A CURTOUS CATEGORY WHICH EQUALS TOP
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" Given a locally defined collection (called CAT) of
contipuéué.functions from open sets in Euclidean Spéce
to Euelideaﬁ space, which is closed under composition
whenever composif;;;”;;—défined (so that the invertible
‘functions fdrﬁ a pseudo-gréup), then we danrférm a
éategory; CAT, of manifolds and maps_where the manifolds
_are coveréd by cocordinate chafts whosé:coordinate tfans--
efofmatioﬁg belong to CAT. One-wighes to find useful'

categorles which contain all topological manifolds,

It 1s known that an m-manifold M™ admits a measure

- -zero preserving structure when m # 4 #£ dimQM); that is
the coordinate transformations take sets of r-measure

zero to the same, for all r. w1th.th¢ same dimensional
restrictions M admits a Dlwstructure,'where a D1 map is
differentiable\everywhere, but not necessarily with a
continuous differential, It is a good guess that every
manifold has a Lipschitz structure, because there are

different PL struetures which are Lipschitz equivalent [5].



a CG function_ If

We will describe ‘here a category, CCG, which turns out

to be precisely TOP. That is, every continuous map belongs

to CCG. Consider the continuous functions from Open sets in
rR? to Rp which have smooth graphs, that is, whose graphs
are c¥ submanifolds of R X Rp, r >1. An illustrative

example is f(x) = /? We call such a function cTe for

'_c graph and write CG when the value of r 1s unimportant

Two CG functions do not necessarily compose to give -
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is not smooth at the origin. The function f is only 02 but
a C example comes from using exp( L/x | T
-In order to get a locally defined category we must
'arbitrarily enlarge the collection of CG functions by
including all functions which are 1oca11y
finite compositions of CG functions. Iifr

i' Ui-e>va, i = 1,...,k are CG functions from open sets

U c: R i to open sets Vic: Rpi and Vic; Ui+1’ then‘we call

k
We define a CCG manifold as one whose coordinate

transformations are CCG homeomorphisms.

RV INERRES S% 3 Uy —>V,..a CCG function (C stands for composition)._



',This gives us the CCG category which we now show is the

..f_

Beware'that a CCG homeomorphiém is not locally a composition | 7 !

of CcG homeomorphiqns, just ¢G functilons (but see MCCG below) Y

same as TOP. .
We cite the following well-known result: A . *

' LEMMA: If A is any closed su‘oset of R" s then there
1s a ¢ function £: M—s [0,%) such that £71(0) =
) THECREM: Let h: R —>R be continuous. Then we - . ,
can write h = Hi where Rn-z-»R X . R-E5R, i(x_)- = (x,0) -
and H has a C graph (H is C G) Thus h is cea. -

_ | Proof:' I’c will be convenient to speoify two coples
- of the-'r‘eal numbers, Rl and Rg, qnd_ fco o.ssume _h. H T Rl.-. _
For si-m.plioity. we assumé that Ih] ‘lis 'bounded by a constant':__l'_{.
By the Lemma, there is a Cm map g, ! RE x R, —>R, for which

gl'l(o)é {(x t) € B® x R l t < h(x)} ard g > 0. Deflne

33 Rn x‘_Rl —7 Ry by ) .
. . ‘
fl(x,t) = 'j-K gl(x,s) ds.
o - 32 (5,50 (x.4) > 0 if £t > h(x)
£, 1s a'¢ function and af, {x,t)/ot = g, (%,t
e ST AT L 20 tr b ¢ n(x)

i
H

H
3

Similarly we define gg so that g2 (0) {(x t) ¢ R "X R1| t > h( t)}
and 82‘)0 Then fp? e x Rl-—-sz 1s given by ' .

. | X .
L(x,t) = -j gg(x,s) ds,
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I © A >0 1f t < h(x)

‘80 that £, 15 C and )fg(x,t)/bt = g,{x,%) - R
S B =0 1f t > h(x) o

- N o __ T | |
. Now let £ = £, + £2: R x Rl—-9~R2, Then rll(o) = g:eph (h)
Son't;éh(x)

and ¥ (x,t) At =_-‘(e.'1' * gé) (x,t) .
- - : o _=.01f1: h(x)

If gl and g2 are chosen appropriately, we can assume |
f’{x{ x Ry {xg b's Rl-—>R2 is onto for any X. ‘Since f _
has positlve derivative except at (x h(x)), 1t is a homeomorphlsm,

;See the figure.

Sinoe tis dé, greoh(f) iela c submanifold of R x Ry x Ry

'ofor which graph(f‘)f]Rﬁn x R, X fds' graph(h) The projection ' |
p2.‘graph(f)—f>R x R2 given by pa(x t f(x £)) = (x,0(x, t)) ) %
:'is a homeomorphism. For f 1s onto and if pe(x,t f(x, t)) .

‘ pe(x' t',f(x',t ) then x = x' and t =t because £, " 1s one-~ to -one.

Now let H be the comp031uon R x R2 ﬁ_z_f> graph(r)—Pi, Ri

. .and note that graph(H) graph(f) so H is. C G. Clearly_the
f"compositon rRe_3, g7 X R2-§;R1 is h | | | i_ | '  o
COROLLARY l: If h: R ——f>Rp is continuous, then there is
a C G map H so that the composition RO =3 1 > R x Rp___fiyw.ﬁp
15 equal to h. So h 1s 0CG. | - -
Proof' Apply the theorem to each component of h = (hl,...,b Y,
‘obtaining Hl,...,Hp. Let H(x, tl,...,t ) = (H,(x, tl),-..,H (x,t,)).
COROLLARY 2: CCG = TOP -
Proof: 'W‘Any ooordinate fransformation in a topological
manifold is CCG (take n=p in Corollary 1) and any continuous -

runction between CCG manifolds is looally CCG, hence CCG.



o a stronger catevory was- needed to solve delicate problems

- like tra.nsversality. Since 2 difficulty wlth coe is that :

T

We had hoped to use CCG to prove transversality in the
.TOP categor;, particularly in the cases in which 1t is not
- k:nown LEJ,BJ There was some reason to believe transversality
could be .proven, because a cg map is 1oca11y a proaection
except where the differential exists and has 1ess than

maximal rank. Once we knew that ccc - TOP, 1t seemed that '

o a continuous map 1is factored through a space of higher dimensions,
 we offer the following definition.“. _.‘ Lo

' Let MCCG be monotone compositions of CG functions, that |
 is, compositions of CG functions fi. Bni-——ﬁ>Rni+1 1= 1,..,,k,

where either ny 2 ni+1 for all i or ni <. ni+1 for all. 1.1;

First of all, MCCG # TOP. A function £: R—>R which is
nowhere differentiable cannot be the comp051ticn of finitelj
. - many CG functions f H R——efh' Locally, each f is C s Or where

it has vertical slope it has a ¢¥ inverse. To get a point ¢

f;of non«differentiability for fi+1fii we must have £y '(t)

" and fi+1'(f (t)) = @, or vice versa, as in the first example
In the paper. No f ¢an.be locally constant, 80 the critical‘
poiuts ofieach fi form a subset of a Cantor set.‘ Near points_ | §
of vertical slope, f; is a homeomorphism and therefore takesi : |
Cantor-sets to Cantor‘sets. It follows that f can only be
non-differentiab]e on a Cantor set See Ei]for some relatedi

examples,



_ However it seems likely that MCCG contains PL.

oTo show that a PL map T R-——f>R is MCCG, one should
”find a sequence of homeomorphisms gi' Rsm—f>R' 'such that
‘fgn 1...g1 and &, 1...gi are C. on the complement of the
. (i-—l)-—skeleton of a triangulation of R"; then .
£ = £, 1. 8p(8 10 -80) " 18 MCCG. The g, 's might

be constructed by squeezing an open tubular neighborhood
.;of an open i-simplex in towards the i1-simplex so that
gi is a diffeomorphism off the i-simplex, but has zero”
partial derivative in directions normal to the 1- simnlex.
|  'The basic proolem to solve. in constructing the gi's;}
s this: _glven a function h: R™-—>R which is ¢~ .
ddifferentiable off of Rk, 0 g.k {_n,-and given a sdueezer

.dg:,hn-%>Rp such as -

,

e(xnr) (exp(-l/lxl )'x/\xl,y)

where {x,y) € R n-k X Rk = RO s then what conditions must B

‘h satisfy so that hg will be ol differentiab1e° For
example,'when n=.1h must have bounded variation._ :
Also it is not clear how to handle the higher order

derivatives which mix partial derivatives 1in the Rn k

and Rk directions.




b

'We do not know whether'every TOP‘manifold has an -‘_' ' §
'.MCGG structure, and what the answerJ"shonid" be is'nOt
: ﬁelear. The C Hauptvermutung [4],'which was originally
:urmotivated by Just this problem, precludes a composite'
i,-of globally defined CG functions of smooth manifolds
) from changing PL structures, but a CCG function need

) only be the composite of CG functions 1oca11y.
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