standard PL torus,the n-fold
product of circles. The closed interval [0, 1] is denoted 1.

As starting material we take a certain PL automorphism o of B> x T", n > 3,
fixing boundary that is constructed to have two special properties (1) and (2) be-
low. The existance of « was established by Wall, Hsiang and Shaneson, and Casson
in 1968 using sophisticated surgical techniques of Wall (see [35] [95]). A rather naive
construction is given in [80, §5], which manages to avoid surgery obstruction groups
entirely. To establish (1) and (2) it requires only the s-cobordism theorem and
some unobstructed surgery with boundary, that works from the affine locus
Q*:z +23+ 22 =1 in C° This Q* coincides with Milnor's Eg plumbing of
dimension 4 ; it has signature 8 and a collar neighborhood of infinity M3 x R,
where M?® = SO(3)/A4 is Poincaré’s homology 3-sphere, cf. [61, § 9.8].

(1) The automorphism f induced by o on the quotient T**" of B* x T"(obtai-
ned by identifving opposite sides of the square B?*) has mapping torus

T(B) =1x T*™*"[{(0,x) =(1,B()}

not PL isomorphic to T**" ; indeed there exists("*)a PL cobordism (W ; T™*>, T())

and a homotopy equivalence of W to {I x T* # Q U o0} x T" extending the stan-

dard equivalences T3*" ~ 0 x T x T" and T(8) =~ 1 x T* x T". The symbol # in-
- dicates (interior) connected sum [41].

(2) For any standard covering map p :B? x T" - B* x T" the covering autoror-
phism &, of & fixing boundary is PL pseudo-isotopic to a fixing boundary. (Co-
vering means that pa, = ap). In other words, there exists a PL automorphism il of
(7:0,1)x B> x T" fixing I x 8B% x T" such that HIO x B> x T" = 0 x & and
H1xB*xT"=1xaq.

(*) Novikov first explolted a torus furling idea in 1965 to prove the topological inva-
riance of rational Pontrjagin classes [67]. And this led to Sullivan’s partial proof of the
.Hauptvermutung [88]. Kirby’s unfurling of the torus was a fresh idea that proved revo-
“lutionary.

'(:*) ‘This is the key property. It explains the exoticity of T(f) —~ (see end of argument),
and the property (2) — (almost, see [80, § S).
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In (2) choose p to be the 2"-fold covering derived from scalar multiplication
by 2 in R". (Any integer > | ‘would do as well as 2.) Letay(= ), &, , 05, . ..
be the sequence of automorphisms of B x T" fixing boundary such that Oy
covers o, i.e. pay ., = o, p. Similarly define H,(= H) »H;,H,, ... and note that
H, is a PL concordance fixing boundary from a, to a,,,. Next define a PL auto-
morphism H' of [0,1)x B® x T" by making H'lla,,a,,,] x B> x I", where

|

a, =1-— * correspond to H, under the (oriented) linear map of [ay,a,,, ]
onto [0, 1] = 1. We extend H' by the identity to [0, 1) x R? x T™. Define another
self-homeomorphism H' of [0, 1) x B x T" by H" = @¢H ¢! where

e, x,)=0¢,(0—1)x,y)
Finally extend H'" by the identity to a bijection

H' : IxB*xT">IxB*xT"
It is also continuous, hence a homeomorphism. To prove this, consider a sequence
qy,q4,... of points converging to q = (¢, x,,y,) in I x B*xT" Convergence
H"(q,) ~ H"(q) is evident except when 1, = 1,x, = 0. In the latter case it is

easy to check that le"(ql) =»p,H"(g@) = | and pZH"(q,) ->p,H"(q) =0 as
j —> oo, where p;, i = 1,2,3 is projection to the i-th factor of { x B* x T". It is

not as obvious that p3H"(q;) = p,H"(q) = y,. To see this, let
H,:IxB*xR"~>1IxB*xR"
be the universal covering of H, fixing I x oB? x R". Now
sup {Ipsz —psH,zl ; z€[0,1]x B> xR"} =D,
is finite, being realized on the compactum / x B® x I". And, as H is clearly
. i )
05'H 6,, where 0,(t,x,y)=(t,x,2"y), we have D, = ?Do. Now D, is_
> the maximum distance of p, H,, from p,, for the quotient metric on T* = R"/Z"
so Dy~ 0 implies p,H"(q;) = p3H"(q) = 3o, as | > o=,

As the homeomorphism H" is the identity on I x 8B x T" it yields a self-
homeomorphism g of the quotient / x T? x T" =] x T?**, And as :

glOx T =0xg |,
and g1 x T**" = identity, g gives a homeomorphism % of T(f) onto
T(@d) =71 x T2 = 73"
by the rule sending points (¢,z) to g“(t ,2) — hence (0,2) to (0 8@ and":
(1,2)to(1,2) :
The homeomorphism h : T3*" ~ T(B) belies the Hauptvermutung. Further, |

(1) offers a certain PL cobordism (W ; 727, T'(8)). Identifying 72*" in W to .
under h we get a closed topological manifold
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XM {TIx T3 # QU Ix T

(= indicating homotopy equivalence).

If it had a PL manifold structure the fibering theorem of Farrell {19] (or the
author’s thesis) would produce a PL 4-manifold X* with w, (X*) = w,((% = 0
and signature 6 (X*) = 0(S' x T # Q U ) =0(Q U )= 8 mod. 16, cf. [8D, § 5].
Rohlin’s theorem [71] [40] cf. § 13 shows this X* doesn’t exist. Hence X**" has no
PL manifold structure.

Let us reflect a little on the generation of the homeomorphism h : T(8) ~ 7",

The behaviour of H" is described in figure 2-a (which is accurate for B! in place of
B? and for n = 1) by partitioning the fundamental domain / x B2 x I" according

to the behavior of H". The letter & indicates codimension | cubes on which H"
is a conjugate of a.

7

/QV'Q /Q\VQ )

9\/ 2

a
WOVIE

\Wi
X

™

B?

Figure 2a

- Observe the infinite ramification (2"-fold) into smaller and smaller domains
converging to all of 1 x 0 x T”. In the terminology of Thom [92, figure 7] this
-reveals the failure of the Hauptvermutung to be a generalized catastrophe !

Remark 2.1, — Inspection shows that 1 : T(f) = T*" is a Lipschitz homeo-
morphism and hence X Mt s a Lipschitz manifold as defined by Whitehead [98]
-for the pseudogroup of Lipschitz homeomorphisms — see §4. A proof that
_7{([3) 2~ T*" (as given in [44]) using local contractibility of a homeomorphism
-group would not reveal this as no such theorem is known for Lipschitz homeo-
niorphisms. Recall that a theorem of Rademacher [69] says that every Lipschitz
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homeomorphism of one open subset of R™ to another Is almost everywhere
differentiable,

3. The unrestricted triangulation coenjecture.

When a topological manifold admits no PL manifold structure we know it is
not homeomorphic to a simplicial complex which is a combinatorial manifold
[37]. But it may be homeomorphic to some (less regular) simplicial complex
— i.e. triangulable in an unrestricted sense, cf. [79]. For example Q U oo (from §2)
is triangulable and Milnor (Seattle 1963) asked if (Q U o°) x S? is a topological
manifold even though Q U oo obviously is not one. If so, the manifold X an of
§ 2 is easily triangulated.

If all TOP manifolds be triangulable, why not conjecture that that every locally
triangulable metric space is triangulable ?

Here is a construction for a compactum X that is locally triangulable bul is
non-triangulable, Let L, , L, be closed PL manifolds and

(W;iL, xR,L, x R)

an invertible(*) PL cobordism that is not a product cobordism. Such a W exists for .
instance il w,L,=2Z,,, and L, =L, compare [78]. 1t can cover an inver-

tible cobordism (W', L, x S, L, x 8') [77, § 4). To the Alexandroff compac-
tification W U e of W adjoin {(L, x R) U o}x [0, 1] identifying each point -
(x, 1) in the latter to the point x in W U oo, The resulting space is X. See Figure 3-a. |
The properties of X and of related examples will be demonstrated in {83]. They

complement Milnor's examples [57)] of homeomorphic complexes thatare PL (com-
binatorially) distinct, which disproved an unrestricted Hauptvermutung. '

-

(LyxR)U e

{(L, xRYU e} x [0, 1] «x10,1]

Figure 3a

(*) This means that W can be expressed as a union W = C; U C,, where C; is a closed3
collar neighborhood of L; x R in W.
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4. Structures on topological manifolds.

Given a TOP manifold M™ (without boundary) and a pseudo-group G of homeo-
morphisms (") of one open subset of R™ to another, the problem is to find and
classify G-structures on M™. These are maximal “G-compatible” atlases {U,, , f,}
of charts (= open embeddings) f, : U, = R"™ so that each fﬁf;' isin G. (Cf. {29]
or {48}.)

One reduction of this problem to homotopy theoretic form has been given
recently by Haefliger [28] [29]). Let G (M"™) be the (polyhedral quasi-) space (**)
of G-structures on M. A map of a compact polyhedron P to G (M)is by definition
a G-foliation ¥ on P x M transverse to the projection p,: P x M = P (i.e. its de-
fining submersions are transverse to p, )(***). Thus, for each ¢ € P, & restricts to a
G-structure on £ x M and, on each leaf of &, p, is an open embedding. Alsc note
that & gives a Gp-structure on P x M where G, is the pseudo-group of homeomor-
phisms of open subsets of P x R™ locally of the form (¢,x) - (t,g(x)) with
g€G. If G consists of PL or DIFF homeomorphisms and P = [0, 1], then
& gives (a fortiori) what is called a sliced concordance of PL or DIFF structures
on M (see [45] {46)).

We would like to analyse G(M™) using Milnor’s tangent R™-microbundle 7 (M) of
M, which consists of total space E(rM) = M x M, projectionp, : M x M = M, and
(diagonal) section & : M =+ M x M, 5 (x) = (x,x). Now if ¥ is any R™ micro-
bundle over a space X we can consider G*(§) the space of G-foliations of E (§)
transverse to the fibers. A map P - G () is a G-foliation & defined on an open
neighborhood of the section P x X in the total space E(P x §) = P x E (}) that is
transverse to the projection to P x X. Notice that there is a natural map

d:GM™) > GraM™)

which we call the differential. To a G-foliation & of P x M transverse to p,, it
assigns the G-foliation d¥ on P x M x M = E(P x 7(M)) obtained from & x M

(°) e.g. the PL isomorphisms, or Lipschitz or DIFF or analytic isomorphisms. Do notcon-
fuse.G with the stable monoid G = U G, of § 5.5.

(**) Formally such a space X is a contravariant functor X : P~ [P, X] from the categcry
of PL maps of compact polyhedra (denoted P, Q etc.) to the category of sets, which carries
um‘qn to fiber product. Intuitively X is a space of which we need (or want or can) only
know the maps of polyhedra to it.

("*") A G-foliation on a space X is a maximal G-compatible atlas {V,, g,} of topological sub-
mersions g, : ¥, = R™. (See articles of Bott and Wall in these proceedings.)Amapg: V — W
is a ropological submersion if it is locally a projection in the sense that for each x in ¥ there
exists an open neighborhood W, of g(x) in W a space F, and an open embedding onto a
neighborhood of x, called a product chart about x, v : F, x W, = V such that gy is p1ojec-
tion p,: F, x W, ~ W, C W. One says that g is fransverse to another submersiong': V=W’
if for each x, y can be chosen so that £, = W, x F, and g’y is projection to W, an open subset
of W'. This says roughly that the leaves (= fibers) of f and g intersect in general position.
Above they intersect in points.

'
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by interchanging the factors M. If P is a point, the leaves of d% are simply
{(PxMxxjx €M}
Clearly d& is transverse to the projection P x p, to P x M.
THEOREM 4.1. CLASSIFICATION BY FOLIATED MICROBUNDLES. — The differential
d: GM™) > G*(rM™)

is a weak homotopy equivalence for each open ( metrizable) m-manifold M™ with no
compact components.

Haefliger deduces this result (or at least the bijection of components) from the
topological version of the Phillips-Gromov transversality theorem classifying maps
of M transverse to a TOP foliation. (See [29] and J.C. Hausmann’s appendix).

As formulated here, 4.1 invites a direct proof using Gromov's distillation of im-
mersion theory [25] [26]. This does not seem to have been pointed out before,and
it seems a worthwhile observation, for 1 believe the transversality result adequate
for 4.1 requires noticeably more geometric technicalities. In order to apply
Gromov’s distillation, there are two key points to check. For any C C M™, let
Gy (C) = inj lim {G (V)| C C U open in M}.

(1) For any pair A C B of compacta in M, the restriction map m - G, (B) = Gy (4)
is micro-gibki — i.e., given a homotopy f : P x I > Gy (A)and Fy : P x 0 = Gy (B)
with 7Fy = f|P x 0 there exists € >0 and F:Px [0,e€) > Gp(B) so that’
#aF = f|P x [0, €). Chasing definitions one finds that this follows quickly from
the TOP isotopy extension theorem (many-parameter version) or the relative local
contractibility theorem of [10] [17].

(2) d is a weak homotopy equivalence for M™ = R™. Indeed, one has a commu-_
tative square of weak homotopy equivalences

GR™-Z> GLirR™)
zl 1 ~

Gom(@< G R™10)

in which the verticals are restrictions and the bottom comes from ldenufymg
the fiber of TR™|0 to R™, cf. [27}. -

Gromov’s analysis applies (1) and (2) and more obvious properties of G, ¢t to .
establish 4.1. Unfortunately, M doesn’t always have a handle decomposition over'
which to induct ; one has to proceed more painfully chart by chart. -_u

We can now pass quickly from a bundle theoretic to a homotopy classmcatlon .
of G-structures. Notice that if f : X' = X is any map and &" isa R" mxcrobundle{'g
over X equipped with a G-folitation &, transverse to fibers, defined on an opény
neighborhood of the zero section X, then f*§ over X' is similarly equipped with,,
a pulled-back foliation f*%. This means that equipped bundles behave much lxke
bundles. One can use Haefliger’s notion of “gamma structure” as in [29] to deduce
for numerable equipped bundles the existence of a universal one (vg ,% ) over a
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base space Bpg)(*). Thfare is a map Bry * Bropmy Classifing v as an R™-
microbundle ; we make it a fibration. Call the fiber TOP(7)/T'(G). One finds that
there is a weak homotopy equivalence G* (§) ~ Lift(f to Br(c))» to the space of
liftings to By of a fixed classifying map f : X = Byopy,,) for . Hence one
gets

THEOREM 4.2. — For any open topological m-manifold M™, there is a weak ho-
motopy equivalence G(M) = Lift (7 to Bpg,) from the space of G-structures G(M)
onM to the space of liftings to Bpq, of a fixed classifying map map v : M Brovim
forT(M).

Heafliger and Milnor observe that for G = CAT™ the pseudo-group of CAT
isomorphisms of open subsets of R™ — CAT meaning DIFF (= smooth C*),
or PL (= piecewise linear) or TOP (= topological) — one has

4.3) 7, (CAT(m)[T(CAT™) =0 , i<m

Indeed for CAT = TOP, 4.2 shows this amounts to the obvious fact that

To(G (5'x R™ ")) = 0. Analogues of 4.2 with DIFF or PL in place of TOP can
be proved analogously (**) and give the other cases of (4.3). Hence one has

THEOREM 4.4. — For any open topological manifold M™, there is a natural bi-
jection wyCAT™(M™) == 1y Lift (7 t0 Bopgym)- -
This result comes from [44] for m > 5. Lashof [50] gave the first proof that was
valid for m = 4. A stronger and technically more difficult result is sketched in
- [63] [45]. It asserts a weak homotopy equivalence of a “sliced concordance”
variant of CAT™(M™) with Lift(r to Bcuyyy)- This is valid without the openness
restriction if m # 4. For open M™ (any m), it too can be given a proof involving a
“micro-gibki property and Gromov’s procedure.

5. The product structure theorem.

THEOREM 5.1 (Product structure theorem). — Let M™ be a TOP manifold, Ca

- closed subset of M and o, a CAT (= DIFF or PL) structure on a neighborhood of

- Cin M. Let Z be a CAT structure on M x R* equal o, x R* near C x R®. Provide
that m = 5 and aM C C.

Then M has a CAT structure o equal o, near C. And there exists a TOP isotopy
(a5 small as we please) h,: My x R°=> M x R')5,0< ¢ <, of hy = identity ,
“fixing a neighborhood of C x R*, to a CAT isomorphism h,.

It will appear presently that this result is the key to TOP handlebody theory and
transversality. The idea behind such applications is to reduce TOP lemmas to their
DIFF analogues.

*(*) Alternatively, for our purpose, By can be the ordered simplicial complex having
one'd-simplex for each equipped bundle over the standard d-simplex that has total space in
some R" CR™.

’ "i’f*)The forgetful map Br (nm)->B,.L(,,,) is more delicate to define. One can make

Br (l;L'”) a simplicial complex, then define p simplex by simplex,
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It seems highly desirable, therefore, to prove 5.1 as much as possible by pure geo-
metry, without passing through a haze of formalism like that in § 4. This is done
in [46]. Here is a quick sketch of proof intended to advertise [46].

First, one uses the CAT s-cobordism theorem (no surgery!) and the handle-
straightening method of [44] to prove — without meeting obstructions ~

THEOREM 5.2 (Concordance implies isotopy). — Given M and C as in 5.1, con-
sider a CAT structure T on M x I equal 04 x I'near C x I, and let T'|M x O be cal-
led 0 x 0. (I is called a concordance of ¢ rel C).

There exists a TOP isotopy (as small as we please) h,: M, x I > (M x )5,
0<1t <1, of hy = identity, fixing M x 0 and a neighborhood of C x I, to a CAT
isomorphism h, .

Granting this result, the Product Structure Theorem is deduced as follows.

In view of the relative form of 5.2 we can assume M = R™. Also we can assume
s = 1 (induct on 5 !). Thirdly, it suffices to build a concordance I" (= structure on .
M x R* x I) from o x R® to Z rel C x R®. For, applying 5.2 to the concordance I'
we get the wanted isotopy. What remains to be proved can be accomplislied quite
elegantly. Consider Figurq 5-a.

Cross hatching indicates co-incldence
with £, Double vertical hatching ln-
dicates where the structure s a
product along R.
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We want a concordance rel C x R from £ to o x R. First note it suffices to
build £, with the properties indicated. Indeed ¥, admits standard (sliced) concor-
dances rel C x R to ¢ x R and to Z. The one to o x R comes from sliding R over
itself onto (0, ). The region of coincidence with o x R becomes total by a sort
of window-blind effect. The concordance to £ comes from sliding R over itself
onto (— oo, — ). (Hint : The structure picked up from Z, at the end of the slide
is the same as that picked up from X).

It remains to construct Z,. Since M x R = R™, we can find a concordance
(not rel C x R) from Z to the standard structure, using the STABLE homeomor-
phism theorem(*) [42]. Now 5.2 applied to the concordance gives Z,, which is
still standard neer M x [0, o). Finally an application of 5.2 to Z,|N x [~ 1, 0],
where N is a small neighborhood of C, yields Z,. The change in Z,]M x O (which
is standard) on N x O offered by 5.2 is extended productwiseover M x[0,o0).
This completes the sketch.

It is convenient to recall here for later use one of the central results of [44].
Recall that TOP,,/PL,, is the fiber of the forgetful map By () = Bropgm)- And
TOP/PL is the fiber the similar map of stable classifying spaces By, — Byop. Si-
milarly one defines TOP,,/DIFF,, = TOP, /O, and TOP/DIFF = TOP/O.

THEOREM 5.3(**) (Structure theorem).— TOP/PL = K (Z,, 3) and
m, (TOP,,/CAT,,) = 7, (TOP/CAT)

for k <m and m 2 5. Here CAT = PL or DIFF.

Since m(0,,) = 7, (0) for k <m, we deduce that 7, (TOP,TOP,) =0 for
k<m>5, a weak stability for TOP .

Consider the second statement of 5.3 first. Theorem 4.4 says that

#,(TOP,,/CAT,,) = m,(CAT™(S* x R™*)) = §7

for k <m > 5. Secondly, 5.1 implies S} = S7*! = §%*2 = ..., m > k. Hence
n,(TOP,,/CAT,,) = m, (TOP/CAT).

We now know that 7, (TOP/PL) is the set of isotopy classes of PL structures on
S* if k > 5. The latter is zero by the PL Poincaré theorem of Smale [84], combined
with the stable homeomorphism theorem [42] and the Alexander isotopy. Simi-
larly one gets m, (TOP/DIFF) = ©, for k > 5. Recall ©; = ©, = 0 [41].

.. The equality m,(TOP/PL) = m, (TOP/DIFF) = n,(K(Z,,3)) for k <5 can be
-deduced with ease from local contractibility of homeomorphism groups and the
surgical classification [35) [95], by H3(T® » Z,), of homotopy S5-tori. See [43]
[46 A] for details.

" Combining the above with 4.4 one has a result of [44].

(*) Without this we get only a theorem about compatible CAT structures on STABLE
manifolds (of Brown and Gluck {8]).

ﬁ (**) For a sharper result see [63) [45], and references therein.
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CLASSIFICATION THEOREM 5.4. — For m = 5 a TOP manifold M™ (without boun-
dary) admits a PL manifold structure iff an obstruction A(M) in H"(M;Zz)
vanishes. When a PL structure T on M is given, others are classified (up to concor-
dance or isotopy) by elements of H>(M ; Z,).

Complement. — Since @, (TOP/DIFF) = &, (TOP/PL) for k < 7 (see above calcu-
lation), the same holds for DIFF in low dimensions.

Finally we have a look at low dimensional homotopy groups involving
G = lim{G,|n = 0}

where G, is the space of degree®] mapsS™~! - §"~!. Recall that #,G = m,,, 5%,
k large. G/CAT is the fiber of a forgetful map Bc,p = B, where Bg is a stable
classifying space for spherical fibrations (see [15], [29]).

7,G 0
N
7,G[0 -~ 7,G/TOP 7 —— .

/ \fonto)

0\1 o| %

7,0 - w,TOP zZ —>
\;36/ (onto) \, %

24

1r4TOlZ/Ol al 7, TOP/O

The left hand commutative diagram of natural maps is determined on the right.
Only 7, TOP is unknown(*). So the exactness properties evident on the left
leave no choice. Also d must map a generator of 7,G/TOP = Z to (12,1) m )
Z ® Z[2Z = w,TOP.

The calculation with PL in place of O is the same (and follows since 7, (PL/O) =
I, =0fori<6).

6. Simple homotopy theory [44] [46 A}

The main point is that every compact TOP manifold M (with boundary aM);:
has a preferred simple homotopy type and that two plausible ways to define
it are equivalent. Specifically, a handle decomposition of M or a combinatorial ’
triangulation of a normal disc-bundle to M give the same simple type. -

The second definition is always available. Simply embed M in R", n large,-
with normal closed disc-bundle E {31]. Theorem 5.1 then provides a small ho-.
meomorphism of R"” so that /1 (9E), and hence / (E), is a PL submanifold.

(*) That 7,G/TOP is Z (not Z ® Z,) is best proved by keeping track of some normal
invariants in disproving the Hauptvermutung, see [46A]. Alternatively, see 13.4 below.
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Working with either of these definitions, one can see that the preferred simple
type of M and that of the boundary oM make of (M, dM) a finite Poincaré
duality space in the sense of Wall [95], a fact vital for TOP surgery.

The Product structure theorem 5.1 makes quite unnecessary the bundletheoretic
nonsense used in [44] (cf. [63]) to establish preferred simple types.

7. Handlebody theory (statements in {44 C] {45], proofs in [46 A)).

7.1. The main result is that handle decompositions exist in dimension > 6.
Here is the idea of proof for a closed manifold M™, m > 6. Cover M™ by finitely
many compacta 4,,...,A,, each A, contained in a co-ordinate chart U, = R™.
Suppose for an inductive construction that we have built a handlebody i C M
containing A,U ... UA,;,,,i>0. The Product Structure Theorem shows that
HO U, can be a PL (or DIFF) m-submanifold of U; after we adjust the PL
(or DIFF) structure on U;. Then we can successively add finitely many handles
onto H in U, to get a handlebody H' containing 4, U . .. UA,. After k steps we have
a handle decomposition of M.

A TOP Morse function on M™ implies a TOP handle decomposition (the con-
verse is trivial) ; to see this one uses the TOP isotopy extension theorem to prove
that a TOP Morse function without critical points is a bundle projection. (See
[12] [82, 6.14] for proof in detail).

Topological handlebody theory as conceived of by Smale now works on the model
of the PL or DIFF theory (either). For the sake of those familiar with either, [ des-
cribe simple ways of obtaining transversality and separation (by Whitney’s method)
of attaching spheres and dual spheres in a level surface.

LEMMA 7.2. (Transversality). — Let g : R" > R™,m > 5, be a STABLE ho-
meomorphism. In R™, consider R x 0 and 0 x R,p + q=m, with ‘ideal’
transverse intersection at the origin. There exists an e-isotopy of gtoh : R™ - R™
such that h (R® x 0) is transverse to 0 x R? is the following strong sense. Near
each point x € h~1(0 x R%) N R? x 0, h differs from a translation by at most a
homeomorphism of R™ respecting both RP x 0 and 0 x R9.

Furthermore, if C is a given closed subset of R™ and g satisfies the strong trans-
versality condition on h above for points x of R™ near C, then h can equal g near

C.

Proof of 7.2 — For the first statement €/2 isotop g to diffeomorphism g' using
Ed Connell's theorem [14] (or the Concordance-implies-epsilon-isotopy theorem
.5,7), then €/2 isotop g using standard DIFF techniques to a homeomorphism A’
which will serve as h if C = @.

 The further statement is deduced from the first using the flexibility of homeo-
-morphisms. Find a closed neighborhood C' of C near which g is still transverse
such that the frontier C' misses g '(0 x R?) N (R” x 0) — which near C is a
discrete collection of points. Next, find a closed neighborhood D of C' also missing
2710 x R%) N (RP x 0), and & : R™~ (0, ) so that d(gx, 0 x R?) < 8 (x) for
X in D N (R? x 0). I € + R™ — (0, ) is sufficiently small, and A’ in the fiist pa-
agraph is built for e, Cernavskii’s local contractibility theorem [11] {also |17}



320 L.C. SIEBENMANN

and [82, 6.3]) says that there exists a homeomorphism / equal g on C' and equal
h' outside C’' U D so that d (h', g) < 8. This is the wanted h.

7.3. THE WHITNEY LEMMA.

The TOP case of the Whitney process for eliminating pairs of isolated transverse
intersection points (say of M? and N?) can be reduced to the PL case [99] [37].
The Whitney 2-disc is easily embedded and a neighborhood of it is a copy of
R™,m = p + gq. We can arrange that either manifold, say M?, is PL in R™, and(*)
N® is PL near M7 in R™. Since 5 <r2 = p + q, we can assume ¢ < m/2 ; so NV
can now be pushed to be PL in R™ by a method of T. Homma, or by one of R.T.
Miller [54 A), or again by the method of [44], applied pairwise [44 A] (details in
[73]). Now apply the PL Whitney lemma [37]. On can similarly reduce to the ori-
ginal DIFF Whitnev lemma [99]).

7.4, CONCLUSION,

The s-cobordism theorem [37] [39], the boundary theorem of [76], and the -
splitting principle of Farrell and Hsiang [20] can now be proved in TOP with the
usual dimension restrictions,

8. Transversality (statements in {44 C] [45], proofs in [46 A]).

If f: M™ - R" is a continuous map of a TOP manifold without boundary to"
R" and m — n > 5, we can homotop f to be transverse to the origin 0 € R". Here
is the idea. One works from chart to chart in M to spread the transversality,
much as in building handlebodies. In each chart one uses the product structure
theorem 5.1 to prepare for an application of the relative DIFF transversality.
theorem of Thom.

Looking more closely one gets a relative transversality theorem for maps
f:M™ > E(E") with target any TOP R"-microbundle £” over any space. ltis
parallel to Williamson’s PL theorem [100], but is proved only form # 4 #m —n.’
It is indispensible for surgery and cobordism theory.

9. Surgery.

Surgery of compact manifolds of dimension > 5 as formulated by Wall [95]
can be carried out for TOP manifolds using the tools of TOP handiebody theory.
The chief technical problem is to make the self-intersections of a framed TOP
immersion f : §* x R¥ - M?* of §*, k > 3, transverse (use Lemma 7.2 repeatedly),.
and then apply the Whitney lemma to find a regular homotopy of f to an embed-
ding when Wall’s self-intersection coefficient is zero. -

In the simply connected case one can adapt ideas of Browder and Hirsch [4],‘;

Of course TOP surgery constantly makes use of TOP transversality, TOP simp_!ef'
homotopy type and the TOP s-cobordism theorem.

(*) Use of the strong transversality of 7.2 makes this trivial in practice.
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10. Cobordism theory : generalities.

Let QT [respectively 25T°F] be the group of [orented] cobordism classes
of [oriented] closed n-dimensional TOP manifolds. Thom’s analysis yields a ho-
momorphism

0,: QX > ¢ (MTOP) = lim ,,, (MTOP (k))
k

Here MTOP (k) is the Thom space of the universal TOP R*-bundle 7;0,, over
Bropry — oObtained, for example, by compactifying each fiber with a point
(cf. [49]) and crushing these points to one. The Pontrjagin Thom definition of
6, uses a stable relative existence theorem for normal bundles in euclidean space —
say as provided by Hirsch [30] and the Kister-Mazur Theorem [49].

Similarly one gets Thom maps

8, : QST > 7, (MSTOP), and 0, : QSPINTOP s 1 (MSPINTOP)

and more produced by the usual recipe for cobordism of manifolds witha given,
special, stable structure on the normal bundle [86, Chap. Ii].

TueoreM 10.1. — In each case above the Thom map 0, : Q, ~>m, (M) is surjec-
tive for n # 4, and injective for n # 3.

This follows immediately from the transversality theorem.

PrOPOSITION 10,2, — By, ® Q = Brop ® Q, where Q denotes the rational num-
bers.

Proof. — m,(STOP/SO) = m, (TOP/O) is finite for all i by [40) [44] of. § 5,
STOP/SO being fiber of Byo—> Bgrop- (See §15 or [90] for definition of & Q).

Proposition 10.3, — 7, MSO ® g = 7, MSTOP © Q.

Proof. — From 10.2 and the Thom isomorphism we have

H,(MSO ; Q) = H,(MSTOP ; 0)

Now use the Hurewicz isomorphism (Serre’s from [75]).

ProrosiTioN 10.4. — Q30 ® 0 = Q5™ @ Q each being therefore the polyno-

mial algebra freely generated by CP,,,n 2 1.

Proof of 10.4, — The uncertainty about dimensions 3 and 4 in 10,1 cannot pre-
vent this following from 10.2. Indeed, stmp - w3 MSTOP is injective because
¢very TOP 3-manifold is smoothable (by Moise et al., cf. {80, § 5]). And

QST > 7, MSTOP

is rationally onto because 223°- 7,MSTOP is rationally onto.

Since m,(STOP/SPL) = w,(TOP/PL) is Z, for i = 3 and zero for i # 3 theabove
three propositions can be repeated with SPL in place of SO and dyadic rationals
Z[1) in place of Q. The third becomes :
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ProrosiTion 10.5. — 3™ © Z{1] = Q%% e Z[}] .
Next we recall

ProrosiTioN 10.6. — (S.P. Novikov). Q50 —» Q5O js jnjective.

This is so because every element of Q50 is detected by its Stiefel-Whitney
numbers (homotopy invariants) and its Pontrjagin numbers (which are topological
invariants by 10.2).

In view of 10.2 we have canonical Pontrjagin characteristic classes p, in
H* Bgrop 30) = H* (B ;0)

and the related Hirzebruch classes L, = L,(p,,...,p,) € H*. Hirzebruch sho-
wed that L, : Q59 ® 0 - @ sending a 4k-manifold M** to its characteristic num-
ber Lk(M"‘) = Lk(T(M'"‘)) {M*] € Q is the signature (index) homomorphism.
From 10.2 and 10.4, it follows that the same holds for STOP in place of SO. Hence
we have

Prorosition 10.7. — For any closed oriented TOP 4k-manifold M** the signa-
ture o (M**¥) of therational cohomology cup product pairing H** ® H** - H* = @
is given by o (M**) = L, (rM**) [M*] € Z.

11. Oriented cobordism.

The first few cobordism groups are fun to compute geometrically — by elemen-
tary surgical methods, and the next few pages are devoted to this.

Tueorem 11.1. — Q57 ~ Q5° o R, forn <7, and we have R, = 0 forn <3 ,
R,<Z,,R,=0,R,=Z,,R,<Z,.

Proof of 11.1. —For n=1,2,3,95™ = Q° = 0 is seen by smoothing.

For n = 4, first observe that Z = £3° - Q5™ maps Z to a summand because
the signature of a generator CP, is 1 which is indivisible. Next consider the Z,

characteristic number of the first stable obstruction A € H* (Bg,op ; Z;) to smoo-
thing. It gives 2 homomorphism 5% - Z, killing Q5°. If

AMH =AM M =0

then, by 5.3, M* x R has a DIFF structure Z. Push the projection (M* x R); —+ R
to be transversal over 0 € R at a DIFF submanifold M’ and behold a TOP oriented”
cobordisin M toM'. ThusR, < 0. ’

For n 2 5 note that any oriented TOP manifold M”" is oriented cobordant to a
simply connected one M’ by a finite sequence of 0 and l-dimensional surgeries..
But,forn = S,H*M' ;Z,) = H,(M' ; Z,) = 050 M' is smoothable. Hence Ry = 0.

For n = 6 we prove

PROPOSITION 11.2. — The characteristic number Aw, : Q57" > Z, is an iso-
morphism.
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Proof. — It is clearly non-zero on any non-smoothable mamfold M6 =~ CP,,
since w,(M") = w,(CP;) # 0, and we will show that such a MS exists in 15.7
below.

Since 250 = 0 it remains to prove that Aw, is injective. Suppose Aw,(M¢) = 0
for oriented M®. As we have observed, we can assume M is simply connected.
Consider the Poincaré dual DA of A = A(rM) in

H,M® ;2,) = H,(M®;2)® Z, = m,(M®) ® Z,

and observe that it can be represented by a locally flatly embedded 2-sphere § C M°,
(Hints : Use [24], or find an immersion of S? x R* [52] and use the ideacf Lemma
7.1).

Note that A[(M — S) = A(M — ) is zero because A[x] = x DA (the Z, in-
tersection number) for all x € H,(M ;Z,). Thus M — S is smoothable.

A neighborhood of S is smoothed, there being no obstruction to this ; and § ;
is made a DIFF submanifold of it. Let N be an open DIFF tubular neightorhood
of . Now 0 = Aw,[M] = w,(DA] = w,[S] means that w,(vM)|S is zero. Hence
N =52 x R*. Killing S by surgery we produce M', oriented cobordant to M, so

Q
that, writing My = M — S* x B*, we have M' = M, + B* x §* (union with boun-
daries identified). Now M’ is smoothable since M, is and there is no further obstruc-
tion. As SZSO = 0, Proposition 11.2, is established.

ProrosiTiON 11. 3 — The characteristic number (fA)w, : ﬂsrop_, Z, is injec-
tive, where § = Sq

Proof of 11.3. — We show the (BA) w,[M] = 0 implies M7 is a boundary. Just as
for 11.2, we can assume M is simply connected. Then n,M = H,(M ; Z) and we can
kill any element of the kernel of w, : H,(M ;Z) - Z,, by surgery on 2-spheres in
M. Killing the entire kemel we arrange that w, is injective.

We have 0 = (fA)w,[M] = w,[DBA]. So the Poincaré dual DA of fA is
‘Ze10”as w, is injective.

Now BA = 0 means A is reduced integral ; indeed § is the Bockstem
S:H'M;Z,)>HWM,Z)
followed by reduction mod 2. But
HSMZ)=H*M; Z,), since H,(M ;Z)= H,(M ; Z,)

(both isomorphisms by reduction). Thus SA = 0 implies A = 0, which means;
A is reduced integral. Hence DA is reduced integral. Since the Hurewicz map
'7T3M - H,(M ; Z) is onto, DA is represented by an embedded 3-sphere S. Follo-,
iwing the argument for dimension 6 and recalling 7,0 = 0, we can do surgery ons
: to obtain a smoothable manifold.

{
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12. Unoriented cobordism (*).

Recalling calculations of €20 and Q3° from Thom [91] we get the following
table

i 4 5 6 7
QP z z, 0 0
Qo' =R, | <z, 0 z, R,<Z,
Q0 z,0z, |7,|2,02,92, z,
Qo%1Q? <R,<2,|2,| 2,02, zZ,07,0R,

The only non zero-entry for 0 <i < 4 would be £ = Z,.
To deduce the last row from the first three, use the related long exact sequences
(from Dold {16])

P g0 @Pgso g0 Lgs o,
i i i-1 -2 i-1

(12.1) { 4 ¢ 4

...~ Q5ToF> gror O geror  qror [, gstor,

If transversality fails m,(M ?) should replace 2} in the TOP sequence. (See
[93, §6], [3] for explanation).

All the maps are forgetful maps except those marked j and (@, d). The map
j kills the second summand, and is multiplication by 2 on the first summand (which
is also the target of f).

At the level of representatives, 9 maps M’ to a submanifold M~ ! dual to w, ",
and d maps M' to M'"? ¢ M'~! dual to w, (M")|M'~! ,

The map d is onto with left inverse ¢ defined by associating to M7 the RP?
bundle associated to A ® €2 over M'~2, where X is the line bundle with

w, ) = w, (M)

and €? is trivial.

The diagram (12.1) gives us the following generators for S, = Q2]°7/Q}.

S, <Z,:Any M* with A(M) # 0---if it exists.

S, =Z,: Any M*® detected by Aw,.

S, = Z, ® Z,:Non-smoothable M} ~ CP;, detected by Aw, ;
MngP2 x (Q U )

(*) Added in proof : A complete calculation of $2TOPhasjust been announced byBrumﬁe!
Madsen and Milgram (Bull. AMS to appear)
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detected by Aw?, M$ x R can be RP, x X5, where X® is the universal covering
of a manifold constructed in [80, § 5].

S, =2Z, ® R,:M] = pM3 detected by Aw}; M] is detected by Aw,w,,
M7 = T(p), the mapping torus of an orientation reversing homeomorphism of
M$ =~ CP, homotopic to complex conjugation in CP,. Such a p exists because con-
jugation doesn’t shift the normal invariant for M$ = CP, in [CP,, G/TOP). Finally
M; a generator of R, detected by (BA)w, (if it exists).

13. Spin cobordism.

The stable classifying space Bgpyrop 15 the fiber of w,: Bgop = K(Z;,2) .
S0 ; Bgpyrop is 0 for i <3 and equals m,Bqp for i > 3. Topological spin cobor-
-dism is defined like smooth spin cobordism QS"N but using TOP manifolds. Thus
QSPINTOP ¢ the cobordism ring for compact TOP manifolds M equipped with
a spin structure — i.e. a lifting to Bgyyyop OF @ classifying map M — B, for 7(M)
— or equivalently for the normal bundle v(M).

Tugorem 13.1. — For n <17, Q5™ js isomorphic to S5, which for
n=0,1,...,8 has the values Z,2,,Z2,,0,Z,0,0,0,Z @ Z [59) [86). The
image of the forgetful map Z = Q3™ - Q"N = 7 is the kernel of the stable
triangulation obstruction A : QNP > Z,,

The question whether A is zero or not is the question whether or not Rohlin’s
congruence for signature ¢ (M*) = 0 mod 16 holds for ail topological spin mani-
folds M*. Indeed o (M*) = 8A(M*) mod 16, A(M*) being O or 1.

Proof of 13.1. — The isomorphism £57N7F = Q5™ for » <3 comes from
smoothing.

Postponing dimension 4 to the last, we next show QSFINTOF/QSAIN oo g for
n=5,6,7. Note first that a smoothing and a topological spin structure determine
a‘unique smooth spin structure. The argument of § 11 shows that the only obstruc-
tion to performing oriented surgery on M" to obtain a smooth manifold is a charac-
feristic number, viz. 0, Aw,, (BA)w, forn = 5, 6, 7 respectively. But w2 wmy =0
for any spin topological manifold. It remains to show that the surgeries can be
perfonned so that each one, say from M to M’, thought of as an elementary co-
bordism (W"*'; M", M'"), can be given a topological spin structure extending that
of M. The only obstruction to this occurs in H*(W , M ; Z,), which is zero except
if the surgery is on a l-sphere. And in that case we can obviously find a possibly
different surgery on it (by spinning the normal bundle !) for which the obstruction
‘is zero.

Finally we deal with dimension 4. If A(M*) = 0 for any spin 4-manifold, then
M* is spin cobordant to a smooth spin manifold by the proof of 11.1. Next sup-
“pose M?* is a topological spin manifold such that the characteristic number AM*)
is.not zero. If we can show that o(M*) = 8 A(M*) mod 16 the rest of 13.] will
follow, including the fact that QSPNTOP = Z rather than Z @ Z,. We can assume
M4 connected (by surgery).
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LemMaA 13.2. — For any closed connected topological spin 4-manifold M * there
exists a (stable) TOP bundle & over S* and a degree | map M - S* covered by a
TOP bundle map v(M)—> & This & is necessarily fiber homotopically trivial. A
similar result (similarly proved) holds for smooth spin manifolds.

Proof of 13.2. — Since any map M, =M — (point) = Bgpnrop iS contractible,
v(M)IM, is trivial, and so »(47) - £ exists as claimed. Now ¢ is fiberhomotopically
trivial since it is — like ¥(M) — reducible, hence a Spivak normal bundle for %
(Cf. proof in [40].)

LemMA 13.3. — A fiber homotopically trivialized TOP bundle § over the 4-sphere
1
is (stably) a vector bundle iff 3 P2, (® [5%] = 0 mod. 6.

. 1 .
Proof of 13.3. — Consider the homomorphism 3 p,: 7,G/TOP — Z given by-
) -
associating the integer 3P (¢) [S*] to a such a bundle ¢ over S*. The composed
| ,
map 3 P, : 7,G/0 > Z sends a generator n to t 16 € Z. Indeed, by Lemma 13.2 ,~

{ .
DIFF transversality, and the Hirzebruch index theorem, 3 p,(n) is the least inde)g,g

of a closed smooth spin 4-manifold, which is * 16 by Rohlin’s theorem [40]. The_‘:
lemma follows if we grant that 7,G/TOP = Z(not Z @ Z,). )

Now we complete 13.1. In Z/16Z we have

1 1
oM*) = 3P (rM) [M] = 3P B [5%) = BA®) [5*] = 8AG(M)) [M°] = BAMM'):

the third equality coming from the last lemma. P
1,G/TOP = Z is used in 13.3 and in all following sections. So we prove it

2
ProrosiTiON 13.4. — The forgetful map , G/O - n,G/TOP is Z % VA
Proof of 13.4. — (cf. naive proof in [46A]). Since the cokernel is #,TOP/O =

1
7, TOP/PL = Z,, it suffices to show that 371 T G/TOP - Z in the proofof 13

sends some element § to * 8 € Z,

Such a ¢ is constructed as follows. In §2, we constructed a closed TOP mani §
fold X**" with w (X) = w,(X) = 0 and a homotopy equivalence f: N* x T" =~ X“_“.ﬁ;éﬁ
where N* is a certain homology manifold (with one singularity) having o(N*) = 8.3
Imitating the proof of 13.2 with N* and v’ = f*»(X**")| N* in place of M* aﬁqé
»(M?) we construct & over S* and v’ — ¢ over the degree | map N* — S*. This;
£ is fiber homotopically trivial because »(X),f*»(X) and v’ are Spivak normals
bundles. Let £ represent { in w, G/TOP. R

It remains to show %p,({) =+ 8. First wereducen to 1 inf: N* x T" =~ X“;*

by using repeatedly a splitting principle valid in dimension = 6. (eg. use the TOPL:
version of [76), or just the PL or DIFF version as in the latter part of 5.4 (f’

3 W
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in [80]). Consider the infinite cyclic covering
F:N*xR~X5 of f:N*xT'a X5
Splitting as above, we find that CP, x X° ~ Y® x R for some 8-manifold Y%,

Thus using the index theorem 10.7, and the multiplicativity of index and L-
classes we have

£8=0(N*)=0(CP, xN) = o(¥Y®) = L,(¥Y®) = L, (CP,) L,(X*) [CP, x N] =
— 1 , 1 1
Ly (X% [N = — L, (") IN*] = —;p.(V)[N‘] = *;p‘(é)[S"] =T3P ®.

(We have suppressed some natural (co)homology isomorphisms).

14. The periodicity of Casson and Sullivan.
A geometric construction of a “periodicity” map
7:G/PL » Q*G/PL

“was discovered by A.J. Casson in early 1967 (unpublished)(*).

He showed that the fiber of 7 is K(Z,, 3),-and used this fact with the ideas of
Novikov’s proof of topological invariance of the rational Pontrjagin classes to esta-
“blish the Hauptvermutung for closed simply connected PL manifolds M™,m > 5,
with H>(M™, Z,) = 0. (Sullivan had a slightly stronger result [88]).

" Now precisely the same construction produces a periodicity map ' in a ho-
_motopy commutative square

. G/PL— Q*G/PL
:_(1,4. h wl , 1 oy
G/TOP > Q*G/TOP
1 'The construction uses TOP versions of simply connected surgery and transver-
-salny Recalling that the fiber of ¢ is K (Z,, 3) we see that Q“w is a homotopy equi-
24 walence. Hence 7' must be a homotopy equivalence. Thus (a')™! o (2% ) gives a ho-
. thotopy identification of # to ¢ ; and an identification of the fiber of 7 to the fiber
_-:_TOP/PL of ¢. Thus TOP/PL had been found (but not identified) in 1967 !
T 3~The perfect periodicity 7’ : G/TOP ~ Q*(G/TOP) is surely an attractive {eature
1'0f TOP. it suggests that topologlcal manifolds bear the simplest possible relation
vto theu underlying homotopy types. This is a broad statement worth testing.

*).Essentially the same construction was developed by Sullivan and Rourke later in
7-68, see [72). The “penodtcity” w is implicit in Sullivan’s analysis of G/PL as a fiber pro-
duc of (G/PL)(,) and B, ¢ Z[ ] over By ® Q, [88] [89].
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15. Hauptvermutung and triangulation for normal invariants ; Sullivan’s thesis(*).

Since TOP/PL—> G/PL-%> G/TOP-2> K (Z,,4) is a fibration sequence of H-
spaces see 15.5 we have an exact sequence for any complex X

H(X;Z,) = [X, TOPPL] - [X, G/PL]>> [X, G/TOPI=> H*(X ; Z,)

Examining the kernel and cokernel of v using Sullivan’s analysis of G/PL),(**)
we will obtain

.

TueoreM 15.1. — For any countable finite dimensional complex X there is an
exact sequence of abelian groups

l‘ L A,
H*(X ; Z,)/image H(X ; Zy= [X , G/PL] = [X , G/TOP]—> (Image (H*(X ; Z) .
+ Sq*H*(X ; Z,)}
The right hand member is a subgroup of H*(X 3 Z,), and j* comes from

K(Z,,3) ~ Top/PL-1» G/PL

In 1966-67, Sullivan showed that y, is injective provided that the left hand group
vanishes. Geometrically interpreted, this implies that a homeomorphismh : M’ - M-
of closed simply connected PL manifolds of dimension > § is homotopic to a PL
homeomorphism if H>(M ; Z,)/Image H*(M ; Z) = 0, or equivalently if H*(M ; Z)
has no 2-torsion {88]. Here [M, G/PL] is geometrically interpreted as a group of
normal invariants, represented by suitably equipped degree | maps f: M' > M
of PL manifolds to M, cf. {95]. The relevant theorem of Sullivan is :

(15.2) The Postnikov K-invariants of G/PL, except for the first, are all odd ;
hence

(G/PLYyy = {K(Z, 32) %, 2 K Z ey, DV x K(Z3, 6) x K(Z ), 8) x K (Zy, 10)

X K(Zm, 12) x...,

11t
where Z(z) =2Z [’5 ; 7
one of the chief results of Sullivan’s thes:s 1966 [87]. For expositions of it see-
[72} [13] [74] [89].

] is Z with— forall odd primes p adjoined. This is

(*) Section 15 (indeed § §10-16) discusses corollaries of m;(TOP/PL) = Z, collected in.
spring 1969. For further information along these lines, the reader should see work of,
Hollingsworth and Morgan (1970) and S. Morita (1971) (added in proof).

(**) The localisation at 2, A,y = A ® Z,, of a space A will occur below, only for countable
H-spaces A such that, for countable finite dimensional complexes X, [X, 4] is an abelian’
group (usually a group of some sort of stable bundles under Whitney sum). Thus E.H. Brown’s:
representation theosem offersaspace A ;) and map 4 > 4 ,, so that [X,AleZ, =[X, Aml
For a more comprehensive treatment of localisation see [89]. The space 4 ® O wdefmed
similariy.
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Sullivan’s argument adapts to prove
(15.3) The Postnikov K-invariants of G/TOP are all odd ; Hence
(G/TOP)(z) =K(Z,,2) x K(Z,,,4) x K(Z,, 6) x K(Z,,8) x...

Indeed his argument needs only the facts that (1) TOP surgery works, (2) the
signature map Z = w,, (G/TOP) - Z is x 8 (even for k = 1, by 134), and (3) the
Arf invariant map Z, = m,,,,(G/TOP) - Z, is an isomorphism.

Alternatively (15.2) = (15.3) if we use *(G/PL) =~ G/TOP from §14.

Remark 15.4.

It is easy to see directly that the 4-stage of G/TOP must be K(Z,, 2) x K(Z , 4).
For the only other possibility Is the 4 stage of G/PL with K-invariant 88q? in
H‘(K(Zz, 2),Z)=Z,. Then the fibration X(Z,,3) = TOP/PL - GL/PL - G/TOP
would be impossible. (Hint : Look at the induced map of 4 stages and consider the
transgression onto §Sq?). This remark suffices for many calculations in dimension
< 6. On the other hand it is not clear to me that (15.2) = (15.3) without geometry
in TOP.

Proof that Kernel p = H*(X ;Z,)/image H>(X ;Z).

This amounts to showing that for the natural fibration

QG/TOP - TOP/PL - G/PL

the image of [X , QG/TOP] in [X , TOP/PL] = H3(X ; Z,), consists of the reduced
integral cohomology classes, Clearly this is the image of [.X, Q(G/TOP)(”] under

Ji
£(G/TOP) 5~ (TOP/PL) ) = TOP/PL. Now j,, is integral reduction on the
factor K (Z(3y,3) of & (G/TOP),, because w,(G/TOP) - m,(TOP/PL) is cnto,
and it is clearly zero on other factors. The result follows. The argument comes
from [13] [72].

- Proof that Coker(p) = {Image H*(X ;Z) + S?H*(X ; Z,)}.
The following lemma is needed. Its proof is postponed to the end.

‘LEMMA 15.5. — The triangulation obstruction A : Biop > K (Z,, 4) is an H-map.

Write  : A = B for ¢ : G/PL - G/TOP and let p, : 4, - B, bethe induced map
of Postnikov 4-stages, which have inherited H-space structure. Consider the fibra-
tion A4V—4>Bai K(Z,,4).

Assertion (1). — (A,),[X , B,] = {Image H*(X ;Z) + SQ*H*(X ; Z,)}.

“Proof of (1). — Since B, = K(Z,,2) x K(Z ,4) and

; [X,B,)=H*(X;Z,) o H*(X ;Z)
'v;,hat we have to show is that the class of A, in
[B,,K(Z,,4)) = HYK (Z,,2) x K (Z ,4);2Z,) =
} = HYK(Z,,2),Z,) 0 H'(K(Z , 4) ; Z,)
is:(Sq?, p) where p is reduction mod 2.
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The second component of A, is A,}K(Z,4) which is indeed p since
Z=n,G[TOP »Z, = n,K(Z,,4)
The first component A, |K(Z,,2) can be Sq? or 0 a priori, but it cannot be 0
as that would imply 4, =~ K(Z,,2) X K(Z,4). This establishes Assertion (1).
Assertion (2). — (A, [X ,B,] = A, [X, B] by the projection B~ B,.

Proof of (2). — In view of 15.5, localising B, and B at 2 does not change the-
left and right hand sides. But after localization, we have equality since Bw is the
product (15.3). i

The theorem follows quickly '
[X, AV [X,41= A, [X,B)=(A,),1X,B,] = {Image H*(X,Z) + Sq*H* (X ;Z,)i '

The three equalities come from Lemma 15.5 and (1) and (2) respectively.
It remains now to give

Proof of Lemma 15.5 (S. Morita’s,replacing something more geometrical).
We must establish homotopy commutativity of the square

a
Brop X Brop — Brop
AxAl Al
K(Zy, ) x K(Z,,8) ~> K(Z,, %)
where o represents Whitney sum and o« represents addition in cohomology. - "
Now a°(A xA) represents Ax 1+ | x A in H*(Byop X Brop 5 Z,). Also .
A og certainly represents something of the form A x I + | x A + Z, where-

Zisa sum of products x x y with x , y each in one of H(Byop ; Z,) = H'(By, ; Z,3,%
for i = 1,2 or 3. Since A °o restricted to By, x By, Is zero, £ must be zero.”

Theorem 15.1 is very convenient for calculations. Let M be a closed PL
manifold, #-manifold m > 5, and write 8CAT(M ), CAT PL or TOP, for the.
set of h-cobordism classes of closed CAT m-manifolds M’ equipped with a homo—.
topy equivalence f : M' - M. (See [95] for details).

There is an exact sequence of pointed sets (extending to the left) :

= [ZM, G/CAT} = L 4 (7, w,) > 3cA-r(M)'—’ M, G/CAT}~ L, (%, wl)

1t is due to Sullivan and Wall [95]. The map v equips each f : M' —>M(above)as
aCAT normal invariant. Exactness at ., (M)isrelative to an actionof L, (7, w, )
on it. Here L, (m,w,) is the surgery group of Wall in dimension k for fundamental
group 7 = w, M and for orientation map w, = w,(M); 7 > Z,. Thereisa generall- i
sation for mamfolds with boundary. Since the PL sequenice maps naturally to the‘g
TOP sequence, our knowledge of the kernel and cokernel of

{M, G/PL] = M, G/TOP}
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--will give a lot of information about 8y, (M)~ $,,(M). Roughly speaking failure
of triangulability in $;5p (M) is detected by non triangulability of the TOP normal
. invariant ; and failure of Hauptvermutung in 8, (M) cannot be less than its failure
for the corresponding PL normal invariants.
In case w,M = 0, one has 8,3 (M) 2 S,z (M,) = [M,, G/CAT] where M, is
M with an open m-simplex deleted, and so Theorem 15.1 here gives compiete
“information.

. Example 15.6. — The exotic PL structure X on §° x §*, n> 2, from

’ teH*S*2,)=2,

admits a PL isomorphism (S x §™); = §% x S homotopic (not TOP isotopic) to
the identity.

Example 15.7. — For M = CP, (= complex projective space), n = 3, the map
[M,, G/PL] - [M,, G/TOP] is injective with cokernel Z, = H *(My.Z,). This means
that *half’ of all manifolds M' = CP,, n 2 3, have PL structure. Such a PL structure

_is unique up to isotopy, since H*(CP,,Z,)=0.

* 16. Manifolds homotopy equivalent to real projective space P".

.. After sketching the general situation, we will have a look at an explicit example
of failure of the Hauptvermutung in dimension 5.

©-" From [54] [94] we recall that, for n = 4,
(16.1) {P",G/PL] = Z, @ ¥ m(G/PL)® Z,
c i=6

This follows easily from (15.2). For G/TOP the calculation is only simpler.
.:_oﬁe, gets

T (162) [P", G/TOP] = ¥ ,(G/TOP) ® Z,

i=2

“ :éﬂcu[ation of 8, (P") =1, is non-trivial [54] [94]. One gets (for i > 1)
(16.3) oz = Loy = IP¥,GIPLY s gis s = Loz ® Z 31 gpq = 142 ® Z,
L ‘The result for $;op(P") is similar, when one uses TOP surgery. Then

B r 3?1.(1)") - 8TOP(P")
is dcfv)cﬁbed as the direct sum of an isomorphism with the map
' Z, = [P*, G/PL] » [P*,G/TOP] = Z, ® Z, ,
which sends'Z, onto Z, = x,G/TOP.

,,I{e:{nark 16.4. — When two distinct elements of 8, (P") , n = 5, are topologicajly
the same, we know already from 15.1 that their PL normal invariants are distinct
since -H*(P";Z,) is not reduced integral. This facilitates detection of examples.
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Consider the fixed point free involution T on the Brieskorn-Pham sphere in
Cm*l
Pty bbbl ko2 =0, Jzl=1

given by T(zy,2y,...,2,) = (g, 2y,...,— 2,). Here d and m must be odd
polsi]tive integers, m > 3, in order that Z3""' really be topologically a sphere
fell].

As T is a fixed point free involution the orbit space IT.™™' = Z3™ ' /T s a
DIFF manifold. And using obstruction theory one finds there is just one oriented
equivalence 377! - P>~1 (Recall P™ = K(Z,, 1)). its class in 8, (P*™™"
clearly determmes the involution up to equivariant CAT isomorphism and con-
versely.

THEOREM 16.5. — The manifolds ﬂf,, d odd, fall into four diffeomorphism classes
according as d = 1,3,5,7 mod 8, and into two homeomorphism classes accor-
dingasd=1%1,% 3 mod &, 1} is diffeomorphic to P*. :

Fkemark 16.6. — With Whitehead C! triangulations, the manifolds '15 have a .
PL isomorphism classification that coincides with the DIFF classification (§5, -
[91 [64]). Hence we have here rather explicit counterexamples to the Hauptver--
mutung. One can check that they don’t depend on Sullivan’s complete analysis of -
(G/ PL)m. The easily calculated 4-stage suffices. Nor do they depend on topological :
surgery.

ProBLEM. — Give an explicit homeomorphism P* =~ I15.

Remark 16.7. — Giffen states [23] that (with Whllehead C! triangulations) the
manfolds ﬂf,"'"’ ,m=15,7,9,... fall into just four PL isomorphism classes
d=1,3,5,7 mod 8. In view of theorem 16.4., these classes are already distin-_
guished by the restriction of the normal invariant to PS5 (which is that of Il,s,).

So Giffen's statement implies that the homeomorphism classification is d =+ 1§
+ 3 mod 8.

Proof of 16.5 (**)

The first means of detecting exotic involutions on $°, was found by Hirsch’
and Milnor 1963 [32]. They constructed explicit(*) involutions (M},_,,ﬁ,), r an.
integer > 0, on Milnor’s original homotopy 7-spheres, and found invariant spheres
M1 _, DMS _, DM, _, . They observed that the class of M2, _, in [} /2T, is.
an invariant of the DIFF involution (M:,_l ,B,) — (consider the suspension opera:_
tion to retrieve (M7, _, ,B) and use I’y = 0). Now the classof M3, _, inZ,, = I'; is’
r(r — 1)/2 according to Eells and Kuiper [ 18], which is odd iff = 2 or 3 mod 4.~
So this argument shows (M:,_I ,B,) is an exotic involution if » = 2 or 3 mod 4".7£

Fortunately the involution (M;,_l ,B8,) has been identified with the involutiopi

(zlr—fl’

(*) B, is the antipodal map on the fibers of the orthogonal 3-sphere bundle M7, _,.
(*#) Sce major correction added on pg. 337.
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There were two steps. In 1963 certain examples (X*, «,) of involutions were
given by Bredon, which Yang [101] explicitly identified with (MZ,__,,IJ,). Bredon’s
involutions extend to O(3) actions, «, being the antipodal involution in O(3). And
for any reflection o in O(3) 2 o has fixed point set difffomorphic to
L2Qr+ 1,122 422 422 =031zl = 1. This property is clearly shared
by (23,4, ,T), and erzebruch used this fact to identify (23,,,,7) to (X, a,)
33, §4] [34]. The Hirsch-Milnor information now says that 15 is DIFF exotic
ifd= 5,7 mod 8.

Next we give a TOP invariant for Il, in Z,. Consider the normal invariant
v, of I, in [P%,G/O] = Z,. Its rcstriction »,1P? to P? is a TOP invariant because
iP?, G/O] = [P?, G/TOP] =

Now Giffen [22] shows that v,,,lP2 is the Arf invariant in Z, of the framed fiber
of the torus knot zd + 22 = 0, |zol* + Iz,1* = 1 in §° C C*. This turns out to
be O ford=+ 1 mod 8 and 1 for d =+ 3 mod 8, (Levine [53], cf. [61, § 8)).

We have now shown that the diffeomorphism and homeomorphism classifica-
tions of the manifolds I1; are af leas! as fine as asserted, But there can be at most
the four diffeomorphism classes named, in view of 16.3. (Recall that the PL and
DIFF classifications coincide since I'; = @, (PL/O) = 0,i < 5). Hence, by Remark
16.4, there are exactly four ~ two in each homeomorphism class.
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Correction to proofof 16.5 : Glen Bredon has informed me that
[101] is incorrect, and that in fact (X®,¢;) can be identified to

M(Mg r+1:B+1) - Thus, a different argument is required to show that
-the DIFF manifolds Hg ,d=1,3,5,7mod 8 , respectively, occupy
the four distinct diffeomorphism classes of DIFF S-manifolds
"homotopy equivalent to P5 . The only proof of this available in 1975
“is the one provided by M. F. Atiyah in the note reproduced overleaf.
So many mistakes, small and large, have been committed with these
“involutions that it would perhaps be wise to seek several proofs.
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Note on involutions
by M. F. Atiyah

This is an addendum to Atiyah-Bott “A Lefschetz fixed-point
formula for elliptic complexes: 11" .

Let X be a closed spin-manifold of dimension 4k +2 and let
T: X - X be an involution preserving orientation and spin-structure.
Then T can be lifted to a map T of the principal spin bundle of X .
The Lefschetz number Spm(T X) & Z][i] is then defined. Assume now
that T is of odd type, so that T2 =—] (as explained in Atiyah-Bott
p. 488, this hapgens if T has an isolated fixed-point) . In this case the-
eigenvalues of T on the harmonic spinors are *i (the eigenvalues *1-
do not occur since T2 =—| ). ;

Let a,b denote the multiplicity of +i,—i respectively in HY*-H~
(the spaces of harmonic spinors). Then Spin("l“ ,X)=(a—b)i , while
the mdex of the Dlrac operator = a+b . Since dimX=4k+2 this
index = A(X) ,s0 a=—b ,hence Spin('i‘ ,X)=2ai .

Applying thls to the exotic Brieskorn involutions we pick up an -
extra factor of 2 in Theorem 9.8 [in fact this factor of 2 is already:
incorporated (by mistake) in the statement of 9.8 — the proof gives
22M-1 (qee the last line of paper on p. 490) ] .
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Many definitions of very standard concepts (manifolds, imbeddings, etc.) are
given in Essay I, § 2. They are not all indicated here.
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Bundle theorem 70, 217 Concordance Implies Sliced Concordance
m i Lemma 110
Yrop 233 Conditioned (homotopy, concordance,
CAT 10 etc.) 11,76
CAT(§) , CAT(S) 221 Corners 7,8,29, 119
CATT (M) 221 Corner set 8
CAT(A) 224 Critical point 108
CAT(fnear A) 234 ess 220

dem 146
CATCIS(Y) 234,238
© ’ DIFF 6

Caurns-Hirsch Theorem 37

Cardinal fact (about STABLE structures) DIFF trfmsversa.hty theorem 85
139 DIFF triangulation 9

Casson-Sullivan periodicity 327,278  Diffefential 221
Chart 7, product — 59, submersion — A-set 278

59 Elementary Engulfing Lemma 257
Classical smoothing theory 156, 209, Elementary expansion 117
- cf. 169-171 Embed = imbed 6
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Homotopy theorem for microbundles
161

Homotopy tori 208, 264ff, 275, 287, 291

Homotopy real projective space 331, 338

Imbed =embed 6

Immersion theoretic method 220-230,
256-263

Involutions 331-333, 337, 338

Immersion of (T -point) in R 43

Isotopy 11; — approximation theorem
78; — extension lemma 206;
microbundle — 203

Kan fibration 223

Kister-Mazur Theorem 159

k-LC imbedded ( =k-LCC) 146

k-smooth homeomorphism 198

LCK imbedded 146

Ln(m 266, L(X) , L(7) 269,278

Local collaring 40 (uniqueness of — 40)

Local finiteness theorem 123

Locally. CAT transverse 90

Locally flat submanifold 13

Locally tame 143

Main diagram 16,297, 302

Majorant topology: target — 46;
source — 52

Microbundle 10, 159; composed — 203;
concordance of — 203; — homotopy
162; — isotopy 203; — map 161;
reduction of — 162; rooted — 182

Microflexible 260

Micro-identical 159

Micro-isomorphism 159

R. Kirby and L. Siebenmann

Morlet’s Theorem 241

Morse function 108

N(X) 265, N(X) 279

Normal (cobordism, invariant, map) 265

Normal microbundle 160, 203-208

Periodicity theorem: — of Wall 266-7;
— for G/TOP 277, structure — 283

Pinching Lemma 86

PL 6

Poly-Z of rank n 284

Product along P near a point (or a
subset) 10,11

Product Structure Theorem 3, 31, 315;
local version 36

Proper map 47
Pseudo-group on a space 7
Pull back rule 166
Punctured torus 43

Reduction of microbundle structure 162,
220; — of bundle structure 120, 187 -

Regular homotopy (of open immersions)
147

rel = fixing a neighborhood of 11

Relative cobordism 19

Rohlin’s signature theorem 210

Rooted microbundle 182

SCAT(M) and SCAT(M relC, EO )
164 )

S{X) 264, Sy(X) 264, 8(X) 282

s-cobordism Theorem 4; non-compact *
19 ;

s-decomposition 128; block equivalehce %
of — 130; complete — 130; TOP~
131 .

Sharply relative 161

Sheaf of quasi-spaces 259; — of sets-48

Shortcut 65

Simple space 118

Simple type 118 (recent theorenis on
117)

Simple type of a TOP manifold 11711y
126ff, 301, 318

4



Index

Sliced 12,57

Sliced concordance 12

Sliced Concordance Theorem 73;
Alternate — 74; Variant of — 77

Sliced Concordance Extension Theorem
77

Sliced ( A -parametered) concordance 73

Smoothed (handle which can be) 15

Smoothing Lemma (for open immersions)
149

Smoothing rule 167

Spaced simple block decomposition: (see
s-decomposition) 128

Spine 107

STABLE homeomorphism 33, 139,291

STABLE manifold 5,139, 140

Stable normal microbundles (stable
existence and stable unigueness) 204 {f

Stability (of solvability of handle problem)
problem) 23

Stability theorem (for m (TOP,,/CAT,)
192, 247, 305, 317

Stably microbundle transverse ( X)
100, 102

Stanko homotopy dimension of imbedding
146

Straightening handles 15

Straightening polyhedra in codimension
=3 143

Straightening corners 119

Strongly flexible 232

Structure: CAT manifold — 7; CAT
microbundle — 220

Submersion 10, — chart 59, — of the
punctured torus 43

Sullivan-Wall exact sequence 269

Surgery 113(§3.4), 139, 145, 151, 15
264-289

T, ( =Hausdorff) 69

Tangent microbundle 163
Technical Bundle Theorem 60
TOP 6
TOP/CAT 192, 196, 200ff, 246ff, 3171f
TOP/CAT() , TOP/CAT((relC,) 163
Torsion: topological invariance of — 117,
119, 126ff, 301, 318
Transverse (to a microbundle) 84,
imbedded — 91
Transversality Lemma for surgery 151
Transversality theorem: First — 85;
DIFF — 85; TOP imbedded micro-
bundle —~ 91; PL imbedded micro-
.bundle — 94; PL imbedded block
bundle — 98; General — 100;
General — (for map) 102; — for
surgery 145ff
Triangulation Conjecture 213,292, 299,
308ff; unrestricted — 312;
unrestricted — for manifolds 10
Unbending corners 119
U-near 46
Wandering point 231
Weak stability lemma 192
Whitehead compatible 10
Whitehead triangulation 9
Windowblind Lemma 35



