SINGULARITIES OF THE HEIGHT STRATA IN THE
MODULI OF K3 SURFACES

ARTHUR OGUS

ABSTRACT. Moduli spaces of varieties in characteristic p are stratified by
Newton polygons. For example, the moduli space of polarized K3 surfaces
of degree d admits a stratification by the height h. Using the classification
of supersingular K3 crystals, we determine the dimension and singular
locus of each stratum. For example, if d is prime to p, the singular locus
of the set where the height is at least h coincides with the set of points
where the Artin invariant og is < h — 1.

Let k be a perfect field of characteristic p > 0, let W be its Witt ring, and
let Fy (resp. Fw) denote the absolute Frobenius automorphism of k (resp. of
W). Fix a positive integer d. A polarized K3 surface of degree d over a k-scheme
S is a smooth projective morphism f: X — S and a relatively ample invertible
sheaf £ on X such that for every s € S, the fiber X is a K3 surface and the
self-intersection of L on X is 2d. We shall also assume that £ is p-primitive,
i.e., that L, is not divisible by p for any s € S. In his seminal paper [1], Artin
used the formal Brauer group to define a height stratification S;, on the base S
of a versal family X'/S of polarized K3 surfaces. He found a sequence of closed
subschemes

S=528028D-

and showed that each S;;; C S; is defined by a single equation. For example,
the “nonordinary locus” S is defined by the vanishing of the action of Frobenius
on R?f.(Ox). For i > 11, all the S; have the same reduced structure, and their
intersection is the “supersingular locus S..,” which (at least set-theoretically)
admits a further stratification

Soo,l g Soo,2 g o 'Soo,lo = Soo

by the “Artin invariant” og. Artin proved that, in a neighborhood of a certain
point of S.,1, S; has codimension ¢ — 1 if ¢ < 11. Recently Katsura and van
der Geer have looked again at these strata, and proved, among other things,
that each S; is equidimensional and that its singular locus is contained in the
supersingular stratum Si1 [6].

Katsura and van der Geer use the formal group methods of Artin, so
to continue the propaganda campaign of [4], in this paper we use crystalline
methods to define and analyze the strata S; and their singularities in more
detail. In our attempt to convince the reader that it is not only possible, but
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even easy, to extract geometric information from crystalline periods, we will try
to make our argument self-contained, without reference to the theory of formal
groups. This attempt is not meant to hide our gratitude to the aforementioned
authors for their inspiration to return to the beautiful subject of K3 surfaces.
It is also a pleasure to thank the referee for a very thorough job which resulted
in many improvements to our exposition.

Our main new result is easiest to state when the polarization degree is
prime to p. In this case the singular locus of S; is, set-theoretically, Soo ;—1. It
follows that S; is normal if ¢ < 10 and is generically nonreduced if ¢ > 11. We
also show that S1; = S, scheme-theoretically in this case.

The crystalline cohomology of a K3 surface X/k over k is a free W-module
H := H..;s(X/W) of rank 22. The absolute Frobenius endomorphism Fx of
X induces an Fy-linear endomorphism ® of H, which we sometimes view as a
W-linear map Fy;, H —+ H. The cup-product pairing and trace map endow H
with a symmetric bilinear form

(]): Sym*H — W

which defines an isomorphism from H to its dual H". It is known (and trivial
if p is odd) that this form is even: (z|z) is divisible by 2 for every z € H [5].
Writing Q(x) := 1/2(z|z), we find that @ is a quadratic form on H, i.e.,
Q € Sym?(HY), and (z|y) = Q(z +y) — Q(z) — Q(y) for z,y € H. In fact, the
triple (H, ®, Q) forms a K3-crystal, as defined below.

Definition 1. A K38 crystal over k of rank r is a finitely generated free module
over W of rank r equipped with a nondegenerate quadratic form @ and an
Fy -linear endomorphism ®: H — H satisfying the following conditions:

1. The reduction of ® modulo p has rank one.
2. Q(®(x)) = p’Fyy(Q(2)) for any z € H.

The nondegeneracy of () means that the associated bilinear form (z,y) :=
Q(z +y) — Q(z) — Q(y) defines an isomorphism from H to its dual H".

If L is a line bundle on X, its crystalline Chern class £ := cqris(L) €
H2 . (X/W) lies in Ty := {z € H : ®(z) = pzr}, and it is p-primitive if and
only if £ is not divisible by p in Ty [4, 1.5]. We therefore define a polarized K3
crystal to be a pair (H,§), where H is a K3-crystal and £ is an element of Ty
which is not divisible by p. The degree of (H,¢) is by definition Q(§) € Zj. If
the degree is prime to p and p is odd, then the orthogonal complement of £ in
H is again a K3-crystal. Many of the arguments we shall give can be simplified
somewhat in this case by working with this orthogonal complement, and we
invite the reader to adopt this point of view.

The structure of K3 crystals over an algebraically closed field k& can be
described fairly explicitly. Suppose that H is a K3 crystal of rank 22 and that
k is algebraically closed. We refer to [3] for the definition of the Hodge and
Newton polygons of an F-crystal. The fundamental theorem of Mazur tells us
that the Newton polygon of (H,®) lies on or above the Hodge polygon, has
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integral break-points, and, because of the duality coming from @, is symmetric.
We shall call the z-coordinate of its first breakpoint the Newton height (or just
height) of H, and we say that H is supersingular if all its Newton slopes are
1; in this case we say that the height is co. Mazur’s theorem implies that
ht(H) > 1, and the symmetry implies that 22 — 2ht(H) is the horizontal length
of the Newton segment of slope 1. Since ®(§) = p&, this length is at least 1, so
ht(H) € {1,2...10,00}. If ht(H) < oo, then according to a theorem of Katz
[3], H can be expressed as a direct sum H = Hy, @ H, @ Hj,, where H}, is an
F-crystal with Hodge numbers (1, —1,0), H;, is the twisted dual of Hy,, with
Hodge numbers (0,h — 1,2), and H; = W ® Ty has rank 22 — 2h and Hodge
numbers (0,22 — h,0). If h(H) = oo, T has rank 22 and the p-adic ordinal of
the discriminant of the restriction of @ to T is p?°°, where oy is an integer
with 1 < g¢ < 11, called the Artin invariant of H. Furthermore, it is shown
in [4] that H admits an orthogonal direct sum decomposition H = Hy & Hy,
where Hy is a supersingular K3 crystal of rank 209 and H; is a twist of a
unit root crystal. The quadratic form restricted to H; is nondegenerate, and
its restriction to Hp is p times a nondegenerate form Q'. It is apparent that
o9 < 10 if H admits a polarization of degree prime to p, and in fact it is always
true for the K3 crystals arising from K3 surfaces, as we shall see later.

Suppose that H := (H,®, Q) is a K3 crystal over an algebraically closed
field k£ and h > 1 is an integer such that ®" is divisible by p*~!; write ®" =
pt"®,,. Note that Q(®,(z)) = p*Fy;;Q(z) for x € H. The abstract Hodge and
conjugate filtrations My, and N, of (H, ®;) are defined as follows:

MiH = &,'(p'H)
NiH = p'2%,(M} 'H)

We shall especially consider the filtrations induced by My and Np on Hpg,
the reduction modulo p of H. It follows from the compatibility of ®; and @
that M} Hpgr (resp. N} Hpg) is the annihilator of M?Hpg (vesp. N7 Hpr).
Mazur’s theorem implies that, if X/k is a K3 surface, the filtration M; on
Hpr = Hpr(X/k) is just the Hodge filtration Fr44, and the filtration N; on
Hpr(X/E) is the conjugate filtration Fi,,. Consequently we shall write Fq,
and F,,, for the filtrations induced by M; and N1 on Hpg in the abstract case
as well. It follows that ® induces an injective map

0
’L/J: F,: Gerg HDR — HDR
whose image is exactly F2, Hpgr, and an isomorphism
1 1
v F]: Gerg Hpr — Grcon Hprg.

Note that FledgHDR and F2 Hppg are isotropic, so that @ induces quadratic

forms on Gr}ldg Hppg and Gr! ,, Hpg, and v is compatible with these forms.
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It is possible to compute the Newton slopes of a K3 crystal from the
purely mod p data consisting of Hpr, Frag, Feon and y. We shall define, by
induction on h, a class K3y of K3 crystals over k, and for each H € K3, an
increasing sequence of submodules

EoCELC--Ep

of Hpp, as follows. For h = 1, K3, is the class of all K3-crystals over k, and E;
is the submodule N7 Hpg = F2,, Hpg. If K3}, has been defined and H € K3},

then by definition H € K34, if and only if E, C Fpy, Hpr. Then there is a
map:

FiE, — FiFfq,Hpr — F& Griyg, Horp— Grl,, Hpr

con

and Ej1 is defined to be the inverse image in FL, Hpr C Hpg of the image

of this map. It follows by induction that each Ej1/E} has dimension at most
one, and, by the compatibility of ) with -, that each Ej is totally isotropic.

Lemma 2. Let H be a K3 crystal over k and h a positive integer such that P!
is divisible by p' ' for all i < h. Then H € K3}, and

Ep = Nj + Ep—1 = Nj; + Nj_y +---N{ C Hpp.

Proof: 1t is convenient to set Ey := 0; then the lemma is true for h = 1 by
the definition of E;. Suppose that h > 1 and that ®? is divisible by p*~! for all
1 < h. By the induction assumption, H € K3, _1, Ey 1 = Ep_o + N,%ilHDR,
and Ej_» C F}IdgHDR' By definition, Ej_; is the inverse image of vF; (Ep—_2)
under the projection w: F. Hpgr — Gr.,, Hpg. Since ®®,_; is divisible by
p, Nj_H C M{H, s0 Ep—1 C Fyg,Hpr and H € K3;,. Furthermore, N H
is the image of p~'®®;,_, H, i.e., the image of N7_, H under p—'®. Modulo
F? Hpg, this is the image of N? | H under the map

szlHDR b d FI:F}IdgHDR e d Gr}ng HDRL) Grion Hprg.
which we just denote by vF}(N7_,Hpg). We conclude that
F(Eh) = ’)/F]:(Eh_l) = ’)/F,:(Eh_g + lefl) = 7T(Eh_1) + W(N,%)

Since Ej, and Ej—_1 + N} both contain F?2 and have the same image modulo
F2 . they must be equal. O

Proposition 3. Let H be a K3 crystal over k and let h be a positive integer.
Then the following are equivalent:

1. H has Newton height at least h.

2. For all i < h, ® is divisible by p*~'.

3. He K3,

4. For all i < h, ®' is divisible by p*~! and N?Hpr C F}IdgHDR'
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Proof: The proof is by induction on h. The case h = 1 is trivial, and we
assume that the proposition is true for h and that conditions (1)—(4) all hold,
and we will prove their equivalence with h+ 1 in place of h. In particular, E; is
defined for i < h and contained in F, Hpg for i < h. It follows immediately
from Lemma 2 that E; C F}{dgHDR if and only if N?Hpr C F}{dgHDR, S0
conditions (3) and (4) are equivalent. Since ®**! = ph=1®,, &'+ is divisible
by p" if and only if Ny Hpr C Fjyy,Hpr- Thus (3) and (4) are also equivalent
to (2). If ®"*! is divisible by p", then its Newton slopes are at least h, and
hence the Newton slopes of ® are at least h/(h + 1) and ® has Newton height
at least h + 1. Conversely, suppose that H has Newton height at least h + 1.
The Newton slopes of ® are at least h/(h + 1), and so the Newton slopes of
®;, = pt~"®" are at least h2/(h+1)— (h—1) = 1/(h+1) > 0. Then &}, has no
unit root part, and its action on Hpg is nilpotent. Since ®; and ® commute,
the image F2 Hpgr of ® on Hppg is invariant under ®,, and since it is one-

con

dimensional, ®; acts as zero on FfonHDR. This says that ®,® is divisible by

p, i.e., that ®"+1 is divisible by p". O

Lemma 4. Suppose that H € K3y, and N7 Hpr C Ej_1 + FIQMQHDR. Then
H is supersingular.

Proof: It follows from the hypothesis and Lemma 2 that for any = € H,
®y(z) € N?_H+---N}H+pH+ M?H. Thus, there exist elements 1, ...z, €
H and z € M?H such that

Dy (x) = Pp—y (1) + Pp—a(x2) + - - P(xh—1) + pxp + 2.
Multiplying by p"~!
" (z) = p@"(z1) + p*@" " (22) + - "B (xh) + P hi1,
where z,1 := p~2®(z). Then it follows by induction on m that for any m > 1

and ¢ € H, there exist x; € H such that

(I>h+m(m) — pm@h(ml) +pm+1¢h71(m2) 4. _pm+h(§(mh) +ph+1+m1’h+1-

In particular ®"*+™ is divisible by p™, and all its slopes are at least m. Then
all the slopes of ® are at least m/(h+m), and taking the limit with m, we see
that the slopes of ® are all 1, i.e., H is supersingular. [l

and applying ®, we find that

The following is the key semi-linear algebra result that enables us to de-
termine the singularities of the height strata.

Lemma 5. Let H be a K3 crystal over k.
1. If ht(H) is finite, and i < ht(H), then E; = N?*Hpr and has dimension
i.
2. If H is supersingular and i < oo(H), then E; = N?Hpg and has dimen-
sion i. Moreover, E,, = Ey _1 +FfldgHDR, and fori > oo, E; = E,, and
is the image of the annihilator of Q on k ® Ty and also the annihilator
of the image of k ® Ty — Hpgr.
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Proof: Suppose that ht(H) is finite and i < ht(H). Then by Lemmas 2 and 4,
E; 1 is strictly contained in E;. On the other hand, dim E; < i for all i, so we
can conclude that the dimension of E; is i. Consider the Katz decomposition
H = Hj, @ Hy ® H;, and restrict attention to the factor Hj. Since Hy has
only 0 and 1 as Hodge slopes, there is an endomorphism V' of Hj, such that
®V = p. Then ®;V? := p' '@V = p, so that ®; also has only 0 and 1 as
Hodge slopes. Moreover, ® has (h—1)/h as its unique Newton slope, and so ®;
has i(h—1)/h—(i—1) = (h—1i)/h as its unique Newton slope. Since the Hodge
and Newton polygons of ®; have the same endpoint, the Hodge numbers of ®;
must be (i, h —i), and this proves that N? has dimension 4. Up to this point we
have been considering only the factor Hj, but we can conclude that N? of the
entire crystal has dimension at least 7. Lemma 2 implies that NEHDR C E; for
all 4, and it follows that N?Hpg = E;.

The proof of (2) uses the classification of supersingular K3 crystals from
[4], which we briefly recall. Let

o0 o0

E = [ MH=[)(@")"(p"H)
h=1 h=1

E" = Y N;H=Y p'~"e"H)
h=1 h=1

Then E is the largest submodule of H which is invariant under ¢ := p~'®,
E" C E, and E" is the set of all h € H such that (hle) € pW for all e € E.
Better, let E' := p~'E C Q® H, which is then the smallest submodule of Q@ H
containing H which is invariant under ¢. Then E' is the set of h € Q ® H such
that (hle) € W for all e € E, and pE' C E C H C E'. The k-vector spaces
H/E and E'/H are naturally dual, and so have the same dimension gy. Then
20y is the dimension of E'/E, and is also the p-adic ordinal of the discriminant
of Qon E. Let T := {e € E : ¢(e) = e}, and T' := {e' € E' : ¢(e') = €'}.
Then W ®z, T = E, W ®z, T' = E', and these isomorphisms identify ¢
with Fy ® id. The image of H in E'/E = k® T'/T is a k-linear subspace not
contained in any proper ¢-stable subspace. If ] and e/, are elements of E’, then
pe} € E, hence (e} |ey)' := (pe}lel) € W and (| ) is a symmetric bilinear form
on E’ which is compatible with ¢ and hence descends to T'. The annihilator
of this form modulo p is just the image of E in E’, and so we can view it as
a symmetric bilinear form on E'/E. When p = 2, the set of all v' € E'/E
such that (v'|v")" = 0 is a linear subspace containing the image of H. Since this
space is ¢-invariant, it must be all of E'/E, so in fact (| )’ is even and we can
define Q'(e') := 1/2(e'|e’) for ' € E'. Then @' is a nondegenerate quadratic
form on T'/T, and the image K' of H in k ® T'/T is a strictly characteristic
subspace [4, 3.19]: it is totally isotropic of dimension og, (K’ + ¢(K'))/K' has
dimension one, and K’ is not contained in any proper F-rational subspace. The
automorphism group of k over F,, acts on the set of all strictly characteristic
subspaces, and it is convenient (elsewhere) to set K := ¢~'(K'). As explained
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on page 33 of [4], there is a (unique) line £ in V such that
SE) =L ¢(0) @ ¢77 (1),

and in fact
V=L)D" (0).
There is an exact sequence

kT — Hpr — K' = 0.

The subspaces F}IdgHDR and N,%HDR contain the image of £k ® T, and hence
are determined by their images Fj,, K’ and Ny K’ in K', and it is easy to check
that Fi,, K' = KN¢(K) and N K' = ¢(K)N¢"+!(K). Suppose h < 0. Then
because the spaces {¢!(f) : 0 < i < 209 — 1} form a direct sum decomposition
of V,
FhayK' = KN6K) = ¢72(0)
NE' = $(E)n¢"H(K)=o"(O) @ " () @977 (0)

Thus in fact 0 = N} K’ C N} _;K' C K', and each N} K’ has codimension i
if i < 09. Hence N} Hpg has dimension i if i < 09, and N2 Hpg is exactly the
image of k ® T'— Hpg. By Lemma 2, E; has dimension ¢ if i < 09, E; = E,,
if © > o9, and E,, is the annihilator of the image of k ® T — Hpgr. This
annihilator is pEY /E, and hence is also the image of the annihilator of k ® T .
Moreover,

NLK' O Fjg, K' = ¢"(0) @ ¢" T (0) @ - ¢7°72(0),
so Ng K" = N; 1K' N Fjy, K" = 0. Again by duality,

g

Esy = Byy—1 + Fi14yHpR-

To summarize:

Proposition 6. Let H be a K3 crystal over an algebraically closed field k and
let h <ht(H) be a positive integer. Then the following are equivalent:

E,Jl‘ N F%IdgHDR = E,Jl_,l N F}IdgHDR'

E, + FFQIdgHDR =FEp_1+ degHDR.

H is supersingular, and oo(H) < h.

F}fldgHDR C Ey.

En_1+ F?IdgHDR contains the null space of Q on Fp @ T.

En_1+ FI?IdgHDR contains a nonzero point of F, @ T'.

S Tt W=

Proof: Since Fj,, Hpr is the annihilator of F, Hpgr, conditions (1) and (2)
are equivalent. If (2) holds, then by Lemma 2,

NiHpr C Ey_1Hpr + Fj140Hpr,
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and by Lemma 4, H is supersingular. Then Lemma 5 shows that (2) implies (3)
and that (3) implies (4) and (5). Suppose that H has height h < 10. Consider
the Katz decomposition H = H, ®H®H, . Since ® is divisible by p on H; & Hj,
the same is true of ®; for all i < h, hence N?Hpg and E; are contained in
Hpppg for i < h. On the other hand, F?*Hpr C Hj} 5. Thus condition (4)
implies that H is supersingular, and by Lemma 5 h < 0. Evidently (5) implies
(6). Similarly if h < oo, then in the Katz decomposition the image of T — H
is contained in H;, and hence modulo p cannot intersect Ey, 1 + FI?IdgHDR‘ If
(6) holds, it follows that H is supersingular, and E,_q + FEIdQHDR contains
a ¢-invariant line. Then by duality E,f_lK NnNF }{dgK is contained in a proper
¢-invariant subspace, so in fact h > gyp. O

If H is the K3 crystal of a K3 surface, then the rank of H is 22 and its
crystalline discriminant is —1 € Z,/Z> [5, 4.9, 4.10]. We can use this fact to
prove that the Artin invariant of a supersingular K3 crystal coming from a
surface is at most 10, without assuming the Tate conjecture.

Proposition 7. The Artin invariant og of a K3 crystal associated to a super-
singular K3 surface X/k is at most 10.

Proof: This is a consequence of the Tate conjecture, as explained by Artin [1].
To prove it unconditionally, use the direct sum decomposition H = Hy & H;.
As shown in [4, 3.15], the crystalline discriminant (%) € {+1} = F;/F}?
is —(’71) o if p is odd. Since the discriminant of H is (%1), we cannot have
oo = 11. If p = 2, it is easy to see that Ty, has a dual basis (z;,y;), i =1,...09
with respect to which the quadratic form is #? + y? + 191 + Y is1 TiYi, and
that its discriminant is 3(—1)7° € Q2/Q3?. Since the discriminant is —1, it
cannot be the case that o9 = 11, since in that case H; would be zero. O

It is convenient to introduce a variation of the above construction for
polarized K3 crystals. If (H,£) is a polarized K3 crystal, it follows from the
fact that ®(&) = p¢ that the image Epgr of £ in Hppg lies in F}{dg NF. Hpr
and is fixed by vF}. If H € K3,(k) and ¢ < h we define E;¢ to be the span
in Hpg of E; and the image {pg of £ in Hpg. If H is supersingular we define
7(H,L) to be oo(H) — 1 if {pr € Ann(T/pT) and to be oo(H) otherwise. For
example, if the degree of £ is prime to p, 7(H, L) = o¢(H). It is also convenient
to define 7(H, L) and oo(H) to be co if H is not supersingular. If (X, L) is a
polarized K3 surface over k, we write 7(X, L) and o¢(X) for 7(H, §) and oo (H),
where H is the crystalline cohomology of X/W and ¢ is the crystalline Chern
class of L.

Corollary 8. Let (H,&) be a polarized K3 crystal with H € K3, (k), let i <
h—1, and let E; ¢ be the image of E; ¢ in Gr}{dg Hpg, i.e.,

Ei¢ = (Eig + Fira,)/ Firay-
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Then
dim(E;¢) = min(i + 1,7(H, L)).
Furthermore, if H is supersingular, Er ¢ = E._; ¢ + F}fldgHDR.

Proof: Evidently dim(E;¢) < dim(FE;¢) < dim(E;) +1 < i+ 1. If H is
supersingular with Artin invariant o, by Lemma 5 E; C E,, = Eys,—1, SO

dim(FE;¢) < 0¢. If £ € Ann(T/pT), then in fact Ey, ¢ = E4,, and dim(E;¢) <
09 — 1 = 7. Thus in any case

dim(E; ¢) < min(i + 1,7(H, L)).
Suppose that H is not supersingular. Then by Lemma 5, F; has dimension ¢ and
by condition (4) of Proposition 6, E; does not meet FI?IdgHDR‘ Furthermore,
the Katz decomposition shows that F; + FledgHDR does not meet, the image of
T/pT. Hence dim(FE; ¢) = i+ 1. Suppose that H is supersingular. By Lemma 5,
the dimension of the image F; of E; in Gr}ldg Hpr(X/k) is min(i,o0 — 1).
Hence if {pr does not belong to E; + F}fldgHDR, the dimension of Ei{ is
min(i + 1,00) > min(i + 1,7). On the other hand, if épr € E; + FEMQHDR,
then condition (6) of Proposition 6 holds with A =i+ 1, so that o9 <i+1, and
by Lemma 5, {pr belongs to the annihilator of T'/pT. Then E; ; = E; = Eyy_1
has dimension o9 — 1 = 7. O

We are now ready to investigate the moduli of K3 surfaces. If f: X — S
is a family of K3 surfaces over a k-scheme S with polarization £ of degree d,
the relative De Rham cohomology Hpr(X/S) := RQf*Q'X/S is locally free of
rank 22. It is equipped with its Hodge and conjugate filtrations Fqy and Feon,
and the associated graded sheaves Grpay Hpr and Gr.., Hpr are also locally
free. If X'/S is obtained by pullback from a smooth k-scheme, Hpgr(X'/S) has
a canonical Gauss-Manin connection V: Hpgp — Qk/s ® Hpgr.- The Hodge
filtration is moved by at most one step by V, and the induced map

degHDR(X/S) — Gr}{dg HDR(X/S) ® Q}S‘/k
is Og-linear and is equivalent to a map
K FFQIdgHDR(X/S) ® Gr}ng HDR(X/S)V — QlS/k

Since Qi( /s is trivial along the fibers and the Hodge spectral sequence of X'/S
degenerates, there is a natural isomorphism

Frag © Griggy Hpr(X/S)Y = fu(Q%/s) © R' f.(Qx )" = R fu(Tx/s)".

Thus the map &' can be interpreted as the differential of the map from S into
the moduli stack. These facts, as well as the basic deformation theory of K3
surfaces, are very clearly explained in [2].

The absolute Frobenius morphism of X induces an Og-linear map

¢: FgHDR(X/S) — HDR(X/S),
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whose kernel is exactly FS*(F}MQHDR) and whose image is exactly F2, Hpg,
and the inverse Cartier isomorphism induces an isomorphism:
(1) v Fg Gl‘}ng Hpgr — GI‘l Hprg.

con

The filtration Fi,p, is stable under V, and if F% Grp,, Hpr is endowed with
the connection killing the elements of Gr}{dg Hppg, the map 7 is horizontal. The
quadratic form @ induces nondegenerate forms on Gr}ldg Hpgr and Grt. Hpg

con
compatible with . The Chern class {pr := cpr(L) of L is a global horizontal
section of Hpg(X'/S) contained in Fy,, N F,,,Hpr(X/S).

If S is a k-scheme, let F(S) denote the category of polarized K3 surfaces
of degree d, with morphisms the isomorphisms preserving the polarizations. A
morphism S’ — S defines a functor F(S) — F(S’), and F forms a fibered
category with effective descent. It should be easy to verify that F is in fact a
Deligne-Mumford stack, but since we shall be only interested in local properties
of families of K3 surfaces, we shall not attempt to carry this out here. If d is
prime to p, F is formally smooth of dimension 19 over k, and there exist
formally étale morphisms S — F with S a smooth k-scheme of dimension 19.
Formation of Hppg is compatible with base change S’ — S, and the same is
true of its filtrations and their associated graded sheaves.

We define a sequence of stacks and closed immersions Fpi1 C Fp C
---F1 = F. That is, each F;(S) will be a strictly full subcategory of F;_;(S5),
and for each object (X/S, L) of F(S), the map S; := F; x5 S — S will be a
closed immersion. Furthermore, associated to each object (X/S, L) of F;(S),
will be a quasi-coherent subsheaf E;(X/S) C Hpr(X/S). These objects are
defined inductively as follows: For any object (X'/S, L) of F1(S) = F(S), let

El(X/S) = F2 HDR(X/S) g HDR(X/S)

con

If h > 1and (X/S, L) is an object of Fp(X/S), then E,(X/S) C Hpr(X/S)
is defined, and Fp41(S) is defined to be the full subcategory of F(S) whose
objects are the elements (X'/S, L) such that E,(X/S) C F}IdgHDR(X/S). If
(X/S, L) is an object of Fp11(S), then Ep41(X/S) is by definition the inverse
image in F! Hpr(X/S) C Hpr(X/S) of the image of F%Ej, under the map
(2)  FiFja,Hpr(X/S)—F% Gry, Hpr(X/S)— Grl,, Hpr(X/S).
Since + is horizontal, it follows that Ej, is stable under V. Let Ej (X/S, L)
denote the Og-submodule of Hpp generated by Ej(X/S) and cpr(L), which
again is contained in Fi, N F,,, Hppr(X/S) and invariant under V and yF5.
We also define Ey(X/S) := 0, so that Ey £(X'/S) is the Og-submodule of S
generated by cpr(L). Note that Ej o can be defined inductively in the same
way as Ej, and that an object (X/S, L) of F(S) lies in Fp41(S) if and only
if Ep,c(X/S,L) is contained in Fgry Hpr(X/S).

It follows from Proposition 3 that Fj(k) is the category of polarized K3
surfaces of degree d with Newton height at least h.
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Lemma 9. Let (X/S,L) be an object of Fr(S) and let i < h be a positive
integer.

1. Each E;(X/S) is a coherent totally isotropic subsheaf of Hpr(X/S) lo-
cally generated by i elements, and

Eo(X/S) C Bi(X/S) C - En(X/S) C Hpr(X/S).

2. If g: 8" — S is a morphism of k-schemes and (X'/S’, L) is obtained from
(X/S, L) by pullback, then the natural isomorphism

g*HDR(X/S) — HDR(XI/SI)
induces a surjection g*E;(X/S) — E;(X'/S") and an isomorphism
9" (Qi(X/S) = Qi(X'/S),

where Qi(X/S) := Hpr(X/S)/Ei(X/S).

3. Suppose that S is of finite type over k and that no closed fiber of X /S is
supersingular with Artin invariant less than i. Then E;(X/S) is a local
direct factor of Hpr(X/S) of rank i, and its formation commutes with
any base change S' — S.

Proof: The statements are true if h = 1, and, proceeding by induction on h,
we assume that the lemma holds for h and that h > 1. Furthermore, it suffices
to treat the case ¢ = h. Then Ej_; C Ej, and the quotient is locally monogenic.
Let E; C Grl,, Hpr(X/S) denote the image of of F%(E;) under the map (2).
Then there is an exact sequence

0— Eh,1 — Eh — Eh/Eh,1 — 0,

and the quotient is locally monogenic. If 7 is the projection F! Hpr —
Grl,, Hpr(X/S), Eiy; is by definition 7='(E;), and so E, C Ejy; and
Eni1/Ep = w(Epy1)/m(Ey) = Ey/Ep_y is locally monogenic. Since Ej, is to-
tally isotropic, the same is true of yF} (Ep) and Ep41. Statements (2) and (3)
can be verified locally on S, so we may assume that there exist splittings of Fiyqq
and Ftopn, and hence that there exists a map y: F§Hpr — Hpr extending the
map «y defined in (1). Then Ej, is the sum of the images of (YFs*)'F2, Hpr
fori =0---h—1, and is independent of the choice of 4, and since g is compat-
ible with Frobenius, the base change map sends g*E(X/S) onto Ep(X/S').
It follows that formation of the quotient Q;(X/S) is compatible with any base
change S’ — S.

Suppose now that S is of finite type and that no closed fiber is supersin-
gular with Artin invariant less than h. For any closed point s of S, the natural
map from the fiber Ej(s) of Ej, at s to Ep(Xs) is a surjective map of k-vector
spaces. Its source E},(s) is generated by h elements, and by Lemma 5, the target
E,(X;) has dimension h. It follows that the map

Eh(s) - Eh(Xs)
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is an isomorphism. Since Hpp is locally free, there is an exact sequence
0 — Tory(k(s),Qn) = En(s) = Hpr(s) = Qun(s) =0,

and since the map Ep(s) — Hpr(s) is injective, Tory (k(s), @) = 0 and Qy, is
locally free in a neighborhood of s. Hence Ej, is a local direct summand and
its formation commutes with base change. |

Corollary 10. If (X /S, L) is an object of F11(S) and j € N, then the set of
closed points of S for which oo(Xs) < j is a Zariski closed subset of Sycq, and
similarly for 7(Xs, Ls).

Proof: By Lemma 5 and Proposition 7, o¢(X;) < j if and only if the dimen-
sion of Eo(Xs) < j, i.e., if and only if the dimension of Q19(Xs) > 22 — j.
Since Q10(X/S) is a coherent sheaf on S whose formation commutes with base
change, the corollary follows from the semi-continuity theorem. The same proof
works with 7 in place of o, using Corollary 8. |

Proposition 11. Each Fp11 C Fp, is a closed immersion, locally defined by
a single equation, and the ideal of Fpi1 in Fy is the image of the pairing
(|): FFZIdg ® EL/Ep—1 — Of,.

Proof: We argue by induction on h, and, assuming the proposition true for
h—1, we may work locally on the base S of a polarized family (X/S, £) defining
an object of Fj_1(S). Then E;_; C F}IdgHDR, and hence is orthogonal to
Fi4,, and the map Fz, ® E, — O, factors through F7, © Ep/Ep_. Tts
image is an ideal I of Ox,, and since Ej/E}_; is locally monogenic, so is I.
If g: 8" — S is any morphism, the pullback of X'/S to S’ lies in Fp41 if and
only if g*Ej, — g* Gr[}ldg Hppg is zero, i.e., if and only if g*E}, is orthogonal to
g*FfIdg. Thus the morphism S’ — S — F factors through Fp,,1 if and only if
S" — S factors through the closed subscheme of S defined by I. O

If (X/S,L) is a polarized K3 surface over S, there is a commutative dia-
gram

FfragHpr(X/S) ® Griyg, Hpr(X/S)

!

FiragHor(X/S) @ Griggy Hpr(X/S)" —— QY
Here ¢ comes from the canonical pairing and  and ' are the (Kodaira-Spencer)
maps induced by the Gauss-Manin connection. That is, if w is a section of
Fi4,Hpr and 1 (resp. ¢) is a section of Gr}ng Hppr (resp. of its dual), then
K(w®n) = WIV(n')) for any ' € Fyq,Hpr lifting 1, £'(w @ ¢) = ¢(V(w)),
and £'(w® d(n)) = (Vw|n').
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Suppose now that (X'/S, L) is a polarized K3 surface over S defining an
object of Fy(S), so that E; C Hpr(X/S) is defined for i < h. As we saw in the
construction, these spaces are invariant under the Gauss-Manin connection.
Furthermore, Ej_1 C F}{dgHDR, and since it is horizontal, it is annihilated
by the Kodaira-Spencer mapping « of X'/S. Let S’ be the closed subscheme
Fhy1 x5, S of S. Note that Ej, does not lie in F}IdgHDR until we restrict to S’.
In fact the following proposition shows that the conormal to S’ in S is precisely
measured by this fact.

Proposition 12. Let (X/S, L) be an object of F(S) and let S’ := Fpi1 x5, S.
Then there is a commutative diagram:

Ffay ® By — Ffg, ® Gripg, Hpr(X/S)

|

(1) —K
d

Is/ T2, Qg/k‘y le,/k
In particular, the image of the conormal to S' by the differential d coincides

with the image of F?Idg ® Ey/Ep_1 under the Kodaira-Spencer mapping k.

Proof: Choose local sections w of F%dgHDR and n of Ej over S. Then by
Proposition 11, f := (w|n) is a local generator for the ideal Is: of S" in S. Since
E}, is horizontal, there exists 6 € Qg such that V() = 6 ® 7 modulo Epj_;.
Hence

df = (V(@)l) + @IV (1) = (V()]n) + 8(wln)
Taking the images in le/klsr’ we see that df = k'(w®d(n)) = —k(w®n). O

If (X/k,L) is a polarized K3 surface, by standard deformation theory
(and the fact that X admits no vector fields!), the unpolarized surface X/k
admits a versal formal k-deformation X'/S, with & = Speckl[t1,...120]]. As
explained in [2], the versal formal k-deformation (X'/Sr) embeds as a closed
formal subscheme of S, and its ideal Ij, is monogenic (and nonzero). If m is
the (maximal) ideal of definition of S, the Kodaira-Spencer mapping defines
an isomorphism. Using this fact and Proposition 12 we can easily calculate the
following first-order description of F,.

Corollary 13. Let (X/S) be the unpolarized versal formal deformation of a
polarized K38 surface (X/k,L), let i be an integer with i < ht(X), and let
Ii 1, Cm be the ideal of S; 1, in S.
1. The ideal I; 1, of Si.r, in S can be generated by i elements, and its im-
age in m/m? is the image of Ffldg ® E;_1,1, under the Kodaira-Spencer
isomorphism k:

Flray ®Ei1,p C Fqy ® Griyg, Hpr(X/k) —— m/m?.
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2. The Zariski tangent space of F; at the k-valued point corresponding to
(X/k, L) is naturally isomorphic to

—L
Gy @E; 11 C Grirgy ©H (X/k, QU /).
In particular, its dimension is max(20 —¢,20 — 7(X, L)).

Proof: We have already seen in Proposition 11 that each S;; C S;—1, is
a closed immersion defined by a single equation. It follows by induction that
Si,c C 8¢ is defined by 7 — 1 equations and hence that S; o C S is defined by
i equations. Let T' C S be the closed subscheme defined by m?. Then there is
a surjective map Q%/k — m/m?, which is in fact an isomorphism if p is odd.
As is well-known, the ideal of Tz := T'N S is the image of Fj,, ® cray(L) €

Ffldg ® HY(X/k, Qk/k) under the Kodaira-Spencer mapping [4, 1.14]. This says

exactly that the ideal I; o of S; . in T is the image of F}fldg ® EO,L under the
Kodaira-Spencer mapping, proving (1) when ¢ = 1. On the closed subscheme
S =T of T, (X, L) defines an object of F;. Proposition 12 says that the
image of I;11 /¢ in le/k coincides with the image of Ffldg ® E;. Taking
images in m/m2 +1I; ¢, we see that the image of I;;1 . coincides with the image
of F}fldg ® E;. Assuming (1) for i, it follows that the image of I;11 » mod m?
coincides with the image of E;, and so (1) follows by induction. The Zariski
tangent space of F; is therefore the dual of the quotient of m/m? by the image

of Ffldg ®E;_1,1, which can be identified with Gr[}ldg ®Ef_17L using the duality
map. Thus by Corollary 8, its dimension is max(20 — 4,20 — 7(X, L)). O

Proposition 14. Let (X /S, L) be a family of polarized K3 surfaces over a
finite type k-scheme S such that the resulting map S — F is unramified.

1. If i is an integer such that every fiber X, is supersingular with Artin
invariant < i, then the dimension of S is at mosti — 1.

2. If every fiber X is supersingular, then the dimension of S is at most 9.

3. If h < 11 is an integer such that every fiber X has height at least h, then
the dimension of S is at most 20 — h.

Proof: Without loss of generality we may suppose that S is reduced, and even
smooth, and that every fiber X, has height at least ¢. Then E;(X'/S) is defined,
and by Lemma 9, formation of

Qi(X/S) := Hpr(X/S)/Ei(X/S)

commutes with any base change S — S. Since S is reduced and Q; is coherent,
there is a dense open subset of S on which @); is locally free, and we may assume
that this true on all of S. Then E;(X/S) is locally free, and its formation
commutes with any base change S’ — S.

Now suppose that every fiber has Artin invariant at most i. Then by
Lemma (5), Fi,,(X5) C Ei(s) for every s, and since Ff,, and E; are local
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direct factors and S is reduced and of finite type over k, F?Idg(X/S)HDR C
E;(X/S). Since E; is horizontal, the Kodaira-Spencer mapping factors:

FfaHpr ® Grg, Hor(X/S)Y

-V
FfiyHpr @ E,

Qg1
Since S — F is unramified, for each s in S the map H'(X,, QY /) — m,;/m]
is surjective, and hence the dimension of m,/m? is at most the dimension of
E;(Xs/k), which by Lemma 5 is at most ¢ — 1. This proves (1), and (2) follows,
since the Artin invariant og is at most 10, by Proposition 7

To prove (3), suppose that h < 11 and that every fiber has height at least
h.If h = 11, every fiber is supersingular, so by (2), the dimension of S is at most
9 = 20—11. Suppose that h < 10, and that the dimension of S is at least 20— h.
Since 20 — h > 10, not all the points of S are supersingular, and in particular
we may restrict to an open set on which every point has finite height. Then
by Lemma 5, every Ej; 1 »(Xs/k) has dimension h, and we may assume that
Ep-1.2(X/S, L) is locally free of rank h and that its formation commutes with
base change. Since Ej_1 ¢ is a horizontal subspace of Hpgr(X/S), its image
Ej—1,c in Grirg, Hpr(X/S) is annihilated by the Kodaira-Spencer mapping
k. Then the image of  has dimension at most 20—h, and hence S has dimension
at most 20 — h. |

We can assemble what we have proved as follows:

Theorem 15. For 1 < h < 11, F, C F is a local complete intersection of
codimension h — 1 and dimension 20 — h. For 11 > h > 2, the ideal of Fy in
Fn—1 is invertible and isomorphic to (Fffdg)l’ph. If (X/k, L) is a polarized K3
surface of height at least h, then (X/k, L) defines a singular point of Fy, if and
only if 7(X/k,L) < h.

Proof: We saw above, and it has long been known, that a versal deformation
of a polarized K3 surface (X/k, L) is a local complete intersection of dimension
19 (and is even smooth unless 7(X/k, L) = 0). Since Sj, C Sy is locally defined
by h — 1 equations its dimension is everywhere at at least 20 — ¢. By Proposi-
tion 14, the dimension is exactly 20 — 4, so S}, is a local complete intersection.
It follows that Ip /Iy is invertible, and by Proposition 12, it is isomorphic to
E./Ep_1, which is locally generated by, and hence isomorphic to, (Ffldg)lfph.
Furthermore, if (X/k, L) has height at least h, it defines a singular point of Fp,
if and only if the tangent space of Fp at (X/k, L) has dimension larger than
the dimension 20 — h. By Corollary 13, this is true if and only if 7 < h. O
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Corollary 16. Suppose d is prime to p and 1 < h < 11 and (X/S, L) is an
object of F(S) defining an étale morphism S — F. Then the singular locus
of Sy coincides with the set Soo n—1. Its codimension is everywhere at least
22—2h in Sy, and Sy, is normal if h < 10. On the other hand, S11 is generically
nonreduced.

Proof: 1f dis prime to p, 7(X, L) = 0¢(X), and so by Theorem 15, the singular
set of Sp, consists exactly of Seo,p—1. If 1 < h < 10, Proposition 14 says that
this set has dimension at most h — 2. Thus the codimension of the singular
set is at least 20 — h — (h — 2) = 22 — 2h > 2. Since S}, is a local complete
intersection, it is normal by Serre’s criterion. The singular set of Si; is Sx,10,
which by Proposition 7 is, set-theoretically, all of Si;. Thus Sy; is generically
singular, hence generically nonreduced, since the ground field k is algebraically
closed. O

The following result gives a more precise description of the generic singu-
larities of Fp,, which occur at those points at which 7(X,L) =7+ 1.

Theorem 17. Let (X /S, L) be a family of polarized K3 surfaces over S and
let s be a k-rational point of S at which the fiber X/k is supersingular and let
7 := 7(X,L). Let m be the mazimal ideal of s in S, so that the ideal I of
Fri1 in Fr is contained in m®. Use any basis of HO(X/k,Q%(/k) to identify
F4,Hpr(X/k) with k and let

' HY (X k, Q)Y — m/m?
be the resulting Kodaira-Spencer mapping. Then the image of Q) via the map
K Sym*(H' (X/k, Qx /,)") = Sym?(m/m?) — m? /m?
generates I (modulo m?).

Proof: We may assume without loss of generality that (X'/S, L) is versal.
Then s is a smooth point of S; and a singular point of S; ;. We may work
locally around s, and let S’ denote an affine open neighborhood of s in S,
which we may assume is smooth.

Lemma 18. Locally on S’, if i < 1, E; C Hpr(X/S') has a basis annihilated
by the Gauss-Manin connection.

Proof: Let T be the p-adic completion of a smooth lifting of S’ Then the
crystalline cohomology of X /T is a lifting Hr of Hpr(X/S’) to T, i.e., alocally
free sheaf of Or-modules whose reduction modulo p is canonically isomorphic to
Hpr(X/S"). Locally we may also choose a lifting Frr of the absolute Frobenius
endomorphism of S’. Then the Frobenius endomorphism of Fix induces a map
Or: FrHr — Hp. Each point s € S'(k) admits a unique Teichmiiller lifting
t € T(W) (compatible with Fr), and t*(®7) becomes identified with the action
of Frobenius ® on the crystalline cohomology of Xs/W.
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For i > 1, the i'* iterate ®%.: Fi*Hy — Hyp is defined in the obvious
way. For every closed point s with corresponding Teichmiiller point ¢, t*® is
divisible by p'~!, by Proposition (3), and it follows easily by induction that
the same is true of ®/.. Write ®}. := p' ~'®; 1 and let N? Hy denote the image
of ®; r. For each Teichmiiller point ¢ € T(W), the image of 7*(N?Hr) in
T7*Hr is the image NE(t)HT,t of ®; acting on the crystalline cohomology of
the corresponding X;. By Lemma 5, the fiber E;(s) identifies with the image
of N?(t) in the de Rham cohomology at s. Since E;(X/S') is a local direct
factor of Hpr(X/S), it follows that in fact E;(X/S') = N?Hpr(X/S'), i.e
the image of the map ®; 5 : ngHDR — Hppg. Since the map ®; 7 is horizontal,
the same is true of ®; sr. But F&Hppg has a basis of horizontal sections, and
consequently so does its image E;(X/S') under ®; s. O

Localizing as necessary, we may choose a basis (z,y;, z) for Hpr(X/S'),
compatible with the Hodge filtration. We may choose z so that (z|z) = 1 and
(yi|z) = 0 for all 5. Then the expression for ) as an element of Sym?2(HY) is

2
Q=Y (wily)yiyj + ZQ Wy)* +2'2 +Q(2)2'

i<j

Ifn € E; ¢ lifts abasis for E; o /E-_; , we can write n = fz+3, g;y; +hz, and
I is generated by (z|n) = h. By Lemma 5, x is a basis for E; 1(s)/Er_1,5(s).
Hence 1 can be chosen so that 7 = x modulo m, i.e., so that g; and h belong
to the maximal ideal m and f is a unit. Since n and x are isotropic,

= 9i95(ily;) +Zgz (i) + fh+ h*Q(2).

i<j
Then
—fh= Zgzg] yl|y] +Zgz yz +h2 ( ) €m’

i<j

also generates I, and h € m2.
According to the previous lemma, we can choose 7 to be horizontal, so
that

—V(z)=df ®x+ Y dg; ®yi +g;V(yi) + dh @ z + hV (2).
But g; and h annihilate Qg, , (), and since h € m?, dh maps to zero in Qg, ;. (s).
Thus £'(y}) := y;(V(x)) maps to the class of —dg; in QIS,/k(s), that is, to the
class of —g; in m/m?. Consequently

Zgzgj yz|yg + Zgl = —fh (mod m3)
i<j
[l

Artin has asked if F := NF; is reduced. For simplicity we restrict to the
case in which d is prime to p and p is odd.



342 ARTHUR OGUS

Theorem 19. Let (X /S, L) be a versal deformation of a polarized K3 surface
(X/k,L) of degree d. If d is prime to p and p is odd, then So, = Si1, and in
particular is generically nonreduced. If X is supersingular with og = 10, then
étale locally in a neighborhood of the point of S corresponding to X, ¥ := Si1 req
is smooth and Og,, = Ox[T]/(T?).

Proof: Let S’ denote the open subset of S1g obtained by omitting the set of su-

persingular points with Artin invariant g at most 9. By Lemma 5, F1o(X/S’)
is a local direct factor of Hpr(X/S') of rank 10, and it is contained in the
orthogonal complement H,,;m, of cpr(L). Consequently its orthogonal com-
plement Eij in Hprim is also a local direct summand. In fact Eig is, fiber by
fiber, a maximal totally isotropic subspace of Hpyim, hence Eiy = Efo fiber by
fiber, and hence Ejy = Ei;. Now over S}, Fy; is a totally isotropic subspace
containing FE1g, hence contained in Ello, and hence Eiy = E;1. Then it follows
from the definition of Si, that S, = Si;, and then that S; = S}, for every
i > 11. To extend this result to all of S, we use the fact that Si; is a local
complete intersection of dimension 9, and hence has depth 9. The ideal I of
S12 in Sp; vanishes outside the set of points with Artin invariant at most 9,
and hence outside a closed set of dimension at most 8. Consequently I = 0.
Continuing by induction, we conclude that S, = S11.

In fact, it is easy and instructive to calculate S7; explicitly. Let us work
locally around a point s corresponding to a supersingular K3 surface with
oo = 10. Then Sj, is smooth, and FE; is a local direct factor of Hpr (X /S1o)
for i <10. On Sio, By C Firy,Hpr, and Ey is horizontal and totally isotropic.
Furthermore, Ey C E19 C E9l,£’ and all are local direct factors of Hpg. Let
Vo= Egjﬁ /Ey, a locally free sheaf of rank 3. The induced quadratic form
on V is nondegenerate, and by Lemma 5, the image of FledgHDR inVisa
local direct factor of rank one and is isotropic. In some étale neighborhood
of s there exists a basis (z,y,z) for V compatible with the Hodge filtration
and such that (z|z) = (z|ly) = (2|2) = 0 and (z|z) = Q(y) = 1. Let n be a
basis for E1g/FEy, and write n = fz + gy + hz, with f, g, h sections of Og,,.
At each point of Sy, FfldgHDR C Eh9, so that f is a unit in a neighborhood
of s. Changing n if necessary, we may assume that f = 1. Then since n is
isotropic, h = —g?, and h generates the ideal of Si;. Since Ej, is horizontal,
we can write V(z) +dg ® y = 6n = Oz modulo g, so that V(z) = —dg® y
modulo F}{dgHDR and g. Then k(y) = (V(z)ly) = —dg modulo g. Since &
induces an isomorphism H' (X, Q% ,)/Ey = Qg . (s), it follows that dg(s) is
not zero in ng/k(s). Thus the closed subscheme S” of Sip defined by g is

smooth at s, and Si; is defined by ¢2. In Os,,, g> =0, and = = + gy. Hence
F*(n) = F*(z)+¢gPy = F*(x), which maps to zero in Gr}ldg and hence is killed
by 7. This shows again that S5 = S11. O

Remark 20. If X'/S is a smooth proper morphism of schemes in characteristic
p, in general it is not clear how to define the maximal subscheme of S over
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which X" is supersingular. This difficulty is illuminated by the fact that S is
not reduced. Especially, note that if S is a versal deformation of a supersingular
K3 surface X with oo = 10, then NS(X) prolongs over Si1 req, not to all of
Si1-

Remark 21. If (X¥'/S, L) is a versal family of polarized K3 surfaces, the tan-
gent and cotangent spaces of S inherit from the quadratic form on H*(Q}, / s)

quadratic forms with values in (Ff,,)®?; if d is prime to p and p is odd, these
forms are nondegenerate. Furthermore, the conormal sheaves to each S; are
totally isotropic, as are the cotangent spaces to each S 4, . It is this fact that
underlies the proof of Theorem 17, and we wonder if it has further depth.
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