AN EXPLICIT ALGEBRAIC FAMILY OF GENUS-ONE CURVES
VIOLATING THE HASSE PRINCIPLE

BJORN POONEN

ABSTRACT. We prove that for any ¢ € Q, the curve
2 4+82\°
t2+22) (@ty+2°=0

in P? is a genus 1 curve violating the Hasse principle. An explicit Weierstrass model for its
Jacobian E; is given. The Shafarevich-Tate group of each E; contains a subgroup isomorphic
to Z/3 x Z/3.

523 4+ 9y +102% 4+ 12 (

1. INTRODUCTION

One says that a variety X over Q wiolates the Hasse principle if X(Q,) # 0 for all
completions Q, of Q (i.e., R and Q, for all primes p) but X (Q) = (). Hasse proved that
degree 2 hypersurfaces in P" satisfy the Hasse principle. In particular, if X is a genus 0
curve, then X satisfies the Hasse principle, since the anticanonical embedding of X is a conic
in P2.

Around 1940, Lind [Lin| and (independently, but shortly later) Reichardt [Re| discovered
examples of genus 1 curves over Q that violate the Hasse principle, such as the nonsingular
projective model of the affine curve

2y? =1 — 172"

Later, Selmer [Se] gave examples of diagonal plane cubic curves (also of genus 1) violating
the Hasse principle, including

3% 4+ 4y> +52° =0
in P2.

O’Neil [O’N, §6.5] constructs an interesting example of an algebraic family of genus 1 curves
each having Q,-points for all p < co. Some fibers in her family violate the Hasse principle,
by failing to have a Q-point. In other words, these fibers represent nonzero elements of the
Shafarevich-Tate groups of their Jacobians.

In [CP], Colliot-Thélene and the present author prove, among other things, the existence
of nonisotrivial families of genus 1 curves over the base P!, smooth over a dense open subset,
such that the fiber over each rational point of P! is a smooth plane cubic violating the Hasse
principle. In more concrete terms, this implies that there exists a family of plane cubics
depending on a parameter t, such that the j-invariant is a nonconstant function of ¢, and
such that substituting any rational number for ¢ results in a smooth plane cubic over Q
violating the Hasse principle.
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The purpose of this paper is to produce an explicit example of such a family. Our example,
presented as a family of cubic curves in P? with homogeneous coordinates x, v, z, is

2 4+ 82
2 4+ 22

Remark. Noam Elkies pointed out to me that the existence of nontrivial families with constant
j-invariant could be easily deduced from previously known results. In Case I of the proof of
Theorem X.6.5 in [Si], one finds a proof (based on ideas of Lind and Mordell) that 2y? =
1 — Nz* represents a nontrivial element of I11[2] of its Jacobian, when N =1 (mod 8) is a
prime for which 2 is not a quartic residue. The same argument works if N = ¢* N’ where
¢ € Q" and N’ is a product of primes p = 1 (mod 8), provided that 2 is not a quartic residue
for at least one p appearing with odd exponent in N’. One can check that if N = a* 4 16b*
for some a,b € QN Z5, then N has this form. One can now substitute rational functions
for a and b mapping P!(Q,) into Z3, with a/b not constant. For instance, the choices
a=1+2/(t*+t+1) and b = 1 lead to the family

2" =1— [(® +t+3)" +16(> + ¢+ 1)*] 2*

of genus 1 curves of j-invariant 1728 violating the Hasse principle.

3
5x3+9y3+1023+12( ) (x+y+2)°=0.

2. THE CUBIC SURFACE CONSTRUCTION

Let us review briefly the construction in [CP]. Swinnerton-Dyer [SD] proved that there
exist smooth cubic surfaces V in P3 over Q violating the Hasse principle; choose one. If L is
a line in P? meeting V in exactly 3 geometric points, and W denotes the blowup of V along
V' N L, then projection from L induces a fibration W — P! whose fibers are hyperplane
sections of V. Moreover, if L is sufficiently general, then W — P! will be a Lefschetz pencil,
meaning that the only singularities of fibers are nodes. In fact, for most L, all fibers will be
either smooth plane cubic curves, or cubic curves with a single node.

For some N > 1, the above construction can be done with models over Spec Z[1/N] so
that for each prime p /N, reduction mod p yields a family of plane cubic curves each smooth
or with a single node. One then proves that if p /N, each fiber above an F,-point has a
smooth F,-point, so Hensel’'s Lemma constructs a Q,-point on the fiber W; of W — P!
above any t € P1(Q).

There is no reason that such W; should have Q,-points for p| N, but the existence of Q,-
points on V implies that at least for ¢ in a nonempty p-adically open subset U, of P1(Q,),
W;(Q,) will be nonempty. We obtain the desired family by base-extending W — P! by a
rational function f : P' — P! such that f(P'(Q,)) C U, for each p|N.

More details of this construction can be found in [CP].

3. LEMMAS

Lemma 1. Let V be a smooth cubic surface in P3 over an algebraically closed field k. Let L
be a line in P3 intersecting V in exactly 3 points. Let W be the blowup of V at these points.
Let W — P! be the fibration of W by plane cubics induced by the projection P\ L — P!
from L. Assume that some fiber of 7 : W — P! is smooth. Then at most 12 fibers are
singular, and if there are exactly 12, each is a nodal plane cubic.

We give two approaches towards this result, one via explicit calculations with the dis-
criminant of a ternary cubic form, and the other via Euler characteristics. The first has
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smooth cubic nodal cubic cuspidal cubic
conic + line conic + tangent line + double line
three lines concurrent lines triple line

FIGURE 1. Plane cubic curves with their Euler characteristics.

the advantage of requiring much less machinery, but we complete this proof only under the
assumption that L does not meet any of the 27 lines on V. (With more work, one could
probably prove the general case too, but we have not tried too seriously, since the special case
proved is all we need for our application, and also since the second proof works generally.)
The second proof can be interpreted as explaining the order of vanishing of the discriminant
of the family in terms of the Euler characteristic of a bad fiber.

First proof of Lemma 1, assuming that L does not meet the 27 lines. Let
F(z,y,2) = apz® + a12%y + azzy® + asy®
+ a4:):2z + aszyz + a6y2z
+ a7:c22 + agyz2
+ a9z3

be the generic ternary cubic form, with indeterminates ay, . . ., ag as coefficients. Let H(x,y, z)
be the Hessian of F, i.e., the determinant of the 3 x 3 matrix of second partial derivatives of
F. Let A be 279373 times the determinant of the 6 x 6 obtained by writing each of OF/dz,
OF /0y, OF 0z, OH/0x, O0H/dy, OH/dz in terms of the basis 22, zy, %, xz, yz, 2°. (This
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is a special case of a classical formula for the resultant of three quadratic forms in three
variables, which is reproduced in [St], for instance.) One computes that A is a homogeneous
polynomial of degree 12 in Z[ay, . . ., ag].

If we specialize F' to the homogenization of y? — (z® + Ax + B), we find that A becomes
the usual discriminant —16(4A43 + 27B?) of the elliptic curve [Si, p. 50]. Because A is an
invariant for the action of GL3(k), it follows that F' gives the usual discriminant for any
elliptic curve in general Weierstrass form

y:+ azy + asy = 23 + asr? + aux + ag

at least in characteristic zero, and hence in any characteristic. Every smooth plane cubic is
projectively equivalent to such an elliptic curve, so A is nonvanishing whenever the curve
F' =0 is smooth.

On the other hand, if F' = 0 is singular at (0 : 0 : 1), so that a; = ag = ag = 0, we compute
that A becomes 0. Again using the invariance of A, we deduce that A = 0 if and only if
F =0 is singular.!

Since a cubic surface is isomorphic to P? blown up at 6 points ([Ma, Theorem IV.24.4],
for example), and W is the blowup of V' at 3 points, we obtain a birational morphism
W — P2. Taking the product of this with the fibration map W — P! yields a morphism
U : W — P2? x P! birational onto its image. The morphism ¥ separates points, since
W — P? separates points except for 9 lines which contract to points, and these project
isomorphically to the second factor P!, because by assumption L does not meet the 6 lines
contracted by the morphism V — P2. To verify that ¥ separates tangent vectors, we need
only observe that at a point P € W on one of the 9 lines, a tangent vector transverse to the
line through P maps to a nonzero tangent vector at the image point in P2, while a tangent
vector at P along the line maps to the zero tangent vector at the image point in P? but to a
nonzero tangent vector at the image point in P!. Hence V¥ is a closed immersion, so we may
view the given family W — P! as a family of curves in P2. By assumption, there exists a
fiber of W — P! that is a smooth cubic curve. It follows that the divisor W in P? x P! is
of type (3,1), and hence W is given by a bihomogeneous equation q(zg, 1, x2, z3;t9,t1) = 0
of degree 3 in xq,x1,22,r3 and of degree 1 in ty,¢;. In other words, we may view the
fibration W — P! as a family of cubic plane curves where the coefficients ao, ..., a9 are
linear polynomials in the homogeneous coordinates ty,¢; on the base P'. Hence A for this
family is a homogeneous polynomial of degree 12 in #y, ¢;, and it is nonvanishing because of
the assumption that at least one fiber is smooth. Thus at most 12 fibers are singular.

To finish the proof, we need only show that if a fiber is singular and not with just a single
node, then A(bg,b;) vanishes to order at least 2 at the corresponding point on P*. To prove
this, we enumerate the combinatorial possibilities for a plane cubic, corresponding to the
degrees of the factors of the cubic polynomial: see Figure 1.

In the “three lines” case, after a linear change of variables with constant coefficients we
may assume that the three intersection points on the bad fiber are (1 : 0 : 0), (0 : 1 :0),
and (0 : 0 : 1), so that the fiber is zyz = 0. We compute that if G is a general ternary
cubic and t is an indeterminate, representing the uniformizer at a point on the base P!,
then A for zyz + tG is divisible by 3. In the “conic + line” case, we assume that the two
intersection points are the points (1 : 0 : 0), (0 : 1 : 0) so that the conic is a rectangular

IFacts such as this are undoubtedly classical, at least over C, but it seems easier to reprove them than to
find a suitable reference.
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hyperbola and the line is the line z = 0 “at infinity.” We can then translate the center of
the hyperbola to (0 : 0 : 1) and scale to assume that the fiber is (zy — 2?)z = 0. This time,
A for (zy — 2%)z + tG is divisible by ¢2.

In the “cuspidal cubic” and “conic + tangent” cases, we may change coordinates so that
the singularity is at (0 : 0 : 1) and the line x = 0 is tangent to the branches of the curve
there, so that as = ag = a7y = ag = a9 = 0. In the remaining cases, “line 4+ double line,”
“concurrent lines,” and “triple line,” we may move a point of multiplicity 3 to (0 : 0 : 1),
and again we will have at least a5 = ag = a7 = ag = ag = 0. We check that A vanishes to
order 2 in all five of these cases, by substituting a; = tb; for i = 5,6,7,8,9 in the generic
formula for A, and verifying that the specialized A is divisible by #2. U

Second proof of Lemma 1. Let p be the characteristic of k, and choose a prime ¢ # p. Let

2dim V'

X(V) =" (~1) dimg, H (V. Fy)

=0

denote the Euler characteristic. Since V is isomorphic to the blowup of P? at 6 points, and
W is the blowup of V' at 3 points,

x(W)=xP?)+6+3=3+6+3=12.
On the other hand, combining the Leray spectral sequence
HP (P!, Rin,F,) = HPYY(W,F))
with the Grothendieck-Ogg-Shafarevich formula ([Ra, Théoreme 1] or [Mi, Theorem 2.12])
yields
(1) XW) = x(Wy) x(P) + Y (W) = x(W,) — swi (HE (W, Fo))l,
tePl(k)
where W, is the generic fiber, W, is the fiber above ¢, and

swi(Hz, (W, Fe)) =D (=1)"swi(Hi (W, o))

1=0

is the alternating sum of the Swan conductors of Hi (W,, F,) considered as a representation
of the inertia group at ¢ of the base P'. Since W, is a smooth curve of genus g = 1,
x(W,) =2—2g =0. Ift € P'(k) is such that W; is smooth, then all terms within the
brackets on the right side of (1) are 0, so the sum is finite. The Swan conductor of

Hgt(Wna Fé) = Hgt(Wm Fé) =F,

is trivial. Hence (1) becomes

12 = Z [X(W3) + swi(Hg, (W, Fo))]

t: Wy is singular

Since sw;(H}, (W, Fy)) is a dimension, it is nonnegative, so the lemma will follow from the
following claim: if W; is singular, x(W;) > 1 with equality if and only if W} is a nodal cubic.
To prove this, we again check the cases listed in Figure 1. The Euler characteristic for each,
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which is unchanged if we pass to the associated reduced scheme C, is computed using the
formula

(2) X(C) = Z(z - 296‘1) + #Csing - #a_l(csing)v

2

where o : C' — C'is the normalization of C, gg, 1s the genus of the i-th component of C, and
Csing 1s the set of singular points of C. For example, for the “conic + tangent,” formula (2)
gives

3=) (2-2:0)+1-2.

i=1
0
Lemma 2. If F(x,y,z) € Fylz,y, 2] is a nonzero homogeneous cubic polynomial such that

F does not factor completely into linear factors over F,, then the subscheme X of P? defined
by F' =0 has a smooth Fp-point.

Proof. The polynomial F' must be squarefree, since otherwise F' would factor completely.
Hence X is reduced. If X is a smooth cubic curve, then it is of genus 1, and X (F,) # 0 by
the Hasse bound.

Otherwise, enumerating possibilities as in Figure 1 shows that X is a nodal or cuspidal
cubic, or a union of a line and a conic. The Galois action on components is trivial, because
when there is more than one, the components have different degrees. There is an open subset
of X isomorphic over F, to P! with at most two geometric points deleted. But #P*(F,) > 3,
so there remains a smooth F,-point on X. U

4. THE EXAMPLE

We will carry out the program in Section 2 with the cubic surface
Voo o5a® + 9y +102° + 120 = 0
in P3. Cassels and Guy [CG] proved that V violates the Hasse principle. Let L be the line
x4y +2=w=0. The intersection V N L as a subscheme of L = P! with homogeneous
coordinates x,y is defined by
523 4+ 9% — 10(z + y)?,

which has discriminant 242325 = 33-5%-359 # 0, so the intersection consists of three distinct
geometric points. This remains true in characteristic p, provided that p & {3,5, 359}.

The projection V --+ P! from L is given by the rational function u := w/(z + y + 2)
on V. Also, W is the surface in P3 x P! given by the ((z,y, z, w); (ug, u;))-bihomogeneous
equations
(3) W 52% + 9y® +102° + 120° = 0

uw = uy(r +y+ 2).
The morphism W — P! is simply the projection to the second factor, and the fiber W,
above u € Q = A1(Q) C P}(Q) can also be written as the plane cubic

(4) W, o 52° 4+ 9y® 4+ 102° + 120 (x + y + 2)* = 0.
The dehomogenization

h(z,y) = 5% + 9y° 4+ 10 + 12u3(z + y + 1)?,



FAMILY OF GENUS-ONE CURVES 7

defines an affine open subset in A2 of W,. Eliminating  and y from the equations
or Oy

shows that this affine variety is singular when u € Q satisfies
(5) 206209612 + 6065760u° + 42822001’ + 999000u> + 50625 = 0.

The fiber above u = 0 is smooth, so by Lemma 1, the 12 values of u satisfying (5) give
the only points in P1(Q) above which the fiber W, is singular, and moreover each of these
singular fibers is a nodal cubic. (Alternatively, one could calculate that A of the first proof of
Lemma 1 for (4) equals —213'35% times the polynomial (5). One can easily verify that in any
characteristic p € {2,3,5}, L does not meet any of the 27 lines on V.) The polynomial (5)
is irreducible over Q, so W, is smooth for all u € P(Q).

The discriminant of (5) is 216 . 3% .55 . 3591, Fix a prime p & {2, 3, 5,359}, and a place
Q --» F,. The 12 singular u-values in P*(Q) reduce to 12 distinct singular u-values in
P(F,) for the family W — P! defined by the two equations (3) over F,. Moreover, the
fiber above u = 0 is smooth in characteristic p. By Lemma 1, all the fibers of W — P! in
characteristic p are smooth plane cubics or nodal plane cubics. By Lemma 2 and Hensel’s
Lemma, W, has a Q,-point for all u € P*(Q,).

Proposition 3. If u € Q satisfies u =1 (mod pZ,) for p € {2,3,5} and u € Zssg, then the
fiber W, has a Q,-point for all completions Q,, p < 00.

Proof. Existence of real points is automatic, since W, is a plane curve of odd degree. Exis-
tence of Q,-points for p & {2, 3, 5,359} was proved just above the statement of Proposition 3.

Consider p = 359. A Grobner basis calculation shows that there do not exist ay, as, by,
bg, C1, C2, U € F359 such that

(6) 5% + 9y +102° + 120° (2 + y + 2)*
and
(5 + a1y + azz)(x + by + be2)(x + 1y + ¢22)

are identical. Hence Lemma 2 applies to show that for any u € Fs59, the plane cubic
defined by (6) over F359 has a smooth F3s9-point, and Hensel’s Lemma implies that W, has
a Qss9-point at least when u € Zssg.

When v =1 (mod 5Zj), the curve reduced modulo 5,

Wa: 4> +2(x +y+ 2)* =0,

consists of three lines through P := (1:0: —1) € P?(F3), so it does not satisfy the conditions
of Lemma 2, but one of the lines, namely y = —2(z + y + 2), is defined over F5, and every
Fs-point on this line except P is smooth on W4. Hence W, has a Qs-point.

The same argument shows that W, has a Qz-point whenever u = 1 (mod 2Zs), since the
curve reduced modulo 2 is ® + 3 = 0, which contains z + y = 0.

Finally, when u = 1 (mod 3Z3), the point (1: 2 : 1) satisfies the equation (4) modulo 3%,
and Hensel’s Lemma gives a point (zp : 2 : 1) € W,(Q3) with yp = 1 (mod 3Zs3). This
completes the proof. O
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We now seek a nonconstant rational function P! — P! that maps P*(Q,) into 1+ pZ, for
—22
p €{2,3,5} and into Zssg for p = 359. Since (—) = —1 for p € {3,5,359}, the function
p
60 1?2 +82
2422 #2422
has the desired property. Substituting into (4), we see that

u=1+

2 4+ 82\°

has Q,-points for all p < co. On the other hand, X,(Q) = ), because V(Q) = 0. Finally, the
existence of nodal fibers in the family implies as in [CP] that the j-invariant of the family
has poles, and hence is nonconstant.

(7) X, 0 52 + 9y° 4+ 102° + 12 (

5. THE JACOBIANS

For t € Q, let E; denote the Jacobian of X;. The papers [AKMMMP]| and [RVT] each
contain a proof that the classical formulas of Salmon for invariants of a plane cubic yield
coefficients of a Weierstrass model of the Jacobian. We used a GP-PARI implementation of
these by Fernando Rodriguez-Villegas, available electronically at

ftp://www.ma.utexas.edu/pub/villegas/gp/inv-cubic.gp
to show that our E, has a Weierstrass model 3% = 2® + Az + B where

A = 145800(¢* + 82)*(+* + 22)
and

B = —6129675t'% — 96155100t + 359349979500t° + 65556113292000¢°
+ 4990338518958000¢* + 180317231391182400¢2 + 2572729234128532800.

Because the nonexistence of rational points on V' is explained by a Brauer-Manin obstruction,
Section 3.5 and in particular Proposition 3.5 of [CP] show that there exists a second family
of genus 1 curves Y; with the same Jacobians such that the Cassels-Tate pairing satisfies
(X1, Y;) =1/3 for all t € Q. In particular, for all ¢ € Q, the Shafarevich-Tate group I1I(E;)
contains a subgroup isomorphic to Z/3 x Z/3.

Although we will not find explicit equations for the second family here, we can at least
outline how this might be done, following [CP], except using Galois cohomology over number
fields and Q(t) wherever possible in place of étale cohomology over open subsets of P!:

(1) Let k = Q(v/—3) and V, =V xq k. On pages 66-67 of [CTKS] an element Aj of
Br(V}) giving a Brauer-Manin obstruction over k is described by parameters €, 7 for a
2-cocycle ¢ representing the image of Ay in H*(Gal(K/k), K(V)*) for a certain finite
abelian extension K of k. We may map ¢ to an element of H*(k, Q(V)*).

(2) Apply the corestriction cores,,q to Ay to obtain an element A € Br(V) giving a
Brauer-Manin obstruction for V' over Q. (See the proof of Lemme 4(ii) in [CTKS].) In
practice, all elements of Brauer groups are to be represented by 2-cocycles analogous
to &, and all operations are actually performed on these cocycles.

(3) Pull back A under the morphisms X, = X — V, where X, over Q(t) is the generic
fiber of our final family X — P of genus 1 curves, to obtain an element A, of Br(X,).
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(4) Let X,, denote X, Xqq) Q(t). Find the image of A, in H'(Q(t), PicX,), by writing
the divisor of the 2-cocycle representing the image of A, in H*(Q(t), Q(t)(X,)*) as
the coboundary of a 1-cochain, which becomes a 1-cocycle representing an element
of H'(Q(t), Pic X,)).

(5) Observe that the newly discovered 1-cocycle actually takes values in Pi(:0777 =
E,(Q(t)), where E, is the Jacobian of X, over Q(?).

(6) Reconstruct the principal homogeneous space Y;, of E, over Q(¢) from this 1-cocycle,
by computing the function field of Y,, as in Section X.2 of [Si].

(7) Find the minimal model of ¥, over Pg,, if desired, to obtain a model smooth over the
same open subset of P! as X.
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