CONVOLUTION, CURVATURE, AND COMBINATORICS A CASE STUDY

MICHAEL CHRIST

1. Introduction

Consider the convolution operator T f = f ∗μ acting on f ∈ L^p(R^n), where μ is the measure defined by ∫ R^n g dμ = ∫_1 −1 g(h(t))dt, and h(t) = (t, t^2, t^3, . . . , t^n). We seek to determine for which exponents T maps L^p(R^n) to L^q(R^n).

Even though μ is a singular measure, its Fourier transform satisfies a decay estimate μ̂(ξ) = O(1 + |ξ|)^{−1/n}, and the Sobolev embedding theorem thus implies that T maps L^2 to L^q where q^{−1} = 2^{−1} − n^{−2}. While this implies some gain in integrability, it does not yield the optimal gain for p = 2, except when n = 2; even then it does not capture the optimal gain for general p.

Define R_n ⊂ [0, 1] × [0, 1] to be the convex hull of the four points (0,0), (1,1), Q_n, Q̃_n where Q_n = (p−1_n , q−1_n ), Q̃_n = (1 − q−1_n , 1 − p−1_n ), and p_n =^{n+1}_2 , q_n =^{n+1}_2 ·^n_{n−1} . Littman [7] proved that for n = 2, T maps L^p to L^q if and only if (p^{−1}, q^{−1}) ∈ R_2. Oberlin [9] showed that (p^{−1}, q^{−1}) ∈ R_n is sufficient for boundedness in dimension n = 3. Carbery and Christ observed shortly thereafter that T is unbounded outside of R_n, and asked whether R_n was the region of boundedness for all n. More recently Oberlin [10],[11] treated the four-dimensional case. There also exists a large body of related work on other classes of degenerate Fourier integral operators and Radon-like transforms.

In this paper we establish the optimal result in all dimensions, except at Q_n, Q̃_n.

Theorem. For each n ≥ 2, convolution with μ maps L^p(R^n) to L^q(R^n) for all (p^{−1}, q^{−1}) ∈ R_n\{Q_n, Q̃_n}. Moreover this operator is of restricted weak type (p, q) if and only if (p^{−1}, q^{−1}) ∈ R_n.

One formulation of the second conclusion is simply that ⟨χ_F , T (χ_E)⟩ ≤ C|E|^{1/p}|F |^{1−1/q} for arbitrary measurable sets E, F ⊂ R^n, where χ_E denotes the characteristic function of E and ⟨f, g⟩ = ∫ R^n f(x)g(x)dx. For n = 2 or 3, T is known to be bounded at Qn

and at Q̃_n. It remains an open question whether our argument might be sharpened to fully handle those endpoints.

Previous work on this and related questions has relied on such tools as the Fourier transform or more general oscillatory integral estimates, coupled with analytic families of operators or decompositions of phase space. We take a different approach, which is combinatorial in the sense that it consists in enumerating and counting

Research supported in part by NSF grant DMS-9623007. 1

2 MICHAEL CHRIST

points, though with respect to measure rather than cardinality. The impetus comes from work of Bourgain [1],[2], Wolff [16],[17], and Schlag [14] on the circular and Kakeya–Nikodym maximal operators. There is also a connection with the iteration device used in [4],[5],[6].

The question considered here is representative of a large class of problems, as is explained in §5. Although parts of our argument are rather particular, underlying the analysis is a method which may be of further use.

2. Initiation and a preliminary estimate The restricted weak type estimate for Q_n implies the other conclusions. Indeed, restricted weak type at Q̃_n follows by duality, while T is bounded for the vertices (0,0) and (1,1) simply because μ is a finite measure. Interpolating via the Lorentz space formulation of the Marcinkiewicz interpolation theorem then yields the full conclusion of the theorem.

In this section we set up the structure of the proof of the inequality for Q_n, and establish a weaker estimate.

2.1. Let p = p_n, q = q_n. We aim to show that for every α ∈ R^+ and every Borel set E ⊂ R^n, the set F = {x : 2α > T χ_E(x) > α} satisfies |F | ≤ Cα^{−q}|E|^{q/p} . (2.1) Here q =^{n+1}_2^n_{n−1} and q/p = n/(n − 1). This is the restricted weak type estimate at Q_n; the theorem follows by interpolation, as was explained above.

Assume that E, F have positive measures and introduce β = |E|^{−1}⟨χ_F , T χ_E⟩ . Our central estimate is a lower bound for the measure of E: |E| ≥ cα^{n(n+1)/2} (β/α)^{n−1} . (2.2) β ≥ α|F |/|E| by its definition; substituting that into (2.2) gives (2.1).

2.2. Define Φ_k : [−1, 1]^k → R^n by Φ_k (t) = h(t_1) − h(t_2) + h(t_3) − · · · + (−1)^{k+1}h(t_k) , where t = (t_1, . . . , t_k). The next lemma is nearly a tautology.

Lemma 1. Let E, F, α, β be as above. Then there exist c_0 ∈ R^+ depending only on n, a point x_0 ∈ E, and sets Ω_k ⊂ [−1, 1]^k for 1 ≤ k ≤ 2n, satisfying (t_1, . . . , t_{k+1}) ∈ Ω_{k+1} ⇒ (t_1, . . . , t_k) ∈ Ω_k , |Ω_1| ≥ c_0β such that for each odd k and t ∈ Ω_k, |{s ∈ [−1, 1] : (t, s) ∈ Ω_{k+1}}| ≥ c_0α , |s − t_j | ≥ c_0α for all j ≤ k if (t, s) ∈ Ω_{k+1} x_0 + Φ_{k+1}(Ω_{k+1}) ⊂ E ,

CONVOLUTION, CURVATURE, AND COMBINATORICS 3

and such that the preceding three conclusions hold for each even k if α, E are replaced respectively by β, F .

The sets Ω_k depend of course on E, F .

Proof. Denote by T^∗ the transpose of T . Define E_0 = E, F_0 = F , and E_{k+1} = {x ∈ E_k : T^∗χ_{Fk} (x) ≥ δ_kβ} F_{k+1} = {y ∈ F_k : T χ_{Ek+1} (y) ≥ ε_kα} (2.3)

where ε_k, δ_k are small constants depending only on the dimension n and on k. If they are chosen to be sufficiently small then ⟨T^∗χ_{Fk} , χ_{Ek+1} ⟩ ≥ η_{k−1}β|E| ⟨χ_{Fk+1} , T χ_{Ek+1} ⟩ ≥ η_k α|F | (2.4)

for certain positive constants η_k depending only on n. Indeed, assuming this to hold for 1, 2, . . . , k, we have ⟨T^∗χ_{Fk} , χ_{Ek+1} ⟩ = ⟨χ_{Fk} , T χ_{Ek} ⟩ − ⟨T^∗χ_{Fk} , χ_{Ek\Ek+1} ⟩ ≥ η_{k−1}α|F | − δ_kβ|E_k| , since T^∗χ_{Fk} ≤ δ_kβ on E_k\E_{k+1}. Thus it suffices to set both δ_k and η_k equal to η_{k−1}/4. The situation is symmetric, so the second conclusion of (2.4) follows in the same way.

(2.3) may be restated: x ∈ E_{k+1} ⇒ |{s ∈ [−1, 1] : x + h(s) ∈ F_k}| ≥ δ_kβ y ∈ F_{k+1} ⇒ |{s ∈ [−1, 1] : y − h(s) ∈ E_{k+1}}| ≥ ε_kα . E_n is nonempty by (2.4); fix any x_0 ∈ E_n.

Choose a set Ω_1 of measure exactly εβ such that x_0 + h(t_1) ∈ F_{n−1} for all t_1 ∈ Ω_1, where ε =^1_2 min(ε_1, δ_1, . . . , ε_n, δ_n). Next choose Ω_2 to be a measurable subset of the set of all (t_1, t_2) such that t_1 ∈ Ω_1, x_0 +h(t_1)−h(t_2) ∈ E_{n−1}, and |t_2 −t_1| ≥ ε^′α, where ε^′ is another small constant depending only on the dimension. Whenever necessary, omit some values of t_2 which satisfy all these criteria, so that for each t_1 ∈ Ω_1, |{t_2 : (t_1, t_2) ∈ Ω_2}| = εα. This is possible provided that we choose ε^′ < ε/4. Iterating this process yields the required sets Ω_k .

2.3. Assume always that n ≥ 2. Set r_n = 1 + 3 + · · · + (n − 1) if n is even, and r_n = 2 + 4 + · · · + (n − 1) if n is odd. Then r_n ≥ n − 1, and r_n = n − 1 if and only if n ∈ {2, 3}. Thus the next lemma implies our theorem for n = 2 or 3, and it implies the main inequality (2.2) in the special case when β/α is bounded below by any constant, for all dimensions n.

Lemma 2. For any n ≥ 2, with the notation established above, |E| ≳ α^{n(n+1)/2}(β/α)^{rn} . (2.5)

Proof. Assume first that n is even. Let x_0, Ω_n be as in Lemma 1 and set Ψ_n(t) = x_0 + Φ_n(t). Then E ⊃ Ψ_n(Ω_n), so it suffices to establish the stated lower bound for |Ψ_n(Ω_n)|.

4 MICHAEL CHRIST

The Jacobian determinant J(t) = det(∂Ψ_n/∂t) takes the form J(t) = c_n ∏ 1≤i<j≤n (t_i − t_j )

where c_n is a nonzero constant. Bezout’s theorem implies that the set of all points y ∈ R^n having more than n! preimages under Ψ_n is a proper algebraic subvariety, and in particular has Lebesgue measure zero.

Indeed, define z ∈ C^n to be generic if z is not the image of some point t ∈ C^n at which J(t) vanishes. The set of nongeneric points is the image under an algebraic mapping of a proper algebraic variety, hence is an open set of full Lebesgue measure. Let z = (z_1, . . . , z_n). For each 1 ≤ j ≤ n consider the variety V_{j,z} of all t for which the jth coordinate of Ψ_n(t) equals z_j . Temporarily regarding Ψ_n as an algebraic mapping of complex projective space C P^n to itself, we obtain n hypersurfaces in C P^n, also denoted V_{j,z} ; these are defined by polynomials of degrees j, and are in general position for generic z. Therefore Bezout’s theorem, as stated on p. 198 of [15], asserts that for generic z, ∩_j V_{j,z} consists of n! points, counting multiplicity. Ignoring the hyperplane at infinity, returning to C^n , and specializing to real points, we arrive at an upper bound of n! on the number of preimages of any generic z.

Therefore

|Ψ_n(Ω_n)| = |Ψ_n ( {t ∈ Ω_n : J(t) ≠ 0} ) | ≥ (n!)^{−1} ∫ Ω_n |J(t)| dt ≳ ∫ Ω_n ∏ i<j |t_i − t_j | dt . If t ∈ Ω_n and i < j then by Lemma 1, |t_i − t_j | ≳ α if j is even, and ≳ β if j is odd. Hence recalling that n is even, t ∈ Ω_n ⇒ ∏ i<j |t_i − t_j | ≳ α^{n(n−1)/2}(β/α)^ρ where ρ = 2 + 4 + · · · + (n − 2) = r_n −^n_2 . Furthermore, |Ω_n| ≳ α^{n/2}β^{n/2} = α^n(β/α)^{n/2} for even n, by Lemma 1. Multiplying this by the lower bound for |J| gives the desired lower bound for |E|.

For odd dimensions n this argument goes awry because x_0 + Φ_n(Ω_n) is not necessarily contained in E, but rather in F . To skirt this difficulty fix any t_1 ∈ Ω_1, set τ = (t_2, . . . , t_{n+1}), let Ω = {τ : (t_1, τ ) ∈ Ω_{n+1}}, and set Ψ(τ ) = x_0 + Φ_{n+1}(t_1, τ ), so that Ψ(Ω) ⊂ E. Then |Ω| ≳ α^{(n+1)/2}β^{(n−1)/2}, while a lower bound for the Jacobian is now cα^{n(n−1)/2}(β/α)^{1+3+···+(n−2)}. Arguing as above leads to the stated lower bound, since 1 + 3 + · · · + (n − 2) +^{n−1}_2 = r_n for n odd.

2.4 The remainder of the argument is merely an elaboration of the method already described. To motivate one aspect of what will follow, consider the situation where n is even, and where for each odd integer 3 ≤ j ≤ n − 1, one has |t_j − t_{j−1}| ≲ β for all points t ∈ Ω_n. If β/α is much less than one, this implies that for all odd j, |t_j − t_i| ≳ α for all i ≤ j − 2, because by construction of Ω_n, |t_k − t_ℓ| ≳ α whenever k is even and ℓ < k. Thus the Jacobian lower bound in Lemma 2 can be substantially improved in this special situation, and one obtains |E| ≳ α^{n(n+1)/2}(β/α)^{n−1}, which

CONVOLUTION, CURVATURE, AND COMBINATORICS 5

is the main inequality in its full strength. This situation corresponds to the third extremal case described in §5.

For n = 4, our theorem can be deduced by combining Lemma 2 with a small auxiliary analysis in this same spirit. But for larger n we have been unable to avoid further complication.

As additional motivation consider the situation where n is even, α ∼ 1, β is very small, and |t_j −t_1| ≲ β for all odd 3 ≤ j < n. Then the lower bound cβ^{rn} for |Ψ_n(Ω_n)| obtained in Lemma 2 cannot be improved. Yet one actually has |E| ∼ 1; indeed, E ⊃ Ψ_{2n}(Ω_{2n}), and |Ψ_{2n}(Ω_{2n})| ∼ 1. A proof of this lower bound is implicit in the arguments below, but this special case could be treated quite simply.

3. Proof of main estimate

In this section we demonstrate how the inclusions E ⊃ Ψ_j (Ω_j ), for even j > n, can be exploited to obtain an improved lower bound for |E|. Throughout the rest of the paper we assume β/α to be majorized by a small constant depending only on n.

3.1 In §4 we will choose an integer k ∈ {n, n + 1, . . . , 2n − 2} and construct a set ω ⊂ Ω_k, together with a partition of {1, 2, . . . , k} into nonempty disjoint subsets, called bands. This construction depends on the sets Ω_i. No band will contain more than one even index, and no even index will belong to the same band as the index 1.

Given a band structure, each index j ∈ {1, 2, . . . , k} will be designated as either free, quasi-free, or bound, according to the following rules. If a band contains an even index or 1, then that index is designated as free. For bands containing neither an even index nor 1, the smallest index in the band is designated as free. Thus each band contains exactly one free index.

Each remaining index is either quasi-free or bound. If a band B contains exactly two elements then the second one is quasi-free. Otherwise all remaining indices are bound.

Each bound index is bound to the unique free index belonging to its band. Each quasi-free index is quasi-bound to the unique free index in its band, but is not said to be bound. Free indices are neither bound nor quasi-bound. The number of indices bound to any free index is thus either zero, or at least two.

Associated to ω will be a pair (δ, δ^′) of small positive real parameters; the set of all such pairs which arise will be finite and will depend only on n. All of the following will hold, for every t ∈ ω.

(i) The number of free indices plus the number of quasi-free indices equals n. (ii) |ω| ≳ { α^{k/2}β^{k/2} if k is even α^{(k−1)/2}β^{(k+1)/2} if k is odd.

(iii) |t_i − t_j | ≥ δα, unless i, j belong to the same band. (iv) If i is bound to j then |t_i − t_j | ≤ δ^′α. (v) If i is quasi-bound to j then cβ ≤ |t_i − t_j | ≤ δα.

(vi) δ^′ is sufficiently small, relative to δ, to satisfy the hypothesis of Lemma 3 below.

6 MICHAEL CHRIST

A consequence is that the number M of quasi-free indices satisfies { M + (k/2) ≤ n − 1 if k is even M + (k − 1)/2 ≤ n − 1 if k is odd.

(3.1)

Indeed if k is even then the number N of free indices is at least 1 + (k/2), since all even indices are free and 1 is free. For odd k the same reasoning gives N ≥ (k + 1)/2. Since M = n − N, the claim follows.

In the remainder of §3 we show how these conditions lead to a good lower bound for |E|. 3.2. Let Λ = {m_1, . . . , m_n} be the set of all indices that are free or quasi-free, and define τ = (t_{m1} , . . . , t_{mn} ) ∈ R^n. For each bound index i ≤ k let B(i) be the unique free index to which i is bound, and set s = (t_i − t_{B(i)})_{i∉Λ} ∈ R^{k−n} . The map t → (τ, s) is a diffeomorphism; we regard t as a function of (τ, s) and introduce G_s(τ ) = Ψ_k(t(τ, s)) and J(τ, s) = det(∂G_s/∂τ ) .

The following lemma will be established in §3.3.

Lemma 3. For each δ ∈ R^+, there exist δ^′, c ∈ R^+ such that for all indices k and parameter sets ω possessing the structure described in §3.1, for each point (τ, s) such that t(τ, s) ∈ ω, |J(τ, s)| ≥ cα^{n(n−1)/2}(β/α)^M where M is the number of quasi-free indices associated to ω. Here c depends only on n, δ, not on α, β. With the aid of this lemma, the proof of the main inequality (2.2) may be concluded as follows, under the additional assumption that k is even. By Bezout’s theorem, as in §2, for each s ∈ R^{k−n} any generic point in R^n has at most n! preimages under G_s. For any fixed s, since k is assumed to be even, E ⊃ {G_s(τ ) : t(τ, s) ∈ ω} and hence |E| ≥ |{G_s(τ ) : t(τ, s) ∈ ω}| ≥ (n!)^{−1} ∫ {τ :t(τ,s)∈ω} |J(τ, s)|dτ ≳ α^{n(n−1)/2}(β/α)^M |{τ : t(τ, s) ∈ ω}| . Now |s| ≤ δ^′α by condition (iv) of §3.1, whenever t(τ, s) ∈ ω. Therefore integrating over the ball B = {s ∈ R^{k−n} : |s| ≤ δ^′α} on both sides of the preceding inequality yields |B| · |E| ≳ α^{n(n−1)/2}(β/α)^M |ω| , whence by the lower bound (ii) on |ω|, |E| ≳ α^{n(n+1)/2}(β/α)^{M + k2} . Since β ≤ α and M + (k/2) ≤ n − 1, this gives (2.2).

CONVOLUTION, CURVATURE, AND COMBINATORICS 7

The case of odd k remains, and will be treated in §3.4.

3.3. To prove Lemma 3, regard G_s(τ ) as a row vector in R^n, indexed by p ∈ {1, 2, . . . , n}. Its pth entry is k∑ j=1 (−1)^{j+1}t^p_j = ∑ j∈Λ ( (−1)^{j+1}τ^p_j + ∑ i⇒j (−1)^{i+1}(τ_j + s_i)^p )

where the notation i ⇒ j means that i is bound to j and the sum is taken over all such i. Expansion in Taylor series with respect to s, about the origin, yields ∑ j∈Λ ( (−1)^{j+1}τ^p_j + ∑ i⇒j (−1)^{i+1} n∑ r=0 s^r_i r! ∂^r ∂T^r_j T^p_j |_{Tj =τj} ) . (3.2)

Define θ_j = (−1)^{j+1} + ∑ i⇒j (−1)^{i+1} .

Observe that no coefficient θ_j can vanish. For if j is even then (−1)^{j+1} = −1. Every index i bound to j must be odd, so (−1)^{i+1} = +1. Since the number of indices bound to j is by construction either zero or at least two, θ_j is either −1 or is ≥ 1. If on the other hand j is odd, then (−1)^{j+1} = +1, while still (−1)^{i+1} = +1 for every index bound to j.

(3.2) equals ∑ j∈Λ ( θ_j τ^p_j + ∑ i⇒j (−1)^{i+1} n∑ r=1 s^r_i r! ∂^r ∂T^r_j T^p_j |_{Tj =τj} ) , which we write more simply as ∑ j∈Λ ( θ_j τ^p_j + ∑ i⇒j (−1)^{i+1} n∑ r=1 s^r_i r! ∂^r ∂τ^r_j (τ^p_j ) ) . (3.3)

The matrix (∂G_s/∂τ ) is indexed by j ∈ Λ and by 1 ≤ p ≤ n. Its pth column is the gradient with respect to τ of (3.3). For each j ∈ Λ decompose the jth row as the principal term θ_j (∂τ^p_j /∂τ_j )_{1≤p≤n} plus a sum of rows ( (−1)^{i+1} r! s^r_i ∂^{r+1} ∂τ^{r+1}_j (τ^p_j ) ) 1≤p≤n . For each j there is one such secondary term for each possible pair (r, i) with 1 ≤ r ≤ n and i bound to j.

Write V (τ ) = ∏ i<j, i,j∈Λ (τ_j − τ_i) .

8 MICHAEL CHRIST

By multilinearity of the determinant, J(τ, s) equals ( ∏ j∈Λ θ_j ) · V (τ ) plus a finite linear combination, whose coefficients are bounded by a constant depending only on n, of determinants det ( s^{rj}_{ij} ∂^{rj+1} ∂τ^{rj +1}_j τ^p_j ) j∈Λ, 1≤p≤n where i_j ⇒ j or i_j = j, 0 ≤ r_j ≤ n, and at least one r_j is nonzero. Each such determinant takes the form ( ∏ j∈Λ s^{rj}_{ij} ∂^{rj} ∂τ^{rj}_j ) V (τ ) (3.4)

times a multiplicative constant. We aim to find a lower bound for the main term, when t(τ, s) ∈ ω, and to show that every other term is much smaller, provided that δ^′ is sufficiently small relative to δ. For the main term we have |V (τ )| ≥ cα^{n(n−1)/2}(β/α)^M where M is the number of quasi-free indices, by (iii) and (v) of §3.1.

We claim that each determinant (3.4) is majorized by ε|V (τ )| provided that t(τ, s) ∈ ω, where ε → 0 as δ^′ → 0, uniformly in α, β for fixed δ, n. Indeed, the ratio of (3.4) to V (τ ) equals a finite linear combination of terms ∏ j∈Λ ( s^{rj}_{ij} /^{rj}∏ m=1 (τ_j − τ_ℓj_m ) )

where associated to each j are r_j indices ℓ^j_m ∈ Λ, not equal to j. Moreover r_j = 0 unless j is free and some index is bound to j. Thus it will suffice to have |s_i| ≤ ε|τ_j − τ_ℓ| whenever j is free, i is bound to j, ℓ ∈ Λ, and ℓ ≠ j. On one hand, |s_i| ≤ δ^′α. On the other hand, |τ_j − τ_ℓ| ≥ δα because j is free, ℓ ∈ Λ, ℓ ≠ j, and ℓ is not quasi-bound to j. Indeed, it is impossible for ℓ to be quasi-bound to j, because i is bound to j and quasi-bound indices are found only in bands having exactly two elements.

3.4. For odd k the argument is modified as follows. Set

ω̃ = {t̃ = (t_2, . . . , t_{k+1}) : (t_1, . . . , t_k) ∈ ω and (t_1, . . . , t_{k+1}) ∈ Ω_{k+1}} . There exists t_1 ∈ Ω_1 such that |ω̃| ≳ α β |ω| , as is seen by averaging |ω̃| over all t_1 ∈ Ω_1 and recalling that for each t ∈ Ω_k , the set of all t_{k+1} for which (t, t_{k+1}) ∈ Ω_{k+1} has measure ∼ α, while |Ω_1| ∼ β.

Since k + 1 is even, |t_{k+1} − t_j | ≥ cα for all 1 ≤ j ≤ k, for all t̃ ∈ ω̃. Therefore we designate the index k + 1 to be free relative to ω̃. All indices 1 < j ≤ k retain the same designations relative to ω̃ that they had relative to ω, except those in the band which contained j = 1. If that band contained only j = 1 then no indices remain to be designated, and the new set of free and quasi-free indices is Λ̃ = (Λ∪{k +1})\{1}.

CONVOLUTION, CURVATURE, AND COMBINATORICS 9

If that band contained 1 and one other index i, then 1 was formerly free and i was quasi-free; now i is designated as free, and again Λ̃ = (Λ∪{k+1})\{1}. Finally, if that band contained three or more indices, then all of those indices are now designated as bound to j = 1, and Λ̃ = (Λ∪{k +1})\{1}. In every case, Λ̃ has the same cardinality n as Λ. A new feature is that some indices may now be bound to the omitted index j = 1.

Introduce (τ, s) ∈ R^n × R^{k−n} as before; τ has one component for each index in Λ̃, while s has one component for each i ∈ {2, . . . , k + 1}\Λ̃, with s_i = t_i − t_j where i is bound to j; here j could equal one. Retracing our steps, the indices bound to j = 1 do not essentially alter the argument, and we obtain |det(∂G_s/∂τ )| ≳ α^{n(n−1)/2}(β/α)^M , and then |E| ≳ α^{n(n−1)/2}(β/α)^M α^{n−k} |ω̃| ≳ α^{n(n−1)/2}(β/α)^{M + k−12} by (ii), since |ω̃| ≳ (α/β)|ω|. Now (3.1) guarantees that M +^{k−1}_2 ≤ n − 1, so this is the sought-after lower bound for |E|.

4. Parameter space and band construction

In this section we construct an index k, a set ω, and a band structure satisfying conditions (i) through (vi) of §3.1. It may help the reader to understand in advance why there is no essential difficulty in doing so. Oversimplifying matters momentarily for the sake of exposition, the favorable situation, according to Lemma 3, is when for each pair i ≠ j, either |t_i − t_j | ≥ δα, or ≤ δ^′α, where δ^′ ≪ δ. If the set of all unfavorable parameters t has relatively small measure then that set may be disregarded. If it has large measure, then for some fixed bound pair i ≠ j, |t_i − t_j | ≥ δ^′α for a set of t of large measure; because of the nature of the zero locus of the Vandermonde determinant, this is a more favorable situation because fewer coordinates are close together. We replace δ by δ^′, and δ^′ by a sufficiently smaller δ^{′′}, and begin anew. Provided that a favorable situation is eventually reached after only a fixed finite number of such replacements, the desired lower bound for |E| is achieved.

4.1. Choose a permutation σ of {1, 2, . . . , 2n − 2} such that |{t ∈ Ω_{2n−2} : t_{σ(1)} < t_{σ(2)} < · · · < t_{σ(2n−2)}}| ≥ |Ω_{2n−2}|/(2n − 2)! . (4.1)

This permutation will remain fixed throughout the remainder of the argument. For each 1 ≤ r ≤ 2n − 2, replace Ω_r by the set Ω̃_r of all t ∈ Ω_r satisfying t_{σ(i)} < t_{σ(j)} for all i < j such that 1 ≤ σ(i), σ(j) ≤ r.

We still have |Ω̃_r| ∼ { α^{r/2}β^{r/2} if r is even α^{(r−1)/2}β^{(r+1)/2} if r is odd.

(4.2)

Indeed, recall that for each t ∈ Ω_r, |{s : (t, s) ∈ Ω_{r+1}}| ∼ { α if r is odd β if r is even.

(4.3)

10 MICHAEL CHRIST

Thus for even r, |Ω̃_{2n−2}| ≲ (αβ)^{(2n−2−r)/2}|Ω̃_r|, and (4.2) follows by the choice of σ. The same reasoning applies for odd r.

4.2. Choose δ > 0 so that for all t ∈ Ω_{2n−2},

|t_i − t_j | ≥ 2nδα if j is even and i < j.

(4.4)

Such a δ exists, and may be taken to depend only on the dimension n, by the construction of the sets Ω_ℓ.

Begin with r = 2n − 2. Decompose Ω̃_r as a disjoint union of sets ω^r_γ , as follows. Enumerate all possible choices of integers 1 ≤ R ≤ r and 1 = L_1 < L_2 < · · · < L_R ≤ r; associate to each such choice an element γ of an unnamed index set. Define ω^r_γ to be the set of all t ∈ Ω̃_r such that for every 2 ≤ j ≤ r,

t_{σ(j)} ≥ t_{σ(j−1)} + δα if and only if σ(j) ∈ {L_2, L_3, . . . , L_R}.

(4.5)

Set ω^{2n−2} = ω^{2n−2}_γ , where γ is chosen to satisfy |ω^{2n−2}_γ | ≥ |Ω̃_{2n−2}|/2^{2n−3} . 4.3. Divide the indices 1, 2, . . . , 2n − 2 into bands. The first band consists of σ(L_1), . . . , σ(L_2 − 1); the second band is {σ(L_2), σ(L_2 + 1), . . . , σ(L_3 − 1)}, and so on. Note that whenever i, j belong to different bands we have |t_i − t_j | ≥ δα, while |t_i − t_j | ≤ nδα if they belong to the same band.

(4.4) ensures that no band can contain more than one even index, and that no even index can belong to the same band as 1. Consequently for r = 2n − 2, the total number R of bands must be at least n. Designate indices to be free, quasi-free, and bound according to the rules of §3.1. Choose δ^′ sufficiently small to satisfy the hypothesis of Lemma 3.

Temporarily set k = 2n − 2 and ω̃ = ω^{2n−2}. Thus this construction yields all the conditions (i) through (vi), except possibly (i) and (iv).

4.4. Let N, M denote respectively the numbers of free and of quasi-free indices; we have N + M ≥ n. If it equals n, go on to §4.5. Otherwise replace ω̃ ⊂ Ω̃_k by {(t_1, . . . , t_{k−1}): there exists t_k such that (t_1, . . . , t_k) ∈ ω̃} ⊂ Ω̃_{k−1}. The indices 1, . . . , k − 1 inherit the prevailing band structure; omission of the index k causes one band to have one fewer element. Each index retains its status as free, quasi-free or bound, except for those in the band B that had contained k.

If B^′ = B\{k} is empty then nothing more must be done. Otherwise its indices are redesignated as free, quasi-free or bound following the rules in §3.1, according to the cardinality of B^′. As a result, N + M either decreases by one, remains unchanged, or increases by one (if B has cardinality three and B^′ has cardinality two).

Since |ω̃^k| ≲ α|ω̃^{k−1}| if k is even and ≲ β|ω̃^{k−1}| if k is odd, |ω̃^{k−1}| inherits the lower bound (ii). Thus the pair (k − 1, ω̃^{k−1}) satisfies all the conditions (i) through (vi), except possibly (i) and (iv); we still have N + M ≥ n for the revised counts N, M of free and quasi-free indices, because N + M cannot decrease by more than one.

Continue this process, decreasing k with each step, until N + M = n. Equality must eventually occur, for if k is ever reduced to n, then N + M cannot exceed the total number n of indices available.

CONVOLUTION, CURVATURE, AND COMBINATORICS 11

4.5. We now have (k, ω̃) satisfying all the conditions listed in §3.1, except (iv). Denoting by B(j) the index to which j is bound, if any, consider ω = {t ∈ ω̃ : |t_j − t_{B(j)}| ≤ δ^′α for all bound indices j ∈ {1, 2, . . . , k}}. (4.6)

If |ω| ≥ |ω̃|/2 then ω satisfies all of conditions (i) through (vi), which was our goal.

4.6. Suppose that |ω| < |ω̃|/2, instead. We permanently discard ω, and work with ω̃\ω. Introduce a refined band structure, subdividing existing bands of cardinality ≥ 3 by beginning a new band at σ(j) whenever t_{σ(j)} ≥ t_{σ(j−1)} + δ^′α . (4.7)

Bands of cardinality less than 3 are not subdivided. ω̃\ω is decomposed as a disjoint union of at most 2^{k−1} subsets ω^k_γ , each of which is compatible with a fixed band structure in the sense that the indices L_i dictated by (4.7) are independent of t ∈ ω^k_γ .

Fix γ such that |ω^k_γ | ≳ |ω̃|. Designate each index 1 ≤ j ≤ k as free, quasi-free, or bound relative to the refined band structure on ω^k_γ , according to the same rules used in §3.1.

Subdivision of bands can never cause N + M to decrease; and because at least one band is subdivided because of the failure of (iv), and because that band had cardinality ≥ 3 and hence had one free element and no quasi-free elements, N + M has increased by at least one. Hence the number of bound indices has decreased by at least one.

Redefine δ to be the quantity formerly denoted by δ^′, and introduce a new, smaller δ^′, as dictated by Lemma 3. With that modification, ω = ω^k_γ satisfies all conditions of §3.1, except possibly (i) and (iv).

4.7 Return now to the iterative procedure in §4.4, whose goal was to reduce N + M to n. That procedure never increased the number of bound indices, and each iteration decreases the number of coordinates t_i by one. Thus eventually we achieve N + M = n, and return to §4.5, with a smaller value of δ than before, and with fewer bound indices. If the set ω defined in (4.6) has sufficiently large measure then the proof is complete. If not, we revisit §4.6, refine the band structure, replace δ by δ^′, and continue.

No infinite loop can arise, for the number of bound variables never increases, and decreases every time §4.6 is reached. If the number of bound indices ever reaches zero then condition (iv), which concerns proximity of bound coordinates to free coordinates, cannot possibly be violated. Then the set defined in (4.6) will equal ω̃, hence will have sufficiently large measure to satisfy (ii), completing the construction.

5. Necessity and remarks

For completeness we indicate why the condition (p^{−1}, q^{−1}) ∈ R_n is necessary for T to map L^p to L^q, and indeed even to be of restricted weak type (p, q). Let δ > 0 be a small parameter and let E_δ be the ball of radius δ centered at 0. Then (χ_{Eδ} ∗μ)(x) ≥ cδ for all x such that |x − h(t)| ≤ δ/2 for some t ∈ [−^1_2 ,^1_2 ]. The set of all such points x

12 MICHAEL CHRIST

has measure ≳ δ^{n−1}. The restricted weak type estimate would imply that δ · δ^{(n−1)/q} ≤ Cδ^{n/p} for all small δ, with C independent of δ. Therefore a necessary condition is 1 + n − 1 q ≥ n p . (5.1)

Boundedness of T from L^{p,1} to L^{q,∞} implies boundedness from the dual of L^{q,∞} to the dual of L^{p,1}, so a bit of algebra gives the second necessary condition n q ≥ n − 1 p . (5.2)

A third necessary condition is found by taking E_δ to be the characteristic function of a rectangular parallelipiped centered at the origin, with sides parallel to the coordinate axes, having side lengths (δ, δ^2, . . . , δ^n). Then |E_δ| = δ^{n(n+1)/2}. If x = (x_1, . . . , x_n) ∈ R^n and |x_j | ≤ δ^j /4 for all j ≤ n, and if |t| < δ/4, then x − h(t) ∈ E_δ. Thus T (χ_{Eδ} ) ≥ δ on a set of measure ≥ 4^{−n}|E_δ|. This leads as above to the necessary condition 1 + n(n + 1) 2q ≥ n(n + 1) 2p . (5.3)

This condition is self dual.

Equality holds in (5.2) and in (5.3) at Q_n, where p = (n + 1)/2 and q = pn/(n − 1). By duality, equality holds in (5.1) and (5.3) at the dual point Q̃_n. Equality holds in (5.3) when p = q = ∞, and in (5.1) for p = q = 1.

A fourth necessary condition is that q ≥ p.

We conclude with some remarks. First, a natural generalization is to replace {(t, t^2, . . . )} by any C^n curve whose first n derivatives are linearly independent at every point. Generalizing to that setting would require an analysis of the multiplicity of preimages which we have sidestepped by exploiting the algebraic character of {(t, t^2, . . . )}. We have also benefitted from explicit formulas for Vandermonde determinants.

Second, a more general problem is to determine the mapping properties, in Lebesgue and Sobolev spaces, of operators T f(x) = ∫ M_x f(y)dσ_x(y) , (5.4)

where {M_x : x ∈ R^n} is a smoothly varying family of submanifolds of R^m, and σ_x is an appropriate measure on M_x. A necessary and sufficient geometric criterion has been established [6] (in the equidimensional case m = n) for T to map L^p to L^q for some q > p. But to determine the precise relation between the exponents is a deeper problem which has been resolved only in special cases.

The approach taken here is not restricted to convolution operators, nor to onedimensional manifolds M_x. It furnishes for instance an alternative proof of optimal L^p–L^q mapping properties (though only restricted weak type at an endpoint) for families of hypersurfaces under the diffeomorphism-invariant condition called rotational

CONVOLUTION, CURVATURE, AND COMBINATORICS 13

curvature by Phong and Stein [13]. In outline it is applicable to operators (5.4) in great generality, but the implementation must vary widely from one instance to another, and substantial difficulties appear to arise even in relatively simple situations.

Third, another recent work involving some combinatorial analysis is [3]. The author is indebted to Robin Hartshorne for supplying a reference.

References

[1] J. Bourgain, Besicovitch type maximal operators and applications to Fourier analysis, Geom.

Funct. Anal. 1 (1991), 147–187.

[2] , Averages in the plane over convex curves and maximal operators, J. Analyse Math.

47 (1986), 69–85.

[3] A. Carbery, M. Christ and J. Wright, Multidimensional van der Corput and sublevel set estimates, 1998 preprint.

[4] M. Christ, Hilbert transforms along curves, I: Nilpotent groups, Annals of Math. 122 (1985), 575–596.

[5] , Hilbert transforms along curves, III: Rotational curvature, 1984 preprint. [6] M. Christ, A. Nagel, E. M. Stein and S. Wainger, Singular Radon transforms: Analysis and geometry, 1997 preprint.

[7] W. Littman, L^p − L^q estimates for singular integral operators, Proc. Symp. Pure Math. vol. 23, American Mathematical Society, Providence, RI, 1973.

[8] J. D. McMichael, Damping oscillatory integrals with polynomial phase, Math. Scand. 73 (1993), 215–228.

[9] D. Oberlin, Convolution estimates for some measures on curves, Proc. Amer. Math. Soc. 99 (1987), 56–60.

[10] , A convolution estimate for a measure on a curve in R^4, Proc. Amer. Math. Soc. 125 (1997), 1355–1361.

[11] , A convolution estimate for a measure on a curve in R^4, II, Proc. Amer. Math. Soc., to appear.

[12] , An application of the resultant to oscillatory integrals with polynomial phase, Math.

Research Letters 4 (1997), 773-776.

[13] D.H. Phong and E. M. Stein, Hilbert integrals, singular integrals and Radon transforms I, Acta Math. 157 (1986), 99-157.

[14] W. Schlag, A generalization of Bourgain’s circular maximal theorem, J. Amer. Math. Soc. 10 (1997), 103–122.

[15] I. R. Shafarevich, Basic Algebraic Geometry, Springer-Verlag, Berlin, 1977. [16] T. Wolff, An improved bound for Kakeya type maximal functions, Rev. Mat. Iberoamericana 11 (1995), 651–674.

[17] , A Kakeya type problem for circles, Amer. J. Math. 119 (1997), 985–1026. [18] , Recent work connected with the Kakeya problem, preprint.

Michael Christ, Department of Mathematics, University of California, Berkeley 94720-3840, Berkeley, CA USA

E-mail address: mchrist@math.berkeley.edu